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Abstract

The paper studies the existence and non-existence of global weak solutions to the Cauchy problem for the multi-dimensional
Boussinesq type equation us; — Au + A2u= Ao (u). It proves that the Cauchy problem admits a global weak solution under the
assumptions that o € C(R), o (s) is of polynomial growth order, say p (> 1), either 0 < o (s)s < 8 f(f o(t)dt,s € R, where 8 >0
is a constant, or the initial data belong to a potential well. And the weak solution is regularized and the strong solution is unique
when the space dimension N = 1. In contrast, any weak solution of the Cauchy problem blows up in finite time under certain
conditions. And two examples are shown.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we are concerned with the existence and non-existence of global weak solutions to the Cauchy
problem for the multi-dimensional Boussinesq type equation

ut,—Au—I—,quuzAcr(u) inRNx(O,oo), (1.1)
u(x,0)=uo(x), u;(x,0)=uy(x), xeRY, (1.2)

where © > 0 is a constant and o (s) is a nonlinear function specified later.
When the space dimension N = 1, Eq. (1.1) becomes

Upp — Uy + Ullyxxx = 0 (U) xx, (1.3)
and Eq. (1.3) is a generalization of the well-known Boussinesq equation

U — Uxx + Ulxxxx = a(u2) (1.4)

xx’
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where © > 0 denotes the dispersive parameter depending on the compression and rigidity characteristics of the ma-
terials, a = const € R is a constant coefficient controlling nonlinearity, u is the vertical deflection, and the quadratic
nonlinearity accounts for the curvature of the bending beam. Equation (1.4) was derived by Boussinesq [4] in 1872
and is called the “good” Boussinesq equation because of its linear stability, it models small oscillations of nonlinear
beams (see [24]), and it governs the oscillation of the nonlinear strings and the two-dimensional irrotational flows of
a inviscid liquid in a uniform rectangular channel as well (see [2,3,14]).

Equation (1.4) with i < 0 is known as the “bad” Boussinesq equation because of its linear instability, it describes
the propagation of long surface waves on shallow water, and it also arises in a large range of physical phenomena
including the propagation of ion-sound waves in a uniform isotropic plasma and nonlinear lattice waves (see [17]).
For the “bad” Boussinesq equation and its generalizations, there have been many researches from various points of
view (cf. [1,6,7,10,13,26-28]).

With regard to the Cauchy problem of the “good” Boussinesq type equation, Bona and Sachs [3] established the
global existence of smooth solutions under the assumptions that: “1 < p <5, (p — 1)/4 < ¢ < 1, where ¢ > 0 is the
wave speed, o (1) being either u” with p integer or |u|P~'u with p real and initial data lie relatively close to stable
solitary waves.” Tsutsumi and Matahashi [20] proved the local and global well posedness by means of transforming
the Cauchy problem of Eq. (1.3) into the system of nonlinear Schrédinger equations. Linares [14,15] improved the
results in [20] and further discussed the asymptotic behavior of the solutions provided that o (1) = |u|”~'u with p > 1
and the initial data are small. Sachs [19] proved that for a large set of initial data, the Cauchy problem of Eq. (1.4), with
1 = a =1, has no smooth solution for all time, which was claimed by Kalantarov and Ladyzhenskaya [11]. Liu [16]
studied the instability of solitary waves for Eq. (1.3). And some related works can be seen in [9,18]. Recently, Chen
and Yang [5] proved the existence and uniqueness of global solution to the IBVP of Eq. (1.3) under the assumptions
that “o € C3(R), o/ (s) is bounded below, 6" (0) = 0 and o (s) satisfies local Lipschitz condition,” and some blowup
results were also given.

But to the authors’ best knowledge, there are very few works on the multi-dimensional Boussinesq type equation.
Recently, taking into account the role of viscosity in real process, Varlamov [21-25] studied in detail the existence,
uniqueness and long-time asymptotics of solutions to the Cauchy problem and the IBVP of the damped Boussinesq
equation

e — 2bAu; — Au+aAu = BA(u?) (1.5)

in the cases of space dimension N =1, 2, 3, respectively. When N = 1, the long-time asymptotic expansion of the
classical solution was computed for a Cauchy problem with periodic small initial data (see [22]), and the blowup of
solutions (even for small initial data) was also studied (see [23]). When N = 2, Eq. (1.5) models the small nonlinear
oscillations of elastic membranes, and the author constructed the global solution by using eigenfunction expansion
method and computed the longtime asymptotics on the basis of obtained the serious representation for the IBVP of
Eq. (1.5) in both a disk and a ball, respectively (see [24,25]).

When the space dimension N = 2, Akmel [1] established the global existence of small solutions for the “bad”
Boussinesq equation provided that the potential v(x) verifying 9(¢) € C§° (R?), and he showed further that the small
solution decays to zero when the nonlinear term possesses an appropriate lower bound.

But for general space dimension, does Cauchy problem (1.1), (1.2) still admit a global solution? In the case of space
dimension N = 1, does the corresponding Cauchy problem still admit a global solution provided that the conditions
in [3] are not valid (say p > 5)? Can the theoretically qualitative condition: “smallness of initial data” in [14,15] be
replaced by a quantitative one? All these questions are still open.

Various versions of the Boussinesq equation discussed in literature all possess one obvious characteristic: they are
perturbations of the linear wave equation that takes into account the effects of small nonlinearity and dispersion. From
the physical points of view, in real process, dispersion plays an important spreading role for the energy gather arising
from nonlinearity, and the interaction of it with the nonlinearity accompanies accumulation, balance and dissipation
of the energy in the configurations. And hence, it is interesting to consider the interaction between the two factors.
In fact, despite the status of Boussinesq type equations as the first model for nonlinear dispersive wave propagation,
the mathematical theory for such equations is not nearly so complete as is the case for the Korteweg—de Vries-type
equations (see [3,24]).

