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Abstract

We investigate a particular type of curvaton mechanism, under which inflation can occur at Hubble scale of order 1 TeV. The curv
pseudo Nambu–Goldstone boson, whose order parameter increases after a phase transition during inflation, triggered by the gradua
the Hubble scale. The mechanism is studied in the context of modular inflation, where the inflaton is a string axion. We show that the m
is successful for natural values of the model parameters, provided the phase transition occurs much earlier than the time when the co
scales exit the horizon. Also, it turns our that the radial mode for our curvaton must be a flaton field.
 2006 Elsevier B.V.Open access under CC BY license.
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Inflation is the only compelling theory to date for the s
lution of the horizon and flatness problems of the big b
cosmology as well as for explaining structure formation in
Universe. Recent precise observations have confirmed th
sic predictions of the inflationary paradigm by ascertaining
spatial flatness of the Universe and the approximate scal
variance of the density perturbations, which give rise to
anisotropy of the Cosmic Microwave Background Radiat
(CMBR) and seed structure formation. These exciting de
opments have rendered the inflationary paradigm a nece
extension to the hot big bang standard cosmology.

In the light of precision data, inflation model-building can
upgraded beyond the simple single-field stage of its early be
nings. Indeed, more complex and realistic models of inflat
with tighter connections to the theory, less fine tunning and
hanced predictability and falsifiability are now possible to c
struct, making use of the rich content of particle physics. A fi
such example is the well-known hybrid inflation model[1],
which couples the inflaton field to the Higgs field of a Gra
Unified Theory (GUT) in order to obtain without tunning th
desired false vacuum energy scale[2]. In hybrid inflation the
inflationary period is terminated through the dynamics of
other field.
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In an analogous manner, one can attribute the generatio
density perturbations during inflation to a field other than
inflaton [3]. This so-called curvaton field allows inflation
take place at a much lower energy scale than the typically
quired GUT-scale[4] and, in general, may relax a number
constraints regarding inflation model-building[5]. Low-scale
inflation can revamp a number of inflation models that are w
motivated on particle physics grounds[4]. It is important to
stress here that the curvaton isnot an ad hoc additional degre
of freedom introduced “by hand”, but it may be a realistic fie
already present in simple extensions of the standard mode
deed, many such examples exist in the literature[6,7].

However, even when a curvaton field is considered, there
ists a lower bound for the inflationary scale, which, for gene
curvaton models, can be quite tight[8]. This lower bound can b
substantially relaxed for certain types of curvaton models[9],
which enables inflation to be directly connected to realistic,
yond the standard model physics.

In this Letter I present a curvaton model which allows infl
tion at a Hubble scale as low as 1 TeV. The curvaton fiel
a pseudo Nambu–Goldstone boson (PNGB), whose orde
rameter is substantially increased after the cosmological s
exit the horizon during inflation. As shown in[9], the result of
this increase is to amplify the curvaton’s perturbations. This
ables even low-scale inflation to generate density perturba
of the observed amplitude. In the curvaton model presented
increase of the PNGB order parameter follows a phase tra
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tion during inflation, which releases the radial mode from
top of the potential hill.

The use of a PNGB curvaton is highly motivated beca
such a curvaton can be naturally light during inflation, since
mass is protected by the global U(1) symmetry[7]. This dis-
penses with the danger imposed by supergravity correct
which typically lift the flatness of the scalar potential[10]. We
investigate the performance of the curvaton model in the c
text of modular inflation, which corresponds to Hubble scale
order 1 TeV. Modular inflation is a well motivated model, whi
uses a string axion as the inflaton[11].

Let us begin by presenting the amplification mechanism
the curvature perturbations. We discuss here the case o
PNGB curvaton, whose order parameter has a different (la
expectation value in the vacuum than during inflation and
particular, when the cosmological scales exit the horizon. T
the potential for the curvaton fieldσ is

V (σ) = (vm̃σ )2[1− cos(σ/v)
]

(1)⇒ V
(|σ | < v

) � 1

2
m̃2

σ σ 2,

wherev = v(t) is the order parameter determined by the
pectation value of the radial field|φ| and m̃σ = m̃σ (v) is the
mass of the curvaton at a given moment. In the true vacuum
havev = v0 andm̃σ = mσ with v0 being the vacuum expecta
tion value (VEV) of the radial field andmσ being the mass o
the curvaton in the vacuum.

Let us demonstrate that the curvaton perturbations ca
amplified by the non-trivial evolution of the radial field. W
begin by using the fact that[3]:

(2)ζ ∼ Ωdecζσ ,

whereζ � √
Pζ = 2 × 10−5 is the curvature perturbation o

the Universe,Ωdec� 1 is the density fraction of the curvato
density over the density of the Universe at the time of the de
of the curvaton:

(3)Ωdec≡ ρσ

ρ

∣∣∣∣
dec

� 1

and ζσ is the curvature perturbation of the curvaton fieldσ ,
which is given by

(4)ζσ ∼ δσ

σ

∣∣∣∣
dec

∼ δσ

σ

∣∣∣∣
osc

,

where ‘osc’ denotes the time when the curvaton oscillati
begin. Note that, non-Gaussianity constraints from the ob
vations from the WMAP satellite[12] restrict the range ofΩdec
as follows:

(5)10−2 � Ωdec� 1.

