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differential equations are further explored. A direct algebraic-analytic estimate is given
for the maximal allowable translation parameter A(q) such that b < A(q) guarantees
A(0,q,b) = {(q™?//To)K(q™t —nb) | m,n € Z} is a wavelet frame for £2(R), where /Co

Keywords: is the £2 norm of K. For any q > 1 and any b > 0 we find conditions guaranteeing that
Pulse wavelet A(p,q,b) ={(@™?/|KP|)KP) (g™t — nb) | m,n € Z} is a wavelet frame for £2(R) where
Frame K denotes the pth derivative/antiderivative of K. The frames A(p, q,b) become snug as
Advanced differential equation either p — —oo or ¢ — oo, and their lower frame bounds A(p,q,b) — oo as q — oo.

Jacobi theta function © 2009 Elsevier Inc. All rights reserved.

Algebraic-analytic estimates

1. Introduction

We continue the study of the mother wavelet K (t) defined for each ¢ > 1 and t > 0 by

+0o0 ; e—d t
— E I AL S
k® (=D k(k+1)/2° (1)
k=—o00 a

where K (t) in (1) satisfies the advanced differential equation

dK
E(t) = K(qt). 2)

Since K(0™) = K(c0) =0, and since, by repeated use of the differential equation (2), it is clear that K(t) is flat at t =0
from the right, we set K(t) =0 for t < 0 to obtain a smooth function on all of the reals. We set ,/co to be the £2 norm of
K over R. We also observe that repeated applications of (2) yield

o0 _gk+p)
k@0 = TK 1y gpo-172k (gPp) — et 3
=" 1=q (@)= > D TP (3)

k=—o00
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and that (3) holds when p < 0 in which case we interpret KP) as the |p|th antiderivative of K. For each peZ and q > 1,
K® satisfies the advanced differential equation

dL(r) =qPKP (qt). (4)

As we will see later, the K® will be shown to generate wavelet frames for £2(R).

Our study highlights the nexus between three seemingly distant areas of mathematics: theta functions, wavelets, and
advanced-delayed differential equations. The link between these areas occurs via the fact that certain algebraic relations
for theta functions correspond both to statements about advanced-delayed differential equations and to statements about
properties of wavelets. We will utilize this link to interpret a class of results connecting these three areas. We will also
exploit this link to provide direct algebraic-analytic estimates for translation parameters in obtaining frames.

In [7] we established the relation between K(t) and the Jacobi theta function 6(w) which is defined for a given q > 1
by:

o0

1

where (4 is taken to be

o0

1
na=T1(1- s )
n=0
We note here that the minimum value of 8(g%; w?) over @ € R\{0} is

[e¢) 1 00 1 2

— 2. _ _

=0(q*;1/q) = Z —3 = Kg2 H(l-i- q2n+l> ,

n=—o00 q n=0

which is justified in Section 2.
The relation between K(t) and 6(w) occurs via the Fourier transform [7]:

Riw) = 17 —iot _ o iug)?

Eq. (6) establishes a foundation for linking a given algebraic identity on 6 to its corresponding statement in the areas of
wavelets and differential equations. Two such important algebraic identities on 6 that we emphasize are:

0(qw) = quo (w), (7)

and

0(w) =0(1/(qw)). (8)

We remark that the algebraic identity (7) is equivalent to the multiplicatively advanced differential equation (2) (under
the assumption that (6) holds), and this in turn implies the wavelet statement that K has vanishing moments of all orders
[7] through a repeated application of integration by parts. We point out that we do not pick arbitrary scale factors a in a
frame formed from K (a™t — nb), for m,n € Z, because by picking a scale factor a = q we have the natural identities (2), (7),
(8) along with the vanishing of all moments. We further obtain £2 inner product relations such as (K(t), K(g?"*1t)) =0
which hold when a = q. Further inner product computations reveal that (K (g™t — nb), t¥) = 0 giving vanishing of all
moments for derivatives and antiderivatives of K. So in this sense q is the natural frequency associated to K(t), and hence
we only allow a frequency scale of a = q throughout this work. We further note that as q varies, so does K(t), in a non-linear
manner.

