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Let X,,.., X,2, ¥,,.., ¥,2 be generic n x n matrices over a field k of characteristic
zero. I f(X,,.., X,,) is a multilinear invariant of X/,.., X,,, then

Z (sign ) /(X Yoty X2 Y2y Yuz) Yoy

neS,?

X3 Yosy " Yooy X Ve —anazy™ Yn:(nz)) =f(Xu---, X, 4(Y3,

where S, is the symmetric group of degree n% A(Y) is the discriminant of
Y1y Y2, and f(X),.., X,) is a uniquely defined multilinear invariant of X,.., X,,.

Thus f — 7 defines a function from the vector space of multilinear invariants of
X,,.., X, to itself. An analysis of this function is used to prove Regev’s conjecture
that

Y. (sign mp) Kooy ¥ouy X X1 X ity ¥ o2y Yoty Yoty X i)

TpE S,
X —ane 2y Ky Voo —an e 2y Yoy

is nonzero. In addition, a variant of the above function is used to evaluate the
Capelli polynomial.  © 1987 Academic Press, Inc.

1. INTRODUCTION

Let K be a field of characteristic zero, and let X,,..., X,2, ¥;,.., ¥,2 be
generic n xn matrices over K. Regev [7, p. 1429] conjectured that the
polynomial

X, Y)= Z {(signp) X (1) Yp(l)Xn(Z)Xn(3)Xn(4) Y, Y03 Yp(4)X7r<5>

7,pSn2

”'Xn(nZAZrH»Z) “'Xﬂ:(nz) Yp(n2~—2n+2) o Yp(nz)

is nonzero. Since F(X, Y) is alternating and multilinear as a function of
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X,,..,X,» and likewise as a function of Y,,.., Y2, it is a scalar multiple of
A(X) A(Y), where 4(X) is the discriminant of X,,.., X,» and A(Y) is the
discriminant of Y,,.., Y,.. Thus, proving the conjecture amounts to show-
ing that the scalar is nonzero. Some consequences of the conjecture for the
quantitative study of » x n matrices can be found in [2, pp. 212-214].

The main result of this article is Theorem 16, a proof of Regev’s conjec-
ture. The proof is based on the Procesi-Razmyslov theory of trace iden-
tities, which identifies C(m), the space of multilinecar invariants of
X,,... X,,, with a certain homomorphic image, KS,,, of the group algebra
of the symmetric group S,,. Via this identification C(m) becomes an S,,-
bimodule. This identification, although not formalized, was first used by
Kostant [4] to give a proof of the Amitsur-Levitzki Theorem. Many of the
arguments of this paper are related to those of Kostant.

The most important feature of the proof, which I believe has independent
interest, is the construction of an isomorphism of C(n) with itsell as
follows. Suppose that f(X;,.., X,,) € C(r). Then

Z (sign ) (X1 Yoy, Xo Yoy Yos) Yogays X3 Yogsy " Yooy seens

e Sy

sz Yn(r1242n+2) e Yﬂ(ﬂz)) =f(X1 srers Xn) A(Y)’

where A(Y) is the discriminant of Y ,.., Y,2 and f(X,,.., X,) is a uniquely
defined element of C(n) (Lemma6). This gives rise to a map
@: C(n) - C(n) defined by &(f) = 7. A quite simple formal argument shows
that @ is a left S,-module homomorphism (Theorem 8). Then an explicit
formula for @ is found which implies that & is an S, -bimodule
isomorphism (Theorem 11). Many variants of the map @ can be defined;
they are left S,-module homomorphisms, but in general they are neither
isomorphisms nor right §,-module homomorphisms.

To prove Regev’s conjecture that F(X, Y)#0, let g(X,,., X,)=
T(X, -+ X,), where T denotes trace. Then

T(KX, 1)) = z (sign ) ¢(g)(Xn(1)5 Xn(Z)Xn(3)er(4)s Xn(S)"'an),--«,

ne Sy
X —2mv2y " Xnpy) A(Y).

The proof is completed by showing that the right-hand side of the above
equation is not zero. This requires the explicit formula for @ as well as
combinatorial results about n x n matrices and the group ring of S,,.

Regev’s polynomial is a linear combination of specializations of the
Capelli polynomial

CoX, Y)= Z (sign ) X, Y, (1, Xo Vo0 X Yoy X2 Yoy

e Sy2
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The argument of Lemma 6 shows that
T(C X, Y))=Ca(X ), X ,2) A(Y),

where C2(X,,.., X,2) is a multilinear invariant of X,,.., X,.. Section 8
employs some of the above ideas to find an explicit formula for
CoolX o X 2).

The final section of the paper determines a constant which occurs
throughout the paper, beginning with Theorem 4(2), which says that

Z {sign m) T(Xn(l)) T(Xn(Z)Xn(3)X7z(4)) T T(Xn(nhz;wz) T Xn(nl)}

reS,2

=C,4(Xq,.., X,,),

where C, is 2 nonzero constant. In order to establish Regev’s conjecture, it
is enough to know that C, is nonzero. Its exact value (up to a sign) is given
by Theorem 24,

13151 (20— 1)1
-+- =
=G 120 (n—1)!