In this Letter we consider the inflationary Hubble scale
be comparable to the tachyonic mass of the radial field, w
determines the value of the order parameter of our PNGB
vaton. This means that the evolution of the radial field ceas
(or soon after) the end of inflation. Therefore, at the end of in
tion, v → v0 and the mass of the curvaton assumes its vac
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valuemσ . Hence, in the followingwe assume that the curvato
mass has already assumed its vacuum value before the
of the curvaton oscillations. Consequently, the curvaton osc
lations begin when

(6)Hosc∼ mσ .

Before the oscillations begin the curvaton is overdamped
remains frozen. This means thatθosc � θ∗, where the ‘∗’ de-
notes the values of quantities at the time when the cosmolo
scales exit the horizon during inflation and

(7)θ ≡ σ/v,

with θ ∈ (−π,π]. Hence, for the curvaton fractional perturb
tion we find

(8)
δσ

σ

∣∣∣∣∗ = δθ

θ

∣∣∣∣∗ � δσ

σ

∣∣∣∣
osc

.

Now, for the perturbation of the curvaton we have

(9)δσ∗ = H∗
2π

.

We assume that the expectation value of the radial field du
inflation is smaller compared to its VEV by a factor

(10)ε ≡ v∗
v0

� 1.

Combining Eqs.(8), (9) and (10), in view also of Eq.(7), we
find

(11)δσosc� H∗
2πε

,

which means that after the end of inflation, when the radial fi
assumes its VEV,the curvaton perturbation is amplified by
factor ε−1 (seeFig. 1). From Eqs.(2) and (4)we have

(12)σosc∼ (Ωdec/ζ )δσosc.

Using Eqs.(9) and (11), we can recast the above as

(13)σosc∼ H∗Ωdec

εζ
.

We may obtain a lower bound onε as follows:

(14)
δσ∗
σ∗

� 1 ⇒ ε � εmin ≡ H∗
2πv0

,

where we have used Eqs.(7), (9) and (10)and thatσosc� v0.
The above, however, is only the lowestε in principle. The
observational constraints on non-Gaussianity, impose a m
stringent lower bound onε. Indeed, from Eqs.(2), (4) and (5)
we obtain

εmin

ε
� δσosc

σosc
∼ ζσ ∼ ζ

Ωdec

(15)⇒ ε � Ωdec

ζ
εmin � 5× 102εmin,

where we used thatζ = 2× 10−5.
Now, as is shown in[9], in the case when the curvaton o

cillations begin after the radial field has attained its VEV,
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Fig. 1. Schematic representation of the amplification of the PNGB curv
perturbation, when the order parameterv increases from the value it has whe
the cosmological scales exit the horizonv∗ = εv0 to its vacuum valuev0. The
perturbation at horizon crossing has amplitudeδσ∗ ∼ H∗, which corresponds to
a phase perturbation for the radial field|φ| of magnitudeδθ = δσ∗/v∗. As the
order parameter growsδθ remains constant (the phase perturbation is frozen
superhorizon scales) but the amplitude of the curvaton perturbation is incr
up toδσ ∼ ε−1H∗.

have1

H∗ ∼ Ω
−2/5
dec

(
H∗

min{mσ ,Γinf}
)1/5(max{Hdom,Γσ }

HBBN

)1/5

(16)× (εζ )4/5(T 2
BBNm3

P

)1/5
,

whereΓinf andΓσ are the decay rates of the inflaton and
curvaton fields respectively,Hdom is the Hubble parameter a
the time when the curvaton density dominates the Univers
the curvaton does not decay earlier) andHBBN ∼ T 2

BBN/mP is
the Hubble parameter at the time of big bang nucleosynth
(BBN), with TBBN ∼ 1 MeV.

Now, we require that the curvaton decays before BBN,
Γσ > HBBN. We also haveΓinf � H∗. Hence, Eq.(16)provides
the following bound

(17)
H∗ > Ω

−2/5
dec (εζ )4/5(T 2

BBNm3
P

)1/5 ∼ (
ε2/Ωdec

)2/5 × 107 GeV.

Furthermore, we also note that

(18)Γσ � m3
σ

m2
P

,

where the equality corresponds to gravitational decay.
above can be shown[9] to imply that

(19)H∗ � Ω−1
dec(εζ )2mP

(
mσ

H∗

)
max

{
1,

mσ

Γinf

}1/2

,

which results in the bound

(20)

H∗ � Ω−1
dec(εζ )2mP

(
mσ

H∗

)
∼ (

ε2/Ωdec
) × 1010 GeV

(
mσ

H∗

)
.

