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Abstract

Venturino, E., The Galerkin method for singular integral eguations revisited, Journal of Computational and
Applied Mathematics 40 (1992) 91-103.

In an earlier work, the author has obtained error bounds for the Galerkin method for solving Cauchy singular
integral equations, discovering that the usually neglected constants contain the Riemann zeta function, when
evaluated in the supremum norm. The aim of this investigation is twofold: to show that the occurrence of the
Riemann zeta function in the error bound for the Chebyshev norin is sharp; and secondly to use this result to
obtain a ciass of forcing functions for which the method does not yield ai: approximate solution differing from
the analytical one by at most a prescribed error tolerance. These counterexamples indicate that in practical

situations, for functions exhibiting a behavior similar to the one presented here, Galerkin’s method might not
lead to an acceptable solution.

Keywords: Galerkin method, singular integral equations.

1. Introduction

Singular integral equations arise in many problems of mathematical physics. They find
applications in many important fields like fracture mechanics, aerodynamics, the theory of
porous filtering, antenna problems in electromagnetic theory, and others. Their solutions can
be obtained analytically, using the theory developed by Mushkelishvili [11]; but in practice,
approximaie methods are needed. The direct numerical methods are preferred, which attack
the equation as it is written, without transforming it beforehand into a Fredholm equation.
Among these, the oldest one is the Galerkin method, proposed originally by Erdogan [3]. The
convergence proof for first-kind equations was first given by Linz [10], thereby justifying it

theoretically. Afterwards, a number of papers for equations of the second kind appeared
[1,5,6,8,9,15].
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The purpose of this study is to continue the investigation begun in the earlier work [14,15],
where the zuthor has obtained error bounds for the Galerkin method. A striking consequence
was the discovery that the nsually neglected constants contain the Riemann zeta function, if the
error is evaluated in the supremum norm. However, this does not happen if the estimate is
computed using the L,-rorm. The aim of this investigation is twofold. We want to show that
the occurrence of the Riemann zeta function in the error bound for the supremum norm is
sharp. Secondly we use this result to obtain a class of functions for which the method does not
vield an approximate solution that differs from the analytical one by a given error tolerance.
Thus convergence in practice does not occur, contrary to the common belief.

The counterexample, although somewhat artificial, indicates that in practical situations,
within the limitations due to the memory of the system and the time requirements of the user,
for functions exhibiting a behavior similar to the ones presented here, the method may not lead
to an acceptable solution. Such situations do arise in engineering situations, as is outlined in [4].

The paper is organized as follows: in the next section we briefly review the basic formulae of
the Galerkin method and recall the results derived earlier, for ease of the reader. In Section 3
we provide the counterexample for the dominant equation. The complete equation is examined
in Section 4. A finai discussion concludes the note.

2. Preliminaries
We consider here the dominant singular integral equation of the second kind
~1 _
ag(x) +bw' [ g(e)(t—x) Ydr=f{x), —-1<x<l. (2.1)
-1

The unknown function g is sought in the ciass of Holder continuous functions over (—1, 1). Its

singular behavior at the endpoints is described by using the fundamental function
w(x)=(1-x)"(1+x)?,

with

a—ib [a —ib Yy

a+ib | a+ib ’

where M, N are integers chosen such that the index of the equation
x=—-(a+B)=—-(M+N)

attains the values —1, 0, 1. Usualiy a new smooth unknown function y(x) is defined by letting
g(x) =w{x)y(x).

The equation can be rcwritten introducing the operator 7 as

a=2wi)" log[ +N, .ﬁ = —(2—n-i)_1 log

T(v)=aw(x)y(x) +bw" [ w(t)y(t)(t—x)"" di=f(x). 2.2)
-1
The formula [7, p.290]

1 _
f (1= +0)°(t—x)""dt

-1
=w(1+x)’(1—x)" cot(wa) —27*B(a, B+ 1) ,F(x, 1; 1 —a; £(1 —x)),
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for xy # 1, since y is an integer, in our notation can be rewritten as
1 -
aw(x)+bw " [ w(t)(t—x)"" dt = yPGEP(x), (2.3)
-1
where we let
—27%b
Y= sin(Ta)

However, (2.3) holds also for x = 1, by defining P_,(x) =0 and remarking that w(x) in such
case is a solution of the homogeneous dominant singular integral equation. Note that if the
equation is of the first kind, the Jacobi weight and polynnmials reduce to the Chebyshev ones,
of the first or second kind depending on y being 1 or —1.

