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1. INTRODUCTION

It is shown that a pseudo-quasi-metric (p.q. metric) on a set X may be
equivalently regarded as a distance function function between subsets of X.
This equivalent definition is generalized to fuzzy set theory where points need
not have Boolean properties and hence in vhich a naive generalization of a p.q.
metric is unsatisfactory. Additional axioms are introduced which correspond to
pseudo-metrics (p. metrics) and metrics in fuzzy set theory.

We define a uniformity for a metric space on a fuzzy set, using the definition
of uniformity given by Hutton [1]. Complementing the results of Hutton [1],
we obtain results on the generation of topologies on fuzzy sets by p.q. metrics.
Conjugate pseudo-metrics are defined and a pseudo-metric for the fuzzy unit
interval is given.

2. PRELIMINARIES

In the usual set theory, by a set X we mean the quadruple (#(X), N, U, ">
where #(X) is the power set of X and the operations are those of intersection,
union and complementation. This is lattice isomorphic to 2%, A, v,’> where
the operations A, v, ’ are defined as follows:

(/\ ’\i) () = AMx) forxeX

(V /\i) () = V Ay(x) forxe X
N (x) = Mx)’ for x e X.

The lattice isomorphism is the one which associates a set with its characteristic
function. The theory of fuzzy sets considers lattices more general than 2 = {0, 1},
which is a lattice with complement under the usual operations.
205
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’

Throughout this paper (L, A, v, "> will be a completely distributive lattice
with order reversing involution ' (see Birkhoff [7]), and following the termi-
nology of [6], it will be called a fuzz. We make L* into a fuzz by giving it the
product operations, also denoted by A, v, ', of (L, A, v, ">. For example, if

Ay, Ay €LY then
(A A A (x) = A(x) A dg(x)  forxe X,

<L, A, v, "> will be called the fuzz X or the fuzzy set X. If A € L¥, then ()
may be regarded as the degree of membership of x in A. A fuller description of
fuzzy set theory may be found in Zadeh [2] and Goguen [13].

Since (L, A, v, ") is a complete lattice, it has least and greatest elements, say 0
and 1 respectively. If 0 € L* denotes the map which is everywhere 0 and if] is
similarly defined, then these are the least and greatest element of (L*, A, v, ">,

DerFiniTiON 2.1, A fuzzy topology for X, or a topology for the fuzz X, is a
pair (LX, T (strictly speaking (L%, A, v’, .7 >) where & CL* and
(1) 0, 1es
(2) 7 is closed under arbitrary supremums

(3) 7 is closed under finite infimums.

We define open and closed sets and interior and closure operators in the usual
way. For example, if A € L then interior A is: A’ = V{u € .7 | p < A}. The pair
(LX, 7> will be called a fuzzy topological space (see Chang [3]).

3. P. Q. Metrics As Distance FuNcTIONS BETWEEN SETS

Consider a p.q. metric space <X, p). Let d be a function which assigns to
each ordered pair (4, B)e #(X) x #(X) a value in [0, c0]. We would like 4
to give exactly the same information about the p.q. metric topology of p as does p
itself.

For all real > 0 and for all 4 € #(X), we define D,?(4) by

D,?(4) = {y | Ja € A such that p(a, y) < rg

— {31 A ptay) <+

acA

Then {D,»(4) | r > 0} is a basis for the neighborhood system of 4. It is clear
that p(x, ¥) = A{r |y € D,P({x})}. Since it is desirable that d and p agree on
ordered pairs of singletons, we make the following definition:

d(4, B) = Nr | BC D,"A)}.
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Then if 4, Be P(X)\{2}, we have:

a4, B)= A fr1BC {1 A pla) <]
= A grl\'/beB, A ab) <r§ .
Hence
A {rxbe\éa/e\Ap(a,b)grg <d(4,B) < \ {r|b\E/M/E\Ap(a,b) <r§.
Thus

d(4,B) =\ A p(a b).

beB acA

This function appears in Hausdorff [8] as an intermediate stage in the evolution
of a metric for spaces of closed bounded sets. It will henceforth be called a
Hausdorff p.q. metric.

ProrositioN 3.1. If d(4, B) = V,ep Agea p(a, b) for A, Be Z(X)\(@} and
if we define

d(4, #)=0 for A e P(X)
and
d(z,4A)=o  for Ae P(X\{z}

then the following statements are valid:
(M1) d(@,4)=00 VAdeP(X\{z}
d(4,4)=0 VA4 e #(X)
d(4, ) =90 VA € Z(X).
(M2) d(4,C)<d(4,B)-+d(B,C) VA,B,CePX).
(M3) (1) ACB=d(4,C)=dB,C) VCe#X).
(i) d(4,,B,) = V,d(4,B,) for B,e #(X).
(M4) Suppose B, C, € P(X) for all « in some index set 4.