1 We use natural units, wherec = h̄ = 1 and Newton’s gravitational consta

is G = 8πm−2
P with mP = 2.44× 1018 GeV being the reduced Planck mass
n

ed

if

is

.

e

This bound may be relaxed ifε is small enough. In particula
for a PNGB curvaton we may havemσ < H∗. Comparing the
bound in Eq.(17) with the one in Eq.(20) we find that the
former bound is more stringent if

(21)

ε <
1

ζ
√

Ωdec

(
TBBN

mP

)1/3(
H∗
mσ

)5/6

∼ 10−3Ω
−1/2
dec (H∗/mσ )5/6.

Thus, forε � 1, the second bound is typically less stringe
than the first one.

During inflation, the evolution of the order parameter of
PNGB curvaton, is subject to an important constraint, wh
has to do with preserving the scale invariance of the spec
of the curvature perturbations.

The amplitude of the density perturbations is determined
the magnitude of the perturbations of the curvaton field, wh
in this scenario, apart from the scale ofH∗ is also determined
by the amplification factorε−1. The latter is determined by th
value of the order parameterv∗ when the curvaton quantum
fluctuations exit the horizon during inflation. A strong var
tion of v(t) at that time results in a strong dependence ofε(k)

on the comoving momentum scalek, which would reflect itself
on the perturbation spectrum threatening significant depa
from scale invariance.

In Ref. [9] is was shown that, in order for this to be avoide
the rate of change of the radial field must be constrained as

(22)|v̇/v|∗ = |φ̇/φ|∗ � H∗,

where|φ| is the radial field, which determines the value of t
order parameter. In fact, the contribution to the spectral in
due to the evolution ofv is δns = −2H−1∗ (v̇/v)∗. From the
above it is evident that, in order not to violate the observatio
constraints regarding the scale invariance of the density pe
bation spectrum,the roll of the radial field has to be at most ve
slow when the cosmological scales exit the horizon. However,
this cannot remain so indefinitely because we needv0 
 v∗ to
have substantial amplification of the perturbations (i.e.ε � 1).
Consequently,v has to increase dramatically at some pointaf-
ter the exit of the cosmological scales from the horizon. T
requirement is crucial for model-building.2

In our model, we will show that the evolution ofv begins at
a phase transition during inflation. Initially, the growth ofv is
very slow, but later, near the end of inflation,v grows substan
tially until it reaches its vacuum valuev0.

Let us now briefly describe the model of inflation. We a
going to consider a PNGB curvatonσ whose radial field|φ| is
of bare mass similar to the Hubble parameter during inflat
that is

(23)mφ ∼ H∗.

This has the advantage that the radial field rolls substantiall
the end of inflation so thatε can be very small. In particular, w

2 The requirement in Eq.(22) may be even more fundamental in origin. I
deed, a PNGB with rapidly varying order parameter cannot be treated
effectively free field. I would like to thank D.H. Lyth for pointing this out.
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will assume that the tachyonic mass of the radial field is a
mass generated by supersymmetry breaking and it is, there
roughly of the electroweak scalem3/2. Hence, we consider in
flation at the intermediate scale

(24)V
1/4∗ ∼ √

m3/2mP ∼ 1010.5 GeV ⇒ H∗ ∼ m3/2.

A particular example of such an inflation model (but, by
means, not the only one) is modular inflation[11], where the in-
flaton fields is a string axion, whose flatness is lifted by grav
mediated supersymmetry breaking. In this model the inflat
ary potential is of the form:

(25)V (s) = Vinf − 1

2
m2

s s
2 + · · · ,

where the ellipsis denotes terms, which are expected to sta
the potential atsVEV ∼ mP. Therefore, in the above we have

(26)Vinf ∼ (m3/2mP)2 and ms ∼ Hinf ∼ m3/2,

whereHinf � √
Vinf/3mP.

This inflation model results in fast roll inflation[13], where

s = sin exp(Fs�N) and Fs ≡ 3

2

(√
1+ 4c/9− 1

)

(27)with c ≡
(

ms

Hinf

)2

∼ 1,

where�N is the number of the elapsed e-foldings. From
above one can easily obtain the inflation scaleN e-foldings be-
fore the end of inflation, as

(28)V (N) � Vinf
(
1− e−2FsN

)
.

Even though fast-roll, modular inflation keeps the Hub
parameterH rather rigid. Indeed, it can be easily shown tha

(29)ε = 1

2
F 2

s

(
s

mP

)2

� 1

2
F 2

s e−2FsN � 1,

becauseFs ∼ 1 ands � mP during inflation, withε � 1 being
one of the so-called slow roll parameters defined as

(30)ε ≡ − Ḣ

H 2
.