In the case y = 1, an extra normalization condition is added, usually of the form

1
[ w(t)y(e) de=1, (2.4)
-1
to obtain uniqueness of the solution. In case y = 0, no extra condition is needed, the solution
being unique as stated by the theory, while for y = —1, the solution exists if and only if the
following orthogonality condition is satisfied:
1 1 -
[ po)1eyde= [ [w(o)]”'f(e) dr=o. (2:5)

To set up the Galerkin method, we need to define the weighted scalar product as follows:
1

(f,8)u=] o(f()g(1)ds;

let |l fl, be the corresponding norm. In our case w(t) is the Jacobi weight w(r) and the
approximating functions are the corresponding orthogonal polynomials P{*#Xr).

The major results concerning convergence of the Galerkin method are summarized here for
ease of reference. They can be found, together with the various constants L, L,, H,, H,, in
[15].

Theorem 1. If f€ CV* V[ ~1, 1], then the error of the method satisfies
lley <L foroN—-172,

and if r > 3,
lew e < LA £ Dllug (r— $)N7+372,

Together with (2.1) we will be concerned also with the complete equation, in which, in
addition to the singular term, a Fredholm kernel is present; in extended form it is written

aw(x)y(x) +b'n'_‘f_l‘w(t)ygt)(t —x) ' dr+ f_]]K(x, yw(t)y(t) de =f(x), (2.6)
or, in operator notation, ‘

T(y)+XK(y)=f.
In this case the following results hold.



94 E. Venturino / Galerkin method
Theorem 2. If f€ CY*V[-1, 1] and thé Fredholm kernel K € C"* [ -1, 1] with respect to both
the variables, then the error of the method satisfies
lew e <H|for N1,
and if r> 3,
ey e < H I FU* Vilag(r — )N-"372,

ir the rest of the paper, some estimates will also be needed. We list them here, for ease of
reference. From [13, p.168}:

max Pe(x)=(" ) =n, @.7)
~1<x<1 n

where ¢ = max(a, B) > — % In vicw of the values attained by the index, this conditinn is always

satisfied. Recall also that

(n+q)= (tl+1)"'(¢I+")_

n p (2.8)
Finally, [13, pp. 58 and 63] yield respectively
a. +
PPy = (" 1 %), 2.9)
d

a[P,gaﬂ’(x)] =Hn+a+B+1)PeiF+(x), (2.10)
The L,-norm of the Jacobi polynomials will also be of interest [13, p.68]:

| P, = A = 2'XP(n+a+ 1)l (n + B +1)

X[[(n+1)M(n—x+1)2n+1-x)]"". (2.11)

3. Sharp error estimates

Our first task in this section is to derive the error equation. Let the solution of the equation
be expressed as the infinite series of the Jacobi polynomials P{*# = ¢, as follows:

y=X Bubu (3.1
n=x
note that in case of negative index, B_, is not present in the sum, since ¢_, = 0; also, if y =1,
By. which does not appear in the above sum, will be calculated from the normalization
condition (2.4). We assume also that the right-hand side can be expressed as an infinite series
in terms of the related Jacobi polinomials P{-3~" =y, ,, with coefficients «,_, for the
moment not yet specified:

f= Z an—an—)('
n=x
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Here it should be remarked that if y = —1, from the orthogonality condition it follows that
a, =0, since (2.5) can be restated as
<f9 lI{‘()>p = O-

The approximate solution of the equation is obtained by truncating the series representation
of y, denoting by c, the approximations of the coefficients B,,

N-1

YN = Z cn¢n’ (3.2)
n=0

and imposing that the residual of the equation

© N-1
rN(x) Ef(x)_T(yN)= Z an—x‘l’n—-x— Z CnT(¢n)
n=x n=yx
o N-1
Z Q,_ X n -x Z ‘)/C .ﬁl’n -X
n=yx n=yx

be orthogonal to the first N — y polynomials ¢;, i.e.,
<rN,¢II>p=O, j=X’X+1"",N—1'

