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In 1983, Pietsch asked if, for n > 3 and all Hilbert spaces E,, ..., E,, the vector
space of the scalar valued absolutely (r;r,, ..., r,)-summing multilinear mappings
on E, x --- x E, coincides with the vector space of the n-linear Hilbert-Schmidt
functionals on E; x --- x E,, for some choice of r,r,,...,r, € 0, +00], satisfying
1/r <1/r,+---+1/r,. We show that the answer to this question is no. Moreover,
we show that the same question, for n > 2 and mappings with values in infinite
dimensional Hilbert spaces, has the answer no. © 2001 Academic Press

1. INTRODUCTION

Recently many authors studied certain ideals of multilinear mappings
and polynomials in Banach spaces motivated by important counterparts
within the theory of linear operators in Banach spaces. In the linear theory
these operator ideals usually are natural extensions of natural classes in
Hilbert spaces. Hence it is important to know what the interesting classes of
multilinear mappings and polynomials mean in Hilbert spaces. In particular,
it is important to answer the question posed by Pietsch in 1983.

In this paper F, Fy, ..., F,, G are Hilbert spaces over K(= R or C) and
n is a natural number.

For s € ]0, +o0[, we denote by [ ,(F) the vector space of all sequences
(x;)72; of elements of F, such that

1
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o0
[CepZal, =1 2 Ix01° ) < oo
j=1
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The norm |||, (s-norm if s < 1) defines a complete metric on [ (F). We
indicate by [{’(F) the vector space of all sequences (x;)72; of elements of
F, such that (¢(x;))72; € [; == [(K), for every ¢ in the topologlcal dual F’
of F. The following norm (s-norm, if s < 1) defines a complete metrizable
topology on this space:

[C R sup (@],

Here By denotes the closed unit ball of F’ centered at 0. The vector space
loo(F) = I3,(F), formed by all bounded sequences (x;);Z; of elements of F,
is a Banach space for the norm

[Nl = 1G], o = supfx]
jeN

We denote by Z(F,...,F,;G) the vector space of all continuous
n-linear mappings from F; x --- x F, into G. If F; = .-- = F, = F, this
space is also denoted by £("F; G).

L.1. DeriNtTION. . For ry 7y, ..., 1, € 0, +00], with 1 < % +- 4+, Te
L(Fy, ..., F;G)is absolutely (r;r, ooy 1) summing if (T(x}, e x;?rj)/?’ile
1(G), for every (x 2y in L2 (Fy), k= 1

The vector space of all such mappings is denoted by

gf,g?rl"”’r”)(F], ..., F;G).
Foreach T € sgéﬁ;’l""”")(Fl, ..., F; G), we write

”T”as,(r;rl,...,rn) = sup ”(T(x}’ ce n)) 1||r

NG Z i, <1

This defines a norm (r-norm, if r < 1) on Efé?r]""’r”)(Fl, ..., F,;G) and
makes this space metrizable and complete.

1.2. DEFINITION. T € Z(Fy, ..., F,;G) is Hilbert—Schmidt if, for each
complete orthonormal system {ef;j el}yinF,k=1,...,n

1
2
ITls = (Z 1T Cej,, ---,efﬂ)HZ) < +oo.
J

IS

The vector space of all such mappings is denoted by Zy¢(Fi, ..., F,; G).

In this paper we shall write /,(K) = E

We recall the following result from the Linear Operator Theory (see
[2, Theorem 22.1.8, p. 302]).
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1.3. THEOREM. Zys(F;G) = nggr)(F; G), for all Hilbert spaces F, G
and every strictly positive real number r.

If q € 10, +o0[, we denote by ¥, (F; G) the vector space of all S € £(F; G)
of the form

S(x) =Y o;9;(x)e;, VxeF,
jel
with (b;)er> (€})jer being orthonormal families of elements of F', G, respec-
tively, and (0});; an absolutely g-summable family of scalars. We have
H(F;G) = Lyg(F;G) and, when q < r, S,(F;G) is a proper vector
subspace of #.(F; G).