In the present paper, first, by using a Galerkin approximation scheme combined with a limiting process of the
solutions of a series of periodic boundary value problems (PBVP), which is different from those used in [1,21-25],
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the authors establish the existence of global solutions to Cauchy problem (1.1), (1.2) under the assumptions that
o € C(R), o(s) is of polynomial growth order, say p (> 1), either 0 < o (s)s < B fg o(t)dr,s e R,where § >0isa
constant, or the initial data belong to a potential well Wy.

Second, the above-mentioned weak solution is regularized and the strong solution is proved to be unique when the
space dimension N = 1. And where the restrictions for both p,i.e. “1 < p < 5and (p — 1)/4 < ¢> < 1” and the initial
data, i.e. “the initial data lie relatively close to stable solitary waves” (see [3]) are removed.

Third, any weak solution of the Cauchy problem blows up in finite time under certain conditions.

The plan of the paper is as follows. The main results and some notations are stated in Section 2. The global existence
of weak solutions to the PBVP and Cauchy problem (1.1), (1.2) is discussed in Sections 3 and 4, respectively. In
Section 5, the weak solutions are regularized and so the strong solution is proved to be unique in the case of space
dimension N = 1. And in Section 6, a blowup theorem is proved and two examples are shown.

2. Statement of main results

We first introduce the following abbreviations:

Q=(-L,LY, 0r=2x0,7), L,=Ly(82), W™P=W"P(Q),

CP=CP@), H"=W"% |-l,=I" le,. I-lkp=1"llwep,
I e =1 lgkey. -I=1lL,,  HY(RV)=(=A)"2Ly(RV). 2.1
We denote the operators G = (—A)"L G2 = (—A)712, p = %, with p € (1, 00), and we denote the measure

of £2 by |§2|. And the notation (-,-) for the Ly-inner product will also be used for the notation of duality paring
between dual spaces.

Without loss of generality, we take u = 1 in Egs. (1.1) and (1.3).

Applying G to both sides of Eq. (1.1), we have

Guy+u—Au+ow)=0 inRY x (0, c0). (2.2)

Definition. The function u € Loo ([0, T1; H'(RV)), with G'/?u; € Loo([0, T1; L2(RN)), is called a weak solution of
Cauchy problem (1.1), (1.2), if for any x € H'(RM), supp x is a bounded set in RV, andae.r €0, T],

(G uy, G2 %) + (u, x) + (Vu, V) + (o (), x) =0, (2.3)

u(-0)=uo in H'[R"Y),  G"Y2u,;(,00=G"%u; in Lo(RY). (2.4)
Let v(x,t) = e Mu(x,t), where A > 0 is a constant. Then problem (1.1), (1.2) is equivalent to the problem

G(ver + 220 +2%0) +v— Av+6(t,v) =0 inRY x (0, 00), 2.5)

v(x,0)=vo(x), v/(x,0)=v1(x), xeR", (2.6)

where vo(x) = up(x), v1(x) = u1 (x) — Aug(x), 6 (¢, v) = e o (eMv).
For any u € H(} (£2), let

- u(x), xe82,
”(x)z{o, reRV - @,
and define
Gu =Gi, G'%u=G"a. 2.7)

Then Gu € H*(RY) and G'/2u € H2(RY), Gu and G'/%u are meaningful.
We first consider the PBVP of Eq. (2.5)

Vs =0, v(x,1)=v(x +2Lei,t), xeRY, >0, (2.8)
v(x,0)=p(x), v(x,0=¢(x), xeRY, (2.9)
where x + 2Le; = (x1,...,Xi—1,%i + 2L, Xi4+1,...,xn), L > 0 is a real number, ¢ € Hol(.Q), Y € Ly(£2), with

¢lag =Vlae =0, 9(x) = p(x +2Le;), Y (x) = Y (x +2Le;), x eRY,i=1,...,N.
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Definition. The function v € L ([0, T]; H(}), with G2y, € Loo([0, T1; La), is called a weak solution of prob-

lem (2.5), (2.8), (2.9), if for any x € H!, and a.e. 1 € [0, T],

(G0, G2 x) +20(G" vy, G2 %) + 22 (G20, G2 ) + (v, %) + (Vu, V) + (G (1,v), x) =0, (2.10)

v(-,0)=¢ inH', G'"?v,(,00=G"*y in Ls. (2.11)
Define the potential wells with parameter ¢,
2 - 1
Wi ={v) € Hy | 1(v(®) = [v@) | o =P~V @] 07 > 0} U0}, (2.12)
7 1(pN 2 rp—1 p+1
W, ={v(®)e H'(RY) | I(v(1)) = ||v(t)||H1(RN) =M@ Lo Yy > ojuf{o}, ref0,T]. (2.13)
For later purposes we introduce the functional J defined by
1 2 b -ty p+1
J(v(0) = 5 lv@) |7 — P P v |7y. relo Tl (2.14)
for suitable v(7). Obviously,
1 _ 1 b 2
J(®) = 10) + bt P o |7 = S (vO) o] 2.15)
: _ p+1-2b
for all such v(¢), where and in the sequel b; = TR
Lemma 2.1. For any T > 0 and each t € [0, T], W; is a neighborhood of 0 in HO1 provided 1 < p < (1\1]\7_-152)+ (p <
+00), where at = max{a, 0}.
Proof. By the Gagliardo—Nirenberg inequality,
M= ”U(t)||p+1 < C*e)\(pf])t ”v(t)H(erl)(lfG) ||Vv(t)||(p+])9
p+1
_ -1 2
<GPV o | o [y
<|v®|3, relo, T, (2.16)
aslongas [v(0) || 1 < (1/C)V/P~De=*T 1 €0, T], where 6 = 1;’((;’;11)) (< 1). Lemma 2.1 is proved. O
Remark 1. From (2.16) we know that HO1 > L1, with the embedding constant C, independent of £2.
Now we state the main results of the paper.
Theorem 2.1. Assume that
(Hy) 0 e C(R), lo(s)| <bls|P, seR, with] < p < (A],V_+22)+ (p < +00).
(Hy) G2y ey ge HOI, and one of the following conditions holds:
@)
N
Oéa(s)sgﬂ/G(T)dr, seR, 2.17)
0
where B > 0 is a constant.
(i) b <2 e Wy, ie. g =0o0r
1
1) = llell3 = lelpi) >0, 2.18)



