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This theory is well established for the wave equation on R":

d2u(t, x) — Axu(t,x) = F(t, x),
u(0,x) = f(x), (1)
Ot le=ou(t, x) = g(x),

for which the following Strichartz estimates hold:
lullLer;Ley + ||u||1_00(1;111r7) + ||atu||L00(1;Hrff1) < ||f||HrT + gl go-1 + ||F||L13’(,;,;,g/+&4) (2)
on any (possibly unbounded) interval I C R, under the assumptions that

n+1/1 1 . n+1/1 1
o= s—=) o= ==
2 2 q 2 2 q

and separately the couples (p, q), (P, q) € (2, 0] x [2, 2%) satisfy the admissibility conditions

2 n—l_n—l 2 n—l_n—l

a 2 p qa 2

The estimate (2) holds also at the endpoint (2,2%) when n > 4. When n = 3 this endpoint is
(2,00) and the estimate (2) fails in this case without additional assumptions (see [13] and [25] for
more details).

These estimates yield existence results for the nonlinear wave equation in the Euclidean setting.
The problem of finding minimal regularity on initial data ensuring local well-posedness for semilin-
ear wave equation was addressed for higher dimensions and nonlinearities in [24], and then almost
completely answered in [27,12,25,8].

Once the Euclidean case was more or less settled, several attempts have been made in order to es-
tablish Strichartz estimates for dispersive equations in other settings. Here we consider real hyperbolic
spaces H", which are the most simple examples of noncompact Riemannian manifolds with negative
curvature. For geometric reasons, we expect better dispersive properties hence stronger results than
in the Euclidean setting.

It is well known that the spectrum of the Laplace-Beltrami operator —Apn on L2(H") is the half-
line [p2, +00), where p = % Thus one may study either the non-shifted wave equation

d2u(t, x) — Amnu(t,x) = F(t, x),
u(0,x) = f(x), (3)
O lr=ou(t, x) = g(x),

or the shifted wave equation

Fut,x) — (Amn + p?)ult,x) = F(t,X),
u(0,x) = f(x), (4)
Ot le=ou(t, x) = g(x).

In [29] Pierfelice derived Strichartz estimates for the wave equation (3) with radial data on a class
of Riemannian manifolds containing all hyperbolic spaces. The wave equation (3) was also investi-
gated on the 3-dimensional hyperbolic space by Metcalfe and Taylor [28], who proved dispersive and
Strichartz estimates with applications to small data global well-posedness for the semilinear wave
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equation. This result was recently generalized by Anker and Pierfelice [2] to other dimensions. An-
other recent work [15] by Hassani contains a first study of (3) on general Riemannian symmetric
spaces of noncompact type.

To our knowledge, the semilinear wave equation (4) was first considered by Fontaine [9,10] in
dimensions n =3 and n = 2. The most famous work involving (4) is due to Tataru. In [30] he obtained

i / 2
dispersive estimates for the operators % and cos(ty/Amn + p?) acting on inhomogeneous
H L0

Sobolev spaces and then transferred them from H" to R" in order to get well-posedness results for the
Euclidean semilinear wave equation (see also [11]). Though Tataru proved dispersive estimates with
exponential decay in time, these are not sufficient to obtain actual Strichartz estimates on hyperbolic
spaces. Complementary results were obtained by lonescu [22], who investigated L9 — L7 Sobolev
estimates for the above operators on all hyperbolic spaces.

In this paper we pursue our study of dispersive equations on hyperbolic spaces, initiated with
the Schrédinger equation [1], by considering the shifted wave equation (4) on H". We obtain a wider
range of Strichartz estimates than in the Euclidean setting and deduce stronger well-posedness results.
More precisely, in Section 4 we use spherical harmonic analysis on hyperbolic spaces to estimate the
kernel of the operator W\°"" = D=TD"~¢itD, where D = (—Agn — p2) /2, D = (= Apn + p% — p?) 112
with p > p, and o, T are suitable exponents. In Section 5 we first deduce dispersive L7 - L9 esti-
mates for Wt(a'r>, when 2 < q < oo, by using interpolation and the Kunze-Stein phenomenon [5,6,23].
In Section 6 we next deduce the following strong Strichartz estimates for solutions to the Cauchy
problem (4):

ullpcr:ray + llu 11 +|0u 1.1
lulleesiay + ||LOC(1;HU, Il el 1.1

33y L(ILH7 ™27 2)
SIFI -

po b3 F 18N o g Iy i, (5)

D=

D=

where [ is any (possibly unbounded) interval in R, (p,q), (P,q) € [2,00) x [2,00) are admissible
couples such that separately

n—-1_n-1

2 n—1_n-1
-+ > — = )
q 2

=

P q 2

+

= N

and o > (] - %), &>M - %). Notice that the Sobolev spaces involved in (5) are naturally
related to the conservation laws of the shifted wave equation (see Section 3). We conclude in Sec-
tion 7 with an application of (5) to local well-posedness of the nonlinear wave equation for initial
data with low regularity. While we obtain the same regularity curve as in the Euclidean case for sub-
conformal power-like nonlinearities, we prove local well-posedness for superconformal powers under
lower regularity assumptions on the initial data.

In order to keep down the length of this paper, we postpone applications of the Strichartz esti-
mates to global well-posedness of the nonlinear wave equation and generalizations of the previous
results to Damek-Ricci spaces.

2. Spherical analysis on real hyperbolic spaces

In this paper, we consider the simplest class of Riemannian symmetric spaces of the noncompact
type, namely real hyperbolic spaces H" of dimension n > 2 (we shall restrict to n > 3 in Section 7).
We refer to Helgason’s books [16-18] and to Koornwinder’s survey [26] for their algebraic structure
and geometric properties, as well as for harmonic analysis on these spaces, and we shall be content
with the following information. H" can be realized as the symmetric space G/K, where G = SO(1, n)g
and K = SO(n). In geodesic polar coordinates on H", the Riemannian volume writes

dx = const.(sinhr)" ! drdo
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and the Laplace-Beltrami operator

Agn = 82 + (n — 1) cothrdy + sinh ™2 rAgn_1.

The spherical functions ¢; on H" are normalized radial eigenfunctions of Appn:

{ Ay, =—(2 + p?) gy,
»:.(0) =1,

where A € C and p = % They can be expressed in terms of special functions:

n_q_1 A An
(PA(T)=¢§2 " 2)(r)=2F1<§+i—,£—i§;E;—sinh2r>,

where ¢§“’5 ) denotes the Jacobi functions and 3 F; the Gauss hypergeometric function. In the sequel
we shall use the integral representations

(p)\(r):/dkef(erM)H(a,rk)
K

raé )
= #)1 /d@ (sin®)" 2 (coshr — sinhrcos§) P~
VrArts )
r n) +r
—7-12"% E] (sinhr)?™" / du (coshr — coshu)"Z e~ *¥, (6)
= 4
which imply in particular that
|| <o SA+1e P VieR, r>0. (7)
We shall also use the Harish-Chandra expansion
O.(1) =cQ) Dy (r) +c(—A)P_(r) VAeC\Z, r>0, (8)

where the Harish-Chandra c-function is given by

_T@2p) (v

c(A) = — (9)
T'(p) I'(ir+p)
and
i A -1 A
@, (r) = (2sinhr)* =P, F4 (g - iz, —'OT - iz; 1—ix; —sinh ™2 r)
) +00
= (2sinhr)~Pe™ Y " (e

k=0

~e@=PT a5 5 to0. (10)
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It is well known that there exist v > 0, ¢ > 0 and C > 0 such that, for every k € N and A € C with
ImA > —e¢,

[H| <Ca+k)Y.

We need to improve upon this estimate, by enlarging the domain, by estimating the derivatives of I},
and by gaining some additional decay in A for k € N*. The following recurrence formula holds:

Io(d) =1,
plp—1)
0 =105 Z(l — DI,

Lemma 21. let0 < ¢ <1 and 2, ={L € C| |ReA| < ¢|A|, ImA < —1 + ¢&}. Then, for every £ € N, there
exists Cy > 0 such that

-1

|05 ()] < Cek?(1+1A)" VkeN*, 1 eC~\ £2. (11)

Proof. Consider first the case ¢ = 0. There exists A= A(¢g) > 0 such that |k —iA| > Amax{k, 1+ |1|}.

Choose v > 1 such that 2 _v_+1 <1 and C > 0 such that pr < §. For k=1, we have I(A) = "Y’l;),
hence

1 1
< 9
AT+ S 1+

no| <2

as required. For k > 1, we have

pp=1)  p(p—
o) = 2: k— TG
k) k—ix k(k — lk) (k= DI,
O<j<k
hence
|F(A)|<p2 1 > -
KIS T T T AR ]1+|x|

0<j<k

C 1 kv p%1 i\’
<=k C —— =
2<1+|A|+ 1+|A|AI<Z<I<>
O0<j<k

kl)
C .
1+

Derivatives are estimated by the Cauchy formula. O

Under suitable assumptions, the spherical Fourier transform of a bi-K-invariant function f on G is
defined by

HIA) = /dg F(@ein(2)

and the following formulae hold:
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e Inversion formula:

+00

f(x):const./d)\{c(k)rz?-[f()»)gok(x).

0
e Plancherel formula:

+00
||f||f2=const./dk|c(A)|_2|Hf(k)|2.
0

Here is a well-known estimate of the Plancherel density:

"3 vaeR. (12)

-2
e[ S IAP(1+12)
In the sequel we shall use the fact that # = F o A, where A denotes the Abel transform and F the
Fourier transform on the real line. Actually we shall use the factorization H~! = A1 o F~1. Recall
the following expression of the inverse Abel transform:

n—1

1 9\ 7
— . 13
sinhrar) &) (13)

If n is odd, the right hand side involves a plain differential operator while, if n is even, the fractional
derivative must be interpreted as follows:

A‘1g(r) = const. (—

+0o0

LI H (r) = const / ds sinh s ! ’ (s) (14)
sinhr or g = ’ J/coshs — coshr sinhs £(8).
T

3. Sobolev spaces and conservation of energy

Let us first introduce inhomogeneous Sobolev spaces on hyperbolic spaces H", which will be in-
volved in the conservation laws, in the dispersive estimates and in the Strichartz estimates for the
shifted wave equation. We refer to [31] for more details about functions spaces on Riemannian man-
ifolds.

