View metadata, citation and similar papers at core.ac.uk brought to you by t CORE

provided by Elsevier - Publisher Connector

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 141, 303-317 (1989)

Solving Infinite Horizon Discounted Markov
Decision Process Problems for a Range of
Discount Factors

D. J. WHITE

Department of Systems Engineering, University of Virginia,
Charlottesville, Virginia 22901

Submitted by E. Stanley Lee
Received May 18, 1987

1. INTRODUCTION

In this paper we will assume the following framework. There is a finite
state set I, with ie [ as its generic member, 1 <i<m. For each i€/, there
is a finite action set K(i), with k € K(i) as its generic member. For each i€ ],
k € K(i), there is a transition probability, p(i, j, k), that if at a decision
epoch the state is i€ 1, and if action k € K(i) is taken, then the state will be
jeI at the next decision epoch, and there is an immediate reward, r(i, k),
with 0 < r(i, k) < M < o; there is a discount factor 7 in the interval [0, p],
for some fixed p < 1. We will be interested in values of t within this range,
and we will parameterize T by a parameter t€ [0, 1], so that t=1tp. The
actual values of ¢ to be studied will depend upon the questions we may
wish to answer and how these might efficiently be answered.

A pure Markov decision rule is a function 6: 7 - K=, K(i), where if
iel then 8(i)e K(i). We will be concerned with maximizing the infinite
horizon discounted rewards, and we do not need to consider either time
dependent decision rules, or those which are a function of the complete
history of the process up to a specified decision epoch or decision rules
which select an action with a specified probability (see van der Wal [4]).
A general policy = is an infinite sequence of decision rules which determine
an action at each decision epoch, as a function of the past history, with
some probability. In the light of the previous remark we need only consider
policies of the form == (8)®, where J € 4, the set of pure Markov decision
rules, and (6)® simply means the application of § an infinite number of
times.

If v,(i) is the maximum infinite horizon expected discounted reward, with
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discount factor t=1tp, beginning in state iel, then v,: /> R is a unique
solution to the following functional optimality equation (see White [7]),

v, = Ttvn
where

(T,v,10) = max [T7v,1(0)

[Tiy1@)=rl k) +tp 3, pi, j, k) y())
Jjel
for all y: 1> R.
We write the above optimality equation in the following form

v,=T,v,=max [T%v,]=max [r’+ tpP%,].
sed ded

In addition, all optimal pure Markov policies 7 are of the form 7 = (§)*
where

(i) e arg max [[T?v,J(0)1,

shere, in the case o
be chosen.

The motivation for this paper comes, to some extent, from the paper by
Smallwood [3]. In that paper a method is given for finding optimal
policies for the whole range of t values in the set [0, 1]. Broadly speaking
that paper proceeds by finding critical  values where there is a change in
optimal policy for some state i e I. Policies will be optimal for a set of (not
necessarily adjacent) closed intervals of [0, 1], and Smallwood’s procedure
generates these closed intervals.

In this paper we will adopt a different, exploratory approach which
relates v, to v, ,, where ¢ may take any value in [0, 1 —¢), but where the
computational schemes may be more profitably used if ¢ is small.

We emphasize the exploratory nature of the paper since, although
algorithms are specified, and their properties examined, it is by no means
conclusive that the procedures suggested will turn out to be efficient.
Nonetheless it does present ideas which might profitably be explored in
more detail at a later stage.

In the next section we will present various algorithms and their
convergence properties. There are two objectives in mind, viz,

kY

=

(a) to find approximations for v, over the range [0, 1];
(b) to find approximations for v, , when v, is given.
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In the analysis ¢ may take any value in the range [0, 1—¢) (for 1+ 0)
and we may also consider all values of to for 0<¢<1/6. When ¢ is small
then we will get better approximation results.

Algorithms A1, A2 will be aimed at objective (a), and algorithms B1-B3
will be aimed at objective (b).

2. ALGORITHMS

First of all we present an elementary result which will be required for
some of the future analysis. Throughout this paper | x||, for xe R™, will be
the maximum norm.

Rl 0<o<1—1:0<y,,,—v,<(op/(t—(t+0)p)) v .
Proof. Let 8, arg max;., [T°v,]. Then
Vo= 0 =T0050, .~ To,
2T 00— T,
=opP%v,, ,+tpP(v,, ,—1,).
Hence
V40—V, 20p(l,,—tpP*) ' PPy, >0
when I, is the mth order identity matrix. Also
O 4a=0, ST 00, o= T,

t+o
=0pP%+ v, + (t+0) pPoro(v,, ,—1,).
Hence
Uiy — VU, < Up(Im - (t+ O') pP‘sHU)—l Pé”"v,.