This yields N — y algebraic equations, the Galerkin equations, which are used to determine the
values of the coefficients in the truncated expansion for the unknown function:

© N-1
Ya, (U 0= X vt s ¥dos J=x,x+1,...,N—1, (3.3)
n=y n=x

that is,

aj—x=ycj7 j=XaX+15---9N—1-

Let us define the error
eN(x) EY(x) _yN(x) = Z 8n¢n(x)'
n=y

Using (2.2) the error equation can be written as

T(en) =T(y=yn) =f~T(w) = ¥ @noyoy~ L ¥euthn-s

n=x n=x
=Y e,
n=N
We thus obtain

EST((b)—Zanxnx’

n=x
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so that by squating coefficients of the same polynomials we obtain:
é,=0, n=x,....,.N—1,

a,_,
8, = , =N, N+1 ..,
Y

the former equation expressing the fact that B,=c,, n=x,..., N— 1. This agrees with a
fundamental lemma proven in [14,15], which shows that the first N — y coefficients of the
Fourier expansion of ihe solution must coincide with the ones obtained by solving the Galerkin
equations. The expression for the error can then be written as:

ex(x) =7 T an_ bo(x)- (3.4)
n=N

We wani to show here that the occurrence of the Riemann zeta function in the error bound
obtained in [14,15] is sharp. Observe that using (2.9),

1w +
T e ("R
n=N
On the other hand, we also have the following upper bound:

. _ ox N o n+
lewle <171 E lan 1, le<ly 1 X leu 1" 1 7),
n=N n=N

"eN "x?IeN(l)l= 'y_l Z an~,\*¢n(1) =
n=N

n
where we have used (2.7). For the remainder of the paper, we make the assumption that
q=a, (3.5)
so that
-B=max(-a, —-B)=q*. (3.6)
Since we are about to provide a counterexample, this is not restrictive.
We can now specialize the constants «,, _ > We take them to be
-p
a,,_x=—(7n:-ﬁ—), a, forx=0, ay=a,=0 fory=-1, (3.7)
n
so that the above estimates become, in view of (2.7) and of the fact that N is large,
lewl<ly™ 1 X n72(" £ %) /(" ) =1y 1| T novrars
n=N n=N
<ly 'IN'"PX(p+x) (3-8)
and denoting by L a suitable constant,

x 1
leylle>Lly™"| Y n7P*e*B > LIy~ |N'=P=xz(p +x)—1+ﬁ , (3.9)
n=N
or, in summary
_ . 1
Ly "IN xg(p+x)2lleyll > LIy~ |N'7P X ((p+x)—l+ﬁ . (3.10)
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These bounds show that the aciual growth of [ley ll. is like N'™#~*{(p+ ), ie., the
occurrence of the Riemann zeta function is sharp. Moreover, they yield theoretical convergence
for the Galerkin method applied to the function f constructed in this way, provided that p is
chosen so that p > 1 — x. Given this condition, the upper bound (3.10) does in fact approach 0
as N grows large.

We now examine the right-hand side, to understand the implications of the assumptions
made so far. One extra difficulty with respect to the estimate obtained for the error is given
here by the fact that the series for f starts from y and not from N. We cannot use the
asymptotic estimate (2.7) abruptly. However, an upper bound is immediately calculated:

1flas X a7l ll/ (" 7 B) = 2(p). (3.11)
n=1
For x = —1, an upper bound on this norm is ¢, for y = 0 the upper bound is finite, but the

function f might have a large norm. In both such cases, being the uniform limit of continuous
functions, f must be continuous. For y =1 instead, the series on the right-hand side may
diverge. In order to possibiy undersiand more to what kind of forcing function the choice of the
coefficients a,,_, leads, we investigate the lower bounds as well:

i s n k—-a
Ifl=1fQ)l= X n?(" % ("-B)= n? [ ————.
f f() nz=:l ( n }/ n ngl kl:I]k+a+X
It is easily seen that
n k—a l-a n 2+
k=1 k+ta+y a+1l+yxji=z k+1+y

b

from which the estimate

1-—-
11> ) oy £ +240)

follows, with

Gx)=x(x+1)—-(x*-1)+:x(x—-1), x€{-1,0,1}.