Let 1 <q < oo and o € R. By definition, Hg (H™) is the image of LY(H") under (—AHn)_% (in the
space of distributions on H"), equipped with the norm

1z = | (—Ae) 7 f] -

In this definition, we may replace —Agn by —Agn — p2 + 5%, where § > |% — 112, For simplicity,

q
we choose p > p independently of g and we set

5:(—AHn —,02-1-,52)%.

Thus Hg (H") = D—°L9(H") and ||f||Hg ~ |ID? flpe. If o = N is a nonnegative integer, then Hg (H")
coincides with the Sobolev space
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WNI(H") = {f € L9(H") | VI f e LI(H") V1 < j < N}

defined in terms of covariant derivatives and equipped with the norm

N
I lwna =D IV o

j=0

Proposition 3.1 (Sobolev embedding theorem). Let 1 < q1 < q2 < oo and o1, 0 € R such that o1 — % >
09 — L1 Then

E.
o1 n 02 n
Hg, (H") C Hg; (H").
By this inclusion, we mean that there exists a constant C > 0 such that

IIfIIngz < CIIfIIHgll Vf e (H").

Proof. We sketch two proofs. The first one is based on the localization principle for Lizorkin-Triebel
spaces [31] and on the corresponding result in R". More precisely, given a tame partition of unity
1=3"%20¢; on H", we have

1

00 a2
1 F 22 oy = { > _l@if)oexpy, II‘Z,Zgzz(Rn)] :

j=0
Using the inclusions Hf{} @®R" C ng (R™ and ¢91(N) c £92(N), we conclude that

1
00

a1
. a1 =
[@if) o expy o1 o, ] =1l ey
=0

”f”Hf;zz(H") S { ‘
J

The second proof is based on the L9 — L9 mapping properties of the convolution operator po2—o1
(see [7] and the references cited therein). O

Beside the LY Sobolev spaces H‘qf (H™), our analysis of the shifted wave equation on H" involves
the following L? Sobolev spaces:

Ho,r(Hn) — 570 DerZ(Hn),

where D = (—Agn — ,02)%, o €R and T < 2 (actually we are only interested in the cases T =0 and

2
T =+1). Notice that
HOT(H")=HS(H") ifr=0,
HO*(H") c HS™F(H") if7 <0,

HOT () S HY P (EY) if0 <7 <2

1 Notice that oy —op > &+ — L >0,

n
q a2
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Lemma 3.2.1f0 < T < 3, then
HOT(HY) € HS T () 4 HSS (),
where H33 (H") = ﬂseR,qﬂ H; (H™) (recall that Hf7 (H") is decreasing as ¢ \( 2 and s /' +00).

Proof. Let f € L2(H"). We have D°D~7 f = f %k, ., where

+00
ko ¢ (X) = const. / dxr |c()\)|_2|)»|_’ (»* + ,(32)_%@(){)
0

by the inversion formula for the spherical Fourier transform on H". Let us split up the integral

400 1 +00
[=]+]
0 0 1

and the kernel

_ 1,0 00
ko < _k(m +k(m,

accordingly. On the one hand,
1(1,400(D)D7D 7" f = f %k,
maps L%(H") into HS** (H"). On the other hand, k , is a radial kernel in H3°(H"), hence
110,1)(D)D™" D f = f xK .

maps L2(H") into HSS (H") by the Kunze-Stein phenomenon. Thus DD Tf=fx ko belongs to
HY*T(HM) + HSS (HM), as required. O

Let us next introduce the energy

1

E(t) = 5fczlx{]&)ﬂl(t,><)|2 + [ Dyu(t, )[*} (15)

]H[n
for solutions to the homogeneous Cauchy problem
3u — (Amr + p?)u =0,

u(0,x) = f(x), (16)
O¢le=ou(t, x) = g(x).

It is easily verified that 9;E(t) = 0, hence (15) is conserved. In other words, for every time t in the
interval of definition of u,

Joue, x| 52 + | Deute, 0| 7> = 12, + 1Df 2.
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letoc eRand 7 < % By applying the operator D°DT to (16), we deduce that
~ 2 ~ 2 ~ 2 ~ 2
|8:D5 DEu(e. %2 + | DF Dy uce. %) = [D7 D7 g}, + | D7D £ 2.
which can be rewritten in terms of Sobolev norms as follows:

Joeut. )| Foe + U@ ) [2orr = 8130 + 1F e (17)

4. Kernel estimates
In this section we derive pointwise estimates for the radial convolution kernel w(” ‘D) of the oper-

ator Wt(” D) — D=TDT 9D for suitable exponents 0 € R and t € [0, j). By the inversion formula of
the spherical Fourier transform,

w(”?(r) = const. / di |G| A™ ()‘2"‘/0) e,

Contrarily to the Euclidean case, this kernel has different behaviors, depending whether t is small or
large, and therefore we cannot use any rescaling. Let us split up

w0 =wG O + w0

2
= const. / B xoW)|e)| PAT (12 + 52) 7 g (peitt
0
+00
+ const. / dX Xoo (k)|c(k)| 2+ 5%) = @ (r)e't

1

using smooth cut-off functions x¢ and xo, on [0, +00) such that 1= xp + Xc0, Xo =1 on [0, 1] and
Xoo =1 on [2,4+00). We shall first estimate w(‘7 ‘") and next a variant of w(” Y. The kernel w(” 7

has indeed a logarithmic singularity on the sphere r=t when o = % We bypass this problem by
considering the analytic family of operators

o2

7o, 7) _

— (D)D—Tﬁf—o’eifD
t,00 F(% _O_)XOO

in the vertical strip 0 < Reo < % and the corresponding kernels

~(0.T e’ a _
Wg,o’o )(r) = m ]/ di Xoo()»)|c()~)| ()»2 +p ) kg, (1). (18)

Notice that the Gamma function, which occurs naturally in the theory of Riesz distributions, will allow

us to deal with the boundary point o = % while the exponential function yields boundedness at

infinity in the vertical strip. Notice also that, once multiplied by xo(D), the operator D—tDT°
behaves like D~
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4.1. Estimate of w? = W%’”

Theorem 4.1. Let 0 € R and t < 2. The following pointwise estimates hold for the kernel w? = W%‘” :

(i) Assume that |t| < 2. Then, for every r > 0,

Wl ()| < o).

(ii) Assume that |t| > 2.
(@) fogr< |2i|,then

[wor)| < 1L 300 (m).

(b) Ifr >4, then

Wl < (1+1r— |t||)T_2e_'°r.
Proof. Recall that

2

I—0

w?(r) = const. / dr xo)|e()| AT (12 4 57) 7 g (nel®. (19)
0

By symmetry we may assume that t > 0.
(i) It follows from the estimates (7) and (12) that

2

[wln| < f dA A>T o (r) < o).
0

(ii) We prove first (a) by substituting in (19) the first integral representation of ¢, in (6) and by
reducing this way to Fourier analysis on R. Specifically,

2
wl(r) = / dk e~PHE—R) / dx xo(Ma(x)elt—HE-rbI1,
K 0

where a()) = [c(V)| 24T (32 4+ 52) 2", up to a positive constant. According to the estimate (12) and
to Lemma A.1 in Appendix A, the inner integral is bounded above by

[t—H@ ) > <t-n"3 =3,

Since

/dk e~ PH@-rk) _ wo(r),
K
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we conclude that

W) St g0 ().

We prove next (b) by substituting in (19) the Harish-Chandra expansion (8) of ¢, and by reducing
again to Fourier analysis on R. Specifically,

+00
wl(r) = @sinhn ™" > e 2710, 1) + 1%, )}, (20)

k=0

where
2
20, = / di xo(MaE (nyel =N

0

and

GEG) =c@F) AT+ 52) T N,

By applying Lemma A.1 and by using the estimates (11) for I} and its derivatives, we obtain

2| SA+0"E+n"2< (1 +k)'rr 2

and

1706 0)| S A+0" (1 +r—t) 2.
We conclude the proof by summing up these estimates in (20). O

4.2. Estimate of W = Vvﬁf’;)

Theorem 4.2. The following pointwise estimates hold for the kernel We° = Vvif’og), for any fixed T € R and

uniformlyin o € C withReo = %:

(i) Assume that 0 < |t] < 2.
(a) If0<r <3, then

WV

’

liimea ifn>3
n=2.

(GRS ) \
lt|=2 (1 —loglt]) if

(b) Ifr = 3, then W (r) = O(r~e~*").
(ii) Assume that |t| > 2. Then

W] <+ |r—1el)) e vr>o.
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Proof of Theorem 4.2(ii). Recall that, up to a positive constant,

o2 +00
e -0

/ dh oo M) 2ATT (02 + %) @r (e

O o) )

By symmetry we may assume again thatt > 0. If 0 <r < % we resume the proof of Theorem 4.1(ii)(a),

using Lemma A.2 instead of Lemma A.1, and estimate this way

W] St —1"%po(r) St™e 7" (21)

Ifr> % we resume the proof of Theorem 4.1(ii)(b) and expand this way

o2 +o00
Weo(r) = ——5——(sinhr) ™" > e LIz ) + Lo 0}, (22)
re; —o) k=0
where
+o0
15,1 = / A Yoo (W)@ (R)e =N
0
and

aEW) =c(F)ATT(A2 + ﬁ2)%° T (£X).

It follows from the expression (9) of the c-function and from the estimates (11) of the coefficients I}
that )(ooaki is a symbol of order

g [ ifk=0,
-2 ifkeN*.

By applying Lemma A.2, we obtain the following estimates of the expressions Iki‘w(t, r), except for
I;°%°(t,r): VN e N*, 3Cy > 0,

e n|<cenleNa+kYc+n N <cyloNa +kvrN, (23)

|Il:’oo(f,r)| gCN|O’|N(1+k)u(1+|r—t|)7N. (24)
As far as Ia‘w(t, r) is concerned, Lemma A.2 yields the estimates

CnloNir—t=N if |r —¢|
C(1+log |r1t\) if |r — ¢

21,
<1 (25)

|I; .| < {

The second one can be improved by applying Lemma A.3 instead of Lemma A.2. For this purpose, let
us establish the asymptotic behavior of the symbol a, (1), as A — +o0c. On the one hand,
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L L@ T+ T, (itp\*2 »
‘N =Tem ran Trep ( i ) (ir+ )1+ 0G)
—eTaP{14+ 007"},

according to Stirling’s formula

rE) =v2res-re {1+ 0(g™")).