In Pietsch [2, p. 303] we find the following result:
1.4. THEOREM. For 0 < p < s < 400,

(1) pr <2and L~ 1 < L, then £i7(F; G) = 5,(F; G), with =
2 _l’_ 2

(2) If p<2and L — 1> L then 2" (F; G) = 4(F; G)

G3) Ifp=2 then %,(F; G) ¢ L"(F; G), with 1

S

1.5. CoroLLARY. If 0 < p < s < 400, then there is S € 2 p)(E;E),
that is not Hilbert-Schmidt.

Proof. If §2andl——,<l we consider 1 = 1 — L 4 1 1 we
P K t K P 2 2

have S&Ei;p)(E; E) = %(E;E), by Theorem 1.4(1). Since ¢ > 2, we consider
(@)i2; € LK)\ (K) and define

S(x):Za]xje] sz(x])?il Elz(K)ZE
j=1

Hence S € 555,5 PWE;E) = S(E;E) and S ¢ %y5(E; E) = %(E; E).

If p<2andi - % > l then 257 (E;E) = #(E; E), by Theorem 1.4(2).
We certainly have Z(E; E) # Lys(ES E).

If p > 2, we use Theorem 1.4(3) in order to write #,(E; E) C S&E?F)(E; E),
with g = %. Since s > p is equivalent to g > 2, we can find § € ¥ (E; E) C

3PV (E;E), that is not in %(E; E) = %ys(E;E). 1

Finally we note that %y4(E;E) # Z(E;E) = 457 (E;E) =
s g;too, +oo)(E; E)

Since such results are known for linear operators, it is natural to conjec-
ture about what can happen when multilinear mappings are considered.
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2. THE MOST NATURAL PROBLEM

The following result gives an interesting characterization of the linear
absolutely (s, s)-summing mappings. See [3] for scalar-valued mappings.
We denote by W (Bp) the set of all regular probability measures on the
o-algebra of the Borel subsets of By, for the weak * topology on F’
restricted to Bp..

2.1. GROTHENDIECK—PIETSCH DOMINATION THEOREM. If F and G are
Banach spaces, then T € £(F; G) is absolutely (s; s)-summing if and only if
there are u € W(Bp) and C > 0, such that

17l = ([, 1oerdus)
By
for every x € F. The infimum over all these possible C is equal to || T |, (s -
The corresponding result for multilinear applications is stated as follows:
2.2. THEOREM. If T € Z(Fy,...,F,;;G)and r,ry,...,r, € 1|0, +o0[ are

such that 1/r = 1/ry+---+ 1/r,, then T is absolutely (r;r, ..., r,)-summing
if and only if there are C > 0 and p, € W(By,), k =1, ..., n, such that

: 1
n

||T(x1,...,x">||sc</3 /|¢(x1)l”dm(¢)> (10 @)

for every x* € Fy, k =1, ..., n. The infimum of all these possible C is equal
fo ”T”as,(r;rl,...,r,,)'

These results motivate the following question for n-linear mappings,
n>2.

2.3. Natural Problem. 1f n > 2, is it possible to find r,r,...,r,
10, +o0o[, with 1/r = 1/ry + --- 4+ 1/r,, such that Ly(F, ..., F,;G)

rnen)(p L F,; G), for all Hilbert spaces Fy, ..., F,, G?

We start with the case n = 2.

2.4. ExamMpLE. If G # {0}, there is T, € Lys(E, E; G), such that T ¢
562}’1’r2)(E, E:G), for all r,r, 1, € |0, +oo[ satisfying 1/r = 1/r; + 1/r,.

As wusual, if kK € N, we write e, to denote the element
©,...,0,1,0,...) € [, with 1 in the position k. If x € [,, we write
x = (x))72; = X2 x;e;. We shall use the notation X = (X;);Z;, when
x = (x;)iZ; € , = E. It is easy to show that (F)Z":1 € IJ(E), for
()2, € I5(E). We define T € Z(1,, I; ) by

I m

]

1
T(x,y) = Z;xjyj vV x,yel.
=1
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We note that T is Hilbert—Schmidt since
Y 1T(ej, €l Z|T(e,’ ) = Z]—z < +o0.
J, k=1 j=1

Now we consider S € #(l,;1,), given by
> 1
S(x):Zijej Y xel.
j=1

We have
IS)? =T (x,X)| V¥ xel,.