Recalling the conditions for the convergence of the error, if follows that these lower bounds
even in case of positive index do not imply that the norm of the forcing function is necessarily
large. For y =1 more insight is obtained by looking at the estimate, using (2.9), (2.7), and
where C denotes a suitable constant,
N-1 w
Ifll> Zln_”[(n o) ;3) - Cn"’“”] +C Lot
n= n=

= constant + C{(p + 1 + 2a). (3.12)

For p =0 and a = 0, the series on the right-hand side converges, but its sum is large, implying
necessarily a large norm for the forcing function.

Notice that the convergence of the method must be shown since the function f does not
necessarily satisfy the sufficient conditions yielding convergence in the supremum norm, given
in Theorem 1, as it is clcar from the above considerations.
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In the choice made above for the coefficients a,_, nothing has been said about the
parameter p, which for the moment is still free, with the only restriction p > 1 — x in order to
attain convergence.

Now suppose we want the solution of the equation with a maxiinum tolerance, e, i.e.,
i ey Il < €. Recall that N is the size of the Galerkin system (3.3) that has to be solved. It is thus
limited by the amount of storage available on the system in use. Equivalently one could talk
about execution time, which is related to the size of the system. In fact in the program
implementing the Galerkin method there should be an exit test on the maximum iterations, or
the maximum execution time, the algorithm should perform. In any case it is enough to remark
that, N is system dependent, and therefore it is fixed a priori; then choose p so that

1

y NP X {(p+x)—l+—ﬁ > 1. (3.13)
This is certainly possible, since {(z) has a pole for z = 1; it 1s then sufficient to choose p larger
but close enough to 1 — x, to obtain the above inequality. The right-nand side constructed in
this way, whose coefficients are determined by the formulae (3.7) and (3.13) leads to a singular
integral equation which cannot be solved within the prescribed error tolerance by the Galerkin
method: indeed its approximate solution will differ from the analytical one by more than the
tolerance at least at some point.

It is also interesting to note that the convergence condition for the lower bound of (3.12) is
p> —2a,incase y = 1. If a = — 1, then p > 2. In such situation from the lower bound for the
error norm we obtain that the condition N7 /|y |[{(p +1) -1+ 1/N]> 1 does not hold any
more, since {(p + 1) < Z(2) = {2 The bounds for the error become in this case

%‘n‘zN—l_‘ [%‘rrz—1+1/N]
—— 2lleyll =
Iyl |yl

In other words, the maximum size N of the system which can be stored in the computer
memory determines the maximum accuracy 1/N, attainable in solving the Galerkin equations.

This is another instance for which the first-kind singular integral equations are better behaved
than second-kind ones.

N=1=¢  €>0.

An application

In order to substantiate the above analysis, we briefly discuss an engineering application in
fracture mechanics. In [4, p.557] it is shown how to obtain a second kind singular integral
equation from a system of singular integral equations for two bonded half planes containing a
series of interface cracks. For a single crack, assumed to be the interval (—1, 1), the system is:

A=) e £ (x) = @uo) ' palx),

w0 =) de i3 = Guo) o),

wheie p, and y represent material constants, p, and p, represent the external loads, f, and
f> are auxiliary unknown functions related to the displacements. Introducing the functions

o) =Ft) +ify(1),  P(x)=(210) [ p(x) = ipy(x)],
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the above system reduces to

(i)™ [ ple)(e=x) " dt = yo(x) = P(x).

If the extcrnal load is expressed as a series of Jacobi polynomials ¢, (x) with coefficients
a,_, expressed by (3.7), where p is small, we fall exactly into the case dlscussed above. For this
problem the algorithm will not give a solution within the prescribed error tolerance, and the
minimum obtainable error will be given by an estimate of the type (3.13).

In practical engineering situations, loads acting as delta functions are not uncommon. Since
they have a mass concentrated in a neighborhood of a point and are nearly zero everywhere
else, their supremum norm is large. Even though they can be approximated by smooth
functions, the latter will also possess large norms. Thus we have a potentially dangerous
situation, of the type described above. In such a case, care should be taken in trusting results
obtained with the Galerkin method.