On the other hand,

)\‘71’()\'2 +I52)T :)\‘*0'{1 +0(|0.|)\'72)}
Hence
ag (&) = cor~ "M 4 bo(a)  with |bo(M)| < Clo|a 2.
By applying Lemma A.3 with m =0 and d = —2, we obtain

|o|?
[Imo|

|1, n|<cC if r —t] < 1. (26)
Instead of the singularity log ”]Tﬂ in (25), the estimate (26) of Ig’°°(t, r) involves this time the singu-
larity ﬁ which cancels with the denominator of the front expression

e’

_ 27
e (27)

in (22). Notice moreover that the numerator of (27) yields enough decay to get uniform bounds in o.
In conclusion, by combining (22), (23), (24), (25), (26), we obtain

W] < (1 +1Ir—t) Te " >t g

N

Remark 4.3. The kernel wg°(r) can be estimated in the same way, except that

|we)| Se " log

[r—1t]]
when r is close to [t].

Let us turn to the small time estimates in Theorem 4.2. The estimate (i)(a) is of local nature and
thus similar to the Euclidean case. For the sake of completeness, we include a proof in Appendix C. It
remains for us to prove the estimate (i)(b).

Proof of Theorem 4.2(i)(b). Here 0 < |t| <2 and r > 3. By symmetry we may assume again that t > 0.
We use now the inverse Abel transform given by formulae (13) and (14). Up to positive constants, the
inverse spherical Fourier transform (18) can be rewritten in the following way:
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e’ 1
We(r) = ————A" (),
¢ (1) e —o) g(r)

where

+0o0

2, =2\5% A
g(r)=2 / dA XooMATT (A% + p?) 2 €' cosar.
1
Let us split up 2cosAr =e™*" +e~"*" and g(r) = g7 (r) + g7 (r) accordingly, so that

+oo
g (= / d2 Yoo (WA (A2 _|_I52)%ei(tir))\.
1

Case 1: Assume that n =2m + 1 is odd. First of all, let us expand

1 3 m m - 9 12
<sinhr§> —éa@ (r)<§> '

Since the coefficients ag°(r) are linear combinations of products

1 2\?/ 1 AR
sinhr )~ \ar sinnr ) % \ar sinhr /)’

with &+ +lp =m—¢, and = =2 Zf:og e~ @JHDr is 0(e™"), as well as its derivatives, we deduce

that ag°(r) is O(e™™") as r — +oo. Consider next

+00

AN Tz
(5) g;t(r)= / dAXOO(A)A_r(k2+p2) 2 (il)\)éel(tir)}\.

According to Lemma A.2, for every N € N*, there exists Cy > 0 such that

I\ .
‘(5) g ()

<CnloNar oM.

As a conclusion,

~ a\™ _ N _n=1
|W?O(r)|=c<sinhr§> (g +g ) <CyrNem 2" VNeN*.

Case 2: Assume that n = 2m is even. According to Case 1, for every N € N*, there exists Cy > 0 such

that
1 9\"
— s
’(sinhs 85) &)

< CploNs™Ne™  vs > 3.




J.-P. Anker et al. / . Differential Equations 252 (2012) 5613-5661 5627
By estimating

s+r s—r s—r
coshs — coshr = 2sinh % sinh — > e’ sinh 5

: —(m—1 —(m—1 N_.N
sinhs <ef, e M DS Lemm=Dro =N <y

)

and performing the change of variables s =r + u, we deduce that

|Wee )| < e /oods sinh s < ! a>mg (s)
Y e o) Jcoshs —coshr | \sinhs as ) &
+o00 ioh
sinhs
<CN/dS—5*Ne*m5
J/coshs — coshr
—+00
<CNr_N€_(m_%)r/7du <o Ne™'7T. o
0 sinh §

5. Dispersive estimates

In this section we obtain L9 — L9 estimates for the operator D~* D"~ ¢!?, which will be crucial
for our Strichartz estimates in next section. Let us split up its kernel w, = w? + w® as before. We
will handle the contribution of w?, using the pointwise estimates obtained in Section 4.1 and the
following criterion based on the Kunze-Stein phenomenon.

Lemma 5.1. There exists a constant C > 0 such that, for every radial measurable function k on H", for every
2<q,g<ooand f e L9 (H"),

1

+oo T

. _ Q
I f*xlle <Cllflle [ / dr (sinhr)"™ o (N# |k ()]
0
where |1 = 72[“;1{(5;"7} and Q = %.2

Proof. This estimate is obtained by complex multilinear interpolation between the following ver-
sion [19] of the Kunze-Stein phenomenon

+00
: -1
I1frcliz SNfle /dr(slnhr)" @o (1) |k ()]
0
and the elementary inequalities
Ifxrlia < flipllcllce, If o wlieee < I FllaliKcllpa-

2 Noticethat%=%+%andu+Q>2.
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Specifically, if 2 < q < 0o and 2 < g < g, define 2 <r < oo by % = % };gj?g. By complex interpolation,

let us deduce the intermediate estimate

_2
‘/f*(% Tg)@h)ydx| S f Nl llgle bl (28)
]H[n
from the endpoint estimates
Ufo*go(x)ho(X)dx < N follp lgollerlholl (29)
Hn
and
‘/h * (g ' &1)@h (0 dx| S [ f1llzllgali il 2. (30)
Hﬂ
Here

fzzotﬂl/\j, gZZﬂlek, h:Zyﬂlq

finite finite finite

are linear combinations with nonzero complex coefficients of characteristic functions of disjoints Borel
sets in H" with finite positive measure, the Bj's being moreover spherical. As in the proof of the
Riesz-Thorin theorem (see for instance [3, §1.1]), we assume that | f|l,7 = llgll;e = llhll,¢ =1, we
consider the analytic families of simple functions

fo=) ajlajl®@ s, ge= ) BlBPP T . he= ) vl @,

finite finite finite

where

r 2

a(z) 1 1 1 b(z) 1 1 c(2) 1
— = zZ+ —, —_—=—=Z4 -, =—=z+1,
q/ < > + r/ Q r/ + r q/ 2 +

and we apply the Hadamard three lines theorem to the holomorphic function
¥(2) = / fz* (Po ‘g, (X)hz(x) dx

in the vertical strip {z € C | 0 < Rez < 1}. More precisely, if Rez =0, then

/

a : i
Rea) = = |flj, =Ifl], =1.
Reb 2 =gl =1
eb@== = lglr=lglo=1,
Rec@=q' = Il =IhIT, =1,

hence |y (z)| < 1, according to (29). Similarly, if Rez =1, then
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1

q ~
Rea(z) = = I£205 = 1F1% =1,

Reb@=Q = |glu=lgly=1.
/

q i
Rec(z) = = hz12, = IR, =1,

hence | (z)| < C, according to (30). The estimate (28) is obtained by applying the three lines theorem
to ¥ (z) at the point z= %, where

az)=1 = f,=f,
b)=1 = g,=g,
c(zy)=1 = h,=h.

Eventually, the symmetric case, where 2 < § < oo and 2 < g < g, is handled similarly. O

For the second part wg®, we resume the Euclidean approach, which consists in interpolating ana-
lytically between L2 — L2 and L' — L estimates for the family of operators

o2
o7(0,7) € —TRT—0 ,itD
WenD =~y (D)D" "D" e (31)
t,00 F(n—gl _O_)

in the vertical strip 0 < Reo < %
5.1. Small time dispersive estimate

Theorem 5.2. Assume that 0 < |t| < 2,2 <q<00,0<T <3 ando > (n+1)(5 — %). Then,

1 1
= DEe ifn>3,
_(l_l) 1-2
[t 27’1 —loglt]) "9 ifn=2.

~

DB, < {

Proof. We divide the proof into two parts, corresponding to the kernel decomposition w; = w? +wge.
By applying Lemma 5.1 and by using the pointwise estimates in Theorem 4.1(i), we obtain on one
hand

+00 %
Hf*W?HLqS{ / dr(sinhr)”1<po<r)}w?(r)!%} £l

0

+o0 %
s{fdr<1+r>1+3e—p“3—“> Il

0

SIflle Yfeld.

For the second part, we consider the analytic family (31). If Reo =0, then

£+ W2 SIflle Vf el
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If Reo = % we deduce from the pointwise estimates in Theorem 4.2(i) that

|F @5 o SII" T U fI VL

By interpolation we conclude for o = (n+ 1)(§ — %) that

1_1 ,
|fxw®|,, <1722 f,y VFell. O

o
5.2. Large time dispersive estimate

Theorem 5.3. Assume that |t| > 2,2 <q<00,0<T <3 ando > (n+1)(§ — %). Then

—TRT—0 ,itD -3
|D7*D™ % ”Lq’—m S
Proof. We divide the proof into three parts, corresponding to the kernel decomposition
0 0
we +1 wy +wie.

wy=1

B0, ) Hr~B(0, &)

Estimate 1: By applying Lemma 5.1 and using the pointwise estimates in Theorem 4.1(ii)(a), we obtain

t|

y :
uf*mmaawﬂmﬂs{/msmquwumWaoﬁ}|um¢
0

+00
q
g!/dr(wr)”ge”(g”] "1 flle VFell.
0

<+00

Estimate 2: By applying Lemma 5.1 and using the pointwise estimates in Theorem 4.1(ii)(b), we obtain

+o0 3
[ e e N

Ie|
2

2

+00 3
/drre_(%_l)"r} Iflle Vfeld.

1t
2

A

Slej=e°

Estimate 3: In order to estimate the L9 — L9 norm of f > f x wg®°, we may apply Lemma 5.1 and
use pointwise estimates of w{® (see Remark 4.3). While

-1 +00
dr(sinhr)”’](po(r)|wt°°(r)|% and /dr(sinhr)”’l(po(r)|wfo(r)|%

0 tl+1
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are O(|t|~*°) for any o € R, the integral
[t]+1

/ dr(sinhr)"q(po(r)’Wtoo(r)’%

t]—1

is finite provided o > 131 — %, which is too large compared with the critical exponent (n+1)(3 — 1).

q
Instead we use again interpolation for the analytic family (31). If Reo =0, then
If* W2 SUflle Vfel?

