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Abstract

We define the concept of u*-defining spectrum and give alternative proofs of some
results of Menger manifolds, including the Characterization Theorem.
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1. Introduction

Bestvina [1] proved that a compactum is a k-dimensional Menger manifold (i.e.,
each point has a neighbourhood which is homeomorphic to u*) if and only if it is a
k-dimensional LC*~! compactum with the disjoint k-cell property (DD*P). To
prove this, he first introduced the notion of a triangulated p*-manifold defined as
the intersection of a sequence of compact PL manifolds, and proved that it does
not depend on the choice of triangulations of these manifolds. Next, the Resolu-
tion Theorem was obtained, which asserts that each LC*~! compactum is a UV¥~!
image of a triangulated u*-manifold. Finally, under the above three conditions, the
UV*~! map was “resolved”, i.e., it is approximated arbitrarily closely by a
homeomorphism.

Further, as an application of his technique, Bestvina also proved [1, Appendix]
that any k-connected map of a compact PL manifold with dimension > 2k +1toa
polyhedron is homotopic to a UV*~! map. This result was beautifully reproved by
Ferry [6,7].
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The purpose of the present paper is to provide an approach to same results on
Menger manifold theory, including the Characterization Theorem. Almost all
results of this paper have been obtained in [1]. Motivated by the notion of
triangulated u*-manifolds, we introduce the notion of a p*-spectrum which is an
inverse sequence of compact PL manifolds and UV#~! bonding maps. It is easy to
construct a u*-spectrum from any p*-manifold defining sequence in the sense of
Bestvina. Applying (a controlled version of) the result of Bestvina and Ferry
mentioned above, we prove that any UV*~! map between compact PL manifolds
which are terms of two u*-spectra can be approximately lifted to a homeomor-
phism between the limits of these spectra. This result can be used to obtain some
basic theorems of Menger manifold theory. In particular, we can give another
proof of the Characterization Theorem.

Since we need to use the partition argument of Bestvina to obtain the basic tool
(Theorem 2.6), this paper does not provide an essentially simplified proof. How-
ever, the author hopes that it provides a viewpoint to the structure of this theory.

2. Preliminaries

Definitions and notations 2.1. (1) Let f,g: X > Y and ¢g:Y — B be maps and let
€ > 0. The maps f and g are said to be e-close, denoted by f =, g, if d(f(x), g(x))
<€ for each x € X. The maps f and g are said to be g~ '(¢)-close if ¢-fand g g
are e-close. The notions of e-homotopy and q~'(e)-homotopy are similarly de-
fined.

(2)Let f: X—>Y and q:Y — B be maps and let § > 0.

(@ m(f):wX) > 7 Y) is said to induce an epimorphism with a 8-control with
respect to q, if for each B:S' > Y, there is an a: S’ — X such that f-a and B8 are
g~ '(8)-homotopic.

(b) 7,(f) is said to induce a monomorphism with a 8-control with respect to q, if
for each a@:S'— X such that f-a =0 by a homotopy (H,):S'—Y, there is a
homotopy (K,): $' — X such that K,=a, K, =const, and f-K, is g~ *(8)-closed
to H, for each ¢.

(c) The map f is said to be k-connected (with a 8-control with respect to q
respectively) if m,(f) is an isomorphism for each i =0, 1,...,k — 1 and 7, (f) is an
epimorphism (with a 8-control with respect to g respectively).

(3) Let f: X > Y be a map between LC" compacta and € > 0.

(a) The map f is called a UV” map if for each point y of Y and for each
neighbourhood U of y, there is a neighbourhood V of y which is contained in U
such that the inclusion map f~'(V)— f~'(U) induces the zero homomorphism
between ith homotopy groups for each i =0,...,n.

(b) The map f is called an AL’(¢) map if each polyhedral pair (P, Q) with
dim P <j and for any pair of maps a: P— Y and a: Q — X such that f-a =«a|Q,
there is an extension « : P = X of a such that f-a= a.
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Remarks. (1) If a map f: K — L is k-connected with a §-control with respect to a
map q: L — B, then the following condition holds:

For each i < k, and for each pair of maps a: D' — L and a:S'~! > K such that
fra=al|8", there is a homotopy (a,): D' > L and a map a: D' — K such that

(@ ag=a,a;=fa,and a,|S" ' =f-a,

() (a,) is a g~ '(8)-homotopy.

(2) The above definition of UV” maps is known to coincide with the usual one
(see [1, 2.1.3]).

