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1. Exponential dichotomy and pseudo almost periodic sequences
1.1. Introduction

Differential equations with piecewise constant argument arise in an attempt to the theory of functional differential
equations with continuous argument to differential equations with discontinuous arguments and have applications in certain
biomedical models (e.g., see [2]) and impulsive and loaded equations of control theory. The strong interest in these equations
is the fact that they describe hybrid dynamic systems (a continuous and discrete combination) and, therefore, combine
properties of both differential and difference equations. In this work, we investigate the existence of pseudo almost periodic
solution to pseudo almost periodic difference equation. First we need some general results on exponential dichotomy of
linear difference equations, and properties of almost periodic functions that are not continuous.

The theory of exponential dichotomy has played a central role in the study of ordinary differential equations and dif-
feomorphisms for finite dimensional dynamic systems. This theory, which addresses the issue of strong transversality in
dynamic systems, originated in the pioneering works of Lyapunov (1892) and Poincaré (1890). During the last few years one
finds an ever growing use of exponential dichotomies to study the dynamic structures of various partial differential delay
equations.
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The existence problem of periodic and almost periodic solutions has been one of the most attractive topics in the
qualitative theory of ordinary or functional differential equations for its significance in the physic sciences.
Let Pt be the set of periodic functions with period T. Then the linear differential equation of first order

dx
7 = O+ ), (1)

has a unique T-periodic solution if a # 0.
In [8], Yuan and Hong proved the existence of periodic solutions for the following differential equation with piecewise
constant argument (abbreviated in EPCA)

dx N .
5 =0+ i;Naix([t +il)+ f©), N>1 2)

where the period T is a rational number and [.] denotes the greatest integer function.

In [5], it has been shown that EPCA has a quasi periodic solution and no periodic solution when the period is irra-
tional. The appearance of quasi periodic rather than periodic solutions is due to piecewise constant argument. This new
phenomenon illustrates a crucial difference between ODE and EPCA.

Eq. (2) describes model of disease dynamic, see Busenberg and Cooke [2]. An application of EPCA is the stabilization of
the hybrid control system with feedback delays, see Cooke and Weiner [3], Shah and Weiner [7].

In [1] Ait Dads et al. consider the problem of existence of pseudo almost periodic solutions to the following second order
neutral delay differential equation

d%x

dt?

where p, g are given constants and f : R — R is a given pseudo almost periodic function.
This work deals with the following EPCA

[x(t)+px(t—1)]:qx(2[#]) + f (), (3)

dx

5 = AOxO + > AjOx(1t — 1) + g(t. x(). x([t]). ... x(1t — r1)). (4)
j=0

In this work we present some results concerning pseudo almost periodic solutions of some difference equations using
the theory of exponential dichotomy.

Dichotomy theories for difference equations are applied to obtain stability criteria for a class of discrete reaction-diffusion
equations.

The rest of the paper is organized as follows. In next section, some definitions and preliminary results are introduced. We
show some interesting properties about discontinuous pseudo almost periodic functions. Section 3 is devoted to establish
some criteria for the existence and uniqueness of pseudo almost periodic solutions for some difference equation. Section 4
is devoted to the problem of existence and uniqueness of pseudo almost periodic solution for Eq. (10).

This work is motivated by the work of R. Yuan [9]. But Looking to the work of Yuan, we note that, in this one there are a
number of inaccuracies in the text concerning the almost periodicity of the function g(t, ¢1(t), 1 ([t]), ..., @1([t] —1)). We
begin by introducing some Banach spaces in which the equation will be well posed.

2. Some preliminary results on exponential dichotomy and discontinuous almost periodic functions
2.1. Exponential dichotomy in discrete case

Definition 1. Let (A(n))ncz be a sequence in GL,(R) (the group of invertible matrix). Consider the following linear difference
equation:

Xnt1 = A(M)Xp. (5)
We say that Y (n) is a fundamental matrix of (5) if
Y(0)=I and VneZ, Y(n+1)=AmYMm).