68 Z. Yang, B. Guo / J. Math. Anal. Appl. 340 (2008) 64-80

and
-2

by
E*(0) < —ec,f“, (2.19)

where b = ;;—(+,71+12)b (> 0), Cy as shown in (2.16) and

1
E'0) =5 (16" [ +22[6 20| + o)

@
+ffa(s)dsdx+,\(Gl/2w,cl/2<p)+,\2||G

(2.20)
with . =2/3T).
Then PBVP (2.5), (2.8), (2.9) admits a weak solution on [0, T].
Theorem 2.2. In addition to assumption (Hy), we assume that
(H3) G2y, e Lo(RM), ug € H! RM), and one of the following conditions holds:
(i) inequality (2.17).
(i) b< L —1 uoeWo, ie.uy=0or
1
1Go) = ol gy = ol ey > 0. .21
and
b -2
E*(0) < —CFT, (2.22)
2e
where Cy as shown in (2.16), and
- 1 12 2 201 ~1/2, 112 2
E*(O) = E(”G / (l/ll - )LMO) ||L2(RN) + A ||G / uO”Lz(RN) + ”MO”HI(RN))
+ / /a(s)dsdx +2(G"?uy, GV uy), (2.23)

RN 0
with A = 2/(3T).

Then Cauchy problem (1.1), (1.2) admits a weak solution on [0, T1].
Remark 2. Since for 7' > 1,
E*0) <2(|G 2|7, o, + [ G Puo]|7, vy) + o121 e, + f /U(s)ds dx = E*(0),
RY 0
(2.22) holds true for all 7 > 1 as long as E*(0) < blC”Jrl /2e.
In the case of space dimension N = 1, the weak solutions can be regularized.

Theorem 2.3. Under the assumptions of Theorem 2.2 (with N = 1), if also o € C*(R), ug € H*(R) and u; € H*(R),
then for any T > 0, Cauchy problem (1.3), (1.2), with N = 1, admits a unique strong solution

ueC([0,T]; H*®R) N C'([0, T]; H2(R)) N C3([0, TT; L2(R)).
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Theorem 2.4. Assume that

(Hy4) there exists a constant a > 0 such that

N
o(s)s <2Qa + 1)/0(I)dr, s €R. (2.24)
0
(Hs) uge HLRN), GY2u; € Ly(RY) such that either
ug
EO) = G"2ur|7 v, + luolZ gy +2 (s)dsdx <0 (2.25)
= 1z, ®y) 1ol g1 gy o(s)dsdx < )
RN 0
or

Gl/2 ,G1/2 2

0<E©Q) < G0 G U (G'ug, G'uy) > 0, (2.26)
G1/2y ”2
” 0 Lz(RN)

Then any weak solution u of Cauchy problem (1.1), (1.2) blows up in finite time T, ie.

1G"2u() |, @y — +o0 ast— T-. (2.27)
Remark 3. We set o (s) = a|s|”~!s and o (s) = as?, witha # 0, p > 1,in Eq. (1.1), respectively. A simple verification
shows that (2.24) is valid, with o = prl (> 0), and then we have by Theorem 2.4 that any weak solution of the
corresponding Cauchy problem blows up in finite time as long as the initial data satisfy condition (Hs).

3. Global existence of weak solutions to the PBVP

Lemma 3.1. (See [8].) Let 2 C RY be a bounded domain, and {wj};?’;l a complete orthogonal system in L (52).
Then for every € > 0 there is a positive integer N such that for all u € Wé’p(.Q),

N, 1/2
llull < [Z(u, w,-)z} +ellull1p,
j=1

where 2 < p < +00.

Proof of Theorem 2.1. We look for approximate solutions v” of problem (2.5), (2.8), (2.9) of the form

n
V(1) :=ZTjn(t)wj, t>0, (3.1)
j=1
where {w j}‘/?il is a Schauder basis in HOl and at the same time an orthonormal basis in Lp, with w;(x) =

w;(x +2Le;), x € RV,i=1,..., N, and the coefficients {Tjn};?=1 satisfy Tj, (t) = (v"(¢), w;) with

(G2, G'Pw;) +24(G' 0], GPw;) +22(G2v", G Pwj)

+ (v", u)j) + (Vv”, ij) + (é(t, v”), u)j) =0, t>0, (3.2)
O =¢" GO =G"y", (3.3)

for j=1,...,n,n €N, and where ¢" and ¥" are in Cgo such that
G'?¢" > G'%¢ in H?, G'?y" > Gy inLyasn— oo. (3.4)

Substituting w; in (3.2) by v}’ and v", respectively, we have
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e)‘tv"
d|1
E|:§(”Gl/2vf(t)”2—}—)LZHGl/ZUH(I)HZ+”Un(t)Hill)_i_e—zxt/ / G(s)dsdx:|
2 0
e)“tv"
+2A(HG1/2vtn(t)H2_I_e_w/ / G(S)dsdx)
2 0
=he Mo ("), €M), 10, (3.5)

%[(Gl/2v;1’G1/2vn)+)\'||G1/2 n(t)” ]+k2||G1/2v"(t)|| + ||U (t)”Hl +e—2kt( (e)utvn) e)\lvn)

=|G t>0. (3.6)
The combination of (3.5) with (3.6) yields
%E,’;(r) +E,(t)=0, t>0, (3.7
where
1 e)\tvn
Ei(t) = E(||G‘/2v;1(t) I? 4322|620 @) | + v 0| 31) + *2“/ / o(s)dsdx
2 0
+A(G'20p, GV, (3.8)
eltvn
Ent) = 2| G20 0P + 23 G20 ) |+ 0" @) | +2xe—2“/ / o(s)dsdx, >0, (3.9)
2 0

