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The main purpose of this paper is to prove an existence theorem for the
difference inclusion

Uip—2u;+u;_€c;Au;+ 1, i=12,..,

uo =X (1 )

sup{|u;| :1=20} < oo,
where A is a nonlinear (possibly discontinuous and set-valued) m-accretive
operator in a Banach space (X, |‘]), {c;} is a given sequence of positive
numbers, and {f;} is a given sequence in X.

This problem is of interest because it is the discrete analog of the quasi-
autonomous incomplete Cauchy problem

u’(tye Au(t) + £ (1), O<t<oo
u(0)=x (2)
sup {|u(?)|: 120} <0,
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the solutions of which have several remarkable properties [7]. It is also
related to an optimization problem [6, p. 168]. For more motivation and
information on the problems (1) and (2) see [1-9] and the references
mentioned there.

Since our existence theorem is valid in all Banach spaces, it provides an
affirmative answer to the question raised on p. 128 of [9], where X was
assumed to have a strongly monotone duality map. We also include a new
existence theorem for (a special case of) problem (2).

We begin by quoting an existence result [9, p. 123] for the boundary
value problem

Ui —2u;+u;_ec,Au;+ £, i=1,2,..,n 3)

Uy =X, Uy =Y,

where n is a positive integer, {c,:1<i<n} is given finite sequence of
positive numbers, and { f; : 1 <i<n} is a given finite sequence of points in X.

PROPOSITION 1. Ler X be a Banach space and A < X x X an m-accretive
operator. Then for each x and y in X and {f;: 1 <i<n} < X, the problem
(3) has a unique solution {u,:0<i<n+1}cX.

As already mentioned in [91, it is clear that in general the difference
inclusion (1) has no solution even if 4=0 and {f;}e/'(X). It turns out,
however, that if (1) has a solution for one point x in X, then it has a
unique solution for all x in X.

THEOREM 2. Let X be a Banach space and A< X x X an m-accretive
operator. If problem (1) has a solution for some x in X, then it has a unique
solution for all x in X.

Proof. Letw={w,:i=0,1,2, ..} be a solution to (1) with w,=z and
sup {|w,| :i>0} = K, and let x be another point in X. For each n > 1, there
exists, by Proposition1, a unique solution u” to (3) with x=y. Set
yi=y7=u]—w, and let J denote the duality map of X. Since A4 is
accretive, there is a functional j,e Jy, such that

(Vie1=2yi+yi-1,4;) 20

for all 1<i<n  Hence |y I<(1/2)ly, il+1y. D) [xl<
max {| yol, | ¥,+:1}, and

lu?| < | x|+ 2K (4)



408 REICH AND SHAFRIR

for all 21 and 1<i<n Now let ny<n,<n,, set z,=ul'—up,
0<i<n,+ 1, and for each such i, let the functional j, € Jz, satisfy

(ziv1—2z;+2,_4,))20.
Since
(x—=p, x*—y*)= (x| —| y|) (5)

for all xe X, ye X, x*eJx, and y* e Jy, we have

Civ1—20J) =i~z - )2z — |2, 41)
for all 1 i< n,. Therefore
k
Y Uzl =1z 1)< Crs1 = 200k S5 (2641 P = 126 7)
i=1
for all no<k<n,, and
ny k
Y 2 Uzl =1z 01 <520 4112 <2(1 x| +2K)%
k=ny i=1
It follows, in particular, that

(m=no+1) S (12— 2,1 )P <21 x| + 2K)™

i=1

But
(m=mat1) 3 (12,1 = lz,_1])?
= [ =g+ Dol o 3 (12,0~ 12,417
no 2
> L=+ | 3 (20=1211) |
=[(n;—no+ 1)/nO]|Zno'29
so that

lzn0|2<2”0(|xl +2K)*/(n; —no+1).

Since n, is arbitrary, we see that u,=lim,, . u7 exists for each i=1, 2, ...
The sequence u={u,;:i=0,1,2,..} is bounded by (4) and solves (1)
because A is closed. If v={v,:i=0,1,2,..,} is another solution of (1),
then

|ui-vilS%(|ui+1-vi+1l+|ui—1“vi-1|)
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for all i > 1. Since the sequence {|u,—v,|} is also bounded, it must be non-
increasing. But g = v, = x. Hence u, = v, for all i and the proof is complete.

In view of Theorem 2, we can now improve upon Proposition4 and
Theorem S of {97

ProOPOSITION 3. Let X be a Banach space and A < X x X an m-accretive
operator with 0 € R(A). If A is coercive, {c;} is bounded away from zero, and
{1} is bounded, then problem (1) has a unigue solution for all x in X.

THEOREM 4. Let X be a Banach space and A< X x X an m-accretive
operator. Assume that each bounded closed convex subset of X has the fixed
point property for nonexpansive mappings. If problem (1) has a solution, and
{fi} and {c;} are periodic of period N, then there is a solution of (1) which
is also N-periodic.

Turning our attention to the continuous problem (2), we first recall a
known differentiation lemma and then present a new one,

LEMMA 5. Let J: X — X* be the duality map of a smooth Banach space
X, u:[0, 0)— X, and define p : [0, o0) = [0, ) by p(t) = (1/2) u(t)\>. If u
is differentiable, then so is p and p'(t) = (u'(1), Ju(t)) for all t.

