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1. Introduction

Many transport processes exist in nature and industrial applications in which the transfer of heat and mass occurs
simultaneously as a result of combined buoyancy effects of thermal diffusion and diffusion of species. The engineering
applications include the chemical distillatory processes, formation and dispersion of fog, design of heat exchangers, channel
type solar energy collectors, and thermo-protection systems. Convection flows driven by temperature and concentration
differences have been studied extensively in the past and various extensions of the problems have been reported in the
literature (see for example [1,2] and several references therein). The study of viscous flows bounded by wavy wall is of
special interest due to its application to transpiration cooling of re-entry vehicles and rocket booster, cross-hatching on
ablative surfaces and film vaporization in combustion chambers. In view of these applications, Vajravelu [3] studied the
combined free and forced convection in hydromagnetic flows in a vertical wavy channel with traveling thermal waves. Cho
et al. [4] have studied the problem of linear stability of two-dimensional steady flow in wavy-walled channels. Chamka and
Camille [5] have discussed the problem of mixed convection effects on unsteady flow and heat transfer over a stretched
surface. They focused on the effects of mixed convection currents on the problem of unsteady, laminar, boundary layer
flow and heat transfer of an electrically conducting and heat generating or absorbing fluid over a semi-infinite vertical
stretched surface in the presence of a uniform magnetic field. Harris et al. [6] have numerically investigated the unsteady
mixed convection boundary layer flow on a vertical surface in a porous medium. Barletta and Zanchini [7] investigated
the study of time-periodic laminar mixed convection in an inclined channel with the temperature of one channel wall is
stationary, while the temperature of the other wall is a sinusoidal function of time. Mebrouk et al. [8] have reported a
numerical investigation of natural convection and fluid flow in a horizontal wavy enclosure. They consider the bottom wall
is varied with a sinusoidal function while the top and the two side walls are flat. Eldabe et al. [9] have studied the problem
of heat and mass transfer due to the steady motion of Rivlin-Ericksen fluid in tube of varying cross section. Jang and Yan [1]
have discussed the study of mixed convection heat and mass transfer along a vertical wavy surface, which is maintained
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at uniform wall temperature and constant wall concentration. More recently, Eldabe et al. [2] discussed the problem of
mixed convective heat and mass transfer in a non-Newtonian fluid at a peristaltic surface with temperature dependent
viscosity. They considered the peristaltic flow is between two vertical walls, one of which is deformed in the shape of
traveling transversal waves exactly like peristaltic pumping and the other of which is parallel flat plate wall.

The study of fluid flows and heat transfer through porous medium has attracted much attention recently. This is primarily
because of numerous applications of flow through porous medium, such as storage of radioactive nuclear waste materials
transfer, separation processes in chemical industries, filtration, transpiration cooling, transport processes in aquifers, ground
water pollution, etc. Examples of natural porous media are beach sand, sandstone, limestone, rye bread, wood, the human
lung, bile duct, gall bladder with stones and in small blood vessels. In some pathological situations, the distribution of fatty
cholesterol and artery clogging blood clots in the lumen of coronary artery can be considered as equivalent to a porous
medium. Comprehensive literature surveys concerning the subject of porous media can be found in the most recent books
by Nield and Bejan [10], Vafai [11], Pop and Ingham [12], Bejan and Kraus [13]. Guria and Jana [14] studied hydrodynamic
flow through vertical wavy channel with traveling thermal waves embedded in porous medium.

When heat and mass transfer occur simultaneously in a moving fluid, the relations between the fluxes and the driving
potentials are of more intricate nature. It has been found that an energy flux can be generated not only by temperature
gradients but by composition gradients as well. The energy flux caused by a composition gradient is called the Dufour or
diffusion-thermo effect. On the other hand, mass fluxes can also be created by temperature gradients and this is the Soret or
thermal-diffusion effect. In general, the thermal-diffusion and diffusion-thermo effects are of a smaller order of magnitude
than the effects described by Fourier’s or Fick's law and are often neglected in heat and mass transfer processes. However,
exceptions are observed therein. Due to the importance of Soret (thermal-diffusion) and Dufour (diffusion-thermo) effects
for the fluids with very light molecular weight as well as medium molecular weight many investigators have studied and
reported interesting results for these flows [15-22]. To the best of the author’s knowledge, the study of unsteady MHD
flow of heat and mass transfer in a viscous fluid through the vertical wavy porous space with traveling thermal waves has
not been studied. The objective of this study is to examine analytically the mixed convection heat and mass transfer in
vertical wavy porous space with traveling thermal waves and thermal diffusion. Using long wave length approximation,
the governing equations are solved by the perturbation technique for hydromagnetic case. The closed form solutions for
velocity, temperature, skin friction, concentration, Nusselt number as well as Sherwood number are presented. The effects
of pertinent parameters on flow and heat transfer characteristics are studied in detail.