The requisite result now follows. ||

Let us now consider our algorithms, noting that Algorithms A. 1 and A.2
are aimed at objective (a) of Section 1.
ALGORITHM A.l

(i) Set t=0, wy=1,;
(ii)) Stop if 1= 1, and otherwise go to (iii);
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(iii) Find
T, .€argmax [T?, w,];
ded

(iv) Selve the following equation for w, ,:
Wiio= Tfl-:;wt+o';

(v) go to (ii).

We then have the following result.

RAL (1) 0 < v4—wo < (t+0)plllo,—w)l + ((t+0)/(1-
(t+0) p) v, for 0<t<1 -0
(i) 0<v—w< (P M/(1—p)> )1 —p*)/s where v=v,, w=w,,
s=1/a;
(i) 0<v,,o—Wio<(p(t+0)/(1—pt+a))) W, g—wl for 0<
t<l—o.

Proof. For 0<o<1—1t we have the following:

— j— Tr+ao — T
wt+a wt_T1+awt+6 T,W,

— T T
= (Ttl-:nawt+a - TI'-:;WI)

+(Tiow, =T W)
+(T7, w,—Tw,

t+a’’t

=A+ B+, say.

By definition
B=T}w,—T

T
t+oa 7t t+o

=T ow,—T

wt
Tt
oo =0,

Clearly we have

C=o0pP'w,20.

Hence
Wipto— W, 2 T:I-::rwl+a_ T:'_;”;W,.
= (t+ U) pPrHU(wt+o'_ Wr)’
Hence

(I,— (t+a) pP ) (w,, ,—w,) 20
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Hence
wt +a > wt .

Let us now consider v,, ,—w,,,. We have
Dt+a_wt+a=Tt+avt+a_Ttt[:;wr+a
=(Tt+a'U!_TI+an)
+(Tt+avt+a_Tt+avr)
+(T:’++“GW,—T?+*"GW,+0)

=A+ B+ C, say,

after noting that T, jw,= T 2w, by definition.

Since w,, , > w,, we see that C<0. Then using result R.1 we obtain the
following, after noting that, clearly, v, , , 2w, ,:

U,+J—W,+G<((t+0') p)(maxéeA[Pé(vt_ Wl)] +maxésA[P6(vt+a_vt)]~

The requisite result (i) follows from this and result R.1.
For part (ii) of the result, we note that, since 0<t+ 0 <1, we have the
following:

0<Ut+a_wt+a<p(v(—wt)+o.p2M/(1 ‘p)z-
Then, if ¢ =so, we obtain the following:
0<v,—w,<(p’M/(1—p))(1 —p°)/s.

This is the requisite result (ii).
For result (iii) we slightly change the approach in (i). We have the
following:

0<UI+0’_WI+0= Tt+a’vt+a_ Tt+a'wl+0'
ST iovo—Tiiow, (since w,, , > w,)
=T oViio—TiioWiiot T, .0, q— T, ,w,
) 3
< (t+o)p(max[P (V40— Wiio)]+max [PP(w,,s— W]
Sed ded
Hence
0<01+0_Wt+a

<p(t+o) max [(T,,—(1+0) pP?)~  max [P*(w,,,—w)]]

This gives the requisite result (iii). |}
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It is to be noted that the error bound in (ii) is a “prior” bound,
calculated in advance of the actual results, whereas (iii) is a “posterior”
bound, calculated as the actual results are obtained.

Algorithm A.1. has a “policy space” component in step (iv). The next
algorithm is a form of the “successive approximations” algorithm and
contains no policy space iteration.

ALGORITHM A.2

(i) Set t=0, and uy,=v,;

(ii) stop if =1, and otherwise go to (iii);

(iii) find

Uy o =T, ol

(iv) go to (ii).
We then have the following result.
RA2 (1) 0 < Vivo— Uy o < ((t + 0) p/(l - (t + U) ,0)) |Iut+a‘ - ul” for

0l —o;

(i) 0<v—u<(sip/s) /(1= p)NZ3Zo (s—2)p/s)~7/z!) M, where
v=v,, u=u,, s=1/a..