We say that (5) has an exponential dichotomy on Z with parameters (P, K, «) if there exist nonnegative numbers K and o
and a projection matrix P (P2 = P) such that

lYm)PY " '(m)| < Ke ™™ m>n,
[Ym)QY~'m| <Ke™*"™, n>m,
where Q =1 — P.
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Remark 2. We can make explicit the fundamental matrix Y (n) by

An—1)...A(1)A(0) ifn>o0,
Yn)=11 ifn=0,
ATTmMA Tn+1)...A"1(=1) ifn<0.

Definition 3. A sequence (xp)nez with values in RY is called almost periodic if: Ve > 0,

T(x,8):={T €Z; Vn€Z, |Xntr — Xnl <&}

is relatively dense.
The set of such sequences is denoted by AP(Z, RN).
If N=1, we use the notation AP(Z).
(B, ||.llc) denotes the space of bounded real sequences.
PAPy(Z) denotes the space of bounded real sequences (xp)ncz Which satisfy

We define the space of pseudo almost periodic sequences by: PAP(Z) = AP(Z) + PAPy(Z).
The space of pseudo periodic sequences by: PP, (Z) = P, (Z) + PAPy(Z), where P, (Z) denotes the space of w-periodic
real sequences.

Proposition 4. (See [4].)

(1) Let f € AP(R,RN) and & > 0, then T(f, &) N Z is relatively dense.
(2) Let N € N*, x = (Xp)nez a sequence with values in RN,
Let us consider x: R — RN which is defined by ¥n € Z, X(n) = x, and X is affine in [n, n + 1]. Then we have

T(X,e)NZ=T(x,e) and X< APR,RN) ifandonlyif xe AP(Z,RN).
Theorem 5. (See [8].) Consider the equation

Xny1 = A(M)Xn + hy, (6)
where (hy)y, is a bounded sequence, (A(n))nez, is a sequence in GLy (R). Let us assume that the homogeneous system associated to (6)
has an exponential dichotomy with parameters (P, K, «), then Eq. (6) has a unique bounded solution (x,)ncz; furthermore, we have:

1+e ¢
Sup [a| < K+ sup|hy|.
nez 1—e™® ez

Moreover, if we have (A(n)), € AP(Z) (resp. P, (7)), and (hy)n € PAP(Z) (resp. PP, (Z)) then (Xy)nez € PAP(Z) (resp. PP, (Z)).
2.2. Some results on discontinuous almost periodic functions

In the objective to study properties of solutions of differential equations with piecewise constant argument with almost
periodic coefficients, we need to introduce some preliminary results on discontinuous almost periodic functions.
Let E be a Banach space, B(E) denote the Banach space of bounded functions x : R — E provided with the uniform norm

topology x| = supcg [X(£)|.
C(E) x:R — E, continuous on R\Z, such that x has a finite limits
™71 on the left and on the right of any point in Z.

Let T €Z and f € Cr(E), we define f; :t — f(t + t). Then we have f; € Cp(E).
Let us define

BCm(E) = Cn(E) N B(E).

Then one can see that BCy,(E) is closed in B(E).

Definition 6. We call that T(x, &) N Z is relatively dense in R, if there exists a real number L > 0, such that for all a € R,
Tx,e)NZNJ[a,a+L]# 2.
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Remark 7. Without any loss of generality, the number L can be chosen as an integer number L € N*, we may also replace
Va € R, by Va € Z. Indeed if the intersection is not empty for a € Z, then Va e R, T(x,e) NZN[a,a+ L + 1] # @. In what
follows, we use that T(x, €) N Z is relatively dense in R if and only if 3L e N*, Vae Z, T(x,e) NZN[a,a+ L] # @.

