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In [5], Roiter has solved the Brauer—Thrall conjecture for finite-dimensional
algebras over fields, which states that, if the lengths of the finitely generated
indecomposable modules are bounded, then there is only a finite number of
finitely generated indecomposable modules. Recently Auslander [1] has proved
it for Artinian rings. In this paper, we show how we construct all indecomposable
modules from simple modules over an Artinian ring of finite representation type.
That is, if 4 is an Artinian ring of finite representation type, then every in-
decomposable A-module appears as a direct summand of (a) the radical of a
projective indecomposable 4-module or (b) the middle term of an almost split
sequence [2], which is successively obtained from a simple 4-module. Simul-
taneously, we give a module-theoretical, self-contained, and simple proof for
the conjecture though Auslander’s proof is categorical.

Throughout this paper 4 will be a right Artinian ring with identity and all
modules will be finitely gencrated right A-modules. Let M be an indecomposable
module and N a module. Following Auslander [1], 2 homomorphism f: N — M
is said to be almost splittable if (a) it is not a splittable epimorphism and (b)
for any homomorphism g: .X — M which is not a splittable epimorphism, there
is a homomorphism %: X > N such that g == f4. In the following, an almost
splittable homomorphism f: N — M will be called almost split extenston over M
provided that (a) if M is projective, then N is the unique maximal submodule of
M and fis the inclusion, or (b) if M is not projective, then fis an epimorphism and
Ker f is indecomposable, in which case 0 - Kerf— N Lo M >0 is called
almost split sequence in the sense of [2]. It is known [I, 2] that an almost split
extension is uniquely determined up to isomorphism and that if the ring 4 is an
Artin algebra or is of finite representation type, then there is an almost split
extension over any indecomposable 4-module. But it is an open question whether
almost split extensions always exist for arbitrary right Artinian rings.

In the following, [M] denotes the isomorphism class of a given module A.

For an indecomposable module M, we define a set E (M) (n == 0) of finitely
many isomorphism classes of indecomposable modules as follows:
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() E(M)={M]};
(i) [X]€E,(M)if and only if X is a direct summand of an almost split
extension over some module whose isomorphism class belongs to E,(41).

Then our main theorem shows that

Tueorem. Let A be a right Artinian ring and {[S;] | 1 < i << n} the set of all
isomorphism classes of simple right A-modules. If A is of finite representation type,
then there is an integer m such that

E,u(S$)C U Ei(S)

1<i<n
oigm

Jor every simple right A-module S. And if A is an Artin algebra, the converse holds.
Further, in these cases,

U Ei(S)
1<isn
ogigm

is the set of all isomorphism classes of indecomposable right A-modules.

We recall the definitions from [1]. Let {M,]|iel} be a family of finitely
generated indecomposable modules. Then the family is called noetherian
(resp., conoetherian) if for any sequence of nonisomorphisms

, i Yiy
M; —— M, —=> M, — -
1 2 3

ji,

(resp., = — M, LR M, —1> M,),
there is an integer n such that f; - f; f; == 0 (vesp., f; f; - f; = 0) (here we
do not assume that M; #M, for j 5= k). If the family of all finitely generated
indecomposable right A-modules is noetherian (resp., conoetherian), we say
that the ring A satisfies the noetherian (resp., conoetherian) condition for finitely
generated indecomposable right 4-modules.

The following lemma is well known and we omit the proof (cf. [3, Lemma 12]).

Levma 1. Let {M;|iel} be a set of indecomposable modules such that for
some integer m, length (M,) < m for all i € I. Then there is an integer n such that
Jn o foft = O for any nonisomorphisms f;: M ;= 1W,~m .

Lemma 2. Let f: N — M be an almost split extension over an indecomposable
right A-module M. Assume that N =Y. (Dy; N, is a direct sum decomposition
into indecomposable submodules N's, and w«;: N;~> N is a canonical injection for
t € I. Then every fx, is not an isomorphism.
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Progf. This follows immediately from the definition.

Tueorem 1. Let A be a right Artinian ring and {[S;] || << ¢ < n} the set
of all isomorphism classes of simple right A-modules. We assume tkal there is an
almost split extension over any finitely gencrated indecomposable right A-module.
Then the following are equivalent.

(1) A is of finite representation type.