(3) It is known that a map is a UV” map if and only if it is an AL"*"(e)-map for
each € > 0, and such a map is (n + 1)-connected [9].

Definition 2.2. An inverse sequence M = (M,, p;;: M; > M,) is called a u*-defining
spectrum if:

(1) Each M; is a compact PL manifold and dim M, > 2k + 1.

(2) Each bonding map p,,,, is a UV¥~! map.

(3) For each i, there exist a k-dimensional polyhedron K, and a PL UV*~! map
r;: M, — K, satisfying the following condition:

For each € > 0 and for each i, there are a j>1i and a map s;;: K; = M, such
that d(p,;, s;;-r;) <e.

The limit M =Jim M is called a p*-manifold defined by a u*-defining spectrum
M. For i > 1, p,: M — M, denotes the projection.

Example 2.3, Let (M,) be a p*-manifold defining sequence in the sense of Bestvina
(1, 1.2.1-3]. Each M; is a compact PL manifold with m;=dim M; > 2k + 1, and
M, is obtained from M; by digging out a regular neighbourhood of a (m; — k —
1)-skeleton of a triangulation of M,. Let Q,: M; > M, be a PL CE map which
retracts the above regular neighbourhood onto the (m; —k — 1)-skeleton and
define g, ;,,: M;,; = M, by the restriction of Q,. Then it is a UV¥~! map. By the
above construction, each M, is a regular neighbourhood of the dual k-skeleton K.
Thus it admits a PL CE retraction r;: M; — K. Since the triangulations of the M,
must be finer and finer, we see that d(r, id) >0 as i— «. Therefore, the
M, q;;,, and r; form a p*-defining spectrum.

Definition 2.4. A compactum X is said to have the disjoint k-cell property (DD*P)
if, for each pair of maps «, 8:7* - X and for each € > 0, there are two maps
o, B': I* > X such that d(a, a') <e, d(B, B') <€ and o’(I*) N B (I¥) =§.

Theorem 2.5. Any p*-manifold M =im M defined by a u*-defining spectrum
M=(M, p,;: M; > M) is a k-dimensional LC*~! compactum with the disjoint
k-cell property.

Sketch of proof. By condition (2) and [S, Proposition 5.6], M is LC*~1. The
dimension condition (1) and the lifting property of UV¥~! maps guarantee the
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DD*P. Finally, condition (3) implies that, for each e > 0, there is a j such that the
map r;* p; is an e-map of M onto a k-dimensional polyhedron K;. O

A noncontrolled version of the next result has been obtained in [1, Appendix].
In [6; 7, Theorem 3.1], an alternative proof has been given.

Theorem 2.6. Let N be a compact PL manifold and suppose that a UV*~! map
g : N — B onto a polyhedron B is given. Then for each € > 0, there isa 6 = 8(e, q) > 0
such that for each map f: M — N of any compact PL manifold M with dim M > 2k
+ 1 which is k-connected with a 8-control with respect to q, there is a UV*~! map
g: M — N which is g~ '(e)-close to f.

Sketch of proof. The proof is a straightforward modification of [1, Appendix]. Take
a handlebody decomposition Q of N such that mesh g(Q) < e. Take a sufficiently
small & > 0 and suppose that f is a k-connected map with a §-control with respect
to gq. Following the argument of [1, 2.4], we can define a partition P of M and an
intersection preserving function 7:P — Q such that for each member p of
P, f(p) c T(p). Using the UV*~! property, we can replace P by another partition
P’ and T by an intersection preserving bijection 7’ : P’ — Q which is “q~1(8)-close”
to T (See [1, 2.4.7-9).

Then we can proceed in exactly the same way as in [1] to define the desired
UV*~! map. In these construction, it is easy to see that we can take the above § so
as to depend only on € and ¢q. O

Remark 2.7. The proof of Ferry, based on the Cernavskii’s theorem on the
existence of UV*~! maps of a compact manifold onto its product with any cell, is
simpler than the original proof of Bestvina. Unfortunately, it is not clear to the
author whether Ferry’s proof can be modified to obtain the controlled version as
above. What is important to us is that the above § does not depend on the domain.

We need “controlled versions” of some results of {1]. Most of the proofs are
straightforward modifications of his arguments. To simplify the estimation, the
following notation is convenient in the sequel. A collection & is defined as

D ={f:(0, ®) > (0, ©)|f is a (not necessarily continuous) function such
that f(¢) <t for each ¢ and lim, , ,f(¢) = 0}.