Let us define the space of almost periodic functions continuous on R\Z with values in E, which are discontinuous on 7Z
and having a finite limits on the left and on the right of any point in Z:

F1(E) = {x € C(E), such that Ve > 0, T(x, &) NZ is relatively dense in R}.
Lemma 8. F{(E) = {x € BCn(E), Ve > 0, T(x, &) N Z is relatively dense in R} i.e. F{(E) € BCiy(E).

Proof. Let x € Ciy(E), such that Ve > 0, T(x, &) NZ is relatively dense in R. For € =1, there exist L € N*, Va e Z, 31, €
[0,L1NZ such that Vx e R, |f(x+a+ t3) — f(X)| <1, we chose a = —E(x) where E(x) is the integer part of x. Since f is
bounded by some M on [0, L 4+ 1] and we obtain that Vxe R, |f(x)|< M+ 1. O

Lemma 9. Let f € Ciy(E) be such that for all number sequence (tp)n>0 € ZN we can extract from (f (. + tn))n>0 a subsequence which
converges uniformly on R, then f is bounded on R.

Proof. Suppose that f is not bounded, then there exits a sequence number (t,) such that |f(t;)| — oo. Putting t, =k, +1,
where k;, is in Z and 0 <r, <1, (ry) is bounded, then it converges in term of subsequence r, — r and

| f(t+kn) — g(t)] — 0 uniformly on R,
this implies that

| f(t+kn + 1) — g(t +17)| > 0 uniformly in R.

By taking t =0 in the last formula, we obtain that

|f(kn +1m) — g(rn)| -0,
but g(ry) — g(r~) or g(r™) because g € C;y (E) which implies that f(t,) — g(r™) or g(r*), which is a contradiction. O

Remark 10. When we call that g(r,;,) tends to g(r—) or g(r+) this suppose that r, — r has a constant sign, if no, we may
extract a subsequence of r, which goes to r— or r+ and the problem is solved.

In fact if there exists an infinite of numbers n such that r, is greater than r, one can extract a subsequence which goes
to r+, if no, we have a subsequence which goes to r—.

Lemma 11. Let f € Ciy(E), then one has f € F1(E) if and only if for all real number sequence (ty)n>0 € ZN we can pick up from
(f (. 4 ta))n>0 a subsequence which converges uniformly on R.

Proof. From Lemmas 8 and 9 we work on the space BCi;(E), we have to prove that f € F{(E) if and only if {f;, 1 € Z}
is a relatively compact part of BC,,(E). Since BCr,(E) is a complete space, it suffices to prove that f € F{(E) if and only if
{fr, T € Z} is precompact; mainly: for all € > 0, there exist t1,..., T, € Z such that {f;,T € Z} C U?:1 B(fz, &).

Sufficient condition: Let € > 0. Since f € F{(E), then there exists L € N* such that Vae Z, T(f,e)NZN[a,a+ L] is not
empty, identically to Va € Z, 3t € ZN[a,a+ L] such that |f — f;| < &, or yet, Va € Z, 3t € ZN[0, L] such that |f — fo1 | < €.
By remarking that | f — fy+¢| = |f—q — fr| one obtains: Va’' € Z, 31’ € ZN[0, L] such that | fy — f/| < &. If we put ZN[0, L] =
{t1,..., Tn} one has the desired result.

Necessary condition: Let ¢ > 0. Then there exist 71,..., Ty € Z such that {f;, 7 € Z} C U?:1 B(fy;,€). Let £ € N such that
Vie{l,...,n}, £+ 1; > 0. If we put L =max;gign €+ 7; one has L € N*. For a € Z, if we take T = —¢ —a, we obtain Ji €
{1,...,n} such that | f_y_q— fr;| <& mainly |f — fat¢4+7] < € and since a+£+7; € [a,a+LINZ, then T(f,e)NZN[a,a+L]
is not empty. O

Lemma 12. Let G and H be two Banach spaces, if x € F1(G) and y € F1(H) then (x, y) € F1(G x H).