(1) If (H»)(i) holds true, by noticing (Gl/zv,”, G2y < %HG]/ZU” %+ ﬁ ||G1/2v,”||2, and by taking ¢ = 2 and
& = A /2, respectively, we obtain

eltvn
1 1 1
GO + 22620+ S | @ + e / / o (s)ds dx
Q2 0
. 2 -
<E;(t) < XE 2@, t>0. (3.10)
It follows from (H;), Remark 1 and (3.4) that
[ o < \/ )" —9)dx| <ble|7., 6" o],y 0
as n — oo, where k" =0¢" + (1 —0)p, 0 <6 < 1. As aresult,
E;(0)— E*(0) (>0)asn— oo, (3.11)

where E*(0) as shown in (2.20). Without loss of generality we assume that
E;(0) <2E*(0) foralln. (3.12)
The combination of (3.7) with (3.10) and (3.12) leads to

d A
S EO+SEN D <0,

%||G1/2 "o+ 2 A2||G1/2 dolk +—||v (t)||H1+e—2“/ [ o(s)dsdx <2E*(0)e 3, t>0. (3.13)
2 0



Z. Yang, B. Guo / J. Math. Anal. Appl. 340 (2008) 64-80 71

By (H,)(i) and (3.13),

(p+1) —(p+1)m Ay (p+1)
|a t, V" | dx = |a | dx

’
< bl/pe—(p—H) Alfa(eklvn)ektvn dx
2

ekt "

gﬂbl/l’e—“’“)’“/ / o(s)ds dx
2 0

(r=2)
<28bVPe T MEF0), 0. (3.14)
(2) If (H2)(ii) holds true, by (3.4) and Remark 1,

1@") =" 5 = o' 17— 1) = 0 asn—co. G-13)

Without loss of generality we assume that I (¢") > 0, i.e. ¢ € Wy for all n. By the continuity of 7 (v"(¢)), there exists
a right neighborhood (0, §) such that 7 (v"(¢)) > 0,1 € (0, §). We claim that for any T > 0, v"*(t) € W;, 1 € [0, T, i.e.

1(v"()) >0, tel0,T]. (3.16)

In fact, if there exists fp: 0 < 79 < T such that v"(t) € Wy, 1 € [0, tp), and v"(19) € dW,,, i.e. I(v"(t9)) = 0. Then
by (Hy), (Ha)(ii), (2.14) and (2.15),

eM "

bilv" @)%,
%||v"(t)Hi,1+e—2“f / a(s)dsdx>1(v"(t))>{ 1 H (3.17)
2 0

by P y" (t)llpH, 1 €0, 10].
Hence (3.10) and (3.13) hold true on [0, f9]. The combination of (3.17) with (3.13) yields
bi[v" )| <2E* @), 1 €0, 1. (3.18)
By taking A =2/(3T), we get from (2.16) and (2.19) that

p=1
v 1)’||v (t)|p+l C. (2E*(0)) 2 e%)h(pfl)Tnvn(t)”ill

p+1 by
2eE*(0)\ T
gc*( ebl( )> [V @5 < [V @], 10,101, (3.19)

In particular, I (v"(f9)) > 0, which violates the assumption. So (3.16) is valid. And hence (3.17)—(3.19) hold true
on [0, T].
The combination of (3.13) with (3.17) leads to
1 1 b
G20 + 326 P 0 + T ([0 O+ o 0|17 <2E e F L rel0.T).
(3.20)
By (H)(ii) and (3.20),

/ / / 4 ; (p=2)
/|&(t, V)| P g <pPHD e~ (4D “/|e“v"(t)|’”rl dx < b—b<l’+1> e ME¥0), 1€[0,T], (3.21)
1
Q
where A = 2/(3T). Integrating (3.2) over (0, t), we obtain
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t

(G201 (1), G'*wj) + 24(GV2v" (1), G w;) + /(ﬂ(G‘/?v", G'2w;)

0
+ (V" wj) + (VV", Vw;j) + (6 (1, v"), wj)) dT
= (G'2y", G'?w;) +20(G 9", G *w)), >0, (3.22)
V" (0) = ¢". (3.23)

For any T > 0, it follows from (3.13), (3.14) (if (H)(i) holds true) or (3.20), (3.21) (if (H»)(ii) holds true) that the
nonlinear terms appearing in (3.22) are uniformly bounded on [0, T'], so the solution of problem (3.22), (3.23) exists
on [0, T'] for each n.

From (3.13), (3.14) (if (H»)(i) holds true) or (3.20), (3.21) (if (H»)(ii) holds true) we can extract a subsequence
from {v"}, still denoted by {v"}, such that

G'*v" — G'Y?v  in Loo([0, T1; L2) weak®, (3.24)
V" — v in Loo([0, T1; Hy) weak®, (3.25)
G0 — G'?v, in Lo([0, T1; L) weak™, (3.26)
&(t, v”) — 7y in Loo([O, TI; L(p+1)/) weak® (3.27)

as n — oo. It follows from Lemma 3.1, (3.25), (3.13) (if (H»)(i) holds true) or (3.20) (if (Hy)(ii) holds true) that for
every ¢ > 0, there exists a positive integer N, such that for all v"*, when n — oo,

Ne 172
[v" &) —v)|| < [Z(v" —v, wj)ﬂ +efv" (1) —v(@®) |, SCE*(0)e, 1€[0,T]. (3.28)
j=1
By the arbitrariness of ¢,
V" > v inLe([0, T]; L2) and a.e. on Q7, (3.29)

as n — 00. By (3.29) and the continuity of o, for a.e. ¢t € [0, T,
5(r,v") > 6(t,v), ae.onf (3.30)

as n — oo. It follows from the Egoroff theorem that for any § > 0, there exists a measurable set £25 C £2, [$25| <8
such that for a.e. r € [0, T'], 6 (¢, v") — & (¢, v) uniformly on £2 = 2 — £25 as n — oo. Hence, for any p;: p; > p, by
the embedding theorem, (3.14) (if (H2)(i) holds true) or (3.21) (if (H2)(ii) holds true), we have