2. Formulation of the problem

Consider the unsteady, combined convective heat and mass transfer, MHD flow of an electrically conducting viscous
fluid confined to the vertical wavy walls embedded in a porous medium. We consider the wavy wall in which x axis is taken
vertically upward, and parallel to the direction of buoyancy, and the y axis is normal to it. A uniform magnetic field is applied
normal to the axial direction. The wavy walls are represented by y = d+a cos Axandy = —d+acos(Ax+0). The governing

equations for this problem are based on the balance laws of mass, linear momentum and energy modified to account for the
presence of the magnetic field, thermal buoyancy and heat generation or absorbing effects. These can be written as
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The boundary conditions of the problem are

=0 (1)

—u—oBju+ pg&(T —Ty) + pg&*(C — C}) 2)

u=0, v =0, T=T,, C=C;, aty=d+acosix (6)
u=0, v =0, T=T,, C=C, aty=—-d+acos(rx+06) (7)
where, T1 [1 4+ g cos(Ax + wt)] =T, T, [1 + e cos(Ax + wt)] = T,,C; [1 + g cos(Ax + wt)] = C/,C5 [1 + & cos(Ax + wt)] =
C,, By is the transverse magnetic field, Dy, is the coefficient of mass diffusivity, p is the pressure, T is the temperature,

A (=A%) = Ad is the non-dimensional wave number, Ax is the wall wavinesss parameter, p is the density, v is the kinematic
viscosity, k is the permeability of the medium, o is the coefficient of electric conductivity, £ is the coefficient of thermal
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expansion, £* is the coefficient of expansion with concentration, w-frequency parameter, 8 is the volumetric coefficient of
thermal expansion, kr is the thermal-diffusion ratio, T and T; are the wall temperatures, C; and C; are the wall concentra-
tions. T is the mean value of T; and T;.

We introduce the non-dimensional variables

1 tv d
*"y) ==y, tr=—, W v =-@v), p'= P ,
d d? v (3)2
Pl (8)
T—T, C-C
T* = 9 - .
T, —T, G-

Invoking the above non-dimensional variables, the basic field equations (1)-(7) can be expressed in the non-dimensional
form, dropping the asterisks,
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u=0, v=20, T =0, ¢ =0 aty =14 ecosix (14)
u=0, v =0, T=1, ¢=1 aty=1+4ecos(Ax+6) (15)

where G, = d*¢g(T, — T;)/v? is the Grashof number G, = d*¢*g(C;, — C})/v? is the local mass Grashof number,
M? = aBédz/pv is the Hartmann number, P, = 1C,/K is the Prandtl number, v = ./ p is the kinematic viscosity, ¢ = a/d
is the non-dimensional amplitude parameter, S = /oDy, is the Schmidt number, D, = k/d? is the porosity parameter,
o = Qd*/K (T, — Tj) is the heat source/sink parameter and S, = Dy kr(T; — T})/T(C; — C}) is the Soret number.

Let us introduce the stream function ¥ defined by
Y

u=—-—— and v=—. (16)
ay 0x

Using Eq. (16), Egs. (10)-(13) becomes
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The boundary conditions (14) and (15) become
Yy =Y =0, T =0, ¢ =0 aty=14ecosix (20)
Yy =Yy =0, T=1, ¢=1 aty=—14ecos(Ax+6). (21)

3. Solution of the problem

In order to solve Egs. (17)-(19) we assume that the solution consists of a mean part and a perturbed part so that the
stream function, temperature and concentration distributions are
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Y&y, 1) =% +¥1(x,y,0)
Tx,y.t) =To(y) + T1(x,y,1)
Oy, 1) =do(y) + P1(x, ¥, )
where g, Ty, P are the mean parts and 1, Tq, ¢ are the perturbed parts also, we introduce
Yi(x,y. t) = £ M0y (y)
Ti(x,y, 1) = & ePT0T  (y)