If T were in £5 " 2r)(lz, l,; IK), we would have

S ISGNP = 3T+, x1)|" < 400,

j=1 j=1

for every (x/ )2y € I5,(Iy). Thus S would be absolutely (2r;2r)-summing,
hence Hllbert—Schmldt But

Z ISl =3 5 =+

j=1

Therefore T cannot be in Z{y>" 2r)(lz, I;KK). If b € G, b # 0, we define
Ty(x,y) = T(x,y)b, for all x,y € [,. It is easy to see that T, is Hilbert—
Schmidt. If ¢ € G’ is such that ¢(b) = 1, we have T = ¢ o T},. Hence,
T, cannot be in 5 2r)(lz,lz;G). If this were true, T would be in
i 2r)(lz, l; K), a contradiction.

For 7,7, 7, € |0, +oo[, such that 1/r = 1/r; + 1/r,, by Theorem 2.2, we
have

W (1, by G) € ZS PPN, 13 G)  when s = max{ry, 1)}

Hence T}, ¢ g rZ)(lz, L,; G).

It is possible to prove that for 0 < r, p,g < +oo and 1 1 + l
Fas" (L, I; ) is the space of nuclear forms. It is properly contalned 1n
the space of the Hilbert-Schmidt forms, since the diagonal form

+00 1
T(x,y)=73_ =XiYj
=17

is Hilbert-Schmidt but not nuclear.
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2.5. ExampLE. If n > 2, G # {0}, there is R € Zys("E; G), such that
R is not absolutely (r;r, ..., r,)-summing, for all r,r,...,r, € |0, +o0[,
satisfying 1/r =1/r; +--- + 1/r,.

We consider 4 € E' and ¢ € E such that ¢(c) = 1. We define R €
Z("E; G) by

R(x', ..., x") =T, (x!, X*)(x®) ... ¢(x"),

where T}, is as in the previous example. We note that R is Hilbert—Schmidt,
since

o0 o0
> RGP =191 X ITy(ey,s eI < +oo.
jl=1s'“?jn=1 jl=1!j2=1
We consider r,rq,...,r, € |0, 400[, such that 1/r = 1/r; +---+ 1/r,. If
R were absolutely (r;r, ..., r,)-summing, there would be C > 0 and u; €

W(Bg), k=1,...,n, such that

||R(x1, XY
5 % ny|r, i
<c(f, wehrdn@) " ([ 16erda@)"
): B
for every x* e E, k =1, ..., n. Hence, in a particular case, we could write

2 i
RG22 0l < CTT( [, 86 due(@)) el
k=1 \"Br

for every x* € E, k = 1,2. For ¢ € E, (c) = 1, we have |T,(x!, x*)| =
|R(x', x%,¢c,...,c)||l. This would imply that T, is absolutely (s;r,7,)-
summing, with 1/s = 1/r; + 1/r,, a contradiction to Example 2.4.

This example can be proved directly, without the Pietsch domination
theorem.

3. MORE GENERAL PROBLEM

In 1983, at a Conference in Leipzig (see [3]), Pietsch proposed the fol-
lowing question:

3.1. PieTscH’S PROBLEM. If n > 3, is it possible to find r,r,...,r, €
10, +o00], with 1/r < 1/ry + --- + 1/r,, such that Lys(Fy, ..., F;K) =
S 2?’1"“”")(F1, ..., F; ), for all Hilbert spaces Fy, ..., F,?
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3.1.a. PRoOPOSITION. If F and G are Hilbert spaces over K, then
22,2
23(F, G;K) = Lys(F, G; K).

This result is a consequence of a linear result, by using the isomorphism
¥ from Z(F;G’) onto Z(F, G;K). See Pietsch [2, p. 239, 17.5.2]. Hence
the answer to the question of Pietsch is yes when n = 2.