B B B B _r-r
||c7(t, V") =6 (t,v) ||L(p1+1)/(95) < ”G(t, V") =6 (t,v) ||L<p+1y(95)5 (RN TERY

p1—p
<M(T)swtbei+b - ¢ €0, T], (3.31)
where and in the sequel M (T) denotes positive constants depending only on 7. Therefore, when n — oo,
~ n ~ ~ n ~ ~ ~ ny _ =~
|6 (2, v") =6t v) ”L<p1+1)’(9) <o (r,v") =6, v) ”L<m+l>/(9) + |6 (e, v") =6, U)||L(p1+1)/(95)

—p

P
< M(T)§PeiFD | ¢ e[0, T). (3.32)

By the arbitrariness of §,
5(1,v") > 6(t,v) in Loo([0, T1; L(p,+1y) asn — oco. (3.33)

It follows from (3.33) and the uniqueness of weak™ limit that y (t) = & (¢, v) in L(,, 41y for a.e. t € [0, T]. Since C3°
is dense in L 11, for any k € L,y there exists a sequence {k,}, k, € Cgo, such that , — « in L,11 as n — oo.
Hence,



Z. Yang, B. Guo / J. Math. Anal. Appl. 340 (2008) 64-80 73

|6t v) =y @), k0 — k)| <[5 0) =y (@) (pa1yln = llpr1—0 asn— oo, 1 €[0,T], (3.34)
(6(1‘, v) —y (), /c) = nli)ngo((}(t, v) —y (1), Kn) =0, (3.35)
o(t,v)=y() inL4yforae te(0,T] (3.36)

For any x € H, I' it follows from (2.7) that G'/2x € H?. Hence, letting n — oo in (3.22) and making use of (3.24)—
(3.27), (3.36) and (3.4) we obtain, for any x € H(} and a.e. t € [0, T],

(G20, (1), G2 x) +20(G*u(1), G'*x)

1
+f[k2(Gl/2v, G'2x) + (v, x) + (Vu, Vx) + (6 (z, v), x)]dt
0
= (G2, G'%x) +20(G' 9, G'?y). (3.37)

Differentiating (3.37) we get that for any x € HO1 and a.e. t € [0, T'], (2.10) is valid. By (3.24), (3.26) and (3.4),

(G2, w;) — (G"?v,w;) in H'[0, T1and in C[0, T],

G'"?v(0)=G'"%¢p inL,. (3.38)
Since ¢ € H, applying the operators G~1/> = (=A)!/? and G~! = — A to both sides of (3.38), we get

v(0)=¢ inH'. (3.39)
Letting t = 0 in (3.37) and using (3.38) and the density of HO1 in Ly, we have

Gv,(0)=Gy in L. (3.40)
Applying G™1/2 = (= A)!/2 to both sides of (3.40) leads to
G'?v,(0) =G ?y. (3.41)

The combination of (2.10) with (3.39) and (3.41) indicates that v is a weak solution of PBVP (2.5), (2.8), (2.9).
Theorem 2.1 is proved. O

4. Global weak solutions to the Cauchy problem

Proof of Theorem 2.2. We take a sequence {L;}, where L; (> 1) are real numbers, and L; — +00 as s — 0o. Let
2, = (—Lg, L)V . For each s we construct the potential wells with parameter ¢

W ={v(t) € Hy (82,) | I, (v(®)) = |v(®) ||§11<:zs> —Mp=r ||u(z)||§;1](93) >0} U {0}, 4.1)

and the periodic functions ¢, € H(} (825), s € L2(82), with @50, = ¥slae, =0, and

(i) @5(x) = @5 (x +2Lse;), Y5 (x) = Y5 (x +2Lse1), x RV, i=1,..., N,
(i) @5(x) =vo(x), Y5 (x) = vi(x) on 2§ = (=Ly+1,L; — D", and

162050, <NGv0]l L mry: 05l < lvollg gy
s, <ol @y, 1G], @) <IGY20i]l @y (4.2)
Let
~ _ (pS(-x)a xEQS7 7 _ W‘Y(-x)a xegs»
g‘)S(x)_{o, xeRN— @, 1Mx)_{o, xeRV— @, “-3)
By (4.2),
1GY2¢: = G'2uo ||, vy <216 200, - (“44)
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Hence,
1/2 ~ 1/2 1/2 ~ 1/2
G / Qs — G / UO“Lz(RN) = ||G / Qs — G / U0||L2(RN—.Q;k) —0 (45)

as s — oo. Similarly,

gs—vo in H'(RY) N Lyt (RY), Gy — G'"?v; in Ly(RY) (4.6)
as s — oo. It follows from (4.6) that

1 1
1) = los 30y = 1017 0y = T(00) = 00l ooy = I00ll] ) ) 4.7

as s — 00. By the integral mean value theorem, the Holder inequality and (4.6),

Ps Vo
//o(r)drdx—//o(r)drdx
2s 0

< ”O’(g;) ||L(p+l)’(RN) ”95&‘ - UOHLer](RN)

RV 0
SCUENL w165 = voll,. @) = O (4.8)

as s — 0o, where & = vg + 05@5, 0 < 65 < 1. By (4.5), (4.6) and (4.8),
EX(0) — E*(0) ass— oo, (4.9)

where E7(0) as shown in (2.20) (substituting ¢, ¥ and §2 there by ¢y, ¥, and £2;, respectively), and E *(0) as shown
in (2.23), where the facts: vg = ug and v; = u; — Aug have been used. By (2.21), (2.22), (4.7) and (4.9), without loss
of generality we assume that