Ifd(C,,D)<r = DCBfor De P(X),ac Athend( Jyes C., E) <r = ECB
Jor E € #(X).

Proof. (MI1) It is enough to show that for 4e P(X)\{a}, d(4, 4) =0.
Fix b e 4. Then A, d(a, b) < d(b, by == 0. Hence

d(4,4) =\ A\ d(a,b) =0.

bed acd

409/69/1-14
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(M2) Let 4, B, Ce#A(X). If 4, B or C is empty, (M2) follows using
(M1). Suppose now that 4, B, Ce Z(X)\{z}. Then for all ae 4, be B, cc C

?(a, ) < pla, b) + p(b, c)
/\ P(a’ C) < P(a» b) + /\ p(b! C)

ceC ceC

< pla, b) + d(B, C).
This is valid for all & € B, giving
A pa ¢) < A pla, b) + d(B, C),

ceC beB

so that d(4, C) < d(4, B) + 4(B, C).
(M3) Follows immediately from the definition of d.
(M4) Let d({yes C., E) <7 and suppose e€ E.
Since erE d(UasA Ca 7f) < r it follows that d(UaeA Ca ’ e) = Aaeuaca P(d, e)
< 7.
Hence there exists a €{J,e4 C, such that p(a, e) < 7.
Suppose a € C; where B e 4.
Then d(C, , e) < r, so by hypothesis, e € B. This is true for arbitrary ¢ € E,
which gives E C B as required.
Remarks. 1. From (MI1) and (M2) it is clear that d is a p.q. metric on Z(X).
2. In view of (M3), d is contravariant in its first variable and covariant in
its second.

3. (M4) is equivalent to:
D,” (U c[,) C{JDC,)  (see Theorem 4.3).

4. (M3) (i) may be written in the form of (M3)(ii) as:
4(UB.,4) < \d(B., 4).

The reverse inequality is not true in general.
We now show that (M1)-(M4) completely characterize a Hausdorff p.q.
metric.

Tureorem 3.2. If d: P(X) X P(X)— [0, o] then
(1) d(4, B) = Vyep N e d({a}, (b)) YA, Be P(X) < d satisfies (M3) and
(M4). In which case,
2) i plx,y) =d({x}, {¥}) Va,ye X then p is a p.q. metric on X =d
satisfies (M1) and (M2).
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Proof.
(1) (=) By Proposition 3.1. (<) In defining D,?(4) as before and
D%A) = U{B|d(A, B) <r} then
D2({x}) = {y | p(x, y) <7}
={yld({x}, {3} <7}
=U{B |d({x}, B) <7}

since

d({=}, B) = V d({x},{b}) by (M3)(ii).

beB
Hence

D,>({x}) = D, ({x}).
In Theorem 4.3, using (M3)(i) and (M4) it is shown that
D,%4) = | ) D,%({a}).
Hence -
D,%A) = D,»(4).
In view of (M3)(ii) we have:
d(4, B) = \ fr | BC D,4(4)).

The proof is given in Theorem 4.5 for a more general case. By the above,
d(A, B) = A{r | BC D,?(A4)}. Thus by the reasoning preceding Proposition 3.1,

d(4, B) = \ A p({a}, {8}).

beB acA

(2) The proof involves Proposition 3.1.

CoroLLarY 3.3. A map d: P(X) x P(X)—[0, ©] is a Hausdorff p.q.
metric iff d satisfies (M1)-(M4).

We now consider a topology for such maps. If d is a map satisfying (M1)-(M4)
then {D,%(4) | r € (0, ), 4 € #(X)} is a base for a topology on X. The proof is
given for a more general case in Theorem 4.8.

As observed in Theorem 3.2, restricting d to ordered pairs of singletons
gives a p.q. metric, p say. From the proof of Theorem 3.2, we have

D,4A4) = D,"(A)
= U D,%{a}).

ac A
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The topologies associated with the map d and its restriction p are therefore the
same.

CoroLLary 3.4. A topological space is p.q. metrizable iff its topology is that
associated with a map satisfying (M1)-(M4).

Remark. A map satisfying (M1)—(M4) is an alternative definition of a p.q.
metric. It is topologically equivalent to the usual definition in the sense of
Corollary 3.4. We use this equivalence to make the following definition.

4. P. Q. Metrics oN Fuzzy SETS

DeriniTION 4.1, A p.q. metric on the fuzz X, or a fuzzy p.q. metric on X,
is a map p: LY x L¥ — [0, co] satisfying

(M1) p(0,A) = oo VielX, X0,
pA ) =0 VAelX,
(A, 0)=0 VAelLlX
M2) p(A, p) <pAx) + Pl w) VA x, peLX
M3) () A<p=px)=pkx) Vxel*
(i) 0 Vads) = Vap(x: A Vx, A, e LX.
(M4) Suppose u, x, €L¥ Vac 4.