2. FUNDAMENTALS

Let K be a field of characteristic zero, and let X, X,,..., be generic nxn
matrices over K. That is, X, = (x,(r)) (1<i j<n, r=1,2,..) are nxn
matrices whose entries are independent commuting indeterminates over £
We assume throughout that the size, n x n, of the matrices is fixed.

There is a homogeneous action of GL(n, K) on K[x;(r)] induced by
x{ry— x,(r), where PeGL(n, K) and PX,P~'=(x,(r)). The ring of
invariants (or ring of simultancous polynomial invarianis), denoted C, is
K[x{(r)]°4"5, the fixed ring of this action. For more information about
C, see [ 1, pp. 67-71] or [2, pp. 195-199].

The trace of an n x n matrix U is denoted T{U). Since T(PUP ') = T(U)
if Pe GL(n, K), T(X;,--- X,) lies in C whenever X, --- X, is a monomial in
the generic matrices X, X,,... Conversely

Tueorem 1 (First fundamental theorem of matrix invariants [5,
Theorem 1.3]). C is generated as a K-algebra by the traces of monomials
X, --- X, in the generic matrices X, X,,... |}

The second fundamental theorem describes all multilinear relations
among the traces. In order to state it we need to introduce various objects
associated with the group algebra of the symmetric group. Some knowledge

481,109:1-7
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of the representation theory of S, will be assumed, above all the correspon-
dence between simple factors of KS, and partitions of r. We use [3] as
reference.

NOTATION

S, = symmetric group of permutations of {1,.., r},
KS, = group algebra of S, over K,

A= (A .., 4,) denotes a partition of r of length &, where
).12/122 >llk>0, ;Ll+ -|-AA,k=r,

I(4) = minimal two-sided ideal of KS, corresponding to 4,

J(n,ry=Y {I(A)|Ais a partition of r of length >(n+1)},

KS,=KS,/J(n, r).
If ne S,, write 7 as a product of disjoint cycles

n=(a, - akl)(bl "'bkz)(cl e Ckg)""

where cycles of length one are included, so that each of the digits 1,..,r
occurs exactly once. The trace monomial T, e C associated with 7 is defined
by

Tn(Xla"" Xr): T(Xu .‘Xakl) T(Xbl.”kaz) T(Xcl'”Xch).”‘

g
There is a K-vector space homomorphism from KS, to C defined by
SNa,n->Y a,T,(X,,.,X,). The Procesi-Razmyslov Theorem describes its
kernel.

THEOREM 2 (Second fundamental theorem of matrix invariants (Procesi
[5, Theorem 4.3]; Razmyslov [6, p.755 of English translation]).
Ya, T (X, X,)=0in Cifand only if > a,neJ(n,r). 1

3. MULTILINEAR ELEMENTS OF C AND THE DISCRIMINANT
Let C(r) denote the elements of C which are multilinear in X,,..., X,. In
other words, C(r) is the image of the map KS, — C defined by > a,n—>
>a,T.(X,.,X,). By Theorem 2, this map induces a K-vector space

isomorphism

KS,—2 C(r),
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where KS,=KS,/J(n, r). We will write elements of KS, as linear com-
binations Y a,n (a,€K, ne€S,), even though such a representation is not
unique when J(n, r)#0.

We make C(r) into an S,-bimodule via 8,. Note that neither the left nor
the right action is the usual permuation action of S, on C(r). For example,
if ¥ =3 and we regard permutations as functions acting on the left (so that

L(12)(3)1L(1)(23)] = (123)), then

(1)(23) —"— T(X,) T(X,X5),
(12)3)[T(X,) T(X,X;)]=T(X, X, X3),
[T(X)) T(X,X3)1(12)(3) = T(X, X, X,),
(12)(3)[T(X,) T(X,X5)1(12)(3) = T(X) T(X, X,).

The usual permutation action of S, on C(r) is induced by the action of S,
on KS, by conjugation. This implies that 0, carries the center of the ring
KS, to elements of C(r) which are symmetric functions of X,,..., X,.

The discriminant of nxn matrices U,,.., U, is the determinant of the
n® x n” matrix whose i-th row is (u,(1, 1),..., u(1, 1), w2, )., 1,(n, n)). It is
denoted A(U,,..., U,2) or A(U). The following properties of the discriminant
are well known.

LemMa 3. (1) As a function A: M (K" — K, the discriminant is charac-
terized by the following two properties:

(a) 4 is an alternating multilinear function.

(b) Aleyi, €1ny €215 €,) =1, where the e; are the standard
matrix units.

(2) If PeGL(n,K), A(PU,P\,., PU.P )= A(U,,., U,). Hence
M Xy X p) lies in C, by Theorem 1. |}

The rest of this section is an expanded reprise of [2, p. 211]. Consider
the isomorphism 6,.: KS,» — C(n?). For an element u of C(n?) to be alter-
nating as a function of X;,.., X,» means precisely that

nun ' =(signn)u  forall meS,. (%)

Let us also call an element of KS,. alternating if it satisfies (x). It is clear
that every alternating element of KS, is a K-linear combination of the
elements

Y. (signm)mom ™,

e Sy2
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as ¢ varies over S,.. However, we do not need all 6 € S, just a represen-
tative from each conjugacy class.