For modular inflation the initial conditions for the inflato
field are determined by the quantum fluctuations, which s
the field off the top of the potential hill. (The modulus c
be considered to be originally placed at the local maxim
because the latter can be thought of as a fixed point of the
metries.) Hence, we expect that the initial value for the infla
is

(31)sin � Hinf/2π.

Using the above and considering that the final value issVEV ∼
mP, we can estimate, through the use of Eq.(27), the total num-
ber of e-foldings as

(32)Ntot � 1

Fs

ln

(
mP

m3/2

)
,

where we took into account Eq.(26).
ft
re,

-
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Let us turn our attention to the curvaton model. Consider
superpotential3

(33)W = λ

n + 3

φn+3

mn
P

,

wheren � 0 and the complex fieldφ can be thought to contai
the curvaton phase fieldσ and one radial field|φ| as follows:

(34)φ ≡ |φ|eiθ = |φ|exp
(
iσ/

√
2v

)
.

Then the scalar potential can be written as

V = (
CφH 2 − m2

φ

)|φ|2 +
[
(CAH + A)

λ

n + 3

φn+3

mn
P

+ h.c.

]

+ λ2 |φ|2n+4

m2n
P

= (
CφH 2 − m2

φ

)|φ|2 + λ2 |φ|2n+4

m2n
P

(35)+ (CAH + A)
2λ

n + 3

|φ|n+3

mn
P

cos
[
(n + 3)θ

]
,

wheremφ andA are soft supersymmetry breaking mass-sc
at zero temperature, both given by the electroweak scalem3/2.
Note that we have put negative mass-squared for the|φ| field
at zero temperature to break the U(1) symmetry. We also con
sidered corrections coming from supergravity, which prov
effective mass terms of orderH [10] (for their effect on curva-
ton physics see Ref.[15]). Absorbing the(n + 3) factor intoθ

(and shifting the latter byπ )4 we can write the curvaton poten
tial as:

(36)V (σ) ≈ λ(CAH + A)v3
(

v

mP

)n[
1− cos

(
σ

v

)]
.

We are going to assume that the U(1) symmetry is broken
at some moment during inflation withH∗ ∼ mφ ∼ m3/2. Hence
we takeCφ ∼ +1. After this moment the radial field|φ| begins
to grow, which can result inε � 1. In time, after the symmetr
breaking, the tachyonic effective mass of the radial field
proaches its vacuum valuemφ as the supergravity correctio
diminishes due to the gradual decrease of the Hubble par
ter.

After the phase transition, the time-dependent minimum
the potential of the radial field is given by

(37)|φ|min =
(
λ−1mn

P

√
m2

φ − CφH 2
) 1

n+1
,

which gradually grows. Soon|φ|min assumes its vacuum valu

(38)v0 ∼ (
λ−1mn

Pmφ

) 1
n+1 .

From the above and also in view of Eqs.(1) and (36)we find

(39)m̃2
σ ≈ λ(CAH + A)v

(
v

mP

)n

.

3 Such type of superpotential is reminiscent of supersymmetric realisa
of the Peccei–Quinn symmetry in which the Peccei–Quinn scale is gene
dynamically[14].

4 This, in effect, means considering the range:− π
n+3 < θ − π � π

n+3 .
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Evaluating the above after the order parameter assumes its
uum valuev → v0 we obtain

(40)m2
σ ≈ (CAH + A)mφ,

where we used Eq.(38). Sincemφ ∼ A ∼ m3/2, CA ∼ 1 and
H � H∗ we find that

(41)mσ ∼ m3/2 ∼ H∗.

However, during inflation the effective mass of the curva
is much smaller. Indeed, in view of Eq.(39), we get

(42)
m̃2

σ

m2
σ

∼
(

v

v0

)n+1

⇒ m̃σ (v∗) ∼ ε
n+1

2 mσ ,

where we used Eq.(10). Therefore, sinceε � 1 andmσ ∼
m3/2 ∼ H∗ we see that, during inflatioñmσ � H∗, i.e. the
PNGB is appropriately light and can act as a curvaton field

Let us now calculate the value ofε required so that the sce
nario works. Firstly, we note that, in our case, the curva
assumes a random value at the phase transition, which typi
is σ ∼ v. After the end of inflation and before the onset of t
oscillations the field is overdamped and remains frozen. He
we expect that at the onset of the oscillations we have:

(43)σosc∼ θv0,

where, typically,θ ∼ O(1) and we took into account that th
radial field assumes its VEV very soon after the end of inflat
Combining Eqs.(13) and (43), we find

(44)ε ∼ Ωdec

ζθ

(
m3/2

mP

) n
n+1

,

where we also used Eq.(38) takingmφ ∼ m3/2 andλ ∼ 1. The
above is always larger thanεmin, where

(45)εmin ∼
(

m3/2

mP

) n
n+1

,

where we also used Eq.(14)with H∗ ∼ m3/2.
Let us now enforce the constraint in Eq.(17), which, for

H∗ ∼ m3/2, reads

(46)ε <

√
Ωdec

ζ

(
mP

TBBN

)1/2(m3/2

mP

)5/4

∼ 10−4
√

Ωdec.