If plye, B) <7 =B < pfor el acd, then p(V,x,,y) <t =y < ufor
yelX.

Remark. Kramosil and Michalek [9] have defined a fuzzy metric which is not
related to the above. They consider a metric as a subset of X x X x [0, o)
and in making this into a fuzzy set they obtain their fuzzy metric.

DeriNitioN 4.2, For all 7 € (0, o0) let
D,:LX — LX be defined by
D)) = V{u o p) <7}

Then {D,!r > 0} will be called the associated neighbourhood maps of p.

THeEOREM 4.3. The following statements are valid for all r € (0, ).
(A1) D,(0)=0.
(A2) A< D).
(A3)  Dy(Vods) = Vo Dyfa).
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Proof. (Al) and (A2) follow from (M1) and the definition of D, . Now

gy <7 =0 (V) <p0s,w) by (M3) (),

<r
so that
D, (V ,\a) .

Hence

D) = V{u 10, 1) <7}

D, (V).
that is
VD0 <D, (VA

By (M4),

(VA7) <r=y< VD).
Hence

D, (VA) <V DA

Maps satisfying (A2) and (A3) were introduced in [1] and were further
considered in [6]. If f: LX — LX satisfies (A1)~(A3) we define its inverse to be

FRLXSLX  where  f(N) = A {u |f(&) < X}

It is clear that (A1) is necessary in order that f~! be well defined. (Consider, for

example, f~(1)).
Hutton [1] proved the following result.

ProrosiTION 4.4. If f: LX — LX satisfies (A1)~(A3) then so does f~*. Further
tf f and g satisfy (A1)-(A3) then:

fQ) <p=f7 ) <. (H
(f)r=r 2
f<ge=fi<g™ 3)
(fogyt=glof™ C)

Unless otherwise mentioned, if f satisfies (A1)-(A3), f~ will be used to denote
the inverse as defined above, rather than the usual function inverse.
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The following theorem indicates the importance of the neighbourhood maps.

THEOREM 4.5. If p is a fuzzy p.q. metric on X with associated neighbourhood
maps {D, | r > 0} then VA, p e L%,
P p) = /\ {r|p < DM}

Proof. Let f(A p) = A{r!u < DJA)}. Then Vr > p(A, n), p < D,(A), so
that f(A, ) <r. Hence

FAs p) < (A, ).

Now Vr such that u < D,(}),
P 1) < p(A D,(2)
—p (A V1o 0 <7}

= V{p x) 16\, x) <r} by (M3)(ii)

<7
Hence

P ) < Afrlp < DA}
:f(A’ /"‘)‘
Remark. At the beginning of Section 3 we considered a distance function d
on a p.q. metric space (X, p> in defining
d(4,B) = A{r | BC D,*(4)}.

In the proof of Proposition 3.2 it was shown that D,%(4) = D,*(4). Thus
Theorem 4.5 shows the consistency with our motivating example.

ProrosiTiON 4.6. If p is a fuzzy p.q. metric with neighbourhood maps D, ,
then
D,oeD, <D, Yr,s > 0.

Proof. Directly from (M2).
We now give a partial converse to Theorem 4.5.

ProrositioN 4.7. If 9 = {D, | r €(0, o)} is a family of maps, D,: LY — L¥*,
satisfying (A1)~(A3) and such that Nr, s€ (0, ©) D, o D; < D, , then p: L* x
L¥ — [0, o] defined by

P ) = A{r e < D)

is a fuzzy p.q. metric on X.
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Further its associated neighbourhood maps, E, say, are given by

E, =\ D,

s<r

(e. EX) = Vo, D) for AeL¥).

Proof. (M1) follows by definition of p and properties (Al) and (A2) of
D,.

(M2) Leta, x, pelL?,
Now Vr > p(A, x) Vs > p(x, p) we have

x<D() and p<Dyy)
Hence

p<Dygo Dr()\) < Dr+s()\)'

So by definition of p, p(A, u) <7 + 5, Le. p(A, ) << p(A, x) + plx, 1)-

(M3) (i) Let A <{p. Then Vr > p(} x), x << D), hence y < D(n)
by (A3). Therefore p(p, x) < r which gives

(i, x) < p(A, x)-
(M3) (i) Letr > p(p, V,A,). Then

V A < Dfu)

- A<D Ve
= Pl A) <7 Vo
= V Pl Ay) < r.