by -
I(gs) >0, E§(0)<min{2—‘c:‘,2E*(0)} for all s. (4.10)
e

Repeating the arguments of Theorem 2.1, for each s we get a weak solution v*® of corresponding PBVP (2.5), (2.8),
(2.9) (substituting L, £2, ¢ and ¢ there by Ly, £25, ¢s and g, respectively), and v*® is a weak™® limit of a sequence
{v"s}, where v" are the solutions of problem (3.2), (3.3) (substituting £2, v", ¢" and ¢" there by £2;, v, ¢"s and
Y, respectively). And inequalities (3.13), (3.14) (if (H»)(1) holds true) or (3.20), (3.21) (if (H3)(ii) holds true) are
valid for v (substituting v" and £2 there by v"s and £2;, respectively).
At ng
(1) If (H2)(i) holds true, then F(e*v") = [ " o(t)dt > 0 are measurable functions defined on £, for a.e.
t € [0, T]. Since v — v* a.e. on £2, fora.e. t € [0, T] as ny — oo (see (3.29)), and by the continuity of F(e* v"),
F(eMv™) — F(eMv*) a.e.on £, asng — 00,
i.e. there exists a set £2, C 2y, |2s| = 0, such that
F(eMv™) — F(eMv*)  on £2, — £ as ng — oo.
Then, by the Fatou theorem, for a.e. f € [0, T'],
/ F(eMv')dx = / F(e*v*)dx < lim_inf / F(eMv™)dx = lim inf/ F(eMv™)dx. (4.11)
ng—00 ng—>00
2 -Q.y_fzs Qs_fzs $2s
From the sequential lower semi-continuity of the norm and (4.11) we conclude that inequalities (3.13) and (3.14) are
still valid for v* (substituting v", £2 and E*(0) there by v*, £2; and E*(0), respectively).
(2) If (H2)(ii) holds true, from the sequential lower semi-continuity of the norm we deduce that inequalities (3.20)
and (3.21) are still valid for v* (substituting v", £2 and E*(0) there by v*, £2; and E*(0), respectively).
Hence, by the same arguments used in the proof of Theorem 2.1 we can extract a subsequence from {v*}, still
denoted by {v®}, such that, for any £2; = (—L, L)N and T > 0,
G'*v* — G'?v in Lo([0, T1; L2(£2)) weak®,
v' = v in Loo([0, T1; Hy (£21)) weak™,
G0} — G'Y*v, in Loo([0, TT; La(£21)) weak™,
6(t, vs) —o(t,v) in Loo([O, T, L(p+1)/(.{2L)) weak™ 4.12)
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as s — 00. And by the same method used above we see that illequalities (3.13) and (3.20) still hold true for the limit
function v (substituting v", £2 and E*(0) there by v, £2; and E*(0), respectively).

From the arbitrariness of L and the bounded-ness of the norm of v (see (3.13) and (3.20)) we know that the limiting
function

Ve Loo([0,T1; H'(RY)),  with G'?v, € Loo([0, TT; L2(RY)). 4.13)

Forany x € H'(RN), supp x is a bounded setin RV, there must be an L > 0 such that supp x C £2; and x € H(} (£21).
Substituting v", w;, ¢" and ¥" in (3.22) by v*, x, ¢s and ¥, respectively, and letting s — 00, we obtain

(G'2v,(1), G2 x) +20(G*u(1), G'?x)
t
+ /(AZ(GI/%(I), G'2x) + (v(@), x) + (Vo(@), VX) + (6 (v, v(0)), x)) dt
0
= (G"*v1, G x) +24(G?vy, G'?x), te[0,T]. (4.14)

By (4.12), for any x € C°(RV),

(G'*v*, x) — (G'*v, x) in H'[0,T]and in C[0, T]. 4.15)
Then by (4.5),
(G'?(0), x) = (G"*vo, x)- (4.16)

Since CSO(RN ) is dense in L, (RY), from the continuity of the inner-product in L, we get that (4.16) holds true for
arbitrary x € L>(RY), and hence

G'*(0) =Gy in Ly(RY). (4.17)
Since G'2vy € H*(RV), applying G~ /2 and G~! to both sides of (4.17), we have

v(0)=vo in H'(R"). (4.18)
For any x € C{° (RM), letting t = 0 in (4.14), exploiting (4.17) and using the same method as above, we get

(Gv,(O),X) =(Gvy, x), Guv(0)=Gv; in Lz(RN). (4.19)
Since G2y, € Lz(RN), applying G~ 1/2 to both sides of (4.19), we obtain

G'%v,(0) = G'"?v; in L,(RY). (4.20)

Differentiating (4.14) and combining the result with (4.18) and (4.20) we see that v is a weak solution of Cauchy
problem (2.5), (2.6) on [0, T']. Therefore, u = My is a weak solution of Cauchy problem (1.1), (1.2) on [0, T].
Theorem 2.2 is proved. O

5. The case in one dimension

Lemma 5.1. (See [29].) Assume that G(z1, ..., zn) is a k-times continuously differentiable function with respect to
variables z1, ...,z and z; € Lo ([0, T1; Hk(.Q)) (i=1,...,h). Then

2 h
<CM. ko h) Y [z 3

ak
HWG(Zl(',t),...,Zh(-,t)) 2

where M = Max|<i<h MAX(y i, lzi (x, )|, C(M, k, h) is a positive constant depending only on M, k and h.

In this section, we still use the notations in (2.1), with £2 = (=L, L). Moreover, | - [c = || - llc(@)-
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Proof of Theorem 2.3. We first consider the PBVP of Eq. (1.3)

ulge =0, ulx,t)=u(x+2L,t), xeR,t>0, 5.1)
u(x,0)=£&x), u;(x,0)=nx), xeR, 5.2)

where £ € HY*NHJ,n € H*NH}, with £(x) = &(x +2L), n(x) = n(x +2L), x € R. And it follows from (2.9) (with

N =1) that§(x) = @(x), n(x) = ¥ (x) + Ap(x).
We still start with the approximate solutions of PBVP (1.3), (5.1), (5.2) of the form

n
W'(6) =Y Tin(Ow;, >0, (5.3)
j=1
where {w j}j?ozl is a Schauder basis in H* N HOl and at the same time an orthonormal basis in Ly, with w;(x) =
wj(x +2L), x € R, and the coefficients {7}, }"_, satisty T, (1) = (u" (1), w;) with