If Reo = % we deduce from Theorem 4.2(ii) that

[f W o SIET®Nfln Vfell.

By interpolation we conclude for o = (n + 1)(% — %) that

|fwe | SNl Vel O

By taking T =1 in Theorems 5.2 and 5.3, we obtain in particular the following dispersive estimates.

Corollary 54.Let2 <q <ocoando > (n+1)(3 — %). Then

itD
~ e
—o+1
Dot
D

1 1
< { 0" VETD o < <2,

LT Nl e if1t] > 2,

b 1r—=DG - -G-9 1-2 i dimensi
with |t| 27 a’ replaced by |t|” "2 a’(1 —log|t|) ¢ in dimensionn = 2.
Remark 5.5. Notice that Tataru [30] obtained dispersive estimates with exponential decay in time
for the operators costD and %, but did not prove actual Strichartz estimates. Here we obtain
dispersive estimates with polynomial decay in time for the operator e't?, This difference reflects the
fact that the Fourier multipliers associated with the operators costD and % are analytic in a strip

of the complex plane, which is not the case of eitP,

By applying Lemma 5.1 in full generality, we obtain the following decoupled estimate for the
operators

W™ = xo(D)D BT 7.
Proposition 5.6. Let 2 < ¢,{ < 00,0 < 7 < 3 and o € R. Then
(0,7) -3
” Wt,O ”Lﬁ’_)Lq 5(1 +|t|) vVt e R.

6. Strichartz estimates

We shall assume n > 3 throughout this section and discuss the 2-dimensional case in the final
remark. Consider the inhomogeneous linear wave equation on H":
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0 3 Lo
Fig. 1. Admissibility in dimension n > 4.

1

q

1

1

2

0 5 T

Fig. 2. Admissibility in dimension n = 3.

Fut,x) — (Amr + p?)ult,x) = F(t,X),
u(0,x) = f(x), (32)
O¢le=ou(t, x) = g(x),

whose solution is given by Duhamel’s formula:

sintDy ‘ sin(t — s)Dy
u(t, x) = (costDy) f(x) + D g(x)~|—/ds DiF(s,x).
0

Definition 6.1. A couple (p, q) is called admissible if (%, %) belongs to the triangle
11 1 1 2 n—-1_n-1
Tn=1(—~)e(0,5]|x(05])]=+ > (33)
b q 2 2 p q 2

Remark 6.2. Observe that the endpoint (%, % - ﬁ) is included in the triangle T, in dimension n > 3
but not in dimension n =3 (see Fig. 2).

(see Fig. 1).

Theorem 6.3. Let (p, q) and (p, q) be two admissible couples. Then the following Strichartz estimate holds for
solutions to the Cauchy problem (32):
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llloran S ooy, g 1800y -y + IF N oo, (34)

where o > ("zﬂ(% — %) and o > ("zﬂ(% — %). Moreover,
u < F|. 51, 35
L L I B Y I S - IR o L o I € )

Proof. Consider the operator

~_0_+% e:l:ith

v/ Dx

initially defined from L%(H") into L (R; H™ %% (H™)), and its formal adjoint

Tf(t.,x) = f®),

+00
/ ~_o41/2 ySD*F( ),
T*F(x)= [ dsDy S, X
® /Dx

X
—0o0

initially defined from L!(R; L2(H")) into H~%7 (H"). The TT* method consists in proving first the
LP (R; LY (H")) — LP(R; LY(H")) boundedness of the operator

1o i(t—5)Dy

TT*F(t,x) = / dsD; 2t ———F(s,x)
Dy
—00
and of its truncated version
t )
- eiz(t—s)DX
TF(t,x):/dsD;zo“iF(S,x),
Dy
—00

for every admissible couple (p, q) and for every o > "1(J — %). and in decoupling next the indices.

Assume that the admissible couple (p, q) is different from the endpoint (2, 2%). Then we deduce
from Corollary 5.4 that the norms ||[TT*F(t, x)||Lm and | TF(t, X)”L[pl_g are bounded above by

/ dsit—sI"*|Fs.0] 0|+ H / dst s [F(s, 0 o | . (36)
0<|t—s|<1 L [t—s|>1 L
where o = (n — 1)(— - —) € (0,1). On the one hand, the convolution kernel |t — s|~2 Lyje—s)>1) de-

fines obviously a bounded operator from LP1(R) to LP2(R), for all 1 < p; < p2 < oo, in particular
from LP' (R) to LP(R), since p > 2. On the other hand, the convolution kernel |t — s|™*Ljo<|r—s|<1}
with 0 < o < 1 defines a bounded operator from LP'(R) to LP2(R), for all 1 < pq, p2 < oo such that
0< pl—] — p1—2 <1 —«, in particular from LY (R) to LP(R), since p > 2 and 2 >a.

At the endpoint (p,q) = (2, 2n 3), we have « = 1. Thus the previous argument breaks down and
is replaced by the refined analy51s carrled out in [25]. Notice that the problem lies only in the first
part of (36) and not in the second one, which involves an integrable convolution kernel on R.

Thus TT* and 7T are bounded from LP (R; L7 (H™)) to LP(R; L1(H")), for every admissible couple
(p, q). As a consequence, T* is bounded from LP (R; LY (H")) to L>(H") and T is bounded from L (H")
to LP(R; LY(H™)). In particular,
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~—o+d 1 .0 ~g-1 1
[ (ostDw) (02,0 < | D2 D 2P DY D F (0 1py9 S IS

11
H°= 22

and

< ||D U+2D i :I:zthD 2D g(x)||,_qu S ||g||

—_

We next decouple the indices. Let (p,q) # (P,q) be two admissible couples and let o >
g — %), 5>m1d - %). Since T and T* are separately continuous, the operator

e pi(t—s)Dy
TT*F(t,x) = / dsD oot F(s,x)
Dy
—00

is bounded from LP'(R; L% (H")) to LP(R; LI(H")). According to [4], this result remains true for the
truncated operator

t

+i(t—s)Dy
~ = e
TF(t,x) = / dsDy ot - F(s,x)
Dy
—00
and hence for
~ ~ = sin(t —s)D
TF(t,x) =/ds D;‘H’“Mm, X)
0 Dx

as long as p and p are not both equal to 2. We handle the remaining case, where p = p =2 and
2<q#q< 22‘3, by combining the bilinear approach in [25] with our previous estimates. Specifi-

cally let us split up again I = xo(D) + Xoo(D)?, using smooth cut-off functions, and 7 =70 + 7
accordingly. On one hand, it follows from Proposition 5.6 that

t
TOF(t, x) = / dsXO(DX)D;l5)1(707&e:|:i(t75)DxF(s7X)

—00

is bounded from LP'(R; L9 (H")) to LP(R; LI(H")), for every 2<p,p<ooand 2 <q,q < oo, in par-
ticular for p=p=2and 2<q,G<21= 1 . As far as it is concerned, the L2Lq — L%L9 boundedness of

TOOF(t, X) — / ds XOO(DX)ZD;]5)1(_0_6e:ti(t_3)DxF(s7 X)

—00

amounts to estimating the Hermitian form

B®(F,G) = / dsdt/dxxoo(Dx)D 12p1/2=6 oFisDxp (5, x)

s<t Hn

X Xoo(Dx)Dy /2 Dy/* 77 eFitDx G (t, x)
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Q=

=

Q=

Fig. 3. Interpolation.

by [Fll;2;a |Gl 2, - Let us split up dyadically

- Il

s<t ITTO00)gts<itl

and B® =Y 1 B°° accordingly. For every j € Z, let us further split up

J=—00
+00 +oo
F(s,x)= Z Lo k+1)2i) (SIF (s, X) and G(t,x) = Z Lipoi (o41)2i) OG(E, X) .
k=—o00 - {=—00 )
FO (5.0 6P tx

Notice the orthogonality

oo 1/2 +oo . 1/2
1Fll2a = i Z |F(D HLZLq ] ) Gl 2 10 :{ Z HGEJ) ”LZLq’}

k=—o00 {=—00
and the almost orthogonality
— @ W
BRY(F.O)= >, BF(R".G).
k,teZ

t—ke{1,2}

We claim that

22K@DIED | 16D oy <O

. (37)
27N FD ) g 16 o i >0,

529, 6| < {

when 2 <q,§ <22 and x(q.9) = %(% + %) — =3 These estimates will be obtained by complex
interpolation between the following cases (see Fig. 3):

(@) g=2and 2<§ <2}
(b)2<q<2; dt7=
(€)2<q=q<
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Case (a): Assume that q=2,2<g< 2"—3 and Reo =0, Reg = %l(% - %). Consider the operators

. +itDy
T f(t.3) = Xoo (D) Dy 728 ok
and
+oo FisDy
(Tm)*F(x):/dsxoo(Dx)D o3¢ — F(5..

By resuming the proof of Theorem 5.2 and by applylng the T°°(T°°)* argument, we obtain that (T>°)*
is bounded from LP'(R; L9 (H")) to L2(H"), where 1 = (— — —) By combining this result with

p
Holder’s inequality, we deduce that

|85 (F. )| < sup
teR

_1 1 & . .
’ / ds xoo(Dx)Dy 2 D2 ; 7eisDxp (s, x)
t—2J+ <5t —2J

1.1 »
HXoo(DX) *Dy ]FltDXGEJ)(LX)HLle

<sup||IL(t 2t aiy FY G, 0| P, 0112

% .
<27 R

1214 |

with pl =«(2,q).

5

Case (b): If 2 <q <2821, G=2 and Reo = 1 (5 — 1), ReG =0, we have symmetrically

Q|-

155°(F. 6P)| < 2B | 2o |67 oo -

Case (c): Assume that 2 <g=§ < oo and Reo =Red = %(% — %). Let us rewrite

B (F(]) G(]) // det/dX{Xoo(Dx)z ]D] o—6 :|:l(l' S)DXF(])(S X)}G(])(t X)

2it—s<2it1 H"

By using the dispersive estimates

1_1
P i L I L R Lt
(t—s)=> ift—s>2

(see the proofs of Theorems 5.2 and 5.3), we obtain

~m=DG=piyp0) () o

‘BC?O(F,(]) G(]))| < {2 L ”Fk ”LTLQ’ ”G@ ”L]Lq’ if j<0
J k ~ . . ! .