Hence

V P(f‘: )‘u) <p (l"‘! V A<!:) .
Let 7 > V, p(u, A,). Then

r > plps A) \L
= A, < Dy(p) Vo
= V Ay < Dy(p)

= P(f"r V)‘u) <r.
Hence

2 (m VA) <V 20 1)
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To show E, == V. Dy

Vu < D), A <7
<s Vs >,

=M < Es(’\) Vs >r.
Hence
D}) < E(A) Vs >,
or
D,(A) < E(A) Vs <7,
so that

V D) < EN.

s<r

Now Vu such that p(A, u) < r, we have p(A, p) <C ¢ for some ¢ < 7.
Hence

V D),

that is
E,() = V {p:p( w) <71}
< V D).

s<r

To prove (M4):
Suppose p, x, € LX Vo € 4 satisfy

Pxe B) <r=B<pu forfel¥, acd.

Now if y e LX satisfies p(V, x, , ¥) <7, then
y <E (V Xs)

=V D, (V Xu)

s<r o

= V VDs(Xa)

<y o
= V E.(xs)

<p by hypothesis.
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Hutton [1] defined p.q. metrizability in terms of the neighbourhood maps and
it was further considered in Hutton and Reilly [4].

We now consider the topology of the fuzzy p.q. metric space. We have
anticipated the following result in a comment before Corollary 3.4.

TueOREM 4.8. If p is a fuzzy p.q. metric on X with associated neighbourhood
maps D, , then {D,(A) | A\e LX, r € (0, 00)} is a base for a topology on the fuzz X.
It will be called the topology of the fuzzy p.q. metric p.

Proof. It must be shown that the arbitrary supremums of this set, together
with 0 and ], form a fuzzy topology. It is enough to prove that for all A, p € L%,
7, s € (0, o0) there exist K, e LX, 1, € (0, ) a € 4 for some index set 4, such that

D,(Y) A Dyu) =V Dy (K,).

a€d

Let K = D,(0) A Dy(). If K = 0, then K = D,(0). If K + 0, then

K=V ot x) <7

AV xe | p(1s x2) < 5}

=V VA x| 2 x) <7,k x2) <5}

X %
= Vixlaed}
say, where
Xoa = Xy A Xop
and
PO Xe) <75 Pt Xo) <5

Now Vae 4 let 1, = [r — p(h, xu )] A [s — plis xo,)] and K, = xo - If p(K.,, 1)
< t, then

P(Ka > 77) <r-— P(’\ﬁ Xal)'

Now
Xoy = Ko = P(Xay » 1) < DK, 1)
Hence
P(X‘!x » 1) + P, Xul) <r.
By (M2)
P (’\) 7]) <7
Hence

7 < D).
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Similarly
D).

Hence
D,Q(Ka) <K foralla e 4.

Thus V,c4 D, (K,) < K. Now

Xo = Ka < Dta(Km)
= K=V x. < VDK

Remark. Since A << D,(A) for r € (0, o), D,(A) is indeed a neighbourhood of
relX,

PROPOSITION 4.9. [In the topology of the fuzzy p.q. metric p, with neighbourhood
maps D, ,
A= V {x | D,(x) < X for some > 0}.

Proof. Let T = V{x| D,(x) < A for some r > 0}. Now

A=V {x|x <A xopen}
= V {D,(«) | x€eL*,r > 0and D(K) < x}.
If x € LX satisfies D,(x) < A for some 7 > 0 then y << D,(x) <A. Hence T << A.

If D,(x) < A for some KeLX, r >0 and if p satisfies p(K, u) < 7 then there
exists s € (0, 7) such that p(K, u) < s. Hence u < Dy(«). Thus

D,_ s(P’) <D, Ds(")
D,(x) by Proposition 4.6

N //\
g

Thus

-
NN
NN

e Dr(K

)

=

Lemma 4.10. If (LX, T is a fuzzy topological space then

A = [Int(X)],
where
Int(y) = x".
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Proof. Int(N') = V{x|x <X,xeJ}. Thus
IntQ)) = Alx' |x' = A xeT}
= A {x | k = A, k closed}
= A

TueoreM 4.11.  In the fuzzy p.q. metric space {LX, p, D,> (where all symbols
have an obvious meaning),

A= A D).

™0
Recall that D;? is the inverse in Proposition 4.4).

Proof. Int(d) = V {x | D,(x) < A for some r > 0} by Proposition 4.9. Thus
Int(d) = V{x | D;%(X') < «' some 7 > 0} by Proposition 4.4. So Int(A) =
Vx|« < [DFQ)] somer > 0} = V,o4 [D7Y(X)]'. By Lemma 4.10,

A=

vV o,

>0

= A\ D7'(3).
>0

5. Fuzzy Pseupo-METRICS

DeriniTION 5.1. A fuzzy pseudo-metric (p. metric) on X, or p. metric on
the fuzz X, is a fuzzy p.q. metric d, with neighbourhood maps D, , satisfying

D,=D;' Vre(0, o). (Ad)

Remark. 'This is equivalent to the usual definition when L = 2.