Proof. Let (tp)n>0 € 7ZN. Since x € F1(G), then there exists a nondecreasing function ¢ such that (x(.+ tom))n>0 Con-
verges uniformly, on the other hand y € F1(H) and (tym))n>o0 € ZN then there exists a nondecreasing function ¥ such
that (y(. + tyoyn)))n>0 converges uniformly, then if we put 6 = ¢ o ¥, we obtain that (x(. +tyn)), y(. +tom))) converges
uniformly, then from Lemma 11 one has (x, y) € F1(G x H). O

Corollary 13. Let x € F1(G), y € F1(H). Take € > 0, we have T (x, &) N T(y, €) N Z is relatively dense, in particular, one has that if
xe€ F1(RN), then VN >1,Vy € AP(R,RN) and Ve > 0, T(x, &) N T(y, &) N Z is relatively dense.
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Proof. From Lemma 12 one has (x, y) € F1(G x H), then T((x, ¥), &) NZ is relatively dense, mainly T(x,e) NT(y,&) NZ is
relatively dense. For the rest of the proof, we use the fact AP(R,RN) c F{(RY). O

3. Mean results

Let Dj(n), j=0,...,r, be a sequence in My(C) with D;(n) invertible, and consider the difference equation in C9,
r
Xn1 =) Dj(Mxn_j+hn, neZ, (7)
j=0

such that (hy), is bounded. We start by studying the following homogeneous equation

.
Xnp1= Y Djmxy_j. (8)
j=0
By putting
Xn
Xn—1
Xn= .
Xn—r
and
Do(m) Dy(m) --- --- Dr(n)
I 0 0
pm=| o I :
0 0 I, ©

Eq. (8) takes the form
Xny1 = D) X. 9
Remark 14. Denote if D,(n) is invertible then D(n) is also.
One has the following theorem which is an extension of the result proved by R. Yuan [9].

Theorem 15. If S := sup,z, Z;':o |Dj(n)| < 1, then the system (9) has an exponential dichotomy on Z with parameters (P, M, o)
such that

r 1 1
P=1d, M=S" 1, o= In{ = ).
r+1 S

Proof. Let Y (n) be the fundamental matrix of system (9), we must prove that Vn, p € Z, with n > p,
[Y()Y ™' (p)| < Me™ 0P,

or VZ e Car+D),
[Y(m)z| < Me ™ Py (p)Z|.

For all k € Z, putting Z, =Y (k)Z and K =e ™%, it suffices to prove that for n > p,
1Zn| < MK""P|Z,].

One has for all i,

3i—1
Zi= . ,

di—r
Zit1 =D(i)Z;, then Z; is of the form 3;;1 = Z;‘=o Dj(i)3i—j, here |Z;| denotes max(|3il, ..., [3i—r])-
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Let us prove by recurrence on i that

Vizp—r, I3 <IZplKP.

847

The recurrence hypothesis: if p —r <i < p one has [3;] < |Zp| < |ZP|K"*". Assume that [3;| < \ZP\K"*P, k=i—r,...,iand

prove that |3i41] < |Zp|1<i+1‘p. In fact, one has
r . . . r . . .
Bit1] < D_|Dj@|KTITPIZp | KT Y D ()| 2] < KTTTPS|Zp| S KPR Zp | S KTTITP |z,
j=0 j=0
Finally, ¥i > p —r, |5i| < |Zp|K'™P. Let now i > p, so one has

1Zi] = max(|3il, .., 3i—rl) <|1Zplmax(K'"P, ..., K"7"7P) <|Z,|K""P < M|ZpIK™P. O

Corollary 16. If S := sup,y, Z;':o |Dj(n)| < 1, then Eq. (7) has a unique bounded solution (x,),. Moreover, if for j =0, ...