The conjugacy classes of S,. are in one-to-one correspondence with the
partitions of n°. For each partition 4= (4,,..., ;) of n?, set

O‘(l)=(1.”lk)(lk-l_1‘”}’k+lk—l)”'(2‘k+ﬂ’k—l+ +12+1"'n2),

a,= ) (signn)mo(d)n".

e Sy

Since the set of all such o(4) is a full set of representatives for the conjugacy
classes of S, every alternating element in KS,. is a K-linear combination
of the a;.

Most a; are zero (even regarded as elements of KS,.), for if A= (4(,..., 4;)
has either an even part or two equal parts, then the S,.-conjugacy class of
o(4) equals its A4,-conjugacy class [3, 1.2.10, p. 12], and the summation
defining a; collapses. Such a; are already zero in KS,: and in fact the set

{a;|2 is a partition of n* into distinct odd parts}

is a K-basis for the alternating elements of KS,..
In KS,., however, all the a; are zero except one. Define 4;=
A/".(Xl eees an) GC(HZ) by

A;=0,(a;)= Z (sign m) T(Xl"'X;.k) T(X/:A.+1"'sz+/:k,1)

e Sy

"T(X/ik+/‘-k—i+ R | - X2).

The Amitsur—Levitzki Theorem [1, p.45] asserts that if ¢>2n, then the
standard polynomial

S(Upp U)="Y, (sign ) Upyy - Upgry:

e s,

vanishes on n x n matrices. The above formula for 4, can be rearranged so
that A, is expressed as a linear combination of products, each containing
the trace of a standard polynomial of degree 4, as the final factor. Hence
A,=0if A, the largest part of 4, satisfies 1, > 2n.

In conjunction with the preceding analysis of a,, this implies that
a,e€KS,» and A, e C(n?) are zero unless the parts of 4 are odd, distinct, and
<2n. There is only one such partition, A,=(2n—1, 2n—3,..., 5, 3, 1).

Since the discriminant A(X},..., X,2) is alternating, it is a K-linear com-
bination of the 4; and thus a scalar multiple of 4, . Furthermore, 4 is
not zero since 4(X,.., X,2) is not zero. The following theorem summarizes
our discussion.
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THEOREM 4 ([2, p. 211]). For each partition A of n?, let a,e KS,> and
A, =0.(a,)eC(n*) be defined as above, and let Ay={(2n—1,
2n—3,..,5,3,1). Then

(1Y If A#4y,a,=0and A,=0.

(2) A;(X |y X2)=C, A(X,,..., X,2), where C, is a nonzero constani
depending only on n. |

We will show later (Theorem 24) that

113151 (20— 1)
2t (n—1)!

+C

The main results of the paper only require knowing that C, is not zero.

4. Tue FuncTioN @: C(n) — C(n)

The object of this and the next two sections is to define and analyze a
function @: C(n) — C(n), which is the main tool in proving Regev’s conjec-
ture. The definition involves an auxiliary map I': C(n) — C(n + n?), and it is
convenient to rename the first n +n? generic matrices X,,.., X,, ¥ ,.. ¥}z,
and to set

S, = permutations of {1,.., n},
S,» = permutations of {1*,..., (n*)*},
S, . » = permutations of {1,.., n, 1*,..., (n*)*},
C(n) = multilinear invariants of X,..., X,
C(n*) = multilinear invariants of Y,,..., ¥,2,

C(n + n?) = multilinear invariants of X ..., X,,, ¥y, Y.

Then S,xS,:SS,.,, KS,KS.=KS,,,, C(n) Cn*)cCn+n?), and
there are isomorphisms 6,: KS,— C(n), 0. KSz— C#n?), 0,
KS, . »— C(n+n?). Note that we have written KS,, instead of KS,, because
KS,=KS, (ie, J(n,n)=0). The 0s are obviously not ring
homomorphisms individually, but they do have the following multiplicative
property.

LeMMA 5. Let f(X,,..,X,)eC(n) and g(Y,.,Y,2)eC(n*). Then
(0,4,2) ' (f2)=(0,) "' (f)-(0,2)"(2) 1
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Define a function I': C(n) - C(n+n?) by

()= Z (sign ) f(X,  STTIND. € SHETD GE Yo awysers Xy Y o —2m+2y%)

e Sy2

. Yn((”Z)*)).

_LemMaA 6. Let =X, Xn)eC(n).A Then there is a unigue
S=f(X1... X,)eC(n) such that I'(f)=fA(Y), where A(Y) is the dis-
criminant of Y,.., Y .

Proof. Regard the entries of X,,.., X,, as constants. Since /'(f) is an
alternating multilinear function of Y,,.., Y,2, aplying Lemma 3(1) with
field of constants L= K(x,(r)) shows that I'(f)=fA(Y), where felL.
Routine arguments show that in fact /e C(n). Finally, fis unique because
C is a domain. |

Define @: C(n) —» C(n) by &(f) = f. It is clear that & is a K-linear map.
In fact it is a left S,-module homomorphism. To see this, we transiate
Lemma 6 into a statement about KS, via the 6 isomorphisms.