Both identities (7) and (8) are key in providing direct algebraic-analytic estimates in studying the following frame con-
dition for K,

0< inf K( iw E K¢ ]a) 2mk/b 9

1</wl<q 4 <’ L K@)k (g0 +2mk/b)]| ). 9)
Jjez keZ\{0}

where the algebraic identity (8) on 6 gives us the surprising wavelet result that the term we call the “diagonal” term

Gg(w)EZ|k(qu 2

Jjez
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in (9) is a constant independent of w. On the other hand, Eq. (7) under iterative application gives us direct algebraic-analytic
bounds on the term we call the “off-diagonal” term

Gi1(w) = Z Z |K(¢’)K (¢’w + 27k/b)|

JEZ keZ\{0}

without resorting to more commonly utilized bounds obtained by establishing decay rates on K(w). In tandem, careful
deployment of the algebraic identities (7) and (8) allow us, in the wavelet arena, to generate wavelet frames with translation
parameters b in (9) that are many orders of magnitude greater than those obtainable via traditional decay-rate determination
on K(w) [3,4,7]. The spirit of these algebraic-analytic bounds is similar to the algebraic estimates used in [6].

Thus a first main result of this paper is to utilize properties of theta functions to establish an estimate for maximal
allowable shift parameters in wavelet frames in Theorem 1, and a second main result is to find a wide class of frequency
parameters q and translation parameters b for mother wavelets of form K® /|K®| to generate a frame for £2(R) in
Theorem 4.

Theorem 1. Let 27 /,/q > b > 0, and 7w ,/q > b > 0. Define

Fa=(1+ mling 6+5 n 10+6+2
V= 2 q q? qg ¢? ¢

wilng\ 5 1 3 1 27
1 o)== 10
+<< W >2q2+q+2q3/2+q2> Ing (10)

Then for

2V >b>0

we have A(0, q, b) = {(q™?/./c0)K(q™t — nb) | n,m € Z} is a wavelet frame for L2 (R).

Proof. Adding all the bounds in Propositions 5 and 6 in Section 3, and factoring out the common terms /,Lgl,qu /(2m),
b/(2m), and 1/v4, along with g2, we have an upper bound for the off-diagonal term of

4
Mghg 5 b 1
9792 F(g). (11)
27 27 vg

Gl(w)zz Z |K (¢'w)K (q’w + 27k /b)| <

JEZ keZ\{0}
Utilizing Theorem 5 in Section 2, we explicitly compute the diagonal term as
4
siion? o Pate? o
Go(w) = K(¢'w)|” = ——q". 12
0@ =) |k(@o)[ = =g (12)
JjeZ
Combining (11) and (12) we obtain

4
,LLq,Lqu 2 b
G -G > —2q\1——F 0
0o(@) = Gr(w) = —-"—q 27, @)>0

27 Vg
>
F@

a (13)

We remark that as q approaches infinity 27 vy/F(q) grows, and the condition 27 /,/q > b becomes the governing bound
for large q > qo, where qg ~9.39033 is the value of q with 2w vg,/F(qo) = 27 /,/qo. For 1 < q < qo the bound 2w vg/F(q) is
the largest upper bound our methods can guarantee. Setting

N(q) = min{27ve/F(q), 27 //q }

gives the bounding curve b = A/ (q) in the (q, b) plane below which the functions (qm/z/\/E)K(qmt —nb) generate a wavelet
frame for £2(R), as is illustrated in Fig. 1. Fig. 1 exhibits an apparent local minimum for NV at q; ~ 1.24667 with N (q1) ~
0.44345. So any choice of translation parameter b less than 0.44345 will allow for the ability of K to generate wavelet
frames for £2(R) for an arbitrary choice of q in the interval (1,200.75). The horizontal line b =1 crosses b = A/(q) at
q~4.1374 and at q = (27)2. Thus translation by integral multiples of b = 1 along with dilation by integral powers of q
will give wavelet frames generated by K for q throughout the interval (4.1374, (2)?). Although (q,b) = (2, 1) falls above
b =N(q) and Theorem 1 cannot guarantee that (2m/2/ﬁ)1<(2mt —n) generates a wavelet frame for £2(R), Theorem 4
and Corollary 1 will find a way around this to produce another wavelet, K(~1, generating a wavelet frame for £2(R) when
(@.b)y=@2,1).
A somewhat simpler, more algebraic version of Theorem 1 is obtained by estimating 27 vg/F(q) from below.
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Fig. 1. The dark curve b = N/ (q) represents the maximal translation shift parameter; the points (2, 1) and (2, 0.5) are plotted for reference; the gray region
represents the allowable (g, b) for which (qm/z/ﬁ)l((qmt —nb) generate a wavelet frame for £2(R).
Theorem 2. Let 27t /,/q > b >0, w/q > b > 0, and