(i) .4 satisfies the conoetherian condition for finitely generated indecomposable
right A-modules.

(i)  There is an integer m such that

E,.a(S)C U E,(S;)

1<6<n
\\\
ILY

for every simple right A-module S.
Further, in these cases
U E(S)
1<i<n
O ime
is the set of all isomorphism classes of finitely generated indecomposable right
A-modudles.

Remark 1. 'The equivalence (i) -« (i1) is proved by Auslander [1]. However,
we shall give a module-theoretical proof for it.

Proof. (i) = (ii) is followed by Lemma 1.

(i) =+ (iit). For cach S;, we define a finite set H,(S;) of nonisomorphisms
fu M, — M, with [M,]eE/(S,) and [M, ;] E; (S,) as follows: if M, is a
direct summand of an almost split extension N; over M, , with a canonical
homomorphism #;: N; — M;_, , then we put f, = u;x; , where «; is a canonical
injection of M, to N, and otherwise, we put f; = 0. Here 17, denotes the .S, ,
and in either case, f, is not an isomorphism by Lemma 2.

Let A, , be a finite set {f; - f,, | f; e H{(S}), fy - fr 7 0} and F; a family of
functions {6, .}, where 0, , is a function of 4, , to the power set of 4, ,,,, such
that gz‘.n(an) — {anfw+1 lfn+1 € H7L+1(Si)» anfn+1 7 0} for each a, € Ai,n .
Then, applying Kénig’s Graph Theorem to the graph ({4, ,},F;) (cf. [4,
Lemma 10]), we obtain an integer m; for cach S; such that f; - f,, = 0 for all
fieH(S) (1 <j < m). We put m = Max{m, |1 < ¢ < n}.

Now, suppose that

(Mg (J EfS)=E.

1<i<n
ogigm
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Since all isomorphism classes of simple modules are contained in E, 1 is not
simple. Hence there is a nonzero homomorphism g: M — S such that it is not
a splittable epimorphism and .S is a nonprojective simple module. By the
definition, there are homomorphisms g,”: M — N, and f;": N; — S such that
g = fi'g)’, where £, is an almost split extension over S. This means that there
are homomorphisms g;: M — M, and f;: M; — S such that [M;] e E{(.5),
gy 7 0and f; e Hi(S) by Lemma 2. Next, consider g, instead of g in the above.
Then, by the same method, it is seen that there are g,: A7 —> M, and f,: M, — M,
such that [M,] € Eo(.S), f,fog. # 0, and f, € Hy(S). Repeating this way we have
homomorphisms f, e H(S) (1 < ¢ < m) such that f; - f,_,f,. = 0, which
contradicts the choice of m. 'This completes the proof (ii) =- (iii).

(i) =- (i). Assume that there is an indecomposable module M such that

[M12 ) E(S).

1<i<n

0 i
Then M is not simple and therefore there is a nonprojective simple module .S
which is a proper homomorphic image of M. By the same reason as in the proof
(i) = (i), we have nonisomorphisms f;: M; — M,_, such that f; ¢ H,(S) and
fi v Sy 7 0, where M, denotes .S. Furthermore, by the definition of almost
split extension and the assumption of M, we also have a homomorphism £, ,,:
M, .o~ M,y such that f, - f,, f,.0 50 and [M,.,]€E, (S). Here,
we can choose a nonisomorphism f,,., by Lemma 2. Repeating this method, we
obtain a series of nonisomorphisms

fm- 2 fmﬂ' f;! J f v
o My~ Moy =" M o> e M2 3 S

such that each

[M]€E = U E(S) and i fraf 0

1</<n
Oigm
for any £ > 0. This, however, contradicts Lemma 1, because E is a finite set and
so there is an integer / such that length (M) < [ for all £ > 0.
The following Lemmas 3 and 4 have becn essentially proved by Auslander.
But for the sake of completeness we shall give the direct and module-theoretical
proofs.

Levmva 3 [1]. Let a right Artinian ving A satisfy the noetherian condition for
indecomposable modules, and let E: 0 — L — N ~> M — 0 be a nonsplitiable exact
sequence, where M and L are indecomposable. Then theve are an indecomposable
module L, and a homomorphism f: L — L, such thai
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(i) f-E 0 Exti(M,L),
(ii) if g-f-E # O for a homomorphism g:L, — X, , then g is a splittable
monomorphism.