P1(x,y, 1) = £ PTG, (y)
with the help of Egs. (22)-(27) the Egs. (17)-(21) yield
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to the first order, where a prime denotes differentiation with respect to y.
For small values of A, we can expand v/, T; and ¢, in terms of A so that

Vi) =Y M, T =) MTiy, ¢y =) My,
r=0 r=0 r=0
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(38)

Substituting (38) into (33)-(37), we get the following sets of ordinary differential equations and the boundary conditions,

to the order of A:
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3.1. Zeroth-order solution

The solution of Egs. (28)-(30) subject to the boundary conditions (31) and (32) are
Vo) = A0 + 1D + A0 =D+ A0+ D + A —e™) +As(e” —e)

1\ 1
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3.2. First-order solution

The solutions of Eqs. (39) and (41), subject to the conditions (45) and (46) are
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5106’32 — 5116752 — 513 Ccos wt .
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We can evaluate the main flow velocity and the cross velocity by integrating from Eq. (16).
The shear stress at any point in the fluid is given by

_ ou dv
Txy:pb aﬁy‘f’a .

In non-dimensionless form

a2\ u N v
T=—)Ty=—+ —.
o2 )] T 9y ax

Atthe wavy wallsy = 14 ecosixandy = —1 4 € cos(Ax + 0), the skin friction t,, becomes
T = ,L_lo _ SRe[ei)”xl//(;//(l) + ei(kx+wt)$’l/(1)]
1, = 10 — & Re[e™ 0yl (—1) + o0y (1))

respectively, where

W =—yi(); 1 =—y(=1.

The heat transfer coefficient, characterized by Nusselt number (Nu) on the tube boundary is

h=-K—.
ay
In dimensionless form it becomes,

d
Atthe wavy wallsy = 1+ ecosAxandy = —1 + ¢ cos(Ax + 0) the Nusselt number becomes

h=— (TZ - Tl) [Té(y) + & [Re el®x+o0T (y)]] :

Nuy = Nu? + eRe[ei)”XTé/(‘l) + ei(Ax+wt)f’1(1)]
Nuy = Nuj + & Re[e T T (—1) + e““*"’”f; (=]
respectively, where
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2
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(49)
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Fig. 1. Effect of M, D,, «, S. on zeroth-order velocity distribution. (a) -M =0,+ M =2,*M = 4,0 M =6, = 0.5,S. = 0.5.(b) —a = =3,+a =0,
so=200=3S=05M=2,D,=05.(c)-S.=0,+S.=1,%S. =3,05. =5,M =2,D, = 0.5, = 0.5.

The dimensionless mass transfer number corresponding to the Nusselt number is the Sherwood number, written as,

ad
sh=29 (58)
ay
Atthe wavywallsy = 1+ ecosAxandy = —1 + e cos(Ax + ), Sherwood number becomes
Shy = ShY + & Re[e™ [/ (1) 4 e/*¥+0 g’ (1)] (59)
Shy = Sh + & Re[e ™D g7 (1) + elP¥+e g (—1)] (60)
respectively, where
ShY = ¢)(1),  ShY = ¢;(—1) and Re-denotes real part. (61)

4. Results and discussions

To study the behavior of solutions, numerical calculations for several values of Hartmann number (M), frequency
parameter (w), Porosity parameter (D,), Prandtl number (P;), and Grashof number (G, ), local mass Grashof number (G,),
heat source/sink parameter (&), Soret number (S, ), and Schmidt number (S.) have been carried out. The non-dimensional
zeroth-order velocity ug is presented for different values of the parameters M, D,, «, S, with fixed values of G, = 15,G, = 10,
M =m/2,S =05 0 =05,P =0.73,60 = 0in Fig. 1. Fig. 1(a) shows that uy decreases with the increase of M. The effect
of D, on ug is quite opposite to that of M. Fig. 1(b) illustrates the influence of & on uy. We notice that there is an increase
in the velocity ug with the increasing values of « in the first half of the channel while the reverse effect could be noticed in
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a(i) 1)(104 - v : a(ii) 15"10-3
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y y