2n(@—1+4++/1+4+2/Inq)

>b>0.
11/mInq/2 +37 4+ 6,/27 /Inq

Then A(0,q,b) = {(q™/?/./co)K (@™t — nb) | n, m € Z} is a wavelet frame for £L2(R).

obtain a bound from above,

Proof. In (10) of Theorem 1, replace each 1/¢P term in F(q) by 1/q and estimate 29 + 557 /2 from above by 37 in order to
F(q) <(1/q9)(11y/mInq/2 4+ 37+ 627 /Inq),

By (34) of Lemma 1 in Section 2, we have

(14)
and replace each 1/gP term in F(q) by 1/q? and estimate 29 + 55 /2 from below by 36 to obtain a bound from below,
(1/¢*)(11y/7 Inq/2 + 36 + 6,/27 /Inq) < F(q).

1+ym/Ing>vg>1+1/q9)(y1+2/Inq —1).
By (14), (15), and (16) we have

2mq?(1+ ﬁ)

(15)
(16)
2
2, 27(q =1+ /14 577) (a7
> >
1 2 F@@) wl 2
11,/ %74 +36 + 6,/ it 11,/ 754 +37 46,/ %
From (13) of Theorem 1, we have a wavelet frame provided
21
" pso.
F(q)

Thus if b > 0 is less than the rightmost expression in (17) we have a wavelet frame. This yields Theorem 2. O

Remark. The leftmost expression in (17) can easily be shown to be less than 7./q for q € [1, 2], and, since 27 /,/q < 7w./q
for q € (2, 00), we have N(q) < m./q on [1,00). So we only need assume 0 <b < N(q) in Theorems 1 and 2, and the

assumption that b < ,/q is superfluous there (even though it arose in a natural way in Proposition 6 and its supporting

137
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propositions). On the other hand, the rightmost expression in (17) is clearly positive for all q in the interval (1, c0) and
has a limit of /7 /3 as ¢ — 1*. We conclude that: 277 v,/F(q) is then positive on the interval (1, qo); that A (g) remains
positive on (1, 00); and that as ¢ — 1 we can take reasonably large translation parameters of order at least /7 /3 while
still generating wavelet frames for £2(R).
We take the lower frame bound of our frame A(0, g, b) to be
. 2
A, 4.b) =inf{ — (Go(@) ~ G1 (@) lwelql,
and the upper frame bound of our frame A(0, g, b) to be

B(0,q,b) = sup{ beo

A consequence of the estimates obtained in proving the above results is the following:

(Go(w) + G1(w)) (we [Lq]}.

Theorem 3. Assume 0 < b < N (q). Then the lower frame bound A(0, q, b) for A(0, q,b) and the upper frame bound B(0, q, b) for
A(0, g, b) satisfy

B(0,q,b)
im ——— =
q—oc A(0,q,b)
Thus as q grows A(0, g, b) = {(q™?//C0)K(q™t — nb) | n,m € Z} becomes snug [5].

Proof. We have, by (11) and (12),

2w
A(0,q,b)= inf — K( Jw K( iw fa)+271kb )
(0,q,b) o o (} o kg\:}l o)k (g /b)]
21 Mglg b
> 1- F
bco 2m a 27 Vg @
27 Wik L (. /G
> 20 79T 29 - YR ), 18
boy 27 q 5 @ (18)

and

B(0,q.b)= sup z—n2<|f<(q1a))|2—l— > |IA<(qu)f<(qu+2nk/b)|>

lwlell,q1 90 =7 keZ\{0}

4

2 ,u'q:u'qz 2 b

< — 1 F
bcy 2w 1 + 27 Vg @

4 2
< 27 ke q2(1+§F(q)). (19)

S bey 27
Where (18) and (19) follow from the hypothesis that b < A (q) < 7 ./q and the fact that 1/vq < 1. Thus
< B(0,q,b) 1+(f/2)F(q)
A(0,q, b) 1-(/3/2F@’
and since (,/q/2)F(q) — 0 as q — oo, the ratio B(0,q,b)/A(0,q,b) > 1. O

We remark that as q varies, so does our mother-wavelet, K (t), which depends on q. A snug frame, as in [5], satisfies that
the ratio of frame bounds B/A is close to one, making invertibility efficient. The frames generated by K for large q are snug.
Also, since ¢y grows with order at most q' as q approaches oo, then A(0, g, b) also approaches co. Thus there is increasing
clarity of signal representation with increasing q, as in [2,3].