27 E 11 16 N if > 0.
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Hence, by Hoélder’s inequality,

2K<q’q)j||F,£]) 250 ||G§])||L2Lq/ if j <0,

27 F ) 2y 16D N1 2y i > 0.

52, 60| < {

Our claim (37) follows now by complex interpolation between the estimates obtained in Cases (a), (b)
and (c) above. By summing up (37) and by using Hoélder’s inequality, we conclude that

B2F.6)| <Y [BEE.6)|< Y [BE(ED. 6P

jez jkLeZ
{—ke{1,2}
. ) )2 12 )12 kS
< { sz(q,q)J + ZTOOJH ZH F,E]) ||L2Lq'} { Z”G/E]) ”Lqu’}
<o j>0 keZ =

SIFl 2 1Gl 2

if2<q#q¢< 22%1 otice that «(q,q) > 0 under this assumption.

N
3
Let us turn to (35). On the one hand, the energy estimate (17) yields

sintD .
(costD) f + P Py + |—(sintD)Df + (costD)g”Haf%.f%
<V2{Ifll ooy g T8l oy )

for every t € R. On the other hand, since T* is bounded from LP (R; L% (H")) to L2(H"), both expres-
sions

t
/ds sin(t — s)Dy F(s.x)

t
~o—1 1
= H/ds D;7 2Dy % sin(t — s)DxF (s, x)
0

o111
0 D Hy 272 13
and
t t 1
~o_1 1
/dscos(t—s)DxF(s,x) L= /dsD,(: 2Dy % cos(t — s)DxF(s, x)
glTz72 12
0 X 0 X
are bounded above by
+00
1itD, N—G+5 —% isDy o451
e ds Dy D, ‘e Dy Lo,n(S)F(s,x)
—o0 L3

N 6—1
5 ”]l(O,I)(S)Dg-H) F(S, X) ”Lﬁ’Lﬁ’ 5 ”F“Lf’,(R‘H?'F&_l(Hn))’
s bx g

uniformly in t € R. We conclude the proof of (35) by summing up the previous estimates and by
taking the supremum over t e R. O
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q
1
1T &
1 <
2 \ !
A 1
N 1
N '
\ '
A '
N i
\ i
o> ---4
1 1 1
0 1 2 1 P

Fig. 4. Admissibility in dimension n =2.

Remark 6.4. Observe that, in the statement of Theorem 6.3, we may replace R by any time interval [
containing 0.

Remark 6.5. An analogous result holds in dimension n =2 and its proof is similar, except for the first
convolution kernel in (36), which becomes

It —s17(1 = log |t — s1)" T j0<pr—sj<1).

withe =1 — % and =2(§ — %). It turns out that, in this case, a couple (p, q) is admissible if (%, %)

: 11 1 1v(2,.1_1 :
belongs to the region T, = {(5, 5) €0, 5]1x(0,3)] s+a7> 5} (see Fig. 4).
7. LWP results for NLW equation on H"
We shall assume n > 4 throughout this section and discuss the lower-dimensional cases n =3
and n =2 in the final remarks. We apply Strichartz estimates for the inhomogeneous linear Cauchy

problem associated with the wave equation to prove local well-posedness results for the following
nonlinear Cauchy problem

du(t,x) — (Amn + p?)u(t, x) = F(u(t, x)),
u(0,x) = f (), (38)
Otle=ou(t, x) = g(x),

with a power-like nonlinearity F(u). By this we mean that

|[Fw)|<Clul¥ and |F)—F®)|<C(lul” " +[v|” u—v| (39)
for some C >0 and y > 1. Let us recall the definition of local well-posedness.

Definition 7.1. The NLW Cauchy problem (38) is locally well-posed in H®* x H® T~ if, for any bounded
subset B of H%'T x H?T~1, there exist T > 0 and a Banach space Xr, continuously embedded into
C(-T,T]; H*O)NnCY([—T, T]; H*T~1), such that

o for any initial data (f, g) € B, (38) has a unique solution u € Xr,
e the map (f, g) — u is continuous from B into X7.
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3 .\ o,
: . Cy

0 &NNNN ‘
1 M Y2 Yeonf Voo Y

Fig. 5. Regularity in dimension n > 4.

The amount of smoothness o requested for LWP of (38) in Ho=33 x HO=3~3%

is represented in Fig. 5.

depends on y and

There
_n+3_ .3 __m+D? 2 _n+3_,. 4
‘J/]_ n - n! VZ_(n_1)2+4_ %—i—%’ Vconf—n_l— n—‘l’
2 7 3 2 dn4 (150 — 22 (16 2
_ n?+5n—2++/n*+2n3 +21n —12n+4 |
V= 2n% — 2n n ’
n2+2n->5 2 . ys ifn=4,5,
V4_n2 2n—1 1+%_n]_1’ J/OO_mln{y3ay4}_{y4 1fn>6
and the curves Cq, Co, C3 are given by
n+1 n+>5 n+1 1 n 2
Ci(y) = 1- . Gy)= . Gy=2c
1)=— ( Zny—n—l) 2¥)=— - 3()=3 -

When y < Y, we obtain the same regularity curve as in the Euclidean case. Since our Strichartz es-
timates hold for a large family of admissible pairs, they are sufficient to study the regularity problem
via a fixed point argument; in the Euclidean setting this problem was solved by different methods,
depending on the range of the power y involved in the nonlinearity and on the regularity of initial
data.

Theorem 7.2. Let n > 4 and assume that F(u) satisfies (39). Then the NLW (38) is locally well-posed in
HO=3:% x H"“*_% in the following cases:

(A) 1 <yrando > 0;

(B) yl < y yaand o = C1(y);
(O) Y2 <Y <Veontand o = Ca(y);
(D) Yeonf ¥ < Yoo and o > C3(y).

More precisely, for all such nonlinearity power y and regularity o, there exists a positive T, depending on the
initial data, and a unique solution u to NLW (38) such that
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5640
e C([=T, T}; H® =23 (H")) N LPO([—T, T1; L% (")),

for a suitable admissible couple (po, qo), and

deu € C([—T, T1; HO =373 (H")).

Proof. We apply the standard fixed point method based on Strichartz estimates. Define u = @(v) as
the solution to the following linear Cauchy problem
d2u(t,x) — D2u(t,x) = F(v(t,x)),
(40)

u(0,x) = f(x),
Ot|e=ou(t, x) = g(x),

which is given by the Duhamel formula

. t .
u(t, x) = (costDy) f (x) + SthDXg(x) +/ds Sm(tD;S)D"F(V(s’ x)).
X 5 X

We deduce from the Strichartz estimates (34), (35) and from Remark 6.4 that

u orlu u _T.TT:
l ”LOO([—T,TJ;H”*%'%)-I_” ¢ ||Lw(l_T’TJ;H0,%<,%)+|| L =1,T1;19)
% + ||F(V)||Lﬁ/([7T,T];H:~;,+&_1)’

<

S IIfIIH(,_%,% 18l -1,
for all admissible couples (p,q), (p,q) introduced in Definition 6.1, for all o > %(% — %), o>
%(l — 1y, and for a positive T to be determined later. According to the nonlinear assumption (39),

2 g
we estimate the inhomogeneous term as follows:

”F(V) ||Li”([_T,T];Hg,+5‘1) S ” v ”Li’/([—T,T];H;*'&—l)'

Assuming 0 +6 — 1< n(% — 1y <0, we deduce from Sobolev’s embedding (Proposition 3.1) that

Oru u ~T.T);
+ 110 ”LO@([—T,T];H"*%**%)+” lILe—1,7):L9)

Y
Ly (=T, 7.7

u o111
L(-T,T;H™ 2°2)

[l
<
S ||f||HU_%,% +

+ vl

IIgIIHo_%T 1

In order to remain within the same function space, we require that q = §}y. After applying Hélder’s

inequality in time, we obtain
1+ lulleeq—1,11;09

u ol
N IR Y ISP
18l oy -3 + T IVID 7 ry10) (41)

<
N ||f||HG_%,% +
Here we have assumed p > p’y and set A = % - % > 0. It remains for us to check that the following
conditions can be fulfilled simultaneously:
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i) p>py,
1
(i) 0<=<Z<1,
@ q
-1 1/1 1 1
iy 1oLt <—+:><n<~_/_l>
2 2 \q ¢ qg q
2 n—-1_n-1
v) 412170
P q 2
2 n—1_n-1
(V) T+ ~ = k)
p q 2
- 1Y (o] n-3 1
— — J— X —_— —
p’q 2 2m—-1)"2)
(il 1 1Y (o] n-3 1
=, = s XN\ 5575 ]
P q 2 2n—1)"2

5641

(42)

Suppose indeed that there exist indices p, q, p, q satisfying all conditions in (42). Then (41) shows
that @ maps X into itself, where X denotes the Banach space

X={u|ueC([~T,T]; HO~ 23 (H")) N LP(I—T, T}; L(H")), deu  C(I—T, T}; HO~+ 4 (H"))},

equipped with the norm

lullx = flull

~+ ||o¢u
LI~ T.T}HO "2 3) 1o ”Lm([—T,T];H"’

Moreover we shall show that & is a contraction on the ball

Xu={ueX]|lulx <M},

2

S + lulle—1.13:19)-

provided the time T > 0 is sufficiently small and the radius M > 0 is sufficiently large. Let v,V € X
and u = @ (v), i = @ (V). By arguing as above and using Hoélder’s inequality, we have

llu —ullx

<C[F) - F(‘7)”Lﬁ’([_r,r];Hé’/+‘"’”)

<C{vr =t + v - \7|||Uy([_rq

T:L%)

A -1 ~ny—1 ~
<CT {”V”{p([—T,T];Lq) + ”V”{p([_T’T];Lq)}”V - V”LIJ([—T,TJ;L‘I)

-1 - -1 ~
<SCTHIvIE + V1% v = vlix.

If |[v|x <M and ||V||x < M, then (41) yields on the one hand

and

lulx <c{Ifll_,-

11
H” 22

+ gl oy

lilx <c{ifi ,

_11
H ™22

el oy

(43)
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while (43) yields on the other hand

lu —dilx <2CT*MY v — ¥ x.