Proof. For t+o0<1 we have the following. Let pu,, ,€

argmax,., [T, ,u,]. Then

Vipo— Uil (t+o)pP(v,,,—u,)

Z(t+a)pPo(v,—u,)

since, clearly, v, , > v,. Repeating the argument, and since v, = u,, We sce
that

v, 2u, for all ¢.
We now obtain the reverse inequality as follows. Let

&
0, €018 max [T/, ,040]
3

Then

vl+a‘—ut+a<(t+a) pP5’+"(U,+a—u,)
=(t+0a) PP&”(UH.:’— ur+a)
+ (t+ 0’) pP61+a(ut+a_ur)-
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Hence
Ut+0'—ut+17<(t+a)p “ut+a—ul“/(1 —(H'U)P)-

Thus result (i) is established.
Now

Upyo— U2 ([+0’) meut_tmeul-»a
)g‘pP‘“’(ut—u’va)_

Repeating the process, since u, = u,, for all ¢ we see that u,, ,>u,. We
may now obtain a reverse inquality as follows:

Uy o™ U S (t + O') pP#Haut_ tmeul—a
=tpP*"(u,—u,_,)+apP"+u,.
Hence

”ut+a_ut|| < tp ”ul_utAa” +UP ”ut“

Putting ¢ =so, we have the following:

k

(op)~
k!

Hut+a_u1” Ss! (O'p)s+1 Z
k=0

Hotkell-
Now
kol < llttoll + kap ”u(k—l)u”'

Repeating this process we obtain the following:

el <kt (3 G bl

Hence

4o —ul <s!(op)™! ( > Z _ )Iluoll-

k=0r=0

Hence, with 1 =sa, we obtain the following:

(s+ D (op)*? (& & (ap) ™
106+ 130 — Uis ol € S U—G+1)op) (kzo rzo ) lluoll.
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Thus
-t <G (T, 5,
<oy (25 el
s('l‘"_”s)ap) (z ) .

This gives the requisite result (i) when o =1/s. ||

The bound given in (ii) is quite complicated, and it is also difficult to see
how it varies as s increases (o decreases). At the very least, it should tend
to zero as s tends to infinity.

From the analysis, an upper bound is as follows:

0<o—u<((1+0)p/(1—(1+0)p)s! (pfs)*" ( 5 (p/srk/k!) ol
k=0

We may use Stirling’s formula (see Feller [1, p. 50]),
st=(1+¢(s))(2m) 2 5"+ 2",

where &(s) tends to zero as s tends to infinity. Then we have the following:

0<v—u<(2r)"? (14 0) p*/(1 = (t+0) p)) llv]l s7'%e*e*(1 + &(s))
=(21)'"2 ((1+0) p*/(1 = (14 6) p)(1 = p)) M(1 +&(s)) s~ 12,

The right hand side of this inequality tends to zero as s tends to 0. For
5> 10 (see Feller [1, p. 50]), |e(s)] <8x 1073,

The error bound in (i) is a “posterior” bound and that in (ii) is a “prior”
bound.

It is natural to examine whether or not u, is greater than or equal to v,.
The following result holds.

RA.1/2. 0<t<l:w,2u,.

Proof. We have the following for 0<¢<1—o,

Uty o ™ T1+aut

Tiyq
I+o"_ Tz+o-wl+aa
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where 7, ,€arg max;., [T°w,]. Then
wl+U—ul+a=T:'-::rwl+o——Tl+aul
?T:';’;W,—T,+ou,
=Tt+0'wt_Tt+aul
=20ifw,2u,.

Since w, = u,, the requisite result follows. ||

We now deal with algorithms for objective (b) in Section 1. The first one
is the standard successive approximations algorithm (e.g., see White [71]).

ALGORITHM B.1

A (i) letn=0and vy,,,=v,;
(ii) if n= N, stop, and otherwise go to (iii);
(iii) find
Uiy lt40= Tt+avn,t+a'

We then have the following result.

RB.1l. nzl:

(l) 0sul-{»a'_vn,t+o'< ((t+0') p/(l _(t+6) p)) l|vn,l+a—vn—1,1+o’|l;
(i) 004 o—Vn,4o<((t+0)p)" 0p/(1—(t+0)p)) vl

Proof. We have the following. 1 <n<N Let y,,€
arg max;. 4 [T(ts+ avn,t+o]' Then

¥ Y
Vivo Vnivo Trov,o— T"*v, 44406
=(t+6) varH(vt+a'—vn71,1+a)-
Now
Vitvo —Vorvo™ T, ,v,—0,
=2T,v,—v,=0.

Hence

Ul+a>vn,t+a'
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Similarly we have the following. Let §,, ,eargmax [T, v,..].
ded
Then

— Stto — Sivo
vt+o’ Un,t+a<Tt+avt+a T,+avn71,t+a

=(t+0)ﬂ (Pélﬂ(vhta_vn,t+a)+P5r+ﬂ(vn,r+u—vnAl,1+a))'

Hence

O<Ut+a'_vn,l+a< (t+0) p(Im_ (t+6) PP6‘+G)71 P5,+a(vn,t+a_vn

- 1,1+a)'

This gives result (i).
Using a similar analysis we have the following:

0<”1+a_vn,t+a<(t+a) ppélw(vt+a_vn~l,t+a)'

Also

Uytvo— Vot+o™ Tt+ovl_vt

<opP’+,.
Result (ii) then follows. |

Error bound (i) is a “posterior” bound and error bound (ii) is a “prior”
bound.