Let I'y=(0,,,2)'T0,.

KS, —> &S

Oy [ On 4 n2 J

C(n)—L— Cln+n?)

2
n+ -

To define Iy directly in terms of KS,, let

o= (11%)(22%3%4%) -« (n(n® — 2n + 2)* -+ (n)*),

B= Y (signn)man .

Te Sy2

If 6€8,, then the disjoint cycle decomposition of sxe S, . ,» is obtained
from that of o by replacing each ie{l,.,n} by the “string”
[i(i*—2i+2)*--- ()*], and for any me S, the disjoint cycle decom-
position of owam ! is obtained from that of ¢ by replacing each i€ {1,.., n}
by the string [i, n((i*—2i+2)*)---=((i*)*)]. Having made this obser-
vation, it is not difficult to see that

(1) For any fo,e KS,, I'4(fo) = /foB.
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Let 4y=(8,2) '(4(Y)) € KS,.. (Theorem 4 gives an explicit formula for 4,,,
but we do not need it.) By Lemma 5,

(2) For any feC(n), (6,,,2) "(fA(Y))=(6,)"(F) 4.

Any f,eKS, is equal to (8,) '(f) for some feC(n) since 6, is an
isomorphism. Hence, by using (1) and (2), Lemma 6 can be translated into

Lemma 7. Suppose f,€KS,, and let feKS, . and A, KS,: be as
defined above. Then there is a unique fy¢€ KS, such that

foﬂz ro(fo)zfol!o- |

It is clear that f,=(0,)"" @6,(f,), and we define &, to be (6,) ' &4,
The significance of Lemma 7 is that it implies, in a purely formal way, that
fo— fo is a left §,-homomorphism, and hence that @, and @ are left S,-
homomorphisms. For suppose that o & .S,. Then

(afo) B=0(/s ﬁ)za(fvo)z (‘Tfo)do

—— N
in KS,,,». But Lemma 7 asserts that (of;) is the unigue element of KS,

P A TN
such that (af,) 8= (af,)4,. Thus af,={(afy), or

THEOREM 8. The maps @: C(n)— C(n) and @,: KS, — KS, are left
S -module homomorphisms. |

5. A FORMULA FOR @y(1)

Since @,: KS,, — KS,, is a left S,-module homomorphism, it is completely
determined by @,(1). In this section we will compute @,(1) and find that it
is a central unit of KS,. The method consists of evaluating 7,(X,,..., X}
and &(T }X,,.., X,) under the specialization X, =X,= - =X,=1, the
nxn identity matrix. This gives rise to a system of n! linear equations
whose solution determines @y(1).

The next lemma follows immediately from the definition of 7', and the
fact that the trace of the n x » identity matrix is .

LEMMA 9. Let o€ S,, and let z(o) denote the number of cycles in the
decomposition of ¢ into disjoint cycles. Then T (I,..., [)=n""". §
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LemMa 10. Let 6€S,, and let C,, be the nonzero constant of Theorem 4.
Then

C, if o=1

¢(To‘)(137 I)z{o lf o #1.

Proof. For A a partition of n% let 4,(Y)=A,(Y,,..., Y,2)e C(n?) be as
in Theorem 4, and recall the auxiliary function I': C(n) — C(n +n?) defined
before Lemma 6. By the definition of @: C(n) - C(n) via Lemma 6.

(T ,.. N AY)=1(TYJ,.. L, Y1,.., Y ) = A4, (Y, Y,2),
where A,=(2n—1, 2n—3,.., 5,3, 1), and
dj(Ta)(Ia"" I) A( Y) = F(TO')(I""’ 17 Yl 3eees Ynz) = A).(o')( Yl LA Ynz),

where A(c) is some partition of n? with z(¢) parts. If o # 1, z(c) <n, so that
Mo)# .

By Theorem 4, A, (Y)=C,4(Y) and 4,(Y)=0 il A # A, which proves
the lemma. |

Let 4(1)=> a,0€ KS,,, so that &(T )= a, T,. By Theorem §, @ is a
left S,-homomorphism, so for each pe S,

Y a, T X ooy X,) = D(T, )X, X)) (%)

Using Lemmas 9 and 10 to evaluate (*) under the specialization
X,=--=X,=1I gives risc to a system of n! equations indexed by the
elements p of S,, namely

Zao’n:(d)=cn (p: 1)7

Y a,n*) =0 (p#1).

Noting that z(p) = z(p ') since p and p~! have the same cycle structure
leads to the following calculation in KS,,:

(g am)(% nz(mp) _ (Zd: ago>(§ n:(p)pﬂ)

=Y a,n®op =Y a,n"ep!
G.p a.p

=Y (Z am“"‘”) p'=C,.
P Na

Thus @,(1)=3 a,0=C, (3 n""p)~", a central unit in KS,, and so
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THEOREM 11. Let C, be the nonzero constant of Theorem 4, and let z(p)
denote the number of disjoint cycles in pe S,. Then
(1) Do(1)=C (X n**p) ', a central unit in KS,.