Thus, if we choose M > 0 so large that % > C{”f”H”*%% + gl rr—%,—l} and T > 0 so small that
CT*MY <& and 2cT*MY~1 < 1, then
- 1 -
lulx <M, lullx <M and ||u_u||X<5||V_V||X

if v,V e Xy and u = @ (v), it = ®(V). Hence the map & is a contraction on the complete metric
space X) and the fixed point theorem allows us to conclude.

Let us eventually prove the existence of couples (p,q) and (p, §) satisfying all conditions in (42).
Condition (42)(iii) amounts to

2ny—n—1 n-—1 1 n+1 2ny —n—11
Y +—<n+1 ie. = + _ —
q q q

n—1 n-1 gq

(44)

By combining (44) with (42)(ii) and (42)(vi), we deduce that

n—3 1 2
S SoS T—— -
2m=1) q (y—-Dr+1

This implies that y < Jso = Jot20=7 — 1 4 (,,4 n—1) _ By combining (44) with (42)(vii), we obtain

n+1)(n-3) — +DH(n-3)"
n—3 1 1 n+1 2n —-n—11 1 1
70 cmin 2 Y )
2n—1) ¢ 2’n—1 n—1 q q’ 2
By combining (44) with (42)(vii), we also obtain % < #j_]) In summary, the conditions on q
reduce to
n—3 1 (11 2 n+5 1 11
< - <mingy-, —, ) —F o,
2n—1) ¢ 2y (y—-1Dn+1) 22ny —n-1) q’ 2 vy

or case by case to

e 1<y <y and 2(n oy <5 <3
1 5
e 1 <y <y and 2(n ])éaiﬁy
1 2
72 <y <V and 315 < g < GeriEE-

Let us turn to the indices p and p. According to (42), we have

n—1/1 1 1 1
—- g_g_
2 (2 Q> p 2

and

1
#1-

3
N
P
N
N —
|
Q| =
N———
N
= o=
N
2
=3
e e,
N
—
|
= R
——
=1
= R
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By taking into account the previous conditions on g, we end up with the following conditions on p

and p:
n-1/1 1 1 15-n n-1 1 5-n n-1
(i) ——— ) <= <min{ =, — 4 ’
2 \2 q/ p 2 4y 2yq p7 4y 2y
1/1 1 1 1 (45)
(i) = <——:)<:<mm{—,1 Z}, —z1-2
2 \2 a/p 27 p p p

There exist indices p and p which satisfy (45) provided that % > % + 23;5]) _ %_ We thus have to
find q such that

n—3 n—>5 1 1 n+1 2n —-n-—1
max 7,1 > Y < = < min + Y , (46)
2m—-1) 2 2n—1) ¢ q 2’n—1 n—1)q
with % #1.0+ 2(”n:51) - %. This implies that ¢ has to satisfy the following conditions:
1 2
2(n—1)’2 y(n—1)
1 1 1 2 n+>5 n+7—ymn-1
< - \mlni + + v )} (47)
q 27y (y—1Dm+1)"22ny —n—1)" 2(y —D(n+1)

1 1 n+7-y@m-1)

with 2 75 27 y(n 72y 27Dt "

The fact that 2('1n__31) < ;;;,7__1}32213 easily implies that y <
Va4 < yoo. The fact that 1 y(nz_l) < gzj_ly)g;}; implies that y < y3. In summary, here are the final

conditions on ¢q, depending on y and possibly on the dimension n:

A 1<y<py=1+3

<
! &)
_ _(+1 n— 1 n+5
(B) i <y <v2=p- i | a“d A S g S 2@y D

(©) Y2 <¥ < Veconf and Z(n ]) <5 1 < = 1)(n+l) when n > 5.
When n =4, we dlstmgulsh two subcases:

2
e y»<y<2and 2(n 7 < g < g
l

2

e 2 <Y < Vconf and —ya-h <g < ESVCE=IE

(D) When n > 6, we dlstmgulsh two subcases
1 n+7—y(n-1)
® Yeonf <Y <2 and 2(n 1) <- < IS ICESIE
2 1 n+7—y(n-1)

¢ 2<y<ysand 5 — 55y < ¢ <SG
When n =5, we replace y4 by )/3.

When n=4, yeonf <Y <3 and

1
3

2 1 < n+7-yn-1)
T ya-n < 2(y-D(n+1) "

Let us now examine these cases separately.

Case (A). In this case, we choose successively g such that

n-3 1 1

— < - <,
2n—1) q 2

q satisfying (46), and p, p satisfying (45). Thus, when 1 <y < y; and ¢ > 0, there exists always an
admissible couple (p, q) such that all conditions (42) are satisfied and o > ("?) (% - %).
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Case (B). In this case, we choose successively q such that

n—3 <1< n+5

2m—1) " q 2@ny —n-1)’

q satisfying (46), and p, p satisfying (45), and a correspondent g which satisfies (46). Thus, when

yi<y<yrando > % — %, there exists always an admissible couple (p,q) such that all

conditions (42) are satisfied and o > @(% — %).
Case (C). Assume first that n > 5. We choose successively q such that

n—3 1 2
S S-S, (48)
2m-1) "q (y—-Dh+1
q satisfying (46), and p, p satisfying (45).

Assume next that n =4. If y, < y < 2, we choose g according to (48). If 2 < ¥ < Yconf, We re-
place (48) by

1 2 1 2

- <-<—"
2 ymn=1) q (y—-Dm+1

In both cases, we can choose afterwards ¢, p, p satisfying (46) and (45).

In summary, when y; <y < Yconf and o > % — ﬁ, there exists always an admissible couple

(p.q) such that all conditions (42) are satisfied and o > “31 (1 — %).
Case (D). Assume first that n > 6. If yonf < ¥ < 2, we choose successively g such that

n—3 <1 n+7—-—ymn-1)

—<=-< : (49)
2n—-1) ¢q 2(y —1H(n+1)
q satisfying (46), and p, p satisfying (45). If 2 < ¥ < y4, (49) is replaced by
1 2 1 7— -1
n+ y(n—1) (50)

_- — < —< .
2 ym-=-1) q 2(y-Dm+1

Assume next that n = 5. We choose again q according to (49) if yconf < ¥ < 2 and according to (50)
if 2 <y < y3. In both cases, we can choose afterwards q, p, p satisfying (46) and (45).

Assume eventually that n = 4. Then we choose q according to (49) and g, p, p satisfying (46)
and (45).

In summary, when Yeonf < Y < Yoo and o > % — % there exists always an admissible couple
(p, q) such that all conditions (42) are satisfied and o > %(% - %).

This concludes the proof of Theorem 7.2. 0O

Remark 7.3. Notice that, in dimension n = 3, the Strichartz estimates are available in the triangle T3
without the endpoint (see Remark 6.2). By arguing as above, we prove that the NLW (38) is locally

well-posed in HO=3:3 x HO—3:—3 if (see Fig. 6)
el<y<y;=2ando >0;
e 2<yY <¥Yeonf=3 ando)Cz(y)=1_+l;

¥
o3<y<y3:“+T*@ando>C3(y):%—%.
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v

o
IRaRoA
1 2 3 Yeont = D gl

Fig. 7. Regularity in dimension n = 2.

Remark 7.4. In dimension n = 2, the Strichartz estimates are available in the region T, (see Re-
mark 6.5). By following again the same line of the above proof, we obtain that the NLW (38) is

locally well-posed in HO=%7 x HO~ 277 if (see Fig. 7)

l<y<2ando>0;
®3<y<Yont=5and o >Ca(y) =3 %;
)

5<y <ys=3++6and o > C3(y =1_%'

Appendix A

In this appendix we collect some lemmata in Fourier analysis on R which are used for the kernel
analysis in Section 4 and in Appendix C.

Lemma A.l. Let a be a compactly supported homogeneous symbol on R of order d > —1. In other words,
a is a smooth function on R*, whose support is bounded in R and which has the following behavior at the
origin:

sup [A|*"4]8fa(r)| < +00 VEEN.
LeR*

Then its Fourier transform

400
k(x) = f dra(n)e™™

0
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is a smooth function on R, with the following behavior at infinity:

k() =0(1x174"1) as |x| — oc.
More precisely, let N be the smallest integer > d + 1. Then 3C > 0, Vx € R*,
k(x| < Clx|741 Z sup (1+ |x| |8ka(k)|

=0*

Proof. Let us split up
a(h) = Z x (2772 )a()

j=—00

and k= Z;:ioo k; accordingly, using a homogeneous dyadic partition of unity
+o0 )
=3 x(7)
j=—00

on (0, co0). Notice that a; hence k; vanishes for j large, since a is compactly supported. By the Leibniz
formula, we obtain, for every £ € N,

X1k (%) < / da|af{x (272)a(n |

[Al=2i
¢
< Zz—kj / da a0+ < 9i(14d=0).
k=0 =2i

Let N € N* such that N >d + 1. Then

kol < Y2 [kieol+ D [k

2! 202!
< Z 2J+d) |X|7N Z 2Jj(1+d—N) < |X|7d71. O
2ig)x-1 20> |x1

Lemma A.2. Let a be an inhomogeneous symbol on R of order d € R. In other words, a is a smooth function
on R such that

sup(1 14 121) 7/|ola(r)| <400 VEEN.
reR

Then its Fourier transform
o0
k(x) = / dra(n)e**

is a smooth function on R*, which has the following asymptotic behaviors:
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(i) At infinity, k(x) = O(]x|~°°). More precisely, for every N > d + 1, there exists C > 0 such that, for every
x e R¥,

k)| < CnlxI™ sup(1+ 12)"|aNa(n)].
reR

(ii) At the origin,

0o(1) ifd < -1,
k(x)= { Oog ) ifd=—1,
o(x|~4" Yy ifd > —1.

More precisely:
o Ifd < —1, then there exists C > 0 such that, for every x € R,

k(x)| < Ciuﬂg(l + |k|)7d|a(k)|.

o Ifd = —1, then there exists C > 0 such that, for every 0 < |x| < %

1
k(0| < Clog o—{ sup(1+ [31) a(u)] +sup(1 +121)*[a' Gy |
x| User reR

o Ifd > —1, let N be the smallest integer > d + 1. Then there exists C > 0 such that, for every
0<lx <1,

N
k()| < Clx=4-1 Zsuﬂg(l + 1) 7 alacn)].