We next harness Theorem 1 to obtain a wide versatility in choice of frequency coefficient and translation parameter.
Before proceeding, we have the first of a pair of preliminary observations.

Proposition 1. Forallq > 1, forallb > 0, and forall p, m,n € Z
qm/2 qm+p)/2
IK®| KO

where K‘P) is the pth derivative (or |p|th antiderivative when p < 0) of K, and the norm is the £ norm.

K® (q™t —nb) = K@ (q™*Pt —n(bgP)), (20)
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Proof. First notice that

o0 o0
[k ®* = / (KP ) dt = / (7P~ V2K (tq?))’ de
—00 —00
o
— qP(Pfl) / (K(u))zqu du = qP(P*Z) ||K||2 — qP(P*Z)CO’
—00

where (3) was utilized in (21). Now we have

qm/2 - qm/2
p me -
i @) =

2

9" o2 (nmp) p

qP(P*U/ZK((qmt _ nb)q”)

which gives the proposition upon noting that (21) and (3) were used to obtain (22). O
Next we observe
Proposition 2. The Fourier transform of KP) is given by
@(w) = PP 2R (g Pw).

Proof. By (3) we have

K®) () =qP =72 [ e~k (gPt)dt

— qp(p—3)/2

7
—00
o0
=qPP-D/2 / e MK ()P du
—00
o0
/ e U Ok () du = gPP 2R (g Pw),
—00

where we have relied on the change of variables u =¢qPt. O
We now can prove the second main result of the paper.

Theorem 4. Set N (q) = min{(27wvq)/F(q), 27w //q}. Forany g > 1 and any b > 0

m/2

A(p,q,b)z{ 1

K® (g™t —nb ‘m,neZ
TR )

is a wavelet frame for £2(R) ¥p < po = po(q, b) = sup{p € Z | bqgP < N(q)}. Furthermore,

A(p.q,b) = A(0,q,bg") VpeZ.

139

(22)

(23)

For p < po, and letting A(p, q, b) and B(p, q, b) be the lower and upper frame bounds for A(p, q, b) as in (24) and (26) below, we

have

A(p.q.b)=A(0,q.bg?) and B(p,q,b)=B(0,q,bqP).

For p < po the frames A(p, q, b) become snug as either p — —oo or as ¢ — oo, that is

B(p,q,b) 1= B(p.q,b)
p——oc A(p,q,b) g0 A(p,q,b)’
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Proof. By (20) in Proposition 1, we immediately obtain that A(p,q,b) = A(0, q,bgP), since the functions in these two
sets are equal. By Theorem 1 we know that A(0, q, bqP) is a wavelet frame for £2(R) if the translation term bgP satisfies
bgP < N(q), which by definition of po holds for all p < po. Thus A(p, q,b) is a wavelet frame for £2(R) for all p < po.
Since the functions in each frame are the same, their frame bounds are equal, as we next verify directly. We have,

A(p.q,b) (24)
21 Z(|K(p) (@) Zﬁp\)(qf )K(p) q1w+Lk
Ia)\e[l ql b||K(p) |12 pors b
. 2mgP P~ P (=P |2 R(ai P\ gi—P kg
st G

. 2T
= i e L (IR @) = YJk () (¢ o-+ 2k ()

JeZ k#0
= A(0,q. bqP)

4

2w MgMg2 bgP

> e (1- 2 F()
bgPcy 2m 27 Vg

2 Min
T q q? q2 <-l _ %aF(q)>7 (25)

~ bqPco 2w

where (21) from Proposition 1, as well as (23) from Proposition 2, allow us to convert from K® to K, and from K® to K,
respectively. A reindexing from j— p to J leads us to equality with A(0, g, bgP). At this point the estimates from Theorem 1
lead us to (25).

The computation for B(p, g, b) is similar, except for taking supremum and adding the off-diagonal term. It again leads to
equality of upper frame bounds,

B(p.q,b) (26)

2 2k
= oup WZQ’“‘” @)l + T KOk (do+ 5 )
2

lwlel1.q1 bl pors
= sup Z(‘k(qu)\z+Z\R(qja))f((qja)—i-anc/(bqp))‘)

llel1.q) b4Pco 47 s

= B(0,q, bgP)

4
2 HgMhgz 5 bg?
< 1 F

bgPco 2m 1 +2nvq @

4
2 Haltet g <1+ fF(q)) (27)

S bgPcy 27

Here (25) and (27) follow from the facts that bq? < N (q) < 7 ./q for p < po and that 1/vg < 1. Thus

_ B(p.a.b) _ 1+bg"F(@/@mvy) _ 1+ (/A/DF@
~ A(p,q,b) 1—quF(q>/<2nvq> 1-(J3/2)F(@)’

and since (bq?F(q))/(2mwvg) — 0 as p — —oo, and since (,/q/2)F(q) — 0 as q — oo, the ratio B(p,q,b)/A(p,q,b) — 1 in
either case.