Proof. Suppose that, for any homomorphism f: L -— L such that f -+ E £ 0
and L’ is indecomposable, there is a nonisomorphism g:L' — L” such that
g:f+E 0 and L” is indecomposable. Then for the identity 1, , there is a
nonisomorphism fy: Ly — Ly with f, - fy - E =2 0 (where f; = 1, and L = L; =
L,), in particular f, f; # 0. In this way, we obtain a sequence of nonisomorphisms

fl }-2

Ly—>L,~—~>L;—

such that f, --- f,f; 7= 0 for any n 2= 1, where all L’s are indecomposable. This
contradicts the noetherian condition. Hence there is a homomorphism f: L — L,
such that (0) L, is indecomposable, (i) f - I 34 0, and (ii') g - f - E == 0 for every
nonisomorphism g:L; — X with X indecomposable. Now we show that f
satisfies the property (ii). Let g: L., — X be a nonzero homomorphism such that
g-f-E#0. For an indecomposable decomposition X = @}, X;, let «;:
X; — X and p;: X — X be a canonical injection and projection, respectively,
and put g; = kp;g. Then ¢ =37 g and 0~ g [ F =¥, (g f- E).
Hence there 1s some g, , say g, , with g, - f - E 5% 0. Then it is easily proved that
g1 f E 5 0 shows that (p,2) - f - £ =4 0 holds. Therefore, by the first result

(ii"), pyg must be an 1somorphism and so g is a splittable monomorphism.

Lemma 4 [1].  Assume that a right Artinian ring A satisfies the noetherian
condition for indecomposable modules. Then for any indecomposable A-module M,
there is an almost split extension over M.

Proof. 1f M is projective, it has a unique maximal submodule M J, where [
is the Jacobson radical of 4. Hence it is clear that the inclusion f: M ] &> M
is almost splittable.

Let M be not projective. Then there is an indecomposable module L’ such
that Ext}(M,L’) + 0. Let E' € Ext}(M,L’) be a nonsplittable sequence E':
0L > N-—M-—0. By Lemma 3, therc is a homomorphism a:L" — L
which satisfies the conditions (i) and (i1) in Lemma 3. We denote a -+ £’ by E:
0—->L5NSM-—>0. Let f: X— M be not a splittable epimorphism.
Then we can show that there is a homomorphism g: X' — N with f = og. For
this, consider the following commutative diagram

E:0 L "N 2 30

Lo Lo !

s*E:0—->Ker¢ »NPXN—---->M—-0,
#=(v,f)
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where (M) N—>N® X and ¢ = (v,f): N D X — M (here we represent
homomorphisms by matrices according to the decompositions of given modules).
If we can show that s - E 5% 0, then s must be a splittable monomorphism by
Lemma 3, say t: Ker¢ —L and #s = 1. Since £ =1, - E = ¢t -5 - E, there
is a homomorphism (w, g): N @ X — N such that (v,f) = o(w, g), and so
f = vg. Thus we have only to prove that s - & 5 0. Now we suppose the
contrary. Then there is a ¢ = (1.): M — N @ X with I, = ¢i. Since the
endomorphism ring of M is local and 1,, = v’ +- ff’, either vo’ or ff’ must be
an automorphism. On the other hand, clearly 2o’ is not an automorphism,
because v: N — M is not splittable. Moreover, since f is not a splittable epi-
morphism by assumption, ff' is not an automorphism, either. Thus we have a
contradiction and conclude the lemma.

Now, by Theorem 1 and Lemmas 1 and 4, it is easy to prove module
theoretically the Brauer-Thrall conjecture solved by Roiter and Auslander.

Turorem 2 [1, 5]. For a right Artinian ring A the following are equivalent.
(i) A is of finite representation type.

(ii) A satisfies the noetherian and conoetherian conditions for finitely generated
indecomposable right A-modules.

In particular, if there is an integer n such that length(M) < n for all finitely
generated indecomposable right A-modules M, then there is only a finite number of
finitely generated indecomposable right A-modules.

Remark 2. 1tis proved in [1] that for an Artinian ring 4 of finite representation
type, the endomorphism ring of any finitely generated right A-module is also Artinian.
We can directly prove this result, too.