=o€
(iii) Similar estimates hold for the derivatives
+00
atk(x) = / dx (irn)la(n)e™
—00

which correspond to symbols a, (L) = (ix)¢a()) of order d + ¢.

Proof. (i) Since k is the Fourier transform of a, then xNk(x) is the Fourier transform of (i3;)Na(}),
which is O((1 + |A)4~N), hence integrable when N > d + 1.
(ii) If d < —1, we simply estimate:

+0o0 +0oo
|k(x)|</dk |a(/\)|gsup(l+|A|)_d|a(A)|fdk(l+|k|)d.
reR

—00 —00
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If d > —1, we split up

+00 +o00
k(x) = f dx xo(IXI2)a()e™ + /dxxc,o(|x|x)a(x)e“",
“so “o
ko (x) koo (%)

using smooth cut-off functions x¢ and x~, on [0, +00) such that 1= xo + Xco, Xo =1 on [0, 1] and
Xoo =1 0n [2, 400). The first integral is estimated as above:

lko(x)| < / dx|a(v)|

A1<2Ix1
2|x|7 !
<2sup(1+ A1) at)| / i (1+ 1)1
reR 0

log|}<—| ifd=—1,

—d
Ssup(1+(al) ~|a(r)
AER( ) |i|x|_d_1 ifd>—1.

After N integrations by parts, the second integral becomes

i N+ g AN '
koo(x):<;> fdk (5) {Xoo(|X|)»)a(A)}e”~x'

Hence

koo @)| < 127N / dr|ala)| + Z x|~ / dr]arah)|

> 0<t<N" 1gii<am
N—-1
—d—1 £—d
ST Tsup(1 4 [a]) Jay)-
=1 reR

This concludes the proof of (ii). The proof of (iii) is similar and we omit the details. O

Lemma A.3. Assume that

a(h) = ¢ xoo WA £ b (1)
wherem e N, ¢ € R, and b is a symbol of order d < —m — 1. Then

+o00
Mk (x) = f dra(n)(ir)me

—0o0
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is a bounded function at the origin. More precisely, there exists C > 0 such that, for every 0 < |x| < %
—d
ko] < €1+ ¢+ sup(1+121) b0 |
reR

Proof. Let us split up

kq(x)

e e | ko (x)
1 —_—
I
AMk(x) =i™ /dkgk 1-ig gidx 4 jm ;/dkk 1-i¢ girx
2 1
g
2 +00
+i'"§/dkxoo(k)k‘l‘“e”’urim / drAmb(L)et .
1 —00

k3(x) ka(x)

The first two terms are estimated by integrations by parts. Specifically,

=~

ki (x) = ir~ l{ezkx| IX\ +X/d)xk7igei)“x,
2
l L L
with [A~ ’{e“\"| J1<2and | [ draTie| < ‘i while
ko (x) = __)L—l xcemx|/\ +00+ /d)\)\—Z i€ girx
_|X\

IX\

with |)F1*"5e"”‘|;""’°1 | <|x| and | [T°°dx1~271e?| < |x|. The last two terms are easy to estimate.
= +

Obviously |k3(x)| < 1, while

}k4(x)]<§u£(1+|k|)_d|b(k)|/dk(l+|k|)m+d.
(S

—o0

<400
We conclude by summing up these four estimates. O
Appendix B

In this appendix we collect some properties of the Riesz distributions. We refer to [14, Ch. 1, §3 &
Ch. 2, §2] or [20, Ch. 11I, §3.2] for more details. The Riesz distribution R} is defined by

+o0
+ _L/ 2-1
(R 0)= 1 | ¥ e (51)
0
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when Rez > 0. It extends to a holomorphic family {R} },cc of tempered distributions on R which
satisfy the following properties:

+ _ pt
ART =2zR7 4 VzeC,

(dA)RJr—Rj 1 VzeC,
= §p and more generally RJ_“m = (%)mSO vm e N,

+ — p+ . pt
RHZ,_R * R, vz,7 eC.

+00
d\" -Hm d\"
/e ={(55) Rmo) = s [ @ (£) o
0

when Rez > —m. The Riesz distribution R; = (R])" is defined similarly. Their Fourier transforms are
given by

(v) FRE =eF32(x+£i0)2 VzeC,

where

((x £ i0) ,<p)=gi€6/dx(xiie) O (x)
R

when Rez > —1 and

(x£i0)* = I'(z+ D{R} | + e ™R}, ,}
in general (notice that there are actually no singularities in the last expression).
Appendix C
In this appendix we prove the local kernel estimates

_n-1 .
[t]” 2 ifn>3,

1 (52)
[t]72(1 —log|t]) ifn=2

|| <

stated in Theorem 4.2(i)(a) under the assumptions 0 < |t| < 2,0<r <3 and Reo = % By symmetry,
we may assume again that t > 0.

e Case 1: Assume that r < 5.

By using the first integral representation of the spherical functions in (6), we obtain

©(r) = —( o) / dk e~ PH(@—rk) / d Yoo (M)a(r)eHt—HE-r} (53)
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where
5 i_g
a(x)_\c(x)| T2 45770,

According to Lemma A.2 in Appendix A, since xooa is a symbol of order % and

|t —H@k)|>t—r>

’

N =~

the inner integral in (53) is

o(lo V|t — H(a_r1<)|_%) :o(|a|Nt—%),
where N is the smallest integer > “>=. Hence
|[weem)| < =7

e Case 2: Assume that § <r <t.

5651

By using the third integral formula for spherical functions in (6), we are lead to estimate the

expression
+r 00
(sinhr)*™" [ du (coshr — coshu)"7 f 02 Xoo (a0,
Zr |
Let us expand
|C()»)| )»2—1—,0 ) 2" —const. "7 ~iImo o(|g|x$),
as A — +oo, and
ac)
—

a(h) = const. "2 ~1Mo L p(n)

accordingly. Since xoob is a symbol of order "2;5 its contribution to (54) can be estimated by

|o|N (sinhr)?>~" / du (coshr — coshu)"'T (t —u)~"7".

Here we have applied again Lemma A.2 and N is the smallest integer > % By using

sinhr <,

T
coshr — coshu = 2 sinh

_u51 h% r—u)(r+u),

t—u>r—u,

(54)

(55)
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we end up with the estimate

—+r
n—=3 n—3
|G|Nr2_"/du r+u)yz <lo|Nrmz <oVt

—r

n—3
2

Notice that the previous computations are valid in dimension n > 3. In dimension n = 3, the last
estimate becomes |o|%(1 — logt) while, in dimension n = 2, (55) is replaced by

+r

—+r
du du
lo| | ——7—xl0| | ——
J/coshr — coshu V12 —u?
—r

—r

=|o|.

Similarly

2

/ dx xo(L)a(n)e*
0

yields a bounded contribution to (54). Let us eventually analyze the remaining contribution of

+00
/ dk}\%—ilmaeik(t—u), (56)
0

which is a classical distribution. According to the properties of the Riesz distributions (51) in Ap-
pendix B, we have indeed

+0o0
/ da a7 —iImo Gint—u) _ F(” ; 1 ilma)e% Imo+i% (1) _ u)—%Hlma

and it remains for us to estimate the expression

+r
(sinhr)?™" / du (coshr — cosh u)% (t — u)’%” Imo (57)

—r

r!—iimo)
I'(—ilmo)
In order to do so, we discuss separately the odd and even-dimensional cases.
o Subcase 2(a): Assume that n =2m + 1 is odd.

After m — 1 integrations by parts, (57) becomes

- m—1
(—ilmo)(sinhr)!—2m / du (t — )™M Y " a;(u)(coshr — coshu)™ /=T,
i =1

where a;(u) is a linear combination of monomials (sinhu)d (coshu)” with j, j” >0, j/ + j” = j and
i’ >2j+41—m. In particular ayn_1(u) = (m — 1)!(sinhu)™~1. After one more integration by parts, we
get
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(m— 1)!(sinhr)*m{(t — r)“m‘T + (=)™ + r)ilma}

+r m—1
+ (sinhr)1=2m / du (t — u)i'me Zﬁj(u)(coshr — coshu)™i-1,
ht j=1

where @;(u) = O(™m*{0-2/=m) and coshr — coshu = 2sinh 5% sinh 5% = 0(?), hence the last sum
is 0(r™=2) and the last integral is O(r™~!). Notice that these terms vanish when m = 1. Thus (57) is
O(r~™)=0(t~"7"), when n = 2m + 1 is odd.

o Subcase 2(b): Assume that n =2m is even.

After m — 1 integrations by parts, (57) becomes this time

+r
i —imo ooom-l ‘
ﬁ(sinhr)z’zm/-du (t — )~z +ilmo Z a;j(u)(coshr — cosh w3, (58)
e j=1
1
where an_1(u) = r("\;f)(sinh u)™1 and the other a;j(u) are as before. Since

l_.
M=o(|g|%),
(—ilmo)

aj(u)(coshr — cosh u)m’j’% =0(r"?) vi<j<m-2,

+r

the m — 2 first terms in (58) are O(|a|%t‘%). Let us turn to the last term

rm-5Hrg-imo)

(sinhr)?—2m

JT I'(—ilmo)
+r
X /du (t — u)’%“lm“(sinh )™ 1(coshr — cosh u)’%, (59)

-

which is obtained by taking j =m — 1 in (58). Let us split the integral in (59) as follows:

r0 2t r
fr=/r+0/+2r/t. (60)

Notice that our current assumption % <r <t implies that 0 < 2r —t <. Since

r—u

r+u
coshr — coshu = 2 sinh sinh % = (r—u)(r+u),
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the contribution to (59) of the first integral in (60) can be estimated by

0

111 du 1 _n-1
|o|7t_7r7_m/ =|o|2t™"T
r+u

—r

and the contribution to (59) of the last integral in (60) by

.