Lemma 2.8 (cf. [1, Lemma 2.8.7]). Let X, Y and B be polyhedra. There is a function
u in 2 satisfying the following:

Let q:Y — B be a UV*~! map onto B. For each map f: X - Y so that w(f) is
an isomorphism with a 8-control with respect to q, foreachi=0,...,k — 1, then the
following holds:

For each map B: P — Y of a k-dimensional compact polyhedron P to Y, there is a
map a: P — X such that f- a is g~ (u(8))-close to B.



K Kawamura / Topology and its Applications 61 (1995) 281-292 285

Skeich of proof. By the same way as the theorem cited above, we can construct a
map a,_,:P* !> X such that f-a,_, is homotopic to B|P*~!'. Using the
8-control for 7, _(f), we can extend a,_, to a: P — X such that f-«a is close to
B. From the construction, it can be seen that the closeness depends only on the
control for w,(f), i=0,...,k — 1. Thus, we can find a function u of 2 satisfying
the desired condition. O

Proposition 2.9 (cf. {1, Proposition 2.1.4]). Let (K, L) be a polyhedral pair with
dimK < k and let g: M — B be a UV*~! map onto a LC*~' compactum B. There is
a function v in @ which satisfies the following :

Let f, g: L > M be a pair of maps which are q~'(8)-homotopic. If f has an
extension F : K - M, then g also has an extension G : K - M such that G and F are
g~ (v(8))-homotopic.

In the final section, we need the following result.

Definition 2.10. A compactum K in R” is said to be pseudo-polyhedral if there are
sequences (N,) and (K,) of rectlinear polyhedra of R” such that

(1) dim K, <dim K and N, is a regular neighbourhood of X,

(2) Xcint N;cN,cU(X, 1/2%), where U(X, 1/2") denotes the 1/2-neigh-
bourhood of X.

Theorem 2.11 [8,11]. Any k-dimensional compactum can be embedded into R***! so
that its image is pseudo-polyhedral.

3. Properties of u*-manifolds defined by u*-spectra
In this section, we prove the following results.

Theorem 3.1 [1, Theorem 2.8.9). Let M and N be u*-manifolds defined by u*-defi-
ning spectra M =(M;, p;;: M; > M) and N=(N,, q;;: N,— N,) respectively. Let
p;: M — M; and q;: N — N, be the projections. For any UV*~! map f: M, —> N, and
for any € > 0, there exists a homeomorphism h: M — N such that q, - h is e-close to
fipr-

In particular, if M, and N, are homeomorphic, then M and N are homeomorphic.

Theorem 3.2 [1, Theorem 4.3.1]. Let M and N be p*-manifolds defined by u*-defi-
ning spectra. A map between M and N is a near-homeomorphism if and only if it is a
UV*~! map.

Theorem 3.3 [1, Theorem 2.8.6]. Let f: M — N be a map between u*-manifolds
defined by u*-defining spectra and u:N — B be a UV¥™! map onto a LC*™!
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compactum B. Suppose that, for each i =0, 1,...,k ~ 1, w(f) is an isomorphism
with a 8-control with respect to u. Then, for each € > 0, there is a homeomorphism
h:M — N which is u='(6 + €) close to f.

Corollary 3.4 [1, Remark 5.1.1). Let f: M > B and g : N — B be UV*~! maps from
w*-manifolds M and N defined by u*-defining spectra onto a LC*~! compactum B.
For each € > 0 there is a homeomorphism h: M — N such that g-h is e-close to f.

As was mentioned in the introduction, these have been proved by Bestvina for
triangulated u*-manifolds by partitioning techniques. Employing Theorem 2.6, we
give alternative proofs.

Proposition 3.5 (cf. [1, Theorem 2.8.6, step 1 of the proof]). Let M =(M,, p;;: M;
- M,) and N = (N, q,;: N; = N,) be u*-defining spectra and q: N, = B be a UV*~!
map onto a LC*~!' compactum B. For each € > 0 there is a 8 > 0 such that for each
map f, : M, = N, which induces an isomorphism between ith homotopy groups with a
8-control with respect to q, fori=0,...,k — 1, there arej > 1 and a map f; : M; > N,
such that

(a) f; is g~ '(e)-close to f, " py;,

(b) m,(f;) is an isomorphism for A =0, ...,k — 1, and an epimorphism for A =k,
with an e-control with respect to q.