(D j(n))y is almost periodic, and (hy), € PAP(Z,RY), then (x,), € PAP(Z,RY).
Proof. It is an immediate consequence of Theorems 5 and 15. O

3.1. Pseudo almost periodic solution of equation with piecewise constant argument

We start the section with some definitions and notations with respect to the pseudo almost periodicity.

Definition 17.
Eo = {¢ € PAPo(R,RY) such that (¢(n)),_, € PAPo(Z.R%)},
E=AP(R,R7) & Eo.

For w > 0,
E® =P,(R,RY) @ Eo.

Cm ={f :R — RY continuous on R\Z, which have finite limits at left and right of any point in Z}.

BCy = {f € Cy, and f is bounded},

T
1
Fo= BCy, lim — ds=0
0 [fe m’rlTwZT/‘f(s)’s ]

=T
Fi={f €BCn, Ve >0, T(f, &) NZisrelatively dense},
Fio=1{f €BCm, VteR, ft+w)=f®)},
F=F;+Fy and F®= F1,0 + Fo.

Remark 18. The following example proves the fact that ¢ € PAPo(R, R), but (¢(n))nez ¢ PAPo(Z,R):
1—2n2t—n| ifjt—n|< # n e N*,
0, otherwise.

vo-|

Remark 19. Now, let us consider the following differential equation with piecewise constant argument

dx

= A(®)x(t) + ;A,-(t)x([t — j1) + g(t, x(®), x([t]). ..., x([t = rT)).

(10)

where [.] denotes the greatest integer function, A, Aj : R — Mg(R) are almost periodic, g: R x R? x R? x --- x R — R is

pseudo almost periodic.
Moreover, we assume that there exists n such that
r+1

gt x0. X1, .. Xrg1) — €6 Y0, V1o Yra)| <0 D Ixj—yjl. teR, xj,y;eRY
j=0
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Remark 20. This last inequality is also satisfied by the almost periodic component of g.

We will start by studying the following equation

dx d .
7 = AOXO + D AjOx(It— 1)+ f(©).

j=0
By the variation constant formula, one has for t € [n,n + 1[:
¢ r
X(t) = X(OX " m)x(m) + / XX (s){ZA jxm = j) + f(S)} ds,
n j=0
where X(t) denotes the fundamental matrix associated to the equation

dx
i@ = A(t)x(t).

By the continuity of solutions, we get

n+1
x(n+1)=Xn+ DX Tm)x(n) + f X(n+1X! (s)|:
n j=0
which is the equation of the form:

.
Xng1 =) Dj(Mxn_j+ hn,
j=0

where

n+1
Do(n) =X+ 1)X " 1(n) + / X(n+ 1DX"1(s)Ag(s)ds,

n
n+1

Dj(n):/X(n—i—l)X’l(s)Aj(s)ds, i=1,.

T,
n

n+1

hp = / X(n+1DX"1(s)f(s)ds.

n

In the sequel, we assume that Vn € Z, D.(n) is invertible.

Lemma 21. (See [6].) Assume that Vt € R, |A(t)| < M, then

(i) there exists Ko > 0, such that

|X(OX ()| <Ko, for0O<t—s<1;

(ii) moreover, ift € T(A, €), then

Xt + DX s+ 1) = XOX ()| < KogeM foro<t—s<1.

Lemma 22.

(1) If f € Fq, then (hyp)y is an almost periodic sequence and the sequences (D j(1)), for 0 < j <r are also almost periodic.

(2) If f € Fg, then (hy), € PAPy(Z, RY).