4. The complete equation

What has been presented in the previous section can be extended to the complete equation.
The algebraic system to be solved is modified, but again the choice for the Fredholm kernel, as
well as the one for the right-hand side, is delayed as done in the previous section. We suppose
however that the kernel can be expressed in terms of the Fourier series

K(x,t)= Z Z Ki—x.j‘l’i—x(x)d’j(t)’ (4.1)
i=x j=0
and approximate it with the truncated series
N-1N-1
Kn(x,t)= X X K;_, ibi_ (x)d;(t). (4.2)
i=x j=0

If we apply the operator (4.1) to the representation (3.1) for the solution, we obtain that (2.6)
yields

Yt |vBat L BiKu N1 —any [ =0 (4.3)
n=x j=0
or
Y8+ T BiK,_ @il =y n=xsx+ 1, (4.4)
j=0

Substitution of the representaticn (4.2) and of the approximation (3.2) into (2.6), and use of tl?e
orthogonality relation of the residual against the first polynomials i;, yields the Galerkin
equations

i

i 2 Kool R e
=x j=0 n=x
LN-—

1, (4.5)
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where again the c¢,’s are used as approximations of the coefficients g8, of (3.1). The approxi-
mate equations are then the following:

N-1
Yeuor + L Kol ci=a, n=x,....N-1. (4.6)
j=0

Unlike in the situation for the dominant equation, these equations do not coincide with the
first N + x equations (4.4). Before proceeding any further, we need to specialize the choice for
the kernel K(x, t). The example provided here is simple, but along the same lines infinitely
many others can be constructed. Suppose the kernel can be written in separated form as
follows:

K(x,t)=k(x)d(t)= i_n: K, 1¥a, (X)®(t). 4.7)

In other words, K;;=0for i=x, x +1,..., and j=2, 3,... . Equations (4.4) reduce then to
the following ones:

YBn+Kn—x.l"¢l"iBl=an—x’ n=x, X+1’~"’ (4-8)

while the approximate equations (4.6) become
'ch"'Kn—x,l"‘Z"lnicx=an—,p n=x,....,N—-1. (4.9)

Evidently, now these are the first N — x of the equations {4.8). Thus the unknowns c, and g,
satisfy the same finite system, and therefore coincide,

¢, =B, n=x,....,N—1.

We can solve the system (4.9) to obtain

-1
Bl=a1—x[‘y+K|-x.1"¢1"i] > (4.10)
@ =Kl
P e L L1 P (4.11)
Y
Notice that the very first equation for y = —1 is identically satisfied by the convention ¢_, =0.

Also for y =0, —1, B, is still evaluated with formula (4.11).
Consider now the error: in view of the previous remarks,

eN =y -yN = Z ﬁnd’n(t)'
n=N
An upper bound for the supremum norm then can be calculated by again letting g = max(a, B)

= 1.
Saz— 3!

x x*x
n+
lenle< X 18, d,0< L 18,1(" %)
n=N n=N

<1y E {lan, 1+ ]BiKa oL (" 5 %) (4.12)

n=N
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Now let us specialize the constants, as done in the previous section:
n—P
an~x=Kn—x.l= (n-—ﬁ) . (413)
n

From the previous estimate, using the fact that N large allows us to use the asymptotic
estimate (2.7). we obtain
4

lewle <™ 1 5 e (1418, 16,12)(" %)
n=N(

© nﬁ)

=J Y n™?X=JIN'"""X{(p +x), (4.14)
n=N

where J is a constant. Convergence is ensured if p + y > 1, and again we would like to obtain a
lower bound containing the zeta function. We can compute it as follows:

Z[sqs(l)},lvl" z:[a wx =Bk 2] (P 5]

We finally choose the two remaining constants, in the formula for g;; we want a,_, <90 and
Ky 1>-v/ I, 12, so that, with these choices, B, < 0. Then usymptotically,

" (Y] ”oo =

(4.15)

ala& nf .
lewll>1v] ‘ngN(T:ﬁ—)[l-ﬁ.nmui}("Z“)

n

=ly7 L nreere(1 4181 2]
n=N

1
>HN‘“”‘X[{(1) +x)—1+— (4.16)