From Eqs.(44) and (46)it is easy to find that the above boun
can be satisfied only ifn is large enough:

(47)n >
8+ log(

√
Ωdec/θ)

7− log(
√

Ωdec/θ)
.

According to Eq.(5), we see that, at the best of cases, (wh
Ωdec∼ 10−2 andθ ∼ 1) we haven � 1. Hence, we see thatthe
radial field must correspond to a flaton field, stabilised by n
renormalisable terms. An upper bound onn can be obtained b
requiring that the curvaton decays before BBN.

The decay of the curvaton depends on its coupling to o
particles. The lowest decay rate corresponds to gravitati
decay withΓσ ∼ m3

σ /m2
P. However, ifφ is part of a supersym

metric theory we may expect a much larger value forΓσ . An
c-

lly

e,

.

-

r
al

interesting possibility is realised by introducing the followi
coupling betweenφ and the Higgses:

(48)�W = λh

φn+1

mn
P

h2.

In this case, as is evident from Eq.(38), our curvaton mode
also solves theµ-problem forλh/λ ∼ 1.

Now, the interaction ofσ with ordinary particles is governe
by the effectiveµ-term in Eq.(48), which results into the fol-
lowing decay rate ofσ into two Higgs particles:

(49)Γσ � (n + 1)2

4π

m3
σ

v2
0

.

Demanding thatΓσ � HBBN results in the bound

Γσ ∼ 10− 30n
n+1

(
mσ

TeV

)3

TeV� HBBN ∼ 10−27 TeV

(50)⇒ mσ � 10
n−9
n+1 TeV,

where we used Eq.(38). Since we considermσ ∼ m3/2 � TeV
we see that there is a mild upper bound onn which, roughly,
demandsn � 9.

To proceed further, we have to consider separately the c
when the curvaton decays before or after it dominates the
verse. Suppose, at first, that the curvaton decays before d
nation (Ωdec� 1). In this case, during the radiation epoch a
after the onset of the oscillations, for the curvaton density f
tion we haveρσ /ρ ∝ a(t) ∝ H−1/2. Hence, we find

(51)Ωdec∼
(

min{mσ ,Γinf}
Γσ

)1/2(
σosc

mP

)2

,

where we have used Eq.(13)and

(52)
ρσ

ρ

∣∣∣∣
osc

∼
(

σosc

mP

)2

,

with (ρσ )osc� 1
2m2

σ σ 2
osc andρosc∼ m2

σ m2
P. Using Eq.(49) into

Eq.(51)and also Eqs.(13) and (38)we obtain

(53)ε ∼
√

gΩdec

ζ

(
m3/2

mP

) 1
2 ( n+2

n+1 )

,

where we have also used thatΓinf < H∗ ∼ m3/2 ∼ mσ and

(54)Γinf ∼ g2m3/2,

with the mass of the inflaton fields taken to bems � H∗ ∼ m3/2
andg being the coupling of the inflaton to its decay produc
In principle,g can be as low asms/mP if the inflaton decays
gravitationally. However, since reheating has to occur be
BBN, g has to lie in the range:

(55)10−14 ∼ 10
m3/2

mP
< g < 1.

Combining Eqs.(44) and (53)we find the relation

(56)
g

Ωdec
∼ 1

θ2

(
m3/2

mP

) n−2
n+1

.
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Let us now consider the case when the curvaton decays
domination (Ωdec≈ 1). In this case, the curvaton dominates
energy density of the Universe whenH = Hdom, whereHdom
is given by

(57)Hdom∼
(

σosc

mP

)4

min{mσ ,Γinf}.

Now, using Eqs.(43), (49) and (54)it can be shown that th
requirementΓσ < Hdom results in the bound

(58)g >
1

θ2

(
m3/2

mP

) n−2
n+1

.

The fact that the case of curvaton domination requires a la
value ofg [compare the above with Eq.(56)] is to be expected
because, this means that the inflaton decays earlier and, t
fore, the density fractionρσ /ρ grows substantially, allowing th
latter to dominate the Universe before its decay. The higherg is
the more dominant the curvaton will be.

Note also, that, when the curvaton decays after it domin
the Universe, the hot big bang begins after curvaton de
which suggests the reheating temperature

(59)Treh∼ √
Γσ mP ∼ m3/2

(
m3/2

mP

) 1
2 ( n−1

n+1 )

.

It can be easily checked that the above is higher thatTBBN when
n � 9, in agreement with the bound from Eq.(50).

From Eqs.(56) and (58)we see that, in general,

(60)g � Ωdec

θ2

(
m3/2

mP

) n−2
n+1

.