Proof. (1) According to Lemma 21, for t € T(A, &) N Z, one has

[Xm+1+DX '+ 1) = X+ DX ()| < eKoeV,

Y Ajex@n—j)+ f(s)} ds,

(11)

(12)
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it results that (X(n +1)X~1(n)), is almost periodic. To end the proof, it suffices to prove that if p € Fq, then the sequence
n+1
Sp = / X(n+1)X"1(s)p(s)ds,
n
is also almost periodic. One has, for T € T(p,e) NT(A,e) NZ,
n+1
Snit —Sn= f X+ 1+ DX s+ D)p(s+1)— X+ DX (5)p(s)] ds
n
n+1

= /[(X(n+1+r)x*1(s+r)—X(n+1)x*1(s))p(s+r)+X(n+1)x*1(s)(p(s+r)—p(s))]ds,

then from Lemma 21,

Isn+z — snl < Koe[eMIplloo + 1],

thus, (sy)n is also almost periodic.
(2) From Lemma 21,

n+1
Iha] < Ko / 1£(s)|ds, (13)

since f € Fyp, gives that (fn"Jrl |f(s)|ds), € PAPo(Z,R), so (hp)n € PAPo(Z,RY). O

Theorem 23. Assume that the system (9) has an exponential dichotomy. Then, for f € BCp, Eq. (11) has a unique bounded solution.
Furthermore, there exists a positive constant ¢ which is independent from f such that

[Xlloo < €Il flloo-

Moreover, if f € F (resp. f € F®, A and (Aj)og j<r are w-periodic where w € N*), then the unique bounded solution of Eq. (11) is in
E (resp. E®).

Proof. (1) Case where f € BCy,. One has from (13) |h,| < Kol f |, then (hy), is bounded, and thanks to Theorem 5, Eq. (7)
has a unique bounded solution (x;),. (12) gives existence and uniqueness of x. On the other hand, there exists a constant
c1 which depends only on A and from the A; such that

sup |xn| < c1sup |yl < 1Kol flloo-
nez nez
For t € [n,n + 1[, one has from (12):

L r

x(O)] < [XOX @ [xm)| + /\X(r)X”(s>| (Z!A;(s)\\x(n -+ !f(s)|> ds
n j=0
t

< Ko|xm)| + /I<O(Z|Aj(s)||x(n -+ |f(s)|) ds

n j=0

.
<C1Kgl flloo + 1<0<Z 1A jllooc1 Kol flloo + ||f||oo).
j=0
We see that x is bounded and

sup|x(®)| <cll flloos

teR
with

.
c=c1k2 + 1<0(Z 1A llooc1 Ko + 1),
j=0

independent of f.
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(2) Case where f € Fg. According to Lemma 22 (hp)n, € PAPo(Z), Theorem 5 gives that (x;), € PAPo(Z).
On the other hand, (12) implies:

r n+1
[x(0)] < Ko|x(m)| + Ko(Z A oo |x( — )| + / |f(S)|ds),

j=0
then
n+1 r n+1
[ Ixwae < oleen| + 1<0<2 145l = )+ [ \f(s)lds>,
n j=0 n
it follows that
n+1
( / |x()] dt) € PAPy(Z),
n n

then x € PAPy(R). Finally, x € Eo.

(3) Case where f € F1. Lemma 22 gives that (hp), € AP(Z), Theorem 5 implies that (x;), € AP(Z), and as f € Fq, then
T(f,e)NT((xp)n,€) NT(A,e€) is relatively dense. Let T € T(f, &) N T((Xp)n, €).

We have forneZ and t e [n,n+1[, t+ 1 € [n+ t,n+ T + 1[. Then, from (12), we obtain

t+7

Xt+T)=Xt+DX "+ 0)x(+17) + / X(t+r)x—1(s)(ZAj(s)x(n+r—j)+f(s)>ds

n+t j=0

t r
=X(t+r)X_1(n+r)x(n+t)+/X(t+r)X‘](s+r)[ZAj(s+r)x(n+r—j)+f(s+r)} ds,
n j=0
and
[x(t+ ) —x(O| <1 + 2 + I3,

where

I =|Xt+ DX '+ 1D)x(+ 1) — XOX " (Wx(n)

)

r t
I = Z/\(X(t + DX s+ D(Ajs+ Dx+T — ) — XOX () (Aj()x(n — j)))|ds,
Jj=0n

t
I3 = / (XE+ DX s+ D) f(s+ 1) = XOX ' (5)f(9)]ds.