Indeed if e is a p.q. metric on X in the usual sense with neighbourhood maps
D, ie. DLA) = {y | Nsea €(a, ) < r}(see Section 3), then it is enough to prove
e(x,y) = e(y, x) Va,ye X

« D,=D Vre(0, o).
The proof is as follows:
DX({x}) = ({4 C X | D(A) C X\{x}}

=[Uta1x¢Dyap]



218 MICHAEL A. ERCEG

={z|x¢Df2)) since DyA)= ) Dy{a)

={zlxeD(z) ={yle(z,y) <r}}
= {z | e(3, x) <r}.
(=) If e(x,y) = ¢(, x) then
D ({xy) = {= | e(x, 2) <71}
= D({x}).
(<) If D, = D;* Vre(0, o), then
y € D{x}) =y € D ({x})

= e(y, x) < 7.
Now

e(x, ) = N\ {r |y e D{s})
= A{rle(y,x) <r}
= e(y, x)

PrROPOSITION 5.2. In a p. metric space {LX,d, D,>

A=A D) =V {uldQ, p) =0}

™0
Proof.
A= A D)) by Theorem 4.11.
>0
Let
T =\ {p]d0, p) = 0}.
clearly
T < A\ DAN.
=0
Now suppose
p< /\ D,(}).
>0

Then Vr > 0 p < D,(A), so that

d(d, p) <d@, DY) Vr>0

=7 Vr > 0.
Hence
d(A, p) = 0.
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Thus
/\ DM LT

>0

DreriNiTioN 5.3. Hutton and Reilly [4] have defined a fuzzy topological space
to be R, iff every open set is a supremum of closed sets.

CoroLLARY 5.4. Every fuzzy p. metric space is R, .

CoroLLARY 5.5. D,(A) < V{u|d(\, ) <r} in a fuzzy p. metric space
(L*,d, D,>. Hence

DA < D) Vs>
Proof.
D,() = A DiDAY)

>0

< A Do)

s>0

= A D)

= A ld@p) <7}

Remark. 'The reverse inequality need not hold, even in the usual set theory.
Consider, for example, a pseudo-metric on a two element set giving the discrete
topology.

DrerinNiTION 5.6. A fuzzy topological space {L¥, 7" is normal iff VA, p € L¥
such that X', p €7 Iy eLX satisfying A < y < § < p.
THEOREM 5.7. Ewvery fuzzy p. metric space {LX, d, D, is normal.
Proof. Let A, pweLX where A = A and u = g in the pseudo-metric topology.
A= A,uo D,(}) and A < p give
=AvVpu
— A DAY v ul-

>0
g =V {«| Dr(x) < p for somer > 0}
= V{x laed} say,

where Yo € 4 3r, € (0, o0) so that

D, (xa) < p.
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Hence
A=AAp
= V [/\/\ Ka].

acd

Let
X = V Dra/2()‘ A Koc)'

a€Ed

Then
X =% and A

A
>
y
>

Now
= s(x )
>0

= /\ Ds/2(X)
= /\ V Dyyo(D; 1o(A A k)

$>0 aed

/\ V Dirp oA A )

|

Remark. 'The proof of this theorem is based on one given by Hutton and
Reilly [4] where pseudo-metrizability is defined in terms of neighbourhood maps
(see Remark 1 after Theorem 6.5).

6. Quasi-UNIFORMITIES ON Fuzzy SETS

Hutton [1] has defined quasi-uniformities on fuzzy sets by considering
entourages as maps D: LY — LX satisfying (A1)-(A3), (see Theorem 4.3). For
quasi-uniformities in the standard case, i.e. L =2, see Murdeshwar and
Naimpally [10].
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If D and E are entourages we require that their “intersection”, written D A E,
is also an entourage. We define

DAE LY LX
by
(DAE)) = A (V [D(y) A E('y)]) where ~ I'CLX.

supl'=x ‘velI’

Hutton has shown that D A E is the largest of all maps satisfying (A1)-(A3)
which are bounded above by both D and E. He has further shown that

DAE)N) = A [DQy)V EQX)]

Avay=A

and
(DAEYy'=D1AED

DEFINITION 6.1. Let ¢ be the set of all maps E: LX — L satisfying (Al)-
(A3).
A uniformity on the fuzz X is a set 2 C ¢ satisfying
Q) 24
€Q2) DeP=D'1ec9
(Q3) D,Ee = DAEecZ
(Q4) DeP = 3IEc D such that Ec E <D
(Q5) DeZ, D<Ecp=EcP
2 is a quasi-uniformity if (Q1), (Q3), (Q4) and (Q5) are true.
The usual definitions of basis and sub-basis will hold.