(urey wi) = (s wj) + (e wj) = (0 (") o wj), 1>0, (54)

u"(0)=¢",  uf(0)=n", (5.5)
for j=1,...,n,n €N, where and in the sequel u « = ng‘Z, g", n" € C§° and

" > up in H*, " —u, in H> asn— oo. (5.6)

By (3.13) (if (H»)(i) holds true) or (3.20) (if (H2)(ii) holds true), and the Gagliardo—Nirenberg inequality,
[u" @ g = e " O] 1 < M (T,
1 1
" @] - < Cllu"®]? |us®]> <MT), te[0,T]. (5.7)

Substituting w; in (5.4) by u} + uz 4 integrating by parts and exploiting Lemma 5.1, (5.7) and the Gronwall inequality,
we get

S O + e, O + [ 0
= (0 (") o)+ (0 (") g lz,) + () < MO O+ [z, O]+ " 0 ).
it @2+ 1" O s < (1" [ + 87 50) DT < Ty, 1 €10.77. (58)
Substituting w; in (5.4) by u}, and using the Holder inequality, Lemma 5.1 and (5.8), we obtain
|ufy ] < [ O] + [lula O | + llo (" @) I < M(T), 1[0, T]. (5.9)

Let w" = u" —u”~!, then w" (¢) satisfy

(wit wj) = (Wi w)) + (whe,w)) = (0 ("), —o ") ow;). 1>0, (5.10)
w'(0)=¢"—¢&""1 w0 =n"—n"", (5.11)
for j =1,...,n, n € N. Substituting w; in (5.10) by w" + w;l4[ and exploiting the Lagrange mean value theorem,

(5.8), Lemma 5.1 and the Gronwall inequality, we arrive at
1d
5 (O + [wl, O + [w"© 1)
= (o) =0 (")) (0 (") = 0 (") )+ ()
<MD (Jwf O + [wh, O + [w"©[3),  rel0, 71, (5.12)

o O+ F @l < (17 = [t 67 = )07 =0 513

uniformly on [0, T'] as n — oo. Substituting w; in (5.10) by w}, and exploiting Lemma 5.1 and (5.13), we have
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[wr @ < wh®] + W@ + [ (@ 0) = o @ @), |

M) |w"@)] s — 0 (5.14)

NN

uniformly on [0, T'] as n — oo. Then,
ot @) = @) |32 + " @) = " @ s + (0 =i )| * — 0 (5.15)

uniformly on [0, T'] as m, n — oo, i.e. {u"} is a Cauchy sequence in C ([0, T']; HY)NC([0, T]; H)NC%([0, T1; Ly).
Hence

u" —u in C([0, T1; HY) N C'([0, T1; H*) N C*([0, T1; Lo) (5.16)

as n — oo. Letting n — oo in (5.4) and (5.5) we get that u is a strong solution of PBVP (1.3), (5.1), (5.2).

Now, we restrict our attention to Cauchy problem (1.3), (1.2), with N = 1.

We still take a sequence {L,} as usual and construct the periodic functions & (x) = ¢ (x), ns(x) = ¥ (x) + Ags (x),
where ¢; € H*(£2,) N HJ (2,), ¥s € H*(2,) N Hy (£2,), and ¢, and ¥ satisfy conditions (i) and (ii) in the proof
of Theorem 2.2, with N =1 and 2, = (—Ly, L,). Obviously, &y, = nslae, =0, &(x) =& + 2L), ns(x) =
ns(x +2L), x € R, and & (x) = ug(x), ns(x) =u1(x) in 2F = (—Ls + 1, Ly — 1). Moreover, let

s |42,y < lluoll oy M5l 22y < Nt ll 2wy (.17

and & (x) = @5 (x), 7s(x) = ¥ (x) 4+ Ay (x), where @ (x), ¥y (x) as shown in (4.3), with N = 1. As a result, (4.5)—
(4.10) hold true. Similarly,

& —>uy in H*(R), s —>u; in H*(R) ass— oo. (5.18)

As shown in the proof of Theorem 2.2, for each s we get a strong solution u® € C ([0, T]; H*(2,) N
CH([0, T1; H*(£25)) N C3([0, T1; L2(82,)) of corresponding problem (1.3), (5.1), (5.2) (substituting &, n and L
there by &, ny and Ly, respectively), and u® is a weak® limit of a sequence {u"+}, where u™s are the solutions
of problem (5.4), (5.5) (substituting u", £", n", & and n there by u"s, &"s, n's, & and n;, respectively). From
the sequential lower semi-continuity of the norm we know that inequalities (5.7)—(5.9) still hold true for u* (sub-
stituting u", £ and n" there by u®, & and 75y, respectively). And inequalities (5.13), (5.14) still hold true for
w® =u® —u*~! (substituting w”, £" and 5" there by w®, & and 7, respectively). Then {u*} is a Cauchy sequence in
C(10, T1; H*(£20)) N C' ([0, TT; H*(20)) N C*([0, T1; L2(£2)) and

u' —u inC([0,T]; H(20)) N C'([0, T1; H*($2)) N C*([0, T1; L2(821)) (5.19)

as s — 00. And inequalities (5.7)—(5.9) are still valid for the limit function u. From the arbitrariness of L and the
bounded-ness of the norm of u (see (5.8)—(5.9)) we know that the limiting function

ueC([0,T]; H*R) N C' ([0, T1; H*(R)) N C([0, TT; L2(R)), (5.20)

and u is a strong solution of Cauchy problem (1.3), (1.2), with N = 1.
By using the standard method we easily get the uniqueness of the strong solution, so we omit the process. Theo-
rem 2.3 is proved. O

6. Blowup of solutions

Lemma 6.1. (See [12].) Assume that ¢ € C2, ¢(t) > 0 satisfies

()" (1) — (1 +8)¢'%(1) =0

for certain real number § > 0, ¢(0) > 0 and ¢’ (0) > 0. Then there exists a real number T:0<T< % such that

¢(t)—> o0 ast—T".
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Proof of Theorem 2.4. Taking L;-inner product of Eq. (2.2) with u and u,, respectively, we get