(2) Since ®@y(1) is central, @ and @, are S,-bimodule homomorphisms
and S(T)(X,,.., X,)) is a symmetric function of X,,..., X,.

(3) Since Py(1) is a unit, & and D, are isomorphisms. §

6. THE COEFFICIENT OF AN n-CYCLE IN @4(1)

This section is devoted to computing the coefficient of an n-cycle in
@,(1). We will see in the next section that the validity of Regev’s conjecture
is equivalent to the fact that this coefficient is nonzero. It is fortunate that
this particular coefficient of @,(1) is rather easy to compute even though a
simple formula for an arbitrary coefficient of @y{1) is not apparent.

Let y4,.., ¥, be the irreducible characters of §,, and let

1
é’mei(l)in(G) (1)

be the corresponding minimal central idempotents of KS,,. Since 3 n°”g is
central in XS,

1
Y n'% =re + - +re,  and <Z n"“”o’) =7 le,+ - +rle,
(2)
for certain r,€ K, where
12 nz(a)g) > ni xdo)
ro= = )
x:A1) xA1)

Let V be a K-vector space of dimension #, and let S, act on V®” by
place permutation:

o0, ® - ®Un):Uo"1(I)® R FT

This representation of S, is called P7 in [3], where it is introduced on
p- 150.

Let P: S, — K be the character of this representation. Since P is a per-
mutation character it is easy to verify that P(¢)=#»"") for all c € S, (or see
[3, 43.12, p. 150]). Hence

P:<P’X1>Xl+ +<P3X1>X19
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where ¢, > denotes the inner product of characters and
! ¢ e 1),
Py == ; P(o) x40) =;1—!§ ny (o) =T

-1 _ Xl(l)
LRy

By Egs. (1)-(3),

<Zn:(6)0'>1=”fle1+ +r,71€,
OV TOIYA
- i\: (s G S ko

(1) 10)
n')2 (Z P, 1y >"

and Theorem 11 (1) can be restated as

THEOREM 12. In terms of the above notation,

oG 3 (5451

ceS, \i=1

where C,, is the nonzero constant of Theorem4. |

Although Theorem 12 gives a formula for the coefficient of an arbitrary
element of S, in @y(1), it dy(1), it does not in general seem to simplify. In
particular, it is not apparent which coefficients are nonzero. However, if
is an n-cycle, two strokes of good fortune come into play. First, y,(u) is
zero for nearly all irreducible characters y,. Second, y/(1), x{u), and
{P, x;> all have a simple form when y(u)#0.

The irreducible characters y,,..., y, of S, have a natural indexing by the
partitions of n {3, 2.1.11, p. 377,

{X1s Xe} = {2(4)| 4 a partition of n}.
Among the partitions of n are the n hooks, e, =(n), g, =(n—1,1), ¢, =
(n—2,1,1),.., &,_,=(L,.., 1).

LemMma 13. Suppose that p is an n-cycle and 1 is a partition of n. Let
£0ses £, 1 and P be as above.
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(1y [3, 23.17, p. 5471 x(e)(w)=(—1), i=0,..,n—1. y(A)u)=0 if
AFE gy &y -

(2) (Hook formula) [3, 2.3.21, p. 567. x(e)}(1)=("71).

(3) [3.5220, p. 1921 <P, x(e)> = ("~ xle)(1).

Combining Lemma 13 with the elementary identity

n_1 f(2n—1\ wet [2n—2
Lo (M)-er (007

gives the following computation for an n-cycle i

i 112 xilp) "i‘ Lx(e)(1)1* x(e:)(1)

i=1 <P7 Xr> i=0 <Pa X(Sz)>

"1 ‘ _1 Im—i—1 —1 on—1 —l a1 % —
SR ) )

i=0

n—1\"! wer (202N L ¢
:< n > (-1 (n—1>—( D 2n—1

In conjunction with Theorem 2 we therefore have

THEOREM 14. The coefficient of an n-cycle in ®(1)eKS, is
(=D Y C /(n—1)n!(2n—1)), where C, is the nonzero constant of

Theorem 4. In particular, it is nonzero. §

7. PROOF OF REGEV’S CONJECTURE
Regev conjectured [7, p. 1429] that the matrix polynomial

FX, )=}, (sign mp) X1y Y 1, Xy X3y Xy ¥ oi2) Y o3y Yoty

.0 E Sl

e Xn(r127271+2) A ch(nz) Yp(n2v271+2) e Yp(nz)
is not zero. As Regev observed, F(X, Y) is a central polynomial, so
F(X, Y)=(l/n) T(F(X, Y)).
Lemma 15. Let o€ S, T (X,,.., X,) e C(n). Then

z (sign m) Ta(Xn'(l)s XT{(2)X7I(3)X1:(4)""7 X —2n2y" ™" Xn(nz))

e _{CAX)  (@=1)
_{0 (6 #1).
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Proof. 1f o =1, the left-hand summation is A4, (X/,.., X,2). [f 6 #1, it is
Ay X1,y X,2), where A(0) is a partition of n? not equal to A,. The con-
clusion then follows from Theorem 4. |