One has from Lemma 21,

L <|(XE+ DX 0+ 1) = XOX T 0)x01+ 0] + [XO X () (x(1 + T) — x(0)|

<
< KogeM sup [xn| + Koe
nez

< (eMer1Koll fllso + 1)€Ko,

t
.
I < Z/M’(S)d&

j:0n
where
2j(9) = [(XC+ DX s+ D(Ajs+ DX+ T — ) — XOX () (Aj(9)x(n — )|
<JXE+DXT 6+ = XOX ') (A6 + Dxn+ T = )]
+|XOXT ) (Ajs + Dx(+T — j) — Aj($)x(n — )]
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< KoseM||Ajlloo suZp xal + Ko|Aj(s + Dx(+ T — j) — Aj($)x(n — j)|

ne
< KoseM||Aj||oosug Xl + Ko|(Aj(s + T) — Aj(9))x(n+ T — | +|Ajs) (x(n+ T — j) —x(n — J))]

ne

< (K2eM|AjllooC1 1l Flloo + Kactll flloo + Kol Ajlloo)é-
It results that

I <Ke

where

.
K=Y Kge"IAjllooc1l flloo + KGe1ll flloo + Koll Ajll oo
j=0

t t
I3 < /|(X(t + DX 54+ = XOXT'()) f(s+ )] ds + /|X(t)x—1(s)(f(s +7) — f(9))|ds
< (€M1 flloo + 1) Koe,

finally x € AP(R).

By superposition principle of solutions for the linear system we deduce the proof of the case where f € F.
When f € F,,, the proof is a simple consequence of existence and uniqueness. O

Proposition 24. Let ¢ be a continuous and bounded function defined on R and fy, : t — g(t, @(t), @([t]), ..., @([t —1])); then

() fo € BCm;
(ii) fpeFifgp eE.

Proof. (i) is clear.
(ii) Let ¢ € E, ¢ = 1 + @0, 91 € AP(R,RY) and ¢q € Ey. Let us denote
fik=g(t.o1®). 1(1t]).....@1([t1—7)) and fo=f, — f1.
Let us prove that f; € Fq.
One has f; € BCp, and W := @1 (R)"2 is a compact set in (R*)"*2. Denote
T(g1.W,e)={teR; VteR, Vze W, |g1(t+71,2) — gi1(t,2)| < ¢},

where g1 is the almost periodic component of g.
Now, let ¢ > 0, prove that T(f1,&) NZ is relatively dense. We know that T(g1, W, &) N T(g1, &) NZ is relatively dense,

choosing 7 in the last set, and it follows that:
|fit+0) - AO|<|gi(t+ 7. 01+ D), @1 (L1 +7), . @i ([ + 7 1))
—git,pit+ O, () +7), ..o (1 + T — 7))
+ g1t 1+ 0, o114+ 1), ..., o1 (L1 + 7 —71))
—gi(t. 1), @1 ([t]), ..., @1 (11 = 1))
<e+(r+2)ne.

Thus T(f1, €) is relatively dense.

Finally fi € F1. Now, let us prove that fp € Fo. One has fo = f, — f1 and since we have that f,, fi are in BCy, then
fo € BCrp. On the other hand,

fo®)=g(t,o®), @([t]).....o([t] = 1)) — g1 (t. @1®), @1 ([t]). ..., @1 ([t] = 7))
=g(t.o®)., @(It]).....o(It] — 1)) — g(t. @1(0), @1 ([t]). ... @1 (L] = 7))
)
+ 8o(t, @10, @1 ([t1), ... 1 ([t] = 7).

140)
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One has

[ ] <n(lpo®] + |eo(It])] +--- + |@o(lt] = 1)),
n+1 n+1

/|1/f(t)|dt<77</|<P0(t)|dt+|§0o(n)|+---+}wo(n—r)|>,

and

n+1
</|(po(t)|dt> € PAPy(Z).