It is easy to show that Zyg(Fi,...,F,_;F,) is isometric to Zyg
(Fy, ..., F,;[K) by the isomorphism V¥, defined by

W(T)(x', ..., x" L x") =T, ., 2 D",

when T € Zys(Fy,...,F,_;F)) and x* € F;, k = 1,...,n—1,n. This
motivates the following question:

3.2. The Infinite Dimensional Vector Valued Problem. 1If n > 2, is it pos-
sible to find ,7,...,7r, € ]0,4+00], with 1/r < 1/r; +--- + 1/r,, such
that ZLyg(Fy, ..., F,;G) = iﬁéﬁ;rl""’r”)(Fl,...,Fn;G), for Hilbert spaces
Fy, ..., F, and every infinite dimensional Hilbert space G?

We shall prove that the answer to each of these problems is negative.
Our examples for Problem 3.2 will depend partially on the examples we
give to answer Problem 3.1. Of course, the examples of Section 2 give part
of the solution to these two problems.

4. THE INFINITE DIMENSIONAL
VECTOR VALUED PROBLEM

In this section we always consider n > 2.

4.1. ExampLE. Ifr,r,...,r, €10, 400] are such that 1/r < 1/r; +---+
1/r,, with r, = +oo for at least one k € {1,...,n}, then there is T €

() (n gy EY that is not Hilbert-Schmidt.

With no loss of generality we consider r; = +o0. For ¢ € E', ¢ # 0, we
define

T(x', ..., x") = x'op(x?) ... p(x") vikeE k=1,...,n

T is not Hilbert—Schmidt, since

o0

o0
> TG )IP =112 3 ey, 1P = oo

Je=1k=1,..,n Ji=1



350 MARIO C. MATOS

On the other hand, we have

(TG ], = 16D H [N,
< ol (chH2 | I [C3k
k=2

This shows that T € 5&(,? e “"r”)(”E; E), since r; = +o0.

42. ExampLE. Ifrr,...,r, €]0,4+o00] are such that 1/r <1/r; +---+
1/r,, with r, < r for at least one k € {l,...,n}, then there is T €

) (nEy E) that is not Hilbert-Schmidt.

We suppose that r, < r, with no loss of generality. Since 1/r < 1/r,,
we can write 1/r <(n- 1)/s + 1/r,, where s = +o00. By Example 4.1,
there is T € iﬁa§+°c """ Foour) (”E;E) that is not Hilbert—-Schmidt. But
lgg 3+00,..., 400, r,,)(nE E) c j(r ST - ”*1’r71)(nE; E)

4.3. EXaMPLE. If r, p, g € ]0, +00], with % < % + %, p>r,and g > r,

then there is T € 592? P q)(zE ; E) that is not Hilbert-Schmidt.
Since r < p, we have r < +o0. By our hypothesis, we cannot have p =
+00 or g = +oo. Thus p, g € 10, +00[. We have

0<-= and 0<p<s<+oo.

1 1 1
roq

N

1

p
By Corollary 1.5, there is S € Z5P )(E E) that is not Hilbert—Schmidt. For
¢ e E, ¢ #0, we define

T(x,y) =S(x)é(y) V¥xyek.

T is not Hilbert—Schmidt:

Z IT(ex, ep)* = Z ISCe)IP1d(ep* = 111 Z IS(ex)|* = +oo.

J.k=1 J k=1 k=1

Now, since % = % + %, we have

TG, YNl < ISGNE NGO NE N,
= 1S las, (5 1G24l I SN N, -

Thus T € 2557”9 CE; E).
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4.4. ExampLE. Ifl/r<1/ri+---4+1/r,,withr,r,...,r, € |0, +00] and
re > r, for every k = 1,...,n, then there is T € £ i ”)(”E E) that
is not Hilbert-Schmidt.

For n = 2, Example 4.3 gives the result.