The fuzzy topology generated by a quasi-uniformity & is the fuzzy topology
obtained by taking as interior operator the map Int: LX - LX defined by

Int(A) = \/ {x € L*¥ | D(1) < A for some D € Z}.

THEOREM 6.2. If{LX, p, D,> is a p.q. metric space then D = {D, | r € (0, o)}
is a basis for a quasi-uniformity on the fuzz X. Further, the fuzzy topology of the
quasi-uniformity is that of the fuzzy p.q. metric space.

Proof. Clearly ¢ % 2 C ¢. For (Q3) it is enough to prove that Vr, s € (0, o0)
Jt € (0, o0) such that D, << D, A D,. Let t =7 A s. Suppose that A, v A, =
AeLX, Then

DyA) = D, (A1) V D,\(5)

< Dy(Ay) v Dy(dy).
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However
D ADYAN) = A [DAA) v D],

Ajvag=2

which gives the required result.
9 satisfies (Q4) since D, )50 D, < D, .
The remainder of the theorem follows by Proposition 4.9.
We shall now prove results concerning the metrization of uniform spaces.

Lemma 6.3. Let U ={U, |ne w}C ¢ be a sequence of maps in ¢ satisfying

UM =1 if 240
~0 i A=0
and
Upiro Uiy o Uy < U, Vne w.

Then there is a set & C 9, D = {D, | r € (0, o)}, satisfying

D,oD, <D, Vr, s € (0, o)
and
U, < V D, < U,, Va > 1.

s<2™™

Remark. This theorem is just that of Hutton [1: Theorem 9]. The pgof is
included here for completeness.

Proof. Vre (0, ) define a map ¢, € p by

¢ = U, if y € [2-(niD) 2—n)
or
é, = U, if  r>=l
Then

brodrodr <y Vr € (0, ).

Now Vr € (0, ©) define a map D, € ¢ by

D, = V )d’rl o °¢rk

Clearly ¢, << D, Vr e (0, ).
Further D, << ¢,, Vr e (0, o), since

k
Ve=1 VYri,..,r such that r=>3r
¢rl o °¢rk < o -

Indeed, if £ = 1, the statement is trivial.
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If £ > 1, let j be the largest integer satisfying ZZ::l r; < r/2. Then

K
Y r;<r2  and 7, <1/2.
i=j+2

By induction

¢r1° °¢ri <¢,,

b <
and
Brin© O Pr, < b
Hence
broo ey <y oy oty
<dur-

Since

b <D <ty  Vre(0, o)

U, <D, <U,_, Vr e [2-nt1)) ),
Thus

U'n < V D1< Un—l‘

r<g?

It is clear that

D,oD, <D, Vr,se(0, ).

a8

ProposiTION 6.4. If U is the sequence of maps in Lemma 6.3, then there exists a
Jfuzzy p.q. metric p on X with associated neighbourhood maps E, , satisfying

U,,<E,.<U Va1

nt+l TS n—1
Proof. By Lemma 6.3 and Proposition 4.7.
THEOREM 6.5 (P.Q. Metrization Theorem). A quasi-uniform space on the
Sfuzz X, {LX, D>, is fuzzy p.q. metrizable iff D has a countable base.
Proof. (=) Trivial.
(<) If @ has a countable base, say % = {U,, | n € v} we may rechoose %

so as to satisfy the hypothesis of Lemma 6.3, (see for example Pervin [11]). The
result follows by Proposition 6.4.

Remarks. 1. Hutton [1] obtained the following result. {LX, 2 has a count-
able base iff 2 has a base {D, | r € (0, o)} satisfying

D,oD, <D, Vr, s € (0, o0).

409/69/1-15
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This condition was taken to mean fuzzy p.q. metrizability in [1] and [4]. Theo-
rem 6.5 shows it to be the same as our own definition of p.q. metrizability.

2. WhenL = 2, i.e. in the usual set theory, we have the well-known result:
A quasi-uniform space is p.q. metrizable iff the quasi-uniformity has a countable
base.
In view of Theorem 6.5, we have for the case L = 2:
A topological space is p.q. metrizable iff it is fuzzy p.q. metrizable. This is
just Corollary 3.4.
We now obtain a result on the generation of topologies by fuzzy p.q. metrics.

DrerFiNITION 6.6. Let (L%, p, D,> be a fuzzy p.q. metric space and let (LX, %
be a fuzzy quasi-uniform space.

Then p is quasi-uniformly lower semicontinuous (q.u.ls.c.) on (LX, %) iff
{D,\re(0, )} Ca.

Remark. We know this is equivalent to the usual definition when L = 2
(see for example Kelley [12]).

DEerFINITION 6.7. If P = {p,}\c 4 is a set of fuzzy p.q. metrics on the fuzz X,
then P is said to generate the quasi-uniformity % whose sub-base is the set of
neighbourhood maps of each p, .