Finally, since cg grows with order at most q' as g — oo, then (25) gives that A(p,q,b) — oo for p < min{0, pg}. Thus
there is increasing clarity of signal representation with increasing g for all p < min{0, po}, as per [2,3]. Similarly as p — —o0,
by (25) A(p, q,b) — oo, and we have increasing clarity in this case as well. O

Corollary 1. We have that (g, b) = (2, 1) are frequency and translation parameters for a wavelet frame generated by K~V That is

A(=1,2,1) = KD (2m —n) ’m,neZ}:A(O,Z,Z‘l)

2m/2
{ KD
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is a wavelet frame for £2(R), where

1 0 ’ e—a% Ve KD L)
_ . Lk I
KD0= Y (-1 e and — — O =gk (28)

k=—o00

Proof. Since 27! < N'(2) = (27 vy)/F(2) ~ 0.55723, Theorem 4 gives the result, after noting that (28) follows from (3)
and (4). O

Remark. Each function in each frame A(p, q,b) has all moments vanishing, as can be seen by converting the function to a
multiple of K and changing variables when integrating against polynomials. Also there is an algebraic version of Theorem 4
that relies on the lower bound (17). If we set

L(q)=2n(q—1+4+/1+2/Inq)(11y/m Inq/2 +37+6,/2m /Inq) ",

N@ = min{2m /,/q, L(q)}, and po = po(q. b) = sup{p € Z | bqP < N(@)}, then, for p < Po, the A(p, q, b) are wavelet frames
generating £2(R) with snugness properties as in Theorem 4.

2. Relevant properties of the Jacobi theta function
Our analysis depends on properties of the Jacobi theta function, as defined in (5). We first prove identity (8) on 6:
Proposition 3. 6(q; 1/(qw)) = 0(q; w).

Proof. We have

0(q; 1/(qw)) = g ﬁ(l +{1/@w)}/q") (1+1/({1/@w) }q" "))

n=0

=uq [ [(1+1/(¢"0))(1+ /(q"))
n=0

=0(¢;w). O

Proposition 4. 6(q; qw) = quwo (q; w).

Proof. We have

0(q: qw) = g [ [ (1 + @@w)/q") (1 + 1/((qw)g" "))
n=0

= liq l_[(l + w/q”’l)(l + 1/(a)q”+2))
n=0
= (1+q0)(1+1/@w) " 1 [](1+@/q") (1 +1/(wg™1))
n=0

=qwi(q;w). O

Successive iterations of Proposition 4 give that for n >0

n(n+1)/2wn9(q; w), (29)

0(a:q"w) =4
whence 6(q; w) = 0(q; q(@/q)) = q(w/q)0(q; w/q) gives w~10(q; ) = 6(q; w/q) which under iterations gives that (29) holds
for all negative n and thus for all n € Z.
An immediate consequence of Proposition 3 is the following key result in our study, the constancy of the diagonal term
in the frame condition (9):

Theorem 5. The diagonal is a constant independent of w:

4 2
Go(@) = Y_|k(¢d/w)|” = % Vo € R\(0}.
jez
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Proof. Eq. (6) gives, upon observing that the conjugate of 6(iw) is 6(—iw), the identity

6 4
}I%(a)) |2 _ I’Lq _ /'Lq /’qu ’ (30)
2T w20 (—iw)0(iw) 2w w?6(q?%; w?)

which follows from the fact that

Mgz . . - w? 7]
F49(150)49(—160) = Uq2 l_[ T+ 7" 1+ w2q2nt2

q n=0

[e.¢]
:9(q2, wZ) — Z qfn(nfl)a)Zn. (3-1)

n=—o0

Thus, utilizing (30), letting kg = (/,Lg/,qu)/(ZJT), and relying on (29) in the first row of (32) below we have