For n > 2, we have r < 4oo for at least two ry,, kK = 1,...,n,
finite. With no loss of generality we may suppose r,r, € ]0,+oo[.
Now we write 1/t; = 1/ri + 1/r,, and find ¢ > ¢, t < +oo, such that
1/r < 1/t+1/r3+---+1/r,. Since 1/t < 1/r; + 1/r,, we can use either
Example 4.2, or Example 4.3, in order to find R € £ r]’YZ)(2E; E) that is
not Hilbert-Schmidt. Now we consider ¢ € E’, ¢ # 0, and define

T(x',...,x") = R(x', x¥*)(x?) ... p(x") VikeE k=1,....n
T is not Hilbert—Schmidt:

00
2 2 2
Y T, eI =ldl" Z [R(ej, ex)l|I” =
Jk=1,k=1,...,n J, k=1

On the other hand

[T, = [(RGe, X9 H||<d><xk>> il

-2 k
= ”R”as,(t;r],rz)”d)”n l_[ ”(xj ]?il”w,rk’
k=1

and T is absolutely (r;r, ..., r,)-summing.

With this example we have completed the answer to Problem 3.2.

5. THE PROBLEM OF PIETSCH

Propositions 5.1 and 3.1.a show the reason that made Pietsch state his
problem with n > 3.

5.1. PROPOSITION. 255" T™(F, G; ) = %y5(F, G;K), if r € 10, +oo|
and F, G are Hilbert spaces over K.

Proof If T e 25" "(F, G : K), we consider ¥~1(T)(x)(y) = T(x, y),
for x € F and y € G. We have

1T DN = 1T YNE, = (),

for a convenient choice of y/ € B;. Thus

(*) = ”T”us,(r;r,Jroo)”(xj) 1||w r”(y]) 1”00 - ”T”as (r; r+oo)||(x]) 1||w,r
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and we have W~1(T) € £55"(F;G') = %y5(F;G'). Thus T = W(¥~1(T))
is Hilbert-Schmidt.
On the other hand, if T € %y4(F, G;K), then ¥~(T) € %y (F;G) =
L5(F; G'). Thus

TG, Y NE N < ICE D) Z NG N
”\P 1(T)||as (r; r)”(xj) 1||w r”(y]) ]”oo

and T is absolutely (7; 7, +00)-summing. |

52. ExampLe. If n >3, r,ry,...,r, € ]0,+00], with 1/r = 1/r; 4+ ---
1/r,, and, for at least one k € {1, ..., n}, r, = 400 (say, r, = +00), then
(i) there is T Hilbert-Schmidt, T ¢ Fne ""r”)(”E; K), when
FiyevosTy_1 €10, +00[;
(ii) thereis T € g ""r”)(”E; [K), that is not Hilbert-Schmidt, when
rj = +oo, for some j in {1,...,n—1}.
Of course, we have to consider the cases:

(1) Iy ooy Tyl € ]O, +OO[,
(ii) For at least one k € {1,...,n— 1}, r, = +o0.

In the case (i), we have 1/r = 1/ri+---+1/r,_; and n —1 > 2. By
Example 2.5, there is S Hilbert-Schmidt defined on E"~! with values in
E’, that is not absolutely (r;rq,...,r,_;)-summing. It follows that T =
V(S) € Zys("E; K). If W(S) were absolutely (7;rq, ..., r,)-summing, we
would have

ISCefs s DR = NS oo 2 2D = (),

for convenient choices of x} € Bg, j=1,.... Thus
n—1 f
(*) = ”‘I](S)”as, (r;rl,.“,r,,)kl_[ “(xj ;il”rk”(x;l /911”00'
=1

Therefore we would have

n—1
n—1
”(S(x]l’ ) xj );il ”r = ||\P(S)||as, (s l_[ ”(x;();il ”rk

k=1

and S would be absolutely (r; 7y, ..., r,_;)-summing, a contradiction.
In the case (ii), we have 1/r = 1/r;+---+1/r,_; and n —1 > 2. By
Example 4.1, we can find S € Sfag;rl"“’r”’l)("‘lE;E), that is not Hilbert—

Schmidt. We define T € Z("E; K) by

T(x',...x") = i(S(xu o XTI = P(S)(x L X X,
k=1
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Since § is not Hilbert-Schmidt, ¥(§) and T are not Hilbert-Schmidt. On
the other hand,

-1
TG s XDl < ICSCr e T NZ NG o

n
k
= ”S”as, (F371s weesTpt) 1_[ ”('xj jgil”w, T
k=1

and T is absolutely (r;ry, ..., r,)-summing.