For θ ∼ 1 and in view of Eqs.(5) and (55)the above bound
suggests

(61)n � 2,

which is tighter than the bound in Eq.(47).
We now concentrate of the evolution of the radial field|φ|,

which has to be such, as to achieve the required value forε. Let
us assume, at first, that the radial field follows the growth
the temporal minimum given by Eq.(37). In this case we can
calculate the amplification factor as

(62)ε ≡ (|φ|min)∗
v0

=
[
1− Cφ

(
H∗
mφ

)2] 1
2(n+1)

.

Using Eqs.(37) and (39)one finds that, in this case, the curv
ton’s mass is given by

(63)m̃2
σ ≈ (CAH + A)

√
m2

φ − CφH 2.

The above and Eq.(62)suggest that

(64)

(
m̃σ

H∗

)2

� (A + CAH∗)
mφ

H 2∗
εn+1,

which agrees with Eq.(42), given thatCA ∼ 1 andH∗ ∼ A ∼
mφ ∼ mσ ∼ m3/2. From Eq.(37) it is easy to show that the ra
er

r

re-

s
y,

f

of growth of the order parameter is

(65)
v̇

v
= |φ̇|min

|φ|min
= ε

n + 1

(
m2

φ

CφH 2
− 1

)−1

H,

whereε is defined in Eq.(29). From Eqs.(62) and (65)we
obtain

(66)(v̇/v)∗ ∼ ε∗ε−2(n+1)H∗.

Comparing this with Eq.(22), we find that, for the scale invar
ance of the spectrum to be preserved, we require

(67)ε∗ � ε2(n+1),

whereε∗ = ε(s∗).
Now, if the growth of|φ|min is so rapid that the radial fiel

cannot follow it, then we expect|φ| to roll, instead, down the
potential hill. In this case the order parameter is determine
the rolling |φ|.

When the cosmological scales exit the horizon the ra
field has to be slowly rolling because we need the order p
meter to vary slowly enough, not to destabilise the approxim
scale invariance of the perturbation spectrum [cf. Eq.(22)].
Therefore, the Klein–Gordon equation for|φ| is:

(68)3H∗|φ̇| − m̄2
φ |φ| � 0,

where

(69)m̄2
φ ≡ m2

φ − CφH 2.

Using the above, the rate of growth of the order paramete
this case, can be easily found to be

(70)
v̇

v
= |φ̇|

|φ| = 1

3
Cφ

(
m2

φ

CφH 2
− 1

)
H.

The variation of the order parameter is expected to follow
less rapidly changing rate of growth. Hence, by comparing
two rates in Eqs.(65) and (70), we see that the order parame
follows the variation of|φ|min only if

(71)ε4(n+1) > ε∗,

where we used again Eq.(62) and alsoCφ ∼ 1. It is evident
that, if the above constraint is satisfied, then so is the req
ment in Eq.(67). Note, however, that if the above constrain
violated then the order parameterv is determined by the rolling
|φ| and not by the varying|φ|min, in which case the requireme
in Eq.(67) is not valid, while also the amplification factor is n
the one shown in Eq.(62).5

In this latter case, we find the amplification factor as follow
Using Eq.(28) we can write|φ| as a function of the numberN
of the remaining e-foldings of inflation. Starting from Eq.(68)
and after a little algebra we obtain

(72)
3

Cφ

d ln |φ|
dN

= e−2FsNx − e−2FsN

1− e−2FsN
,

5 If v follows the growth of|φ| instead of|φ|min then ε is expected to be
smaller that the one in Eq.(62) because, at any given time,v(t) < |φ|min(t).
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whereNx corresponds to the phase transition which chan
the sign ofm̄2

φ . By definition

(73)m2
φ ≡ CφH 2

x � CφH 2
inf

(
1− e−2FsNx

)
,

whereHx ≡ H(Nx). Integrating Eq.(72)we get

6

Cφ

ln

( |φ|∗
|φ|x

)

(74)= (
1− e−2FsNx

)
F−1

s ln

∣∣∣∣e
2FsNx − 1

e2FsN∗ − 1

∣∣∣∣ − 2(Nx − N∗),

where|φ|x ≡ |φ|(Nx).
The displacement of the field from the origin at the ph

transition is determined by its quantum fluctuations. This me
that

(75)|φ|x � Hx/2π.

We also have

(76)ε = |φ|∗
v0

= |φ|∗
H∗

H∗
v0

⇒ |φ|∗ � ε

εmin

H∗
2π

,

where we used Eq.(14).
In view of Eq.(70), the requirement in Eq.(22)becomes

(77)
3

Cφ

e−2FsN∗
(

1− e−2Fs(Nx−N∗)

1− e−2FsN∗

)
� 1,

where we took into account Eq.(73).
Finally, another issue to be addressed concerns the req

ment that the radial fielddoesslow roll at the time when the
cosmological scales exit the horizon. In order for this to oc
its quantum fluctuations should not dominate its motion, i.e.|φ|
has to be outside the quantum diffusion zone. The condition
this to occur isH∗/2π < (φ̇/H)∗ or equivalently

(78)
∂V

∂|φ|
∣∣∣∣∗ � 2m̄2

φ(H∗)|φ|∗ > H 3∗ .