LemMMA 6. Let J: X — X* be the duality map of a smooth Banach space
X. Suppose u:10,T]— X is continuously differentiable, u' is absolutely
continuous, and u" e L'(0, T; X). If p(t)=(1/2)|u(t)|* and q: [0, T} > R is
defined by q(t)= (u'(1), Ju(t)), then

(a) g is differentiable almost everywhere;
(b) [iq'(r)dr<q(t)—qls) forall0<s<t<T,
(c) 2p(r) q'(1) = 2p()(u" (1), Ju(t)) + (g(1))? for almost all t.
Proof. For parts (a) and (b), see the proof of [8, Lemma 2.57. To

establish (c), we first note that by (5),
1
x4y P =X =20, J0) =2 | (3 J(x+r)=Jx) dr
]

>2[ A(x = |x ar

=2 fol [y, Ix)/ x| dr

=[(», Jx)/1x]]?
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for all x (#0) and y in X. Therefore

4p(t)Lp(t+h)—p(t) — (u(t + h) —u(t), Ju(t))]
= (u(t+ h) —u(1), Ju(t))?
and
4p(t)[ p(r—h) —p(t) — (u(t — h) —u(t), Ju(1))]
= (u(t — h) — u(t), Ju(t))>
Hence
4p(e)Lp(1+h)—2p(r) + p(1 —h)
—(u(t+h)—2u(t)+u(t—h), Ju(t))]
= (u(t +h) —u(t), Ju(t))? + (u(t — h) — u(t), Ju(t))?

and (c) follows.

In general, the incomplete Cauchy problem (2) has no solution even if
A=0 and fe W"%(0, co; X). We now present a positive result for the
problem

u'(t)y=A,u(t)+1(2), O<t<oo
Uy=Xx (6)

sup {|u(2)]: 120} <0,

which is obtained from (2) by replacing A with its Yosida approximation
A,,r>0. In contrast with previous results in this direction [7, 8], we no
longer assume that the Banach space X has a strongly monotone duality
map. Therefore Theorem 8 partially answers the question raised on p. 528
of [8]. To prove it, we need an existence result [7, p.387] for the
boundary value problem

u'(t)=A,u(t)+1(¢), O<t<w

7
Uy = X, u(T)=y. ™

PROPOSITION 7. Let X be a Banach space and A < X x X an m-accretive
operator. Then for each x and y in X and f in L*(0, T; X) the problem (7)
has a unique solution in W>*(0, T; X).

THEOREM 8. Let X be a smooth Banach space, A = X x X an m-accretive
operator, and feLZ (0,00;X). If problem (6) has a solution in

C([0, ©); X) N WE(0, co0; X) for some x in X, then it has a unique solution
for all x in X.
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Proof. let w be a solution to (6) with w(0)=z and
sup {|w(1)|: >0} =K, and let x be another point in X. For each n>1,
there exists, by Proposition7, a unique solution u,e W>*(0,n; X) of
problem (7) with T=n and x =y. Let J denote the duality map of X and
set v(t)=v,(t)=u,(t)—w(t), 0 <r<n. Since the Yosida approximation 4,
is accretive, we can apply Lemma 6 to v(z) and conclude that |v(¢)}? is
convex. Hence |v(r)] < max{|v(0)}, |v(n)|} and

lu, ()] < Vx| +2K (8)

for all =1 and 0<¢t<n. Now let T<m<n and set p(t)=
(1/2) u, (1) —u,,(1)]% 0< 1 <m. Using Lemmata 5 and 6, we see that

wor=([ o1 as)

<t[ (@) ds<2u pls)p'is) ds
0 0
<20p(1) p'(0).

Hence p(1)<2p'(t) and 7 (p(1)/t) dt<2p(m). Since p is convex and
p(0)=0, it is nondecreasing on [0, m]. Therefore

p(T) log(m/T) < 2p(m)
and, by (8),
lu, (1) — u,,(1)]? < 8(| x| + K)*/log(m/T)

for all 0<t<T. Thus w(t)=1Iim,_, ., u,(t) exists uniformly in every
bounded interval [0, T']. The function u: [0, o) — X is bounded by (8)
and solves (6) because A, is continuous. If v is another solution, then the
function |u(r) —v(r)}? is convex by Lemma 6. Since it is also bounded, it
must be non-increasing. Hence u =v and the proof is complete.

The case f=0 of Theorem 8 shows that if 0 R(A4), then (in the notation
of [8, Sect. 3]) the semigroup (S, ),,, can be defined in all smooth Banach
spaces.

Finally, we mention the following partial improvement of [7,
Theorem 10]. It is also a consequence of Theorem 8.

THEOREM 9. Let X be a smooth Banach space and Ac XxX an
m-accretive operator. Assume that each bounded closed convex subset of X
has the fixed point property for nonexpansive mappings. If problem (6) has
a solution and f is periodic of period T, then there is a solution of (6) which
is also T-periodic.

409:460:2-8
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