Fig. 2. Effect of M, Dg, «, S¢, G;, G, on first-order velocity distribution. () —-M = 0,4+ M = 2,*M = 4,0 M = 6,G, = 15,G. = 10,S. = 0.5, S,
0.5¢ = =05.(b)—¢ = -3, 40 =2, 0 =00« = 2,xa = 3,6, = 15,G. = 10,D, = 0.5,S. = 0.5,S, = 0.5,M = 2.(c) =S, = 1, %S, =
oS =5,5% =5,G6. =15,G6. = 10,S. = 0.5,D, = 0.5,M = 2,0 = 0.5.(d) -G, = 5,4+ G, = 10, * G, = 15,0 G, = 20,G. = 10,S, = 0.5, D,
0.5,S.=05M =2, =05.(e) =G, =1, + G. =5, % G. = 10,0 G, = 15,G, = 15,5, = 0.5,S. = 0.5,D, =0.5,M =2, = 0.5.

I

the other half of the channel. The opposite effect can be noticed in Fig. 1(c) if « is replaced by S.. From these figures, one
can observe that the fluid velocity uy is affected significantly by an increase in the parameters M, D, «, S.. We note that ug
increases by increasing y up to a maximum value (at a constant value of y) after which it decreases as noted in Ref. [2].
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x10

c(i) 72 . . . c(ii) 7

Fig. 3. Effect of S, a, M, Dy, 0 on cross velocity distribution. (a) =S, = 0,+ S, = 0.5,%S, = 1,05, = 1.5,G. = 10,G, = 15,5, = 0.5,M = 2,
a=0506=0D,=050b)—a¢=0,xa¢ =-3,+a=-50a =3Aad =5_G6 =10,G = 15,5, = 0.05,S. = 0.05,M = 2,0 = 0,D, = 0.5.
(€=M =0,4+M = —05,%M=1,0M = 1.5,G. = 10, G, = 15, S, = 0.05,S, = 0.05,6 = 0.(d)—0 =0, +6 = 7/8,%60 = 7 /4,06 = 7/2,G, = 10,
G, = 15,5, =0.05,S. = 0.05,M =2,D, = 0.5.

The effects of M, Dg, S;, G, G. and « on first-order velocity distribution u; are plotted in Fig. 2 with fixed values of
M =m/2,5 =05 0=10,P, = 0.73,¢ = 0.02 and § = 0. Fig. 2(a) depicts the behavior of perturbed quantity u; as a
function of y when D, = 0.5 and 1.5. On fixing D, and changing M, we notice from the Fig. 2(a)(i) that the profiles exhibit the
sharp decrease near the wavy wall as well as its moderate enhancement occurs in the central part of the channel. Further,
from Fig. 2(a)(i) and (a)(ii), amplitude of u; increases by increasing D,. It may also be noticed that u; remains negative in
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Fig. 5. Concentration distribution. —S. = 0.5,+S, = 1,*S. = 1.5,0S. =2, = —0.5and ... « = 0.5.
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Fig. 6. Nusselt number distribution. —S. = 0.5, 4+ S, = 1,*S. = 1.5, 0 S, = 2. Nu; — Nusselt number at the wally = 1, ... Nu, — Nusselt number at the
wally = —1.

the first half of the channel, and gets reversed in the other half. The behavior of u; with changes in « is shown in Fig. 2(b).
From this figure, it is clear that in the presence of heat sources (o > 0) the fluid velocity increases from its value aty = —1
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30

51

Fig. 8. Sherwood number versus «. —S, = 0.5, +S; = 1, %S, = 1.5,Sh; —atthewally = 1,...Sh, —atthewally = —1.

to a maximum velocity (at y = 0.5) then decreases steadily to its value at y = 1. In the presence of heat sink (¢« < 0) the
behavior of 1 is exact opposite of that observed in the case of heat sources (o > 0). From Fig. 2(c), it is evident that u, leads
to increase in the central part of the channel (—0.45 < y < 0.5) with an increase in S.. The effect of G, on u; is presented in
Fig. 2(d). We notice that an increase of the reversal flow with the increase of G,. A similar result can be observed in Fig. 2(e)
if G, is replaced by G..