Using Eqs.(69) and (73)and working as before, the above co
straint is recast as

ln

( |φ|∗
|φ|x

)
> 2FsN∗ − ln(Cφ/π) + ln

(
1− e−2FsN∗

1− e−2Fs(Nx−N∗)

)

(79)+ 1

2
ln

(
1− e−2FsN∗

1− e−2FsNx

)
.

To illustrate the above we present an example, taking

(80)n = 2 and λ, θ ∼ 1.

The bound in Eq.(50) suggests that this is acceptable provid
mσ � 5 GeV. Using Eq.(44) we obtain the value of the ampl
fication factor, necessary for the model to work:

(81)ε ∼ 10−5Ωdec.

If the curvaton decays after domination then Eq.(58) de-
mands g > 1, which is not compatible with the range
Eq.(55). Therefore, we have to assume that the curvaton de
before domination, in which caseΩdec� 1, with the bound sat
urated when the curvaton decays approximately when it is a
s

s

e-

,

r

ys

ut

to dominate the Universe. In this case, Eq.(56)suggests

(82)g ∼ Ωdec� 1.

Such a large coupling can be understood only if the VEV of
inflaton modulus is an enhanced symmetry point. As a resu
the above, the reheating temperature after the end of inflati
found to be

(83)Treh∼ g
√

m3/2mP ∼ g × 1010.5 GeV.

From the above we see that, in order not to challenge the g
itino constraint, we have to choose the lowest possible v
of g, which, according to Eqs.(5) and (82)corresponds to

(84)Ωdec∼ 10−2.

Hence, from Eqs.(81) and (82)we obtain the values

(85)ε ∼ 10−7 and g ∼ 10−2.

From Eq.(31) and (26)and also, using Eq.(29), it is easy to
see that

(86)ε∗ > 10−30,

where we considered thats∗ > sin. Hence, from Eqs.(85)
and (86) it is straightforward to see that the constraint
Eq. (71) is badly violated, which means that the order param
ter v follows the slow roll of the|φ| field and not the variation
of the minimum of the potential|φ|min. Consequently, the am
plification factorε is not given by the expression in Eq.(62) in
this case. Instead, we can estimate the amplification factor
the use of Eq.(76).

Using Eq.(45)with n = 2 we find

(87)εmin ∼ 10−10.

Comparing this with Eq.(85) we see that the value ofε satu-
rates the bound in Eq.(15). This is expected since Eq.(84)also
saturates the non-Gaussianity bound in Eq.(5).

Eqs.(45), (76), (85) and (87)suggest

(88)|φ|∗ ∼ 103H∗
2π

.

The above can, in principle, be used in Eqs.(74) and (79)to
constrain the parameters of the underlying model.

A useful quantity to calculate in order to evaluate Eqs.(74)
and (79)is the number of e-foldings, which corresponds to
cosmological scalesN∗. The cosmological scales range from
few times the size of the horizon today∼ H−1

0 down to scales
∼ 10−6H−1

0 corresponding to masses of order 106M
 [16].
Typically this spans about 13 e-foldings of inflation. For t
estimate ofN∗ we will chose a scale roughly in the midd
of this range; the scale that re-enters the horizon at the
when structure formation begins, i.e. at the timeteq of matter–
radiation equality. Then, in the case when the curvaton de
before domination it is straightforward to obtain

(89)exp(N∗) ∼ H
1/3∗ Γ

1/6
inf

√
teq∼ g1/6√m3/2teq,
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where we have used Eq.(54) and thatH∗ ∼ mσ ∼ m3/2. Using
Eq.(85), we obtain

(90)N∗ � 43.

The number of e-folds that corresponds to decoupling (w
the CMBR is emitted) is roughlyN∗ +1.5, while the one which
corresponds to the present horizon is∼ N∗ + 9.

In the attempt to obtain the allowed parameter space
our model it soon becomes clear that, while the requirem
in Eq. (79) is relatively easy to satisfy, the major difficulty
reconciling Eq.(74) with the bound in Eq.(77) coming from
the spectral index requirements. This is especially true in v
of the recent WMAP results[17], which correspond to spectr
indexns = 0.96± 0.02, i.e.ns � 0.92 at 95% c.l. This mean
that the left-hand side of Eq.(77) should not exceed 0.04.6 By
careful investigation of Eqs.(74) and (77)it is found that the
above difficulty is more alleviated the larger the value ofNx is,
i.e. the earlier the phase transition occurs. In fact, a solutio
only possible if

(91)2FsNx 
 1.