B 2 Kq _ Kq
Z|K(q )| = Z P02, (qHaw?) ZZ:; i 2qiHD2ig(g2; w?)
je

jez jez
_ Kq 3 @202 KgPe? q 0%/
= 20(a- 2 G+ 7 026(g2: w? =D
w 0(q% @) = ¢V 0@ ) 1= q
2
Kqq 2 22 2
=12 0(¢*: 1/(q°w?)) = kqq°, 32
o2 /(@) = ke (32)

where we have reindexed to J = j+ 1 in the second row, then utilized the summation expression (31) for 6 in proceeding
from the second to the third row, and finally relied on Proposition 3 for the last equality. This gives that the diagonal is a
constant independent of w € R\{0} and yields the theorem. O

Because of (30), it will be useful to find the minimum value of 6(g%; w?), so we differentiate, to obtain after simplifica-
tion,

do(g* ) 2 i k((qw?)* —1)

dow w2k g1y
k=1

Thus, solving (qw?)* —1 =0, we find that 6(¢q% w?) is increasing for w > 1/,/g, and it is decreasing in the range
0 <w < 1/,/q. The minimum value, by symmetry about the origin, occurs at w = £1/,/q, and is

1
2. ,—1) _ —
nez
We also observe that 6(g%; 0) = 6(g%; 200) = +oo.

We can more sharply estimate vy from above and below with the following lemma.

Lemma 1. v, is bounded above and below by
1+vm/Ing2vg =21+ 1/9)(y/1+2/Ing—1). (34)

Proof. We bound from below by noting that
o0

1 1 _ 2
que(qz;l/q):27:1+22?>1+2/e (n@x" gy (35)
kez 4 14 f

< 2 2 e_(\/m)z
/ e Wdu>1+

VIng y/Inq+./Inq+ 2
Vg

2 /Ing+2-,/In 1

—14 q 11+ 2(/1+2/Ing—1), (37)
q/Inq 2 q

where we have: compared the sum with the corresponding integral in (35); changed variables and relied on the bound

(51) in (36); rationalized the rightmost denominator of (36) with the conjugate \/Inq + 2 — ,/Inq to obtain (37) and then
simplified.

2
VIng
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We bound from above with

oo
=9(q2;1/q)=27—1+22 o < /e_('“q)"zdx
0

kEZ k>1

Ing

o
1
=1+ /e’“zduzl—i—\/n/lnq. O
—00

We also record a very useful estimate:

Lemma 2. For 1 < w < g,

wP {qp N 1fp>l
VO(q?; ?) 1//Vq ifp<

Proof. By relying first on (29) with n = —1, and then on (33) we have

(38)

wP wP~1 wP~1
Vo@0?) (@) 105 w?) Vo o?/q?)
wP~1 wP~1

< = .
V@ 1/ VVa

The result now follows after bounding from above by letting w =qif p>1orw=1if p<1. O

Finally, we observe that the maximal value obtained by |K ()| is ( /Kqq)//Vq, When @ = +q~3/2. From (30) we have

Hghg Kq

K(w

k@l = 0@ w?) g 2P0N)0 (% o)
Kqq? Kqq? /cqq2

, 39
T 0q% Pw?) 9(q2 1/q9) g (39)

where we have relied on (29) with n =1 to move the q2w? term inside the ¢ function, and then on (33) for the inequality.
We note, also by (33), that the maximal value is attained when q?w? = 1/q or when @ = £q 3/,

3. Bounding the off-diagonal term G (@)

Having explicitly determined the diagonal term to be (/,Lgﬂqz q%)/(2m) in the frame condition (9), we turn our sights on
using theta function identities to obtain tight estimates for the off-diagonal term

Gi@)=Y > |K(d)||K(¢w +27k/b)|

i k0

MMz 1
QQZZ

T k20 19 0lV O (g2 (g w)?) lgie + 27k /bly/6(q% (g + 2k /b))

for 1 < |w| < g, where we have relied on (30). By symmetry of |K (w)| about the origin, we restrict ourself without loss of
generality to estimates over 1 < w < q. For conciseness we define:

ghtg
2w
We further define for each fixed j, q, w, and b

Kq=

ko =ko(j) =ko(j, q, w, b) =inf{k < 0| 1/4/q < g’ + 27k/b},
ki =ki(j) =k1(j,q, w,b) = suplk < 0| ¢/ + 27rk/b < —1//q},

where we take kg = —1 in the case that {k <0|1/,/q < q/w + 2k/b} = @, and where we write ko(j) and kq(j) when we
wish to emphasize dependence of kg and k; on j. The purpose of such a k; and kg is to mark the last translate of g/w by
a multiple of 27 /b before reaching +1/.,/q (the optimal points for 0(q?%; @?)) in the second factor of the off-diagonal term.
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We will subdivide estimating the off-diagonal term, under appropriate restrictions on b, into four cases. To do so it will
be convenient to define a partial sum for G; as:

Gi(w:jeAikeB) =) |K(d0)| Y |K(do+27k/b)|.
jeA keB

The first three cases are handled with:
Proposition 5. For 1 <w < q,0 <b <27 /./q, and

Casel. jeZandk > 0:

Gi(w; jeZ;k>0)= Z|k(qu)| Z|k(qu+2nk/b)|
JeZ k>0

b 2 1
g—ﬁ<3q+2+ —”)(H T nq).
27 Vg Ing 2

Case2. jeZandk < k1(j):

Ci(w; jeZik <ki(j)) = Z|IA<(qfa))| Z |K(q'w +27k/b)|
JEZ k<ky(j)

b kq 2 ing
<K——\3q+2+ | — |1+ .
27 Vg Ing 2

Case3. jeZandko(j) <k <0:

Gi1(w; j € Ziko(j) <k <0) = Z|k(q1w)‘ Z |K(¢’w + 27k /b)|
JEZ ko(j)<k<0

giﬁ(]_Fl 2_7T><1+ Jrlnq).
27 Vg 2\ Ingq 2

Each of Cases 1, 2, 3 is a “tail” case bounded with similar methods. The final case is for special k values:

Proposition 6. For 1 <w<q,0<b <27 /,/q,0 <b <m.,/q, and
Cased. jeZandki(j) <k <ko(j):

Gi(w; j € Zik(j) <k <ko(j))

=Y [K(@w)] > |K(@o+27k/b)|

jez kq (j)<k<ko(J)

(10g + 6.9+ 2+ {g+ (3/2)v/g + 1}y/27 /Inq).

kq
<— 4
27 Vg

4. Bounding the tail Cases 1, 2, 3
4.1. Preliminaries

We denote the greatest integer function of a real number r by [r], and let 0 < € < 1 denote the difference between a
real number and its corresponding greatest integer r = |r| + €. For E, k,b > 0 we have

E + 25k /b = qlo%a(E+2Tk/b) _ =1/2+{1/2:+logy (E-+27k/b))

— q71/2+L1/2+10gq(E+2nI</b)J+e — q71/2+a+e (40)

where for conciseness we take a = [1/2 + log,(E + 27k/b)] in (40) and throughout this section. This gives us
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Q(qz, (E + znk/b)z) — 9(('127 q2(0—1/2+€)) — g(qzy q2aq(—1+25))

_ qa(a+1)(q(71+25))09(q2; q71+2€) (41)
> qazg(qz; q—l) _ qL1/2+logq(E+27rk/b)J2vq (42)
> qu(71/2+logq(E+2nl</b))2 (43)
_ qu1/4(E + 27k /b)logg (E+27k/b)=1) (44)

where we have used the algebraic identity (29) to obtain (41), the fact that 6(q%; w?) has the minimum value of
6(q%;q~1) = vy to obtain (42), and the fact that (|r])? > (r — 1)2 for r — 1> 0 to obtain (43) where we must now as-
sume the added constraint that —1/2 + log,(E + 27k/b) > 0 which will always hold if 27 /,/q > b. The point here is to

represent E +2mk/b as an integral power of q times a term q~1/2*€ that is as close as possible to the minimum point qg~1/2
of 0(g%; w?) and then harness the power of (29).
Proposition 7. For E > 0 and (27t /,/q) > b > 0 we have

> | K(E + 27k/b)|

k>0
< \/@qf‘l/S Z(E + znk/b)f1/2{10gq(E+27[k/b)+1} (45)
m k>0
gi—‘/K—q(l—i- nlnq). (46)
21 \/Vq 2
Proof. We have
A K
|K(E +2mk/b)| = ] (47)
|E +27k/b|\/0(q%; (E + 2mk/b)2)
< \/@qf‘l/g(E + 27.[’</b)71/2{10gq(5+27'[k/b)+1}, (48)

N

where (30) gives (47), and the bound (44) implies (48) upon adding exponents. We then obtain (45) by summing over k > 0.
The bound (46) follows by first comparing the sum (45) to the corresponding integral. For conciseness below, we let
T ={In(E + 27 /b) — In \/q}/(/21Inq) in (50) through (52).