Let @4(1)=3Y a,0, and let u=(1---n). Then &4(u)=3 a, uo and
DTN X sy =Y a,T,,(X,.. X,),

since @, and @ are left S,-homomorphisms. Using the definition of @ in
Lemma 6,

Z (sign p) T(X, Yp(l)XZ Yp(z) Yp(3) Yp(4) X, Yp(11272n+2) T Yp(nz))
peSp2
= (D(Tu)(Xl 9eey Xn) A( Y) = Z ay T,uo'(Xl 300 Xn) A( Y) (*)
ce Sy,

Make the substitution X, — X, X5~ X, X X400, X, X2 5,40 X210
(%), and take the alternating sum over all permutations of X,,.., X,2. The
left hand side then becomes the trace of Regev’s polynomial, while the right
hand side can be evaluated using Lemma 15. Thus

T(FX, V))y=a,-C, 4(X) A(Y).

Taking the value of a,-: given by Theorem 14 and recalling that F(X, Y¥) =
(1/n) T(F(X, Y)) finally gives

THEOREM 16. Let F(X, Y)=F(X,,., X,»

w2 Y Y2)  be  Regev’s
polynomial. Then

_ (""1)”+ I(Cn)z
FUX, ¥) =" = 400 4V

where A(X) is the discriminant of X,,.., X,n, A(Y) is the discriminant of
Y,,... Y2, C, is the nonzero constant of Theorem 4, and I is the nxn iden-
tity matrix. In particular, F(X, Y)#0. |

8. EVALUATING THE CAPELLI POLYNOMIAL

The construction of the map @: C(n)— C(n) in Lemma 6 can be
generalized to associate a map @*: C(m)— C(m) with any unordered par-
tition A of »® into m parts. The maps so obtained are left S,-module
homomorphisms, but in general they are neither right S,-module
homomorphisms nor isomorphisms. There is also a corresponding map
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®;: KS,, —KS,, which is completely determined by @}(1), and as in
Theorem 11:

(1) @* and @] are right S,-module homomorphisms if and only if
@l(1) is central in KS,,.

(2) @* and @} are isomorphisms if and only if ®(1) is a unit in KS,,.
The case m=n% y=(1,.,1)=(1") is an example where &7

C(n?) - C(n*) is not a right §,>-module homomorphism. We will compute
@3(1) in order to give an expression for the trace of the Capelli polynomial

Col Xy X, Vi Yop)= Y (Signm) X, Y\ X Yoy X2 Yooy

neS2

as a product g(X,,., X,2) 4(Y), where ge C(n*). Unfortunately, the
expression obtained for g does not appear to be very useful.
To begin, the arguments of Section 4 can be repeated to prove

LemMa 17. Let f(X,,., X2)e C(n?), and let Y,,.., Y » be generic nxn
matrices,  with  discriminant  A(Y).  Then there is a unique
(X, X 0) e C(n?) such that

SX e XY MY)= 3 (sign 1) f(Xy YVagryores X2 ¥y

e Sy2

Moreover, the map &1 C(n?)— C(n*) defined by &' (fi=f is a
homomorphism of left S,-modules. §

As in Section 4, we let @} denote the corresponding map KS,: — KS,».

LemMa 18, ®/(T,) (X, X.0) = (=) 4(x).

Proof. By definition, 4(X) is the determinant of the #”x n* matrix U
whose rth row is

(11 (F)y X127 )seees X107 )y X21(F )yoney X, (7))

It is easy to see that (~1)(2) A(Y) is the determinant of the n? x n” matrix
V whose rth column is the transpose of

(yil(r)" y21(i’),..., ynl(r)’ yl2(r)7"" ymz(r))'

Since the (if)th entry of UV is T(X, Y},
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ST WX s, X,2) A(Y)
= Z (sign ) T(X, er(l)) (X, Yn(z)) e T(X Yn(nz))

e Sp2

—det(UV)= (=)D 4(x) 4(Y).
Thus &"(T,)(X;,.. X.2)=(-1)3) 4(x). |
Set 1= (1)(234)(56789) - ((n* —2n+2) - n*). Theorem 4 asserts that
Y (sign @) Tyt (X g oy X2) = C, A(X)

e Sy

or
oy()=(-nZ ;1 Y (signz) mnm . (1)

e S,?
Note that (1) implies that
Di(af) = (sign f) Py(a) . (2)

Hence &} and &7 are not right S,:-module homomorphisms.
Set p=(1---n%). Then the trace of the Capelli polynomial is

T(CHZ(X7 Y)) = Z (Sign 7[) T(Xl Yn(l)XZ Yn(2) e an Yn(nz))

neSy?
:‘D?(T;t)(Xl’"'a an) A(Y) (3)
Using (1) and (3) and the fact that @7 is left S,--module homomorphism
yields

THEOREM 19. Let C (X, Y)=Co(X sy X,25 Yy, Y,2) be the Capelli
polynomial. Then

T(C X, Y)) = (1)) €1 T (sign ) Tt X s X,2) A(Y),

e S

where = (1---n%), n=(1)(234)- - (n* —2n+2)---n?), and C, is the non-
zero constant of Theorem 4. |

9. THE CONSTANT C,,

By Theorem 4(2),
z (sign ) T(Xn(l)) T(Xn(2)X7r(3)XT[(4)) T(Xn(n2—2n+2) e Xn(nz))

ne Sy

=C, A(X 1y X.2),
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where €, is a nonzero constant which subsequently made repeated
appearances. We will now determine it up to a sign.