In view of the above Eqs.(74) and (77)can be respectivel
approximated as

(92)ln

( |φ|∗
|φ|x

)
� − Cφ

6Fs

ln
(
1− e−2FsN∗),

(93)Cφ � 0.12
(
e2FsN∗ − 1

)
.

Now, using Eq.(75)we can write:

|φ|∗
|φ|x � 2π |φ|∗

H∗

(
H∗
Hx

)

(94)⇒ ln

( |φ|∗
|φ|x

)
� ln

(
2π |φ|∗

H∗

)
+ 1

2
ln

(
1− e−2FsN∗

1− e−2FsNx

)
,

where we have considered also Eq.(28), using thatH 2(N) �
V (N)/3mP. In view of the above and according to the appr
imation in Eq.(91)we can recast Eq.(92)as

(95)ln

(
2π |φ|∗

H∗

)
� −

(
1

2
+ Cφ

6Fs

)
ln

(
1− e−2FsN∗).

Under the same approximation, Eq.(79)becomes

(96)ln

(
2π |φ|∗

H∗

)
> 2FsN∗ − ln(Cφ/π) + ln

(
1− e−2FsN∗),

where we have also used Eq.(94).
Solving Eq.(95)in terms ofCφ and using Eq.(93)we obtain

(97)−2FsN∗
86

[
1+ 6 ln10

ln(1− e−2FsN∗)

]
− 0.04

(
e2FsN∗ − 1

)
� 0,

where we have also employed Eqs.(88) and (90). Solving nu-
merically we obtain the bound

(98)Fs � 1

1780
� 5.6× 10−4.

6 Note that, in our model, all other contributions to the deviation of the s
tral index from unity[18] are negligible.
n

r
t

is

-

This bound, in view of Eq.(27) results in

(99)ms � 0.041Hinf,

which is somewhat tight and implies that inflation is not
ally of the fast-roll type, but the inflaton is light enough to r
slowly down its potential hill. From Eqs.(32) and (98)one ob-
tains

(100)Ntot � 6.1× 104.

Thus, if the phase transition, which releases|φ| from the ori-
gin, occurs not much later than the onset of inflation, then
approximation in Eq.(91)can be well justified. Similarly, usin
Eqs.(90) and (98), Eq.(93)gives the bound

(101)Cφ � 5.9× 10−3.

In view of Eqs.(73) and (91)the above bound suggests

(102)mφ � 0.077Hinf .

The values ofms andmφ can approachHinf if one decrease
Nx but then the constraint in Eq.(77) becomes seriously cha
lenged. It can be easily checked that, with the above value
requirement in Eq.(96) is satisfied as well.

The above results suggest that, for then = 2 case and whe
λ, θ ∼ 1, the model can work for masses of the order

(103)mφ � 0.1m3/2 and ms � 0.01m3/2,

wherem3/2 ∼ 1 TeV. Such values imply only a mild tuning o
the masses; predominantly on the mass of the inflaton mod
This is necessary because the variation ofH should be kep
small, since only then can the tachyonic effective mass of
radial fieldm̄φ remain small enough for|φ| to be slow-rolling
and the constraint in Eq.(22) to be satisfied. Note that, a tunin
of the inflaton mass is quite plausible, since the latter is a s
axion.

One may wonder why, since both the inflaton fields and
the radial field|φ| turn-out to be light when the cosmologic
scales exit the horizon during inflation, we cannot use th
fields to generate the observed curvature perturbations. The
son is that, in contrast to the PNGB curvaton, the perturbat
of those fields are not amplified. Hence their contribution
the overall curvature perturbation is insignificant. Indeed,
the inflaton we haveζs ∼ (ms/s∗) ∼ 10−17, which is much
smaller than the observed valueζ � 2 × 10−5. Similarly, for
|φ| it is easy to show thatζφ ∼ εζσ ∼ 10−12, where we used
thatζσ ≈ ζ .

In conclusion, we have seen that our mechanism can w
with natural values of the parameters with only a mild tun
on the inflaton mass. Another important requirement is tha
phase transition, which releases the radial field from the or
occurs much earlier than the time when the cosmological sc
exit the horizon, in order not to destabilise the flatness of
curvature perturbation spectrum.

Our PNGB curvaton is such that can be easily accom
dated in simple extensions of the standard model. Indee
Ref.[19] we present in detail such a realisation, using as cu
ton an angular degree of freedom orthogonal to the QCD a
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in a class of supersymmetric constructions of the Peccei–Q
symmetry. Presumably, other PNGB curvatons, such as the
in Ref. [7], can also be utilised.

We should note here that, although the modular infla
model, which we considered, is highly motivated, it is
no means the only possibility. Other inflationary models w
Hubble-scale of order 1 TeV may also be applied[20]. Need-
less to say that designing inflationary models at such en
scale can allow direct contact with particle physics.
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