(G'2us, GPu) + y|u(t)||2+|qu(r)||2+/a(u)udx=o, >0, 6.1)
RN
E'()=0, E@®)=E®), >0, 6.2)
where
£ =62+ [u| + |vu]* +2 [ [odsas (63)
RN 0

1. If (2.25) holds true, we set

o) = |GV Pu@)|* + B +10)°. (6.4)
Obviously,

o' () =2(G"?u, G"?u,) + 28t + 10), (6.5)

¢"2(1) <4 () (| G2u )| + B). (6.6)

¢”(z)=2[2a(”u(t)||2+}|Vu(z)y|2)+2(2a+1)/fa(s)dsdx—/a(u)udx—(2a+1)(E(0)+ﬁ)]

RM 0 RV
+40+a)(|GVPu ) |> +8), 10, (6.7)
where (6.1)—(6.3) have been used. Then
(" (1) — 1+ )¢ > (1) > p(H)Q(1), >0, (6.8)
where

Q(t)=2|:2a(||u(t)||2+HVu(t)”z)+2(2a+1)/fo(s)dsdx—/a(u)udx—(2(x+1)(E(0)+ﬂ)i|.
RN 0 RN
(6.9)

By taking g = —E(0) (> 0), we get from (2.24) and (6.9) that Q(¢) > 0. And hence
p(1)¢" (1) — (1 +a)¢'(t) >0, t>0. (6.10)

Obviously ¢ (0) = |G'/?ug|1> + B3 > 0. By taking #o large enough such that ¢’ (0) = 2(G'/?ug, G'/%uy) + 2Bty > 0,
we deduce from Lemma 6.1 that there must be T < ¢(0)/ag’(0) such that ¢ (r) — 400 as t — T-,ie.

|G 2u)|* - +oo ast— T ©6.11)
2. If (2.26) holds true, we set
o= 6", >0 6.12)
As a result, (6.5)—(6.9) still hold true, with 8 = 0. And it follows from (6.8) and (6.9) that
P (1)p" (1) — (1 + )¢ > (1) = —2Qa + DE©0)¢ (1), 1>0. (6.13)

(1) If E(0) =0, it follows from the facts: ¢ (0) = ||G'/2ug||?> > 0, ¢'(0) = 2(G'?ug, G'/?u;) > 0 and Lemma 6.1
that (6.11) holds true.
) If E(0) > 0, we set

P(t)=9¢7%1), t=0. (6.14)
Obviously,
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P'(1) = —ap™* " ()¢ (1),
P'(t)=—ag "2 (1) (¢ (9" (1) — (1 + )¢'* (1)) <202a + DE©)p™ (1), t>0. (6.15)
By assumption, P’(0) = —a¢p~ %1 (0)¢’(0) < 0. We claim
P'(t) <0, t>0. (6.16)
In fact, if there exists #p > 0 such that P’(t) <0, ¢ € [0, f9) and P’(ty) = 0, multiplying (6.15) by 2 P’(¢) we obtain

%P/2(t) > 402E0) (¢ (1), (6.17)
P'2(t) > 4a’E0)¢ %71 (1) + P'?(0) — 4> E(0)¢p 2>~ 1(0), (6.18)
P'(t) < —(P'*(0) —4a2E0)¢~ 271 (0))/> <0, 1€[0,10]. (6.19)

In particular, P’(zp) < 0, which violates the assumption. So (6.16) is valid.
Therefore, (6.19) holds true for ¢ > 0. Integrating (6.19) over (0, t), we have

P(1) < P(0) — (P'2(0) —4®E0)¢ 2271 (0)) 1, 1>0. (6.20)

It follows from (6.20) that there exists a number T: 0<T < P(0)/(P?(0) — 4a®E(0)¢—2271(0))!/2 such that
P(T)=0,i.e.¢(t) > +ooast— T~ . Theorem 2.4 is proved. 0O

Example 1. We set o (s) = a|s|?~!s in Eq. (1.1), where a # 0, p > 1 are real numbers.

I. Whena >0, 1 < p < % (p < +00), obviously, (2.17) holds true, with § = p + 1. So Cauchy problem

(1.1), (1.2) admits a weak solution on [0, T'] (for any T > 0) as long as Gy, e LoRM), ug € HI(RM) (see
Theorem 2.2).

2. When a <0, |a| < pTH, l<p< (If,V_J“22)+ (p < +00), Cauchy problem (1.1), (1.2) admits a weak solution on

[0, T] (for any T > 0) as long as ug € Wy (see (2.21)), G'/2u; € Lo(RN) such that (2.22) holds true (see Theo-
rem 2.2).

3. When the space dimension N = 1 and p > 4, obviously ¢ € C*(R). Then the weak solution of Cauchy problem
(1.3), (1.2) in both cases 1 and 2 can be regularized, the strong solution u is unique and

ueC([0,T]; H*R)) N C' ([0, T1; H*(R)) N C([0, T1; L2(R)) (6.21)

as long as ug € H*@R), u; € H*(R) (see Theorem 2.3).

4. A simple verification shows that (2.24) is valid, with o = pT_l (> 0). As a result, any weak solution of Cauchy
problem (1.1), (1.2) blows up in finite time, i.e. (2.27) holds true as long as the initial data uo and u; satisfy
condition (Hs) of Theorem 2.4 (see Theorem 2.4).

Example 2. We set o (s) = as” in Eq. (1.1), where a # 0, p > 1 are real numbers.

1. Whena > 0, p is an odd integer and 1 < p < % (p < +00), a simple computation shows that (2.17) holds
true, with 8 = p + 1. So the same conclusion as in the case 1 of Example 1 is valid.

2. When |a| < pTH and 1 < p < % (p < +00), we have the same conclusion as in the case 2 of Example 1.

3. When the space dimension N = 1, p > 4 or p is an integer, the same conclusion as in the case 3 of Example 1
holds true.

4. Obviously (2.24) holds, with « = ”T_l (> 0). And hence, we have the same conclusion as in the case 4 of Exam-

ple 1.
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