We adopt a notation similar to that introduced in Section 4, but with 27
generic # X 1 matrices Xq,.., X,2, Yy Y2, Set

S,» = permutations of {1,.., n*},
S = permutations of {1%,..., (n°)*},
S, = permutations of {1,.., n% 1*,..., (n*)*}.

The corresponding spaces of multilinear invariants are C(n?), C*(n?),
C(2n?), and the corresponding isomorphisms are 8,.: KS.z— C(n%),
0%: KS% — C*(n?), 0,,2: KS,,— C(2n?). Set
n=(1)(234)- ((n* —2n+2)---n’),
T=(11%)(22%) - (n*(n?)*),
’7* =rr]r‘1 — (1*)(2*3*4*\) e ((nZ — 04 2)* e (n2)*).
By Theorem 4(2),
C,AMX)=A,(X s X2)= Y, (signn) Ty (X, X,2),

neS,2 (1}
C” A( Y) - A;»O( Y} geery YHZ} = Z (Sign TC*) Tﬂ*ﬂ*(ﬂ*)“‘( YI yeroy Ynl).

* *
n*e S

By Lemma 18 and its proof (reversing the roles of the X’s and ¥’s),

(—0P 40y a(V)= T (signm) T(Xpsy V1) TXry ¥ )

e Sy (2\

Y
= Z (sign TE) T,,m~1(X1,..., an, YI yoney Ynz).

e S

Using (1) and (2) and the #-isomorphisms gives the following equation in
K52”2:

(-0 2 Y (signm) men ! = CY(0,0) ' [A(X) 4(Y)]

we Sk

= CiL(0,) 7 AX)1[(0%) " 4(1)]

= Y (signm)mnqn~' Y, (signn¥)atpF(n*)”!

ne Sy2 neS,TZ

l: Y (signn)nnn‘i\f[ > (signn)nm"}r*‘.

T e Sy ne Sy

Il
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Multiply on the right by = (t=1"") to get

(—1)¥ 2 T (signn)nente !

e Sy
=[ Y. (sign 7'()711171'_1]‘6[ Y. (sign n)nnn_l)nnnl} (3)
e S,2 e Syl

an equation in KS,,.. We will determine C2 by comparing the values of a
character P%,: KS,,— K which assumes computable nonzero values on
both sides of (3).

Following [3] with some changes in notation, let P” denote the charac-
ter of the representation of KS, on (V,,)® " by place permutation, where
V.. is a K-vector space of dimension m. Note that if 6 € S,, P"(5)=m",
where z(o) is the number of disjoint cycles in ¢ [3, 4.3.12, p. 150]. Since
o € S, has a different number of disjoint cycles if regarded as an element of
S,,» and we count both, we adopt the notation

z(o) = number of disjoint cycles in o € S,,,

zo(¢) = number of disjoint cycles in ¢ € S,2 or S%.

If 1 is a partition of r, let y(4) denote the character of S, corresponding
to A

LEMMA 20. Let A=(A,,...., A,) be a partition of r of length k. Then
(1) [3,5.2.20, p. 192]. The multiplicity of x(4) in P? is nonzero if and
only if k<n.
(2) Thus J(n, 1) is the kernel of the action of KS, on V®' by place

n

permutation, and P" induces a well-defined character P": KS, — K. ||

Recall that ©= (11%)(22%)- -+ (n*(n?®)*).

LemMmA 21, (1) If me S,2, then z(mtn 't 7') = 2z4(n).
(2) If me Sy, then Pia(ntn 't —1) = Pu(n).
(3) If o, fe S,2, then z(azf) = zy(af).
(4) If o, feKS,z, then Py a(atf)= Pra(af).

Proof. (1) If neS,, n*=1nr'eS%, and =, n* and (n*)~* have the
same cycle structure. The disjoint cycle structure of ntn~'t ' is obtained
by juxtaposing those those of = and (z*)~!. Hence z(ntrn 't ~') =z4(n) +
zo((m*) ™1y =2z(m).

(2) By (1), Pha(rin—'171) = p#@ 107D = g2 = (p2)70(m) = pri(p),
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(3) Note that atf = («f)(fzp), and
Bltf=(1B(1)*)(2B(2)*) - (n?, B(n*)*).

The disjoint cycle structure of azf in S,,. is therefore obtained from the dis-
joint cycle structure of «ff in S, by replacing each i=1,.., n* by the string
Lip(iy*]. Hence z(atf) = zo(af).