The next two algorithms contain a policy space step which is similar to,
but not identical with, that in White ez al. [5]. There is also a similarity to

the successive over relaxation method, which is policy space oriented (see
White [9]).

ALGORITHM B.2

(i) Set n=0 and v°

t+o = Vrs
(ii) if n= N stop, and otherwise go to (iii);

(iii) solve the following equation for v/} }:

n+1 __ n+1
Vive = Tt,nvz+a

where
for y: > R™

[T..y])= Jfnax [r(i, k) + opv}, ,+ tpy]
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which may be written as

T,,y=max [r’+opv], ,+ipy];
Sed

(iv) go to (ii).
We then have the following result.

RB2. n>1
() 0<uv,,,—v7,,<(a(t+0) p*/(1=(t+06) p) o7, =il
(i) 0<v,,qa—0],,<(ap/(1=1p))" (ap/(1—(t+0)p)) vl

Proof. Let ¢,,,cargmaxs., [T, v/, ,] Then

¢ g
Vivo ™ t+a/T1r;vl+a T?‘;fl 'tl+a
g _1 L4
=0—pP¢H (,Ut+a 7+a)+tppdjl+ (Ul+o' Ur+a)'
Hence
sy —1 P —1
Dyyo— 0"y, 20p(I,— tpP? o)~  PPoo(v, o — 07 1,).

Now

o _
vt+a_vt+a_vl+a_vl>0'

Hence, repeating the above procedure we obtain

n
Ut+a>vt+a'

With a similar analysis we may obtain reverse inequalities as follows:

Sit+a di+o "
UVivo™ l+a\Tt+a'vt+a Ttn—l t+o

=o-pP5r+u(Ul+o‘ I+a)+tpP6,+a(vt+6 vt+o)'

Hence

Sivay—1 pPdisa
O<01+n—vf+a<6p(1m—tpP H) P (Ul+a_U7+a)'

Repeating this analysis we obtain the following:

0< Vivo™ U;’+a< (Gp/(l - tp))n ||vt+a_ U:”
<(op/(1 —1p))" (op/(1 — (t+ o) p)) |,

This is result (ii).
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We similarly have the following:

T51+a T51+v n

0<v1+0 1+a' I+a’vt+0 t,n—1 l+a
6l+d —_ 5l+ﬂ
’Tr+o'vr+a Tz+ovz+a
d1ta _ TOi4e "
+Tl+avt+a T ttn—1 l+ﬂ

Hence
0<v,, ,— V0,  <(t+0)p(I,— (140) pPP+o) " (apPP+o(v], . — V7))

Repeating this analysis gives results (i). i

The error bounds given in (i) are “posterior” bounds and those in (ii) are
“prior” bounds.
Algorithm B.3. reverses the roles of 1 and ¢ and the results are similar.

ALGORITHM B.3

As for Algorithm B.2, but replacing T? by 7'¢ where
p L nn

T,.y= max [r°+tpP°%", ,+0pP°y].

The sequence {v7} will be replaced by {#7}.
The following result is obtained by an automatic application of result
R.B.2.

RB3. nz=1:

() 0<v,,,~87, ,<(tt+p)p*/(1=(t+0) p)) 177, ., — 57515
(i) 0<v,,,—97, ,<(tp/(1—0p))" (ap/(1—(t+0)p)) vl

The significance of the difference between Algorithms B.2 and B.3 lies in
the use of these when ¢ is small with respect to ¢ and the convergence rates
are different. However, the policy space phases (iii) also have different
effective discount factors. We will return to these later on.

Finally let us derive some results comparing {v,,,.}. {v/,,}, and
{97, ,}. These are as follows.

RB.1/2/3. 1<n<N:

(1) v 20,405
(ll) 57+a>vn t+0';

(iii) v}, =207, ,ifand only if t > 0.
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Proof. (i) 1<n<N-1:

n+1 n+1__
t+o Unalit4o™ Ttnvt+o' Tr+avn,t+0

v
= Tl nvt+a-— Tt+avn t+a
2 (t+0) pmin [P2(v], o~ Vniso)].