Proof. Let M = ]im M and N = lim N. For any a > 0, we can take a fine triangula-
tion of N, such that the inclusion 8: P =N} — N of its k-skeleton P into N, is a
k-connected map with an a-control with respect to id Ny By Lemma 2.8, there is a
map a: P — M, such that

(D f,-a is g~ "(u(a))-close to B, where u is a function in & as in Lemma 2.8.
Since dim M, > 2k + 1, we may assume that a is a PL embedding. Using the
UV*~1 property of p,: M - M, and the DD*P of M, we can take, for each b > 0,
an embedding a: P > M such that

2 p,ra=, a.
By condition (3) of Definition 2.2, for each ¢, d > 0, there are a j > 1 and a map
s,;: K; > M, such that

(3 p,;=. 5" rj» and

(4) each of the fibres of the map « ;=r;"p;*a: P> K; has a diameter less than
d.
Replacing «; with a PL approximation, we may assume that

(5) a,(P) is a subpolyhedron of K.
Making use of (5) and (4), we can define a map k;: a;(P) - P such that

6 k;-a;=,,idp.
Because of the continuity of a, we can take a function e in £ such that if
d(x, y) <v, then d(a(x), a(y)) <e(v). By (6), we have « =,c+a) @ k;-a; Then

(7 s1j @;=81;1;"p;" @=c P1j P A=D1 @ @ =ycsqy @ " K; ).
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Fig. 1.

By the continuity of f,, we can take a function ¢ in & such that
®) if d(x', y') <v, then d(f(x"), f(y') < ).
By (1), sy;la{P) = 4 ecray @ k| a;(P). Hence,

=gc+brec+ay J1 8171 (P)  (by (8) and the above).

By the continuity of g, we can choose a function 8 €2 such that if d(x", y") <v,
then d(gq(x"), q(y")) < 8(v). Then,

B 'jj | aj(P) =g N u(a)+0d(b+c +e(c +d))) fi 8y | aj(P)'

Let x=x(a, b,c,d)=u(a)+0¢(b+c+e(c+d), then x— 0 if all variables
converge to 0.

By Proposition 2.9, there is an extension L :M; > N, of B-k; such that
fi =4y f1-51;1 K, where v is a function in & as in Proposition 2.9. Finally
define f;= L -r;. Then,

(0 f1°Pyj =pcey 1751 T =g~ Yweay i1, =f; and f; e (P) =B -k,

Noticing that all functions in & converge to 0 if their variables converge to 0,
the conclusion is easily obtained from (10). See Fig. 1. O

We are ready to prove Theorems 3.1-3.4.

Proof of Theorem 3.1. Let f; : M, > N, be a UV¥~! map and take any € > 0. Let
m,=n,;=1 and take 1 > 0 for /2 as in Theorem 2.6. We may assume that 7 is
less than e /2. Next choose 28 > 0 for 1 /2 as in Proposition 3.5. Since dim N =k,
there is a map g} : N — N,, such that f; -g} =, g,,. Factorizing g} through N, for
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large i, we have a map g, : N, > M,, such that f,-g{" =; g,, ;- Using the facts that
fi and g, , are UV*~! maps, it is easy to see that

(1) w(g;") is an isomorphism for i =0,..., k — 1 with a 28-control with respect
to f,.
By Proposition 3.5, we have a large n, >/ and a map g* : N,,—M,, such that

@ f,°8{" =32 pyry a0

(3) m(g") is an isomorphism for i =0,..., k — 1, and an epimorphism for i = k,
with an 7 /2-control with respect to f.
Apply Theorem 2.6 to g,° to obtain a UV*~! map g,:N, — M, which is
f71(e/2)-close to g;*. By (2), we have that

4 fi°8 Ze/2 fi-g’ Zes2 Anyny

Repeating the above argument for g,, we have an index m, and a UV*~! map
f2:M,, — N, such that f,-g, is close to p,, ,,,. Continuing this process, we have
the diagram of Fig. 2 each of whose triangles is “approximately commutative”.
Thus it induces the required homeomorphism 4 : M — N. (See [2,10] for example.)

This completes the proof. O

Proof of Theorem 3.2. By the same proof as [3, Proposition 11, p. 32], we can see
that any near-homeomorphism between LC*~! compacta is a UV* ™! map.