P is called the gage of {L*, %>.

THEOREM 6.8. Let {LX, %) be a quasi-uniform space and let P be the set of
all fuzzy p.q. metrics which are q.u.ls.c. on {LX, U>. Then P generates %.

Proof. Let 2 be the quasi-uniformity generated by P. Then clearly 2 C %.
To prove the converse, suppose U € #.
Let
Uy(A) =1 if A0
if A=0,

1S )

and U, = U.

Define U, € % inductively so that U, ;o U, U,,; < U, ¥ € w. Then by
Lemma 6.3, there exists a fuzzy p.q. metric p on X with neighbourhood maps D,
satisfying U, < Dy» << U,_; ¥Yn>1. Hence pecPand U = D, .

Thus Ue 2.

We now prove a symmetric version of Proposition 4.7.

ProrositioN 6.9. If @ = {D, | r (0, )} is a family of maps D,: LX — L%
satisfying (A1)~(Ad) such that Vr, se(0, ), D,o Dy, < D,,,, then d:L* X
LX — [0, o] defined by

dd, ) = A {r | n < D)}

is a fuzzy pseudo-metric on X, with neighbourhood maps E, = V.. D, .
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Proof. Using Proposition 4.7 it remains to prove that E, = E;! ¥r € (0, ©).
Now

Di'=D,<\D, Vs<r

t<r
= Ds = (Ds_l)_l

< [\/ Dt]—l Vs <7,

t<r

by Proposition 4.4.
Hence
-1
Vo.<[VD],
87 t<r
so that
E, < E;.

By Proposition 4.4, this gives E;* <{ E, , and hence E, = E;*.

Using this result it is now easy to obtain symmetric versions of Theorems 6.5
and 6.8.

We note that if, in Proposition 6.9, & is the basis of a uniformity then the
uniform topology is that of the pseudo-metric d. This follows since

D,y <E, <D, Vre(0, ).

ExampLE. Hutton [1] has defined a fuzzy unit interval, [0, 1] (L), which
reduces to the [0, 1] when L = 2. He has also defined a uniformity for [0, 1] (L).
It satisfies the hypothesis of Proposition 6.9 and so a fuzzy pseudo-metric may
be defined on [0, 1] (L). By the note above, the fuzzy p-metric topology is that
of the uniformity on [0, 1) (L).

7. ConjucaTE Fuzzy P. Q. METRICS

Tueorem 7.1. Let (LX, p, D,> be a fuzzy p.q. metric space. Define
g:LX¥ X L¥ - [0, 0] by g\, p) = A {r | o < D;Y(N)}. Then q is a fuzzy p.q.
metric on X with associated neighbourhood maps {D;* | r € (0, co)}.

Proof. By Proposition 4.4, {D;* | r € (0, c0)} is a family of maps satisfying
the hypothesis of Proposition 4.7. Hence ¢ is a fuzzy p.q. metric on X with

associated neighbourhood maps E, = V,_, D;* ¥r € (0, o0). Now D, < V,., D,,
since

P p) <r=pA,p) <s  forsomese(0,7)
=pu < D) K V D).

8<r
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Hence
D, <V Ds.

s<r

Now
Vs < r D, <D,.

Hence D;' < D;* by Proposition 4.4

V D*<D;', sothat E, < D%

s<r
The reverse inequality is also true since
D'<E V¥s<r.
Hence D, = (D7) < E;* Vs < r. Thus V., D, < E;, so that D, < E;* by
the above. Hence D, < E, by Proposition 4.4.

DeriniTioN 7.2. The fuzzy p.q. metric ¢ is said to be the conjugate of p.

PRrOPOSITION 7.3. In the fuzzy p.q. metric space {L*, p, D,
A=V {xlq® p) =0}

Proof. From Proposition 4.11,
A= A D'(\).
>0

Now
D7) = Vi{plgl p) <}
Thus
A=A Vielahp) <r}
= Vieiegd p) =0}
Conversely, if
x < D)  Vre(0, )

then
qA x) <7 vr € (0, o),
so that
q(A, x) = 0.
Thus

x < Vil p =0
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Hence
A<V {plq® p) =0

Proposition 5.2 is the special case of Proposition 7.3 when p = ¢.

If p and ¢ are conjugate p.q. metrics in the usual sense then the map d defined
by d(x, ¥) = p(x, ) v g(x, ) is a pseudo-metric in the usual sense. The next
result generalizes this method.