Now

0 —_ —
v[+a_UO,t+a_Ur-

Hence the requisite result (i) follows by induction.
(ii) This follows in the same way as for (i).
(iii) We see that the following is true.

n
v!+a

=max [(1,,—opP’) ' (r’+opv7}})]
ded

87, , =max [(I,— 0pP*) " (" + tp¥; })].
ded

Now v?, =02, =v,. Let t>0. Assume that v}, ) >#7, . Then
AR /mln [(ap(1,,—tpP°) ' —tp(l,,—apP’) )7, !}

=min [ Y, (op(tp)’ —tp(op)’ W P°) 7;;]

ded

= min [at Y ot =t )P U7+;]
y:} :

=0
=0.

Hence the requisite result (iii) follows, noting that if t<o¢ a similar
analysis will apply. |

3. DISCUSSION OF ALGORITHMS

It should be emphasized that this is an exploratory paper whose purpose
is to examine the properties of various algorithms for solving infinite
horizon discounted Markov decision process problems for specified sets of
discount factors. A more detailed consideration of the computational com-
plication will be necessary before the effectiveness of any can be established.

The same theme governing all the algorithms is that of being able to use
computational information from the approximate solution to a problem

409/141/2-2
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with discount factor tp to facilitate the computation of an approximate
solution to a problem with discount factors (£ + o) p. In some cases ¢ may
be small with respect to ¢, and one would expect good approximations. In
others ¢ may not be small with respect to ¢, but the separation of (1 +6) p
into tp and op produces two smaller discount factors, which may lead to
faster convergence rates of the algorithms.

Algorithms Al and A2 give schemes for solving problems over a whole
interval [0, p] of discount factors, with p being specified in advance. The
schemes are clearly extendable to a more general range [p, 5] if required.

Algorithm A1 might be of some use for actually solving a problem with
discount factor p by a series of successive approximations, but with the
succession being along the discount factor scale. The standard successive
approximation algorithm (see White [7]) has an error bound proportional
to p° (for s iterations); whereas the Algorithm Al has an error bound
proportional to 1/s. For some cases Al will be better, but this is likely to
be for small s values. It is to be noted that the bound in (ii) of result R.A.1
is a crude bound, and a better bound is obtainable by a more detailed
evaluation of results R.A.1(i).

Result R.A.1(iii) allows us to stop calculations at any stage when the
current value of ||w,,  —w,| is small enough.

For Algorithm Al there is the “policy space” step (iii). This requires
more time than a standard successive approximation step, which may make
the algorithm unattractive for solving a specific problem with discount
factor p.

Algorithm A2 is clearly of little use to solve a specific problem with dis-
count factor p, since the standard successive approximation procedure, for
the same number of iterations, will always produce higher value functions.
For the purpose of approximating the solution to all problems with
discount factors in the range [0, p], for the same number of iterations, as
for Algorithm A1, each iteration is easier, but this may be offset by the fact
that Algorithm Al produces a dominating sequence of value functions (see
Result R.A.1/2). Also, as explained after the proof of Result R.A.2, for large
s values the approximate asymptotic bound calculated for Algorithm A2 is
inversely proportional to s“?, and not to s as is the case with Algo-
rithm Al.

Result R.A.2(i) allows us to stop calculations at any stage when the
current values of ||u,, , — u,| are small enough.

Algorithm B1-B3 are aimed at approximating v,, ., given v,. The con-
vergence rates for these algorithms are, respectively, (1 + o) p, op/(1 —tp),
tp/(1—op). If o is small enough then Algorithm B2 has the faster
convergence rates, and its value function sequence dominates those of
Algorithms B1 and B3 (see Result R.B.1/2/3(i), (iii)). However, the policy
space step (ili) can be time consuming, and some attention to finding
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suitable approximation schemes for the step is required. The effective
discount factor (ap) for Algorithm B3 at the policy space step is, for small
o, lower than that for Algorithm B2 (¢p) and this may lead to easier
approximation schemes, based, perhaps, on successive approximations.

Even when ¢ is not small with respect to ¢ there may be some advantage
in using Algorithms B2 or B3. For example, if o=7=1, then the con-
vergence rates of the algorithms (at each iteration) B1-B3 became respec-
tively p, 3p/(1—1p), 1p/(1 —1p), and the latter two are always faster. The
policy space steps of Algorithms B2 and B3 still pose problems, but again
their effective discount factors (for the policy space step) are tp and op,
respectively.

Finally, the sequences {u,} (Algorithm A2), {v,,} (Algorithm B1) do
not, except perhaps accidentally, correspond to the value functions for
a policy. However, these may be used to generate approximate value
functions which do; e.g., see Porteus [2] and White [6, 8], where, in the
case of White [6], errors in discount factors are studied.
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