To prove the reverse implication, assume that f: M —> N is a UV*™' map
between u*-manifolds M = lim M and N =lim N defined by uk-defining spectra
M=(M,, p;;) and N =(N, g;;) respectively. For any € > 0 take a large n so that
the projection g, : N — N, is an €/2-map. Choose a § >0 as in Theorem 2.6 for
N, and €/4, and take a sufficiently large m and a map f,,, : M,, — N, such that
4, f=5,2 frun" P From the UV¥~! property of p,, and g,, it is easy to see that
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f... induces an isomorphism between the ith homotopy group for i =0,...,k -1,
and an epimorphism for i=k, with a &-control with respect to idy. Apply
Theorem 2.6 to f,, and replace it by a UV¥"' map ¢: M, — N, which is
€/2-close to f,, By Theorem 3.1, we can find a homeomorphism h: M — N
which satisfies g, *h =, /4 ¢ - p,,. Then h is e-close to f.

This completes the proof. O

Proof of Theorem 3.3. Let f: M — N be a map between u*-manifolds M = lim M
and N=lim N defined by u*-defining spectra M =(M,, p,)) and N=(N,, q;;)
respectively. And suppose that 7(f) is an isomorphism with a &-control with
respect to a UV*~! map u: N — B onto a LC*~! compactum, for i=0, 1,..., k
-1

For any € > 0, take indexes m, n and maps «,: N, > B and f,, : M, — N, such
that u,-q,=, 4 u and f,, p, = 4 q, f. Although g, may not be a UV*~! map,
it is an AL*(e/4) map. (See Definition 2.1.) And m/f,,,) is an isomorphism with
an e /4-control with respect to u,, for i=0,...,k — 1.

Using the same proof as that of Proposition 3.5, we can find an index m’' > m
and a map f,,, : M, — N, such that

(D f,en is close to f,.,. D,y and

(2) fon is a k-connected map with a (8 + p(e))-control with respect to u,,
where p is a function in 9.

Apply Theorem 2.6 to replace f,,, by a UV¥"! map which is “u '-close” to
foen- By Theorem 3.1, we can find a homeomorphism 42:M — N and it has the
desired property. O

Remark. If B is a polyhedron, we can apply [7, Theorem 8.1] to approximate u, by
a UV¥~! map, which enables us to use Proposition 3.5 directly.

Corollary 3.4 is clear from Theorem 3.3.

4. Characterization Theorem

This section is devoted to give another proof of the following Characterization
Theorem of Menger manifolds.

Theorem 4.1 [1, Theorem 5.2.1]. A compact metric space is a u*-manifold defined by
a u*-defining spectrum if and only if it is a k-dimensional LC*~" compactum which
has the DD*P.

In the sequel, we assume that X is a k-dimensional LC*~! compactum with
DD*P. Embed X in R***! as in Theorem 2.11. Take sequences (N,) and (K,)
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such that

K, is a k-dimensional rectlinear polyhedron and N, is its regular
neighbourhood so that X cint N, CN,c U(X, 1/2). In particu-
lar, there is aPL CE retraction r;:N,— K, such that d(r, ()
id) <1/2.

Clearly, X = N7_;N.. By the LC*~! property of X, we have that
there is a function p in 2 such that, for each polyhedral pair (P,
Q) with dim P <k and for each map a:(P, Q) —» (Uy(X)NN,, (+%)
X), there is a map b: P — X such that b|Q=al|Q and b is
p(8)-homotopic to @ in N,.

Further, we may assume that ©,p(1/2°) < oo

Let N=(N, g;;: N,— N,) be the inverse sequence consisting of the above N,
and inclusions g;;. Obviously, X = Jim N. Starting with M; = N,, define a pF-mani-
fold defining sequence (M,) in the sense of Bestvina. Then as in Example 2.3, we
obtain a u*-defining spectrum (M,, p,;: M; > M,). Let M be the limit of this
spectrum, and we will prove that M is homeomorphic to X. The proof proceeds as
in Proposition 3.5 and Theorem 3.1. We will define sequences (f;: M,, > N, ) and
(g;: N, —M,)of UV*~! maps such that f;-g; and gq,,, , & fi+y and p,, .
are close enough respectively, so as to induce a homeomorphism between M and
X. The main difference from Theorem 3.1 is, because of the lack of the approxi-
mate lifting property of g;;, the commutativity of each triangle in Fig. 1 may not be
arbitrarily close.

Construction. Start with f, =id,, : M, = N;. To describe the general procedure,
we consider two cases.