PropositioN 7.4. If <LX, p, D,> and {L*, q, D;*> are conjugate fuzzy p.q.
metrics then (L, d, E,> is a fuzzy pseudo-metric where E, — V., (D, A D7) and

d ) = A\ fr 1w < (D A D7) ()

Proof. Since {D, A D' |r (0, o0)} satisfy (A1)-(A4) it is enough to show
that (D, A DY) o (D, A D7) < D,,, A Dy}, and then to apply Proposition 6.9.
Now

(D, A DY)+ (D, A D;") < D, D, < D, -
Similarly
(D, A DYy o (D, A DY < DL,

Since D,,, A D;}, is the largest map satisfying (A1)—-(A3) which is smaller than

T+s
both D, and D;} | itis evident that

r+s
(D; A D7*) o (Dy A DY) < Dyys A DY

r4s e

Remark. When L = 2, the fuzzy pseudo-metric d satisfies

d({x}, {y}) = p{xh 1) v (=}, {3})  Va,ye X.
Indeed, since (D, A D;')(A) = D(A) A D;*(4) when L = 2, we have
d({x}, {}) = N\ {r | y € D,({x}) N D7'({x})}
= A{r|p({a}, {¥}) <7 and q({x}, {5)) <7}
= p({=}h () v q({x}, {3)).

8. Fuzzy METRICS

Derintrion 8.1. A fuzzy pseudo-metric (L%, p, D,> is a fuzzy metric if it
satisfies

VAeLX, ( A D,,) ) = A, (AS)

>0
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where A ., D,: LY — LX is the largest map satisfying (A1)-(A3) and
( A DT) M) < D) Vse(0, o).
>0
From Hutton [1],

(AD)W= A VADG) whee I'CLX

r>0 supl=A vel’ r>0

= A V #  byProposition 5.2.

supl=A yel'

Hence (A5) becomes

A= A V7 VieLx (ASY

supl'=A vel’

Remarks. 1. When L = 2, this is equivalent to

A4=1\){x VACKX,

xeA

or

{0} ={x} VxelX,
which is the usual condition for a pseudo-metric, d, to be a metric since

{x} = {y d(x,y) =0}

2. Murdeshwar and Naimpally [10] give the condition for a quasi-
uniform space (in the usual sense), (X, %>, to be T as:

Ad=n{U'Ue}

where 4 is the diagonal in X X X.
3. (A5) is equivalent to:
The identity on L is the largest map f satisfying (A1)}-(A3) such that
A< ) <A VAelLX.

This follows by Proposition 5.2.

DeriniTION 8.2. A fuzzy topological space is T, according to [4], if every
fuzzy set A € L¥ may be written as the union and intersection of closed and open
sets.

Le. A= Ay Vies, i where py; is either open or closed, for all 7, ;.
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ProrosiTiON 8.3. Ewvery fuzzy metric space is T, .
Proof. From (AS5).

Remark. 1 have not been able to show that every T, fuzzy pseudo metric
space is a fuzzy metric space. It is possible that (AS) should be weakened. I have
also been unable to show that the fuzzy pseudo-metric on [0, 1] (L) in the
example of Section 6 is a fuzzy metric, or even that it is 7}, .

9. Fuzzy PoinTs
Wong [5] has introduced the concept of fuzzy points.

DEerFINITION 9.1. A fuzzy point in the fuzz X is a fuzzy set # € L¥ such that
there exist y, € L, x, € X satisfying

u(x) =1y, if  x=ux
=0 if X Fx.
This definition differs from Wong’s in that he required y, € L\{0, 1}.
If u is a fuzzy point, we shall write u = (%, ¥,). If AeLX then A = V 4 A,
where A, = (x, A(x)).
A naive generalization of a p.q. metric is as follows, where Z denotes the fuzzy
points of the fuzz X.

DerFINITION 9.2. A naive p.q. metric on the fuzz X 1s a map
p: P X P — [0, o] satisfying
(MD* p(u,u) =0 Yue .
(M2)* p(u, w) < p(s, ) + p(o, w) Vu, v, we 2.
We may extend p to LX x L¥ by defining

2(0,)) = VAeLX, X0,
(4 0) =0 VAeLX,

and
P(/\, /") = V /\ Py, :“"1/) VA, peLlX, A+#0Q, p # 0.
veX xeX
As in Proposition 3.1, (M1)* = (M1) and (M2)* = (M2). In general {M3)
and (M4) do not hold. The reasoning in Proposition 3.1 which gives (M3) and

(M4) when L = 2, does not hold since there may exist fuzzy points (x, , A;) and
(%9, Ap) with A, , A, , O all distinct.
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Now (M3)(i) and (M4) are used to prove condition (A3) of Theorem 4.3 and

(M3)(ii) gives Theorem 4.5. These two fundamental results have allowed us to
parallel the usual theory of metrics. In particular we are able to consider a
metric space as a special uniform space.

We conclude that Definition 9.2 is too general for the development of a

satisfactory theory of fuzzy metric spaces.
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