N b
where again H represents a constant. We can now repeat the argument at the end of Section 3
to show that in this case as well, in practice, by a suitable choice of the parameter p, the
approximate solution obtained with the Galerkin method will differ from the analytical solution
more than the required tolerance. Also, similar computations to the ones already performed at
the end of Section 3 on || f |l., repeaied here for || f |l and for || K ||, show that in some cases
these functions may well be badly behaved. Finally, we observe that not both these functions
need to have a bad behavior; indeed an alternative choice to (4.13) is to take the constants
K, ,1=0 and in such a way that their series converges:

Z Koo' 3 )=5<e. (4.17)
n=x

Then we would have

e Il < |y-‘|z —v("”)/(" B)+|y~'|zm.|1<,,y,|l¢ B )

E1\71-‘0—"{(17'*')() + (S"SN)BIH‘i’l”wl'Y‘— ’
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S, denoting the partial sum of the series (4.17); the right-hand side thus converges and for the
lower bound a similar analysis vields again the occurre e of the Riernann zeta function, so
that the same ccnciusion holds. Indeed note that the sequence of the partial sums of the series
{4.17) is monotonically increzasing, so that

lewll 3191 X n("5%)/(" 2 B) 41y T 181Kkl )

ENI‘P"X

1] 2, -
p+x)—-1+ "A‘,]"'(S"SN)ﬁll"!’l":v!')’l !

N

Alternatively, the roles of e,_, and K,,_, , in (4.13) and {4.17) could be interchanged and still
the same analysis carries through. In either way one set of cocfficients can be chosen so as to
make either the right-hand side cr the kernel a function as smooth as we please. The other
function instead might possibly exhibit a bad behavior, as the analysis at the end of Section 3
shows. Thus it is likely that a bad behavior of either the kernel or the forcing function is
reflected in the corresponding behavior of the error bounds and thus in poor performance of
the algorithm.

1
>N"”"‘[§(p+x)—1+—]-

An application

We refer again to [4, p.568). A torsion problem for an infinitely long elastic shaft bonded to
an elastic disk of finite width and different elastic constant is expressed as a singular integral
equaticn with 2 generalized Cauchy kernel, of the form

Tr—ifl ‘P(t)i(t -x) ' = (t+x-2)"" - (’+x+2)~1] i =f(x).
-1

Notice that the terms apart from the singular value are bounded for cvery i, x€(—1, 1), but
become unbounded as both x and ¢ simultaneously approach the =udpoints. In the same paper
also, other types cf kernels are discussed, containing weak or logarithmic singularities in
additicn to the principal value integral. Even though it is possible to represent within machine
accuracy such functions by means of smooth functions, these will exhibit large norms, and thus
faii o ihe class of badly behaved functions discussed above. it thus wouid be unrealistic io
claim coiwvergence for the Galerkin method and trusi blindly the computer results.

-

S. Cenclusions

In this study we have examined how the error bounds affect the Galerkin method, when
applied to the solution of singular integral equations. We have seen that the occurrence of the
Riemann zeta function in the error bound for the method, discovered in [14,15), is sharp. This
in turn shows that in particuiarly nasty cases, the method may very well fail to give a reliable
approximate soluticn in practice, because the size of the linear algebraic system needed to
achieve a given tolerance is too large to fit in the memory of the system or, equivalently, tha:
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the time required to solve it is too large. The occurrence of such situations in practical
problems has been examined, by discussing some instances where engineering probiems lead to
forcing functicns or kernels with large norms. One should also mention that these problems do
not arise if the norm used is the L,-norm, as illustrated in [14,15]. Also, it is interesting to
compare this analysis with the one done for direct quadrature-collocation methods, which
discretize the singular integral via an appropriate integration formula and then obtain a lincar
algebraic system by collocating the functional equation at a discrete sct of points. It is well
known that there is a relationship between the Galerkin method and the quadrature-colloca-
tion method. As it has been shown in [12], the condition number relative to the L,-norm of the
linear algebraic system obtained via quadrature-collocation grows like N3/2, where N is its size.
Evidently, for N large, this entails practical problems of the type addressed here.
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