Case 1: Suppose that we are given a UV*~! map 8Ny, —M,. Then by exactly
the same way as in Theorem 3.1 and Proposition 3.5, we can define a map
fi:M, >N, such that g;-f, is close to p,,,, . Recall that (M, p;) is a
wk-defining spectrum.

Case 2: Suppose that we are given a UV*~' map f;: M, — N, . We construct
another UV*~! map g;:N, —M, . To simplify the description, we use the
notation f=g to mean that “f and g can be arbitrarily close if we choose a
suitable index or a triangulation etc.”.

Since f; is a UV*~! map and dim X =k, there is a map g}: X — M, such that
fi- 8! = q;. (According to the above convention, this means that, for each € >0,
there is a map g;: X —» M, such that d(f; g}, q;) <e.) Take a neighbourhood
extension g/ of g; and choose a sufficiently large ¢ > so that N, is contained in
the domain of g/. By the continuity of g7, there is a y in & such that

if d(x, y) <v, then d(g/(x), g/(y)) <v(v).
Define g, : N, = N,, as the restriction of g to N,. Suppose that
(1 f;-8" =, q;, in N,. We may suppose that ¢, <p(1/2%). By (1) and (* *), we
prove that
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(2) m(g;*) is an isomorphism with a 2p(1,/2%)-control with respect to f,, for
each A=0,1,..., k—1.

Proof of (2). Suppose that a map a:S* — N, satisfies g, -a =0. Let H be the
homotopy such that Hy=g,-a and H,=const and suppose that f,a(S*)cC
U(X, d,,). By (% ), there is a map a: §* — X such that « is p(d,)-homotopic to «
in N,. Let K be the p(d, )-homotopy such that Ky=a and K, =a. By (1), f;- g/
q,,, a=a in N, Suppose that L is the ¢-homotopy such that Ly=a and

L f g’ _a Then M = K#L#( f;- H) gives a homotopy from « to the constant
map in N. As K#L is a (p(d,) + €,)-homotopy, it can be seen that g - M is
[ p(d,) + €;)-close to H. Since d, <1/2" and ¢, < p(1/27), we have that g;” is a
monomorphism with a 2p(1,/2%)-control with respect to f;.

Similarly, we can prove that g;* is an epimorphism with a 2p(1 /2)-control with
respect to f; (here, we use the UV*~! property of f;). This completes the proof of
2).

As in the proof of Proposition 3.5, we prove that there is a function u in 2, an
index n;.; >t and a map g;": N, — M, such that g/ is k-connected with a
u(2p(1,/2")-control with respect to f,. The following is the procedure of the
construction.

Step 1. Find a map B: P* —M,, of a k-dimensional polyhedron P which is
k-connected with an arbitrarily small control with respect to id,,

Step 2. Apply Lemma 2.8 and the general position argument to get an embed-
ding a: P — N, such that g;” - is f71(2p(1/2)) close to B.

Step 3. Use (* ) and DD*P of X to obtain an embedding a: P > X such that
g, ais p(1/2%)-close to a.

Step 4. Take a sufficiently large j > ¢t and choose a PL approximation a;:P—-K;
of r;*q; a so that the diameter of each fiber of «; is (arbitrarily) small.

Step 5. Making use of Step 4, define a map k;: a](P) — P such that ;- a; = id.

Step 6. Let 5,;=q,;| K;: K; > N,, then we have

Sy QTS AT A= 0 =@ Tk a;.

Step 7. From the continuity of g;”, we have that

*

8i 8y Sy 2 81 T S 2y BEB Ky

Taking a sufficiently large ¢, we may assume that

*

8 S, =pa0) B k;" ;.

(Notice that y is defined by the continuity of g7, thus is independent of the choice
of t.)

Step 8. By Proposition 2.9, there is an extension 8 K, > My of B-k; la;(P)
such that

8 =i 'epay2n 8 S
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Step 9. Define g; =g, ' r;, then we have that f;-g; =, ;.12 9., The map g; is
a k-connected map with a 7, = (¢; + 2p(1/2/))-control with respect to f;. Let
Ry =J.

Step 10. Finally, apply Theorem 2.6 to g; to find a UV*~! map g:: N"i+l —>Mm‘_
such that f;-g;, =, 4, -

In the above construction, we may assume that ¥n; < «. Hence, from the proof
of [10], it follows that the above sequences of maps induce a homeomorphism
between M and X.

This completes the proof. O
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