53.ExampLE. If n > 3, n,r,...,r, € 10,400], 1/r < 1/ri +--- +
1/r,, with r, < r, for at least one k € {l,...,n}, then there is
T € L5 ("E;K), that is not Hilbert-Schmidt.

With no loss of generality we suppose r; < r. If r > r;, we have % < %
and

1 1 1
< — 4t s withn—1> 2.
ron Tn—1
If r = r;, we must have r; < +oo, for some j € {2, ..., n}.With no loss of

generality we may take this j = 2 and write

1 1 1
< — 4 s with n —1 > 2.

r 51 Tn

(r;ryse.

By Example 4.2, there is S € 25" ("~1E; E) that is not Hilbert-
Schmidt. Now, we can define T € Z("E; K) in terms of S, as in case (ii) of
Example 5.2. As it was proved there, T is absolutely (r;ry, ..., r,_1, +00)-
summing (hence absolutely (r;ry,..., ", i, 7,)-summing), but it is not
Hilbert-Schmidt.

5.4. ExampLE. Ifn>2,rnr,...,r, €]0,400], 1/r <1/r +---+1/r,,
with r, > r, for k = 1,...,n, at least one of them +oo, then there is
T ey r")("E; [K), that is not Hilbert-Schmidt.

With no loss of generality we may consider r,, = +00. Hence we have

1 1 1
—-—< — 44+ , withr, >r, fork=1,...,n—-1,n—1>1.
ro.n Tn—1

By Example 4.4, if n > 2, and by Corollary 1.5, if n = 2, we can find
Se%y rl""’r”’l)(”‘lE ; E), that is not Hilbert-Schmidt. Now, we may define
T € Z("E;K) in terms of S, as in case (ii) of Example 5.2. Hence, as
it was proved there, T is absolutely (r;rq, ..., r,)-summing, but it is not

Hilbert-Schmidt.
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55.ExampLe. Ifn>2,rr,...,r,€]0,400], 1/r <1/ry+---+1/r,
with +00 > r, > r,for k =1,...,n, then there is T € Si’g;rl"“"”)(”E;K),
that is not Hilbert-Schmidt.

We consider s > r, such that 1/r < 1/r; +--- 4+ 1/r,_; + 1/s. Now we
take ¢ > 0, such that 1/¢ = 1/r — 1/s. We have two possibilities:

(1) t<n,fork=1,...,r,,.
(2) t=r,forsome ke{l,...,n—1}.

In case (1), by Example 4.4, if n > 3, or by Corollary 1.5, if n = 2,
there is R € £ r”’l)(”’lE ; E), that is not Hilbert—Schmidt. By Corollary
1.5, there is S € % r")(E; E), that is not Hilbert-Schmidt. We define T €

Z("E; K) by

T(x',...,x") = i(R(xl, s X)) (S(xM)),

j=1
=W(R)(x', ..., x" 1, 5(x")),

forx* e E, k=1,...,n—1. We have

(ZIT(X}:---,X?)I’) E(ZIIR(X},---,X7_1)||’> (ZIIS(X}’)IIS)
j=1 j=1

j=1
G k
= ”R”as,(t;rl,...,r,,,])”S”as,(s;r,,) l_[ ”(xj joil||w,rk'
k=1

Therefore T is absolutely (r;r, ..., r,)-summing. Since R and S are not
Hilbert—Schmidet, is easy to see that 7 is not Hilbert-Schmidt.

In case (2), if n = 2, we have that 1/t + 1/s = 1/r < 1/r; + 1/s. These
inequalities imply ¢ > . Hence, by Example 4.2, if n > 3, or by Corollary
1.5, if n = 2, there is R € 2" "("~\E; E), that is not Hilbert-Schmidt.
By Corollary 1.5, there is S € A% r”)(E; E), that is not Hilbert-Schmidt. We
define T € Z("E;K) as in case (1) and have T absolutely (r;r(,...,r,)-
summing, but not Hilbert-Schmidt.

With this example we complete our answer to the Problem of Pietsch.
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