(4) For group clements o, feS,, Pia(atf)=n"F =pzth -
Proaf), For o, f€ KS,2, the conclusion follows by K-linearity. §

By {3, 5.2.20, p. 192], the sign character x(l”z} of S,2 has multiplicity one
as a component of P73, or

1

L= ™) P = o5

Y (sign 7) P(n).

ne S,

Hence by Lemma 21(2),

P3,72|: Y. (sign ﬂ)nTﬂIT"IjI:Pﬁﬁ[ Y (sign n)nJ

e SR € Sp2

= Y (sign ) Pra(n) = (n?)!,

e S;2

and the value of P}, applied to the left-hand side of Eq. (3) is

2 (LHS(3)) = P2, [(—1)(3) €2 Y (signm) nrn’lr“q

ne S, d

== oy )

The evaluation of P73, on the right-hand side of (3) is more elaborate
and requires working with K4, the group ring of the alternating group.
The starting point is that by Lemma 21(4),

gnz(RHS(3))=Pgnz[ Y (signn)nnn":]r[ Y (signn)nnn’;

ne Sy e Sp2 =

=P;’z[ Y (sign n)nnnl}z, {(5)

Te Sy
where 3, . (sign 7) myn ™' not only lies in K4, but is central there.

We assume henceforth that K is algebraically ciosed. This of course does
not affect the value of C,,.

481:109:1-8
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LemMA 22. Suppose G is a finite group, U is a central element of KG,
and y is an irreducible character of KG. Then y(U?*)= [x(U)1*/x(1).

Proof. Let p: KG - M, ;,(K) be a representation whose character is y,
and let 7 be the yx(1)xy(1) identity matrix. Since U is central,

p(U) = ((U)x() L, p(U*) = [x(U)/x(1)I?L, and x(U*) = [x(U)]%/x(1). |

Set U=Y,.s.(signn)myn~". In order to evaluate P"(U?) using

Lemma 22, we have to do two things

(A) Find y(U) for each irreducible character y of /inz.

(B) Find the decomposition of P%|,. into irreducible characters of
A,z

n

Consider 5= (1)(234)--- ((n*~2n+2)---n*), which has cycle type
(2n—1, 2n—3,.., 5, 3, 1). Since its cycles have distinct odd lengths, ;=1
and 7, = (12) n(12) " are not conjugate in A,z if n>1 [3, 1.2.10, p. 12].

There is a unique self-associated (or self-conjugate) partition (see [3,
p.22] for the definition) whose main hooks (see [3, p.67] for the
definition) are 2n— 1, 2n—3,..., 5, 3, 1, namely 6 = (n,.., n) = (n").

THEOREM 23 [3, pp. 66-67]. Let yx(1) be the irreducible character of S,
(n> 1) associated to the partition 4 of n’.

(1) If 4 is not self-associated, then y(A)| A,z is irreducible, and
[x(MD)]A4,21(n1) = x(A) ) = [x(A)| A,21(12)-

(2) If 4 is self-associated, but A # (n"), then y(A)| A2=x " (A)+ 1~ (4),
the sum of two distinct irreducible characters, and

1 (A)(ny) = 1)) = 1= (A)(712).

(3) If 6=(n"), then y(8)| A,2=x*(8)+ x~(9), the sum of two distinct
irreducible characters, and

28)m = (=1)()

1Y) =1~ (8)m2) = A= £ /(=313 2n—1)],
= ()n) =17 @) =2~ -V (=B 3. 2 - 1)1 |

By [3, 5.2.20, p. 192], the multiplicity of the S,.-character () in P} is
one. Hence by Theorem 23,

Pplda=1"()+x (O)+x (6)
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where y is a linear combination of irreducible characters of 4,» which agree
on #, and #, and hence vanish on
1

U= 3 (Gignm)apn™'= Y mpa'— Y wpn '

e Sy ne A2 me Ayl

By Theorem 23(3),

PEEND) = 214,V (~)E1-3-5- 20— 1),

" 7)
[Xi(5)(U)]2=%[(n2)!]2(—1)(2)1'3'5'”(2"*1)- 7

By the hook formula [3, 2.3.21, p. 561,
7E6)(1) = )1 ) (®)

1223 At ) L en 22— 1))
Finally, by (5}, (6}, (7), (8), and Lemma 22,
P5(RHS(3)) = Pi(U?) = y (8)(UP) + ¢~ (6)(U?)

_ D{J"(é)(U)]zJr [x_HO)1?
2 (0)(1) x(0)(1)

= (—) @)1 2 20 =202 — )13 2n—1)

" 113151 2n— 1)1
:(‘1)(2)("2)![ 1!2!~-((ni1>i)]' ©®)

Comparing (4) and (9) gives
THEOREM 24.  The constant C, of Theorem 4, which is defined implicitly
by
Z (sign 1) T(X 1) T(X 20) X o3y X)) T Xz —am 2y X))

e Sy
= CnA(Xlz--w an)a
is equal to + 113150 2n—1)/1121 - (n—1)L. §

C,= +1 and C,= —6, but otherwise I do not know the sign of C,,
Almost certainly it is periodic of period two or four. )
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