Let M be a direct sum of all nonisomorphic indecomposable right A-modules
M, (1 < I < n) with the canonical injections «;: M; — M and projections p,:
M — M, and B = End,(M) the endomorphism ring of M. Let W be the
Jacobson radical of B and x;p; = ¢;. Then 1, =¥, e,and W (=3, @ e,W)
consists of all such endomorphisms & of M as each pzb«, is not an isomorphism.
Then, since B is semiprimary, to show that B is right Artinian, it suffices to show
that each ¢, is finitely generated as a right B-module. Let f: N — M, be
almost split extension over M, . Since A is of finite representation type, N can be
embedded in a finite direct sum M of m copies of M as a direct summand.
Let «: N— M™ and p: M™ — N be homomorphisms with px = 1.
Then, since p,grg: My —> M, is not an isomorphism for any g € W, there is a
homomorphism /z: My — N such that p,ors = fhs and so p,grg = foxhy =
Fo(Siey i) ihs = Yooy (foub:)birchy), where if; and ¢, are canonical ith injection
M — M) and jth projection M — M, respectively. Therefore e,ge; =
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P4 (rofpdsiNbinchgpg). Clearly x,foih; and ¢,xhgps belong to e,1¥ and B, respec-
tively. Put «,fph;, = w; and ¢,khzps = b ;. Then we have the

€8 == Z €,8¢ = Z w;bg, 5 .
B 1<i<m
TBn

Since each w; does not depend on ge W, this equation shows that ¢, W =
> i<icm wB and hence W is finitely generated as a right B-module.

Considering the dual of the almost split sequence and the projective module,
we can also show that B is left Artinian.

Remark 3. We will conclude this paper with noting a method of construction
of an almost split sequence of a given indecomposable module. If we know how to
decompose a given module into a direct sum of indecomposable modules, this
method and Theorem 1 will suggest a way of constructing all indecomposable
modules from simple modules over an Artin algebra of finite representation
type.

Let A be an Artin algebra over a center C and JM a nonprojective indecom-
posable A-module. Then we know from [2, Theorem 4.2] that there is an almost
split sequence E for M and it is characterized by the property that Ext!(M,
DTr(M))s E = 0 and g - E ==0 for all nonisomorphisms g: DTr(M)— DTr(M),
where Tr(M) == Coker(Hom (p, A)) for a minimal projective presentation
P, 5 Py— M->0,and D = Hom, ( , E(C/rad C)) a duality functor with an
injective hull E(C/rad C} of C/rad C.

Now let 0—> K %P5 M—>0 be a projective cover of M. For any
maximal submodule K of K, we have the following commutative diagram by
the definition of almost split sequence:

Fy:0 —> K[Ky—> P{Ky—> M—>0
| |
¥ v i
E:0—->DTr(M)— X — M—0,

where the top row is canonically indued from the projective cover of M and the
bottom row denotes the almost split sequence E. This means that there is a
homomorphism f;: K/K, — DTr(M)with f; - E, 7 0, and we put E; = f, - E, .
If we have already known E; ; ( > 1) and still there is a nonisomorphism f;
with 0 + f; - E;_, € Ext(M, DTr(M)), then we consider E; == f, - E;_; . Then,
by repeating this method, finally there must be homomorphisms f, ,..., fa, fi
such that B, = f, "By, = - =f,fu /i Ey %0, g+ E; = 0 for all non-
isomorphisms g: DTr(M)~ DTr(M) and | <{s << m, where m >0 and
rad(End(DTr(M)))" == 0. This shows that E, is an almost split sequence E.
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Therefore an almost split sequence E is obtained by a pushout for the diagram

KIK, %> PIK,

N

D Tr(M)

g

D Tr(M)

where f is either an identity or a multiplication of at most s — | many non-
isomorphisms from DTr(M) to itself.

In particular, if 4 is an algebra over a field F, then clearly dim; Hom ,(K/K,,
DTr(M)) and dimg(End(DTr(M)) are finite. Let Hom,(K/K,, DTr(M)) =
Fo, @ - DFg, and End(DTr(M)) = Fhy ® - @ Fh,. 'Then, since
(Zf-:laigi) Ey, =% {g.F,| a; 5 0} for a; € F, we can always choose f; from the
basis g ,...,£; and, by the same reason, f; (1 <i<{s < m) from by ,..., k,,
in the above.
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