Then

n+1
</|¢(r)|dr) € PAPy(Z),

it follows that

T
1
lim — t)|dt =o.
T Fo 2T /'w(”
-T

It remains to verify that limr—, 400 71 [Ty wlde=o.

According to the compactness of W = ¢1(R)" 2, g1 is uniformly continuous on R x W.
Let € > 0, 38 €10, €[ such that:

vz, eW: |z-7Z| <8 = VteR, |git,2)—gi(t.7)|<e,

and 3z, ..., Zm € W, such that W c UL, B(z;, 8).
Let

h() = (e1(®), e1(1t]). ..., @1 (lt] = 7)),
Bi={teR, h(t) € B(z,9)}.

i—1
Er=Bi.  Ei=B)\|JB,
j=1

for 2 <i<m. One has R=J E;.

If t € E;j, then
ly ©] < |go(t. h(©)) — go(t. z0)| + |go(t, z))|
<lgi(t.h@®) — g1t z)| + |g(t. h() — g(t. z)| + |2o(t. z))|
<e+n|h@®) —zi| +|go(t, )|
< +me+|go(t, z)],

so we have

m

T
1 1
ﬁ/|y(t)|dt=2f / |y (©)|dt
-T

=1 1 TInE
m
mes([—T, T]NE;) 1
SAtme)y ) o / |go(t, z1)| dt

i=1 =1 1. T)nE;

T
1
<A+me+ )y — [ |got. z)|dt,
2T
=1
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which implies that

Jim ZT/ [y (] de=o.

Thus fo=v% +y € Fo, finally fo = f1+ foe F. O

Theorem 25. Let g € PAP(R x (R?)™*2 RY) such that

>0, VieR, Vxye[RI)T2
r+1
gt ) — g(t, y)| <nlx—yl. where |x—y|=>"|xj—yjl.
j=0
Then:

(i) There exists n* > 0 such that for 0 < n < n*, Eq. (10) has a unique solution in PAP (R, RY).
(ii) Moreover, if g € PP, (R x RY,1RY) one has: For w € N*, the solution is in PP, (R, RY).
(iii) Forw = ;—‘; € Q™, the solution is in P Ppy (R, RY).

Proof. (i) Let ¢ € PAP(R), in particular ¢ is continuous and bounded on R. Then thanks to Proposition 24, f, € BCyy, and
from Theorem 23, equation

dx d .
5 = AOxO + ;A]’(t)x([t —J) + fo(®

has a unique bounded solution denoted by T¢.
We define the operator T : PAP(R,RY) — C,(R, RY) (the space of continuous and bounded functions).
For ¢, ¥ € PAP(R), Tgo — T is the unique bounded solution of

dx r .
7 = AOx©O + D AOx(It = 1) + fo®) = fy (©),

j=0

then, from Theorem 23, there exists a constant ¢ which depends only of A and A; such that

ITe — Tyl <l fp — fylloo-
Thus

Vo, ¥ € PAP(R,RT), [ITo —T¢lloc < (r+2)cnll — ¥l oo- (14)

Putting n* = (r+1—2)c for 0 <n < n* one has (r+2)cn < 1.

On the other hand, follows to Proposition 24, if ¢ € E, then f, € F and from Theorem 23, T¢ is in E, so T(E) C E,
moreover E is a Banach space, then T has a unique fixed point x in E, and from (14) x is the unique fixed point of T, in
PAP(R,RY). Finally, Eq. (10) admits a unique solution in PAP (R, R?).

(ii) Moreover for g € PP, one has t — x(t + w) is also a solution, and by uniqueness x € PP, (R, R?).

(iii) If w = ;—% € Q™™ then g € PPy, and ng € N*. Then from the previous comment x € PPp,(R,RY). O
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