1 11 du 1 _n-1

lo|2(t—r)"2r27" / —— x|o|2t” 7.
Ar—u

2r—t

We handle the remaining integral by performing the change of variables

t—r t—r
=—— & u=t—-—
t—u v
and by integrating by parts
A(r,u)
' —imo) o sinh 54\ ~2 ru\ 2
1_ . . r—u
—2z @ / du(t—wy 2HmoG _ =2 (| —2 sinh—— )  (sinhu)™!
I'(—ilmo) % 2
0

1

2
rd—imo ; i t—
_ (2 )(t_r)zlma/dvv—]—llmo(]_V)—%A<r,t_7r>

Ir'(—ilmo)
=
r—ilmo) . . 1 t—r\|"=?
= T _imo) (t—r)'moy! m"(l—v)’fA(r,t——>
(1—ilmo) v Jly=1-t
3
r—imo , , t—r
_ (2 i ) (t— r)llma / dv v—llm(r(-l _ V)_%A rt—
2I'l —ilmo) v

1—

~=

r(y—ilmo)

_ ( _r)l+i1ma
I'l—ilmo)

. t—
dvv=2-imo (1 _y)=3 BZA(r, t— —r>
v

*\;M—

1—

=1

. . “lm_3. .
All resulting expressions are O(|o|~2t™~2), since

r(;—imo) 1 m_3 n3
m=o(|o| 2),  A(ru)=0(t""2) and HA(r,u)=0(t""2).

n—1

Thus (59) and hence (58), (57) are O(|O’|%t_T).
As a conclusion, we have obtained the following estimate in all dimensions n > 2:

n—1

~ _ t
|wemn| St T when- <r<t.
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e Case 3: Assume that r > t.

In this case we estimate W.(r) using the inverse Abel transform. More precisely, we apply the
inversion formulae (13) and (14) to the Euclidean Fourier transform

+00

e 2 _ o\ 20 .
m / d}\. Xoo()\.)’c()n)} A T(}\.Z + ,02) 2 (':’lt)L COSAT.
1

o2

&mn=

o Subcase 3(a): Assume that n =2m + 1 is odd.

Then, up to a multiplicative constant,

woo(r)—<—] 3>m~°°()
e O=\Snnrar) & "

Let us expand

(s ar) ~Zetols) @

and furthermore

k
k 20
(rar) Zﬁ KT (8r> (62)

The coefficients S, in (62) are constants, while the coefficients o, O(r) in (61) are smooth functions
on R, which are linear combinations of products
19\m r
x| == .
ror sinhr

r 19\%2 r
X - X
sinhr ror sinhr

with €3 + --- + £, =m — £. Consider first

¢
=0 . 10
2, il
F(_” )/dkxoo(k)x TA+p7) e <r8r> COSAT. (63)

Since Yoo (MAT(A2 + ) el* = 0(A~™-1) according to the assumption Reoc = m + 1 and
(r ;,r)‘Z cos Aar = 0126 by Taylors formula, the expression (63) is

0(1) if1<e<2

2
1 m
Ol log — if ¢t =—,
<ogr) i >
<l <

O(rm’zz) if ™ 5
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hence O(r—™) in all cases. Consider next

2

eO
I'(—ilmo)

+o00 k
/ dk)ﬁ’(kz +52)%rk722<%> RIS (64)
6

T

Since (£ )kelt£0* = (Lip)kelt+N* and

rr()g i [32)’%“(iik)l<ei(tir)x _ O(}\k—m—l)7

the expression (64) is easily seen to be O™ 2¢) as long as k < m. For the remaining case, where
k = ¢ =m, let us expand

T—0

52\ 2 )
) :A_l_llm0+0(|0|)»_3)

—T(12 , 22\F" —1—il P
AT 4p%) T AT =4 ‘m"(1+/\—2

and split

i}
=
S
-
i

in (64). On the one hand, the resulting integrals

6, 1
O’z r ' orit
I = e Ao —1—iImo piltEnA (65)
I'(—ilmo)
6
and
2 400
o
m—_° / Ao~ 1-imo it (66)
I'(—ilmo)
6 1
iz

are uniformly bounded. This is proved by integrations by parts:

o(1)
2
I = e’ —ilmoei(tir)x|*:%+$
I'(1—ilmo) r=2
) P
; e’ il i(t£r)A
Fi—— (r+t) / da A THmo olEENA — (1),
I'l—ilmo)
1

-
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while

o(rt)
e’ 1 ) ) pa——
=i~ 1=imoi(tEni 4=
=T Ciimoy r£¢ e
o2 . +o00
¢ d+ilmo) 1 / dy A2 imo GiEEDL — (1)
I'(—ilmo) r+t :
6, 1
r'orxt
o@rt)

Hence the contributions of (65) and (66) to (64) are O(r—™). On the other hand, the remainder’s
contribution to (64) is obviously O(r>~™). As a conclusion,

[weem| Srm<se s

when n=2m+ 1 is odd.

o Subcase 3(b): Assume that n =2m is even > 4.

Then, up to a multiplicative constant,

+00
o2

e / ds sinhs 1 0 m~oo(s) (67)
I'(—=ilmo) J/coshs — coshr \ sinhs s 819

T

Wee(rn) =

Let us split

+00 6 +00
[-[+]. @
r r 6

The following estimate is obtained by resuming the proof of Theorem 4.2(i)(b) in the odd-dimensional

case:
1T 3\ s
‘(sinhs&) &

<e™ Vs>6.

Since

+00 +00

sinhs du
ds ————e¢™ < / < 400,
6/ +/coshs — coshr , +/sinhu

the contribution to (67) of the second integral in (68) is uniformly bounded. Thus we are left with
the contribution of the first integral, which is a purely local estimate.



5658 J.-P. Anker et al. / . Differential Equations 252 (2012) 5613-5661

Lemma C.1. Let m be an integer > 2 and let A > 1,1 < 3.

(i) Assume that Ar < 6. Then

sinhs 1 a\"
oA, 1)= /ds - — ) cosas
J/coshs — coshr \ sinhs s

is O(\2m—1=¢r=8) for every & > 0.
(ii) Assume that Ar > 6. Then

6= r) = sinhs ( L )meﬂ“’*S
«/coshs — coshr \ sinhs s

has the following behavior:
6% (h,1) = cx A2 (sinhr) 2 M 4 o (A1)
where c4 is a nonzero complex constant.
Proof. We first prove (i). Recall that

1 a\™ 2m
( - —) (cos)\s):{o(k ) ifAs <6,
sinhs ds o™s™™) ifAs>6

)

hence ( 9y (cos As) = O(A2M~1-¢5=1-€) in both cases. By combining this estimate with

smhs 3s

sinhs <s, and coshs— coshr=s®—r2,

and by performing an elementary change of variables, we reach our conclusion:

6 +00
e gkzm_]_S/dss_g(sz - rz)_% gAIm—1—g—¢ / dss™(s* —1) 2.
v 1

—_

<400

We next prove (ii). Recall that

( _] i)m(eﬂ:ixs) :< ?H)‘ )me:tiks_i_o(km]sml).

sinhs as sinhs
The remainder’s contribution to 6*(x, r) is estimated as above:

6

6
sinhs _1
fds ——__amlgmel g ymed /dss_’"(s2 —r?)"Z gamlm,
+v/coshs — coshr
d

r
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+ix

In order to handle the contribution of (75

s=r(1+u), so that

6 81
/ds:r/du,
r 0

and let us expand

inh =L sinh St
2sinh - sinh >

— e 1 .
(coshs — coshr)™ 2 (sinhs)!~Me*i*s

u
2

1
_ s sinh 77\ 72 /'sinhr(1+ 7) =2 /sinhr(1 + u)
- r(1+u)

r(1+3%)

A(r,u)

[N

uy\ X
XU7%<1+5) (l—i—u)l*mei”‘r”.

B(u)

Notice that the expressions A(r,u) and B(u) can be expanded as follows:

1
sinhr\2™™ X .
A(r = . j
(r.u) ( . ) +ZA1<r><ru),
j=1
X(r,u)
1 +00 o,
Buy=u"2 + ZB?u’_i for u small,
j=1
———
B(u)

400
B(u)=~2u™" + Z B;-’Ou_f_m for u large.
j=1

Using these behaviors and integrating by parts, we can estimate

=l

1 1

=l

o~ 1 P~ u=58-1 1
du eT* A, u)BU) = —— e MU A, u)B(u o /
/ (r wB) +iar r. wBW), +irr
0 0
by O(3:). The integrals
51

1
/du e UBw) and du e B(u)
0

»—A\

5659

Ymetirs to 9F(, 1), let us perform the change of variables

(69)

(70)

(71)

du ey % {Z(r, u)B(u)}
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are estimated similarly. In summary, we showed that
1
0% (., 1) = (£i)"AM (sinhr) 2 ~Mr 2 eI / du ey =3 4 (A1)
0

and we conclude by using the behavior of the elementary integral

1 +00
. 1 1 1 . 1
/‘duej“““u_7 =)"2r72 /duei'”u_7 +o(x7'r). O
0

0
[ —
constant

From now on, the discussion of Subcase 3(b) is similar to Subcase 3(a). On the one hand, we
deduce from Lemma C.1(i) that

6
fd,\ Koo OIATF (02 4+ 5%) T o (r ) = 0(r3 ).
1

On the other hand, by expanding

I—0

-0 52\ 2 .
Afr(k2+'52)T :Afa(l_i_l:_z) :Afmf%ftlmo_i_o('OMfmf%) VA >2

and 6% (), r) according to Lemma C.1(ii), we have

2 +00

o I—o .
¢ / A Yoo O (R2 4 32) 2 0% (0, 1) = co (I + 1) (sinhr) 2™ 4+ O(r2 ™),

I'(—ilmo)

6
7

where I+ and Il denote the integrals (65) and (66), which are uniformly bounded and whose sum
is equal to

2 +00
/ dx A—l—ilmaei(tﬂ:r))\.

6
v

e(T
I'(—ilmo)

As a conclusion, we obtain again

n—1

|Wee )| 5r%—m <tT7.

Remark C.2. The analysis above still holds in dimension n = 2, except for the first estimate in
Lemma C.1, which is replaced by

0(A,r)=0<klog%>.
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As a result,
~ _1
[WEem)| S1t1m2 (1 - loglt]).

Remark C.3. In order to estimate the wave kernel for small time, we might have used the Hadamard
parametrix [21, §17.4] instead of spherical analysis.
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