Fig. 3 depict the behavior of the cross velocity distribution (v) for different values of M, Dy, S;, « for fixed values wt = 7 /4,
A =0.02,P, = 0.73,G, = 15,G. = 10, w = 5, Ax = 7 /2, ¢ = 0.2. Fig. 3(a) gives the effects of S; on v. We see that
the amplitude of v sharply increases with S, and y near the boundaries while it decreases between these boundaries. The
distribution of cross velocity for various values of « is plotted in Fig. 3(b). From this figure it is clear that in the absence of
heat sources v is more like a linear function of y, while in the presence of heat sources (¢« > 0) v is parabolic in nature
increasing from its value at y = —0.85 to a maximum velocity at y = 0 and then decreasing steadily to its value aty = 1.
In the presence of heat sinks (o« < 0) the behavior of v is exact opposite of that noticed in the case of heat sources (as noted
in Ref. [3]). Further, Magnitude of v increases with an increase in |«|. Fig. 3(c) describes the nature of v for different values
of M at D, = 0.5 and 1.5. It can be easily observed that v exhibits an oscillatory character for hydrodynamic case (as noted
in Ref. [ 14]). Further, the cross velocity distribution is affected significantly by the magnetic field (i.e., the increasing values
of M is to decrease v) while it is increases with increase of D,. Variation of 6 on v is depicted in Fig. 3(d). It can be observed
that magnitude of the oscillations of v increases with the increase of 6. Further, minimum velocity drift towards the left wall
and maximum velocity occurs nearer to the right wall of the vertical channel.

The total solution of temperature distribution (T) for different values of o with fixed values of wt = 7 /4, P, = 0.73,
0 =0,Ax=m/2,e =0.2,S =0.05 S, = 0.005, v = 10 is graphed in Fig. 4. From this figure, it is clear that increasing «,
increases the temperature. Fig. 5 depicts that the behavior of the concentration distribution (¢) against y for various values
of S. with fixed values of ot = 7/4,P, = 0.73,0 = 0,Ax = 7 /2,¢e = 0.2,S;, = 1.5,S. = 1.5, » = 10. We find that ¢ is
positive and increases significantly with both S, and y for « > 0 but quite opposite behavior can be noticed at @ < 0.
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Fig. 9. Skin friction versus G.. (a) =S = 0.5,+ S, = 1,*S. = 1.5.(b)S, =0.4,+ S, = 0.8, * S, = 1.2.

Fig. 6 show the variation in Nusselt number (Nu) with frequency parameter (w) for different values of S, with fixed values
ofwt =m/4,P, =0.73,0 =0, Ax = /2, ¢ = 0.2, w = 5. We notice that Nu increases, with an increase of w and S, at the
wall y = 1, but this behavior is reversed at the other wall. Fig. 7 depicts the effect of P, on Nusselt number distribution for
fixed values of wt = w /4,6 = 0, Ax = 0.02, ¢ = 0.2, w = 5.1t is noted that the presence of heat sinks, Nu; is positive and
Nu, is negative, while Nuq is negative and Nu, is positive at the presence of heat source. Physically it means that the heat
can some times flow out of and other times into either wall. A similar result can be observed with the respect to Sherwood
number distribution, but the behavior is reversed in Fig. 8.

Fig. 9(a) displays that the effect of S. on the skin friction versus G, at the channel walls for constant values of wt = 7 /4,
P, =073, w =10,0 = 0, Ax = 7w /2,D, = 0.5, ¢ = 0.2. It is evident that the effect of S, is to increase the skin friction
when 0 < G, < 6, after which it decreases with increase of S, at the wall y = 1. The reverse effect can be noticed at the
other wall y = —1. A similar result is observed in Fig. 9(b) if S, is replaced by S;. Further, for a fixed value of G, stress at the
right wall (y = 1) is higher than that of left wall (y = —1).

5. Conclusions

The problem of mixed convection heat and mass transfer in a vertical wavy channel through porous medium has been
analyzed. The flow is generated by the periodic thermal waves prescribed at the wavy walls of the channel. The governing
equations are solved using perturbation technique subject to the relevant boundary conditions with the assumption that
the solution consists of a mean part and a perturbed part. The results show that the velocity for the MHD fluid is less when
compared with hydrodynamic fluid. The main flow velocity increases with the increase of D,,. The effect of Hartmann number
M on the main flow velocity is quite opposite to that of D,. The cross velocity decreases with the increase of D, while it
increases with increasing values of S, and «. Nusselt number increases with increasing values of S. at the wall y = 1 while it
is decreases at the other wall and magnitude of Nusselt number increases with the increasing values of P,. The opposite effect
could be noticed in Sherwood number distribution for different values of S,. Also, the parameters, M, D, leads to decrease
the skin friction at both the walls.
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