Y (E + 27k /b) /208 (E2mk/D) 1)
k>0

o0
1

o0
b
— (E + 277 /by~ /208 (Ex2m /b)) L / (v)~1/2ll0gg)+1) g, (49)
E+2m /b
1/8 x
= (B4 2y s E sy o PLNVENG [ty (50)

T

where we have made the change of variables v = E 4 27 x/b in (49) and then u = (Inv —1In /q)/(y/21Inq) in (50). Then, by
applying the rightmost bound in (51) (see [1]) for x >0

2

2 o0
e ¥ e JT
< /e—uz du< —— YT ¥ (51)
x+Vx2+2 ) X+/x2+4/m 2

to the integral in (50), we obtain
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JT <Eb +27 )—(1/2){1qu((5b+2ﬂ)/(bﬁ))}

2\ b
ﬁ 27T —(1/2){logq(E+27r/b)—l/2} 1 —(l/Z){]ogq(E+2n/b)_]/2}
() ()
2 b Va
—(1/2)log, (E+27m /b)+1/2
Applying (52) to (50) we obtain
Z(E + zn,k/b)—1/2{logq(E+2nk/b)+1}
k>0
3 E+27T —172(logg(E+3)+1) e o\ ~(1/D)0gg (E+FE)+1/2
b 2tV 2 b
2m
_ E+2n —(1/2)logg(E+55)+1/2 E+27T 71+ b 7Ing
a b b 2wV 2

je=]
Ka)

B E+2ﬂ —<1/2>logq<E+ZT">+1/2 b +1 1+ e
N b 2
b 2t (1/2)1ogq(15+2”)+1/2 \/7(1
< E+ —
(7). (75"
b /7 Ing
gi /8 1 )
27rq ( + 2

with the last inequality in (53) holding by the fact that

F(x) = x~(1/2)logg0+172

attains a maximum value of q'/8 at x = ,/g. Applying (53) to (45) gives (46) and the proposition.

4.2. Further bounds

Proposition 8. Forq > 1 and w € [1,q],

N
K(q'w) 761 0(w) <
2w =

Proof. We obtain the equality by observing

27
(3q+2+ )
V lnq

A / 1
K(d’w)| = “q = K — -
j%z] el ;qfw 6% (@/w)?) w¢9(q2;w2)241q1“*”/2w’

_ V/Kqa(qw)” 12 qo)  /Kqa(qw)” 1 o) = JKqq0 (@)
m g/t+h/2 W VO 0?)

where (29) with n = —1 was used to obtain the last equality. For the inequality we have

R

Kq 1
o/0(q?; w?) Z qIqiU+D2i

_ vk Ze—(1/2)lnq{1 +j(3+2logg ()}

wd@(q2 w?)

O
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mq9/8+(3 /2) logg (w)+(1/2) (logg (w))?

Z o~ (1/2)Ing{j+3/2-+logg ()} (54)

©v/0(q%; w?) ;

mq9/8+(1 /2) logg (@)+(1/2)(logy (@))?

3 em(1/DInalj+3/2+log, (@) (55)

VO(g?*: w?) ;

where (54) comes from a completion of squares, and (55) comes from canceling the w in the denominator. We next split
the summation in (55) into three cases j < —4, —3 < j < —1, j >0, and then rely on the following bound (56) for o > 0,

Z e~ (1/2)Inq(i+a)? < q—<a2/2>% (2 + 12_” ) (56)
j>0 na

to obtain for the j < —4 case

Z o~ (1/2)Ing{j+3/2-+logg(@))* _ Z o—(1/2)Ing{]~5/2+logy (@)}

j<-4 J<0
=Y e /2 Ing{J—3/2+(=1+logy (@) _ Y e Inq{L+3/2+(1~log ()))*
J<o0 L>0
< g~ (1/2(1-logg@)? Y e/ Ing{L+3/2)*

L>0

—_ g~ (/2 Hog @)~/ llogg@2g-98 1 (5 |27 (57)
2 Ing

where the reindexings | = j+4 and L = — ] were used. The j > 0 case yields
Z o—(1/2)Ing{j+3/2+log (@)} < Z o—(1/2)Inq{j+3/2)°~(1/2) Inq{logy )
j=0 j=0
< q—(1/2){long}2q—9/81 24+ 2_7[ , (58)
2 Ing
where we have used (56) with o =3/2 to obtain the last inequality. Finally the —3 < j < —1 case gives
Z o~ (1/2)Inq{j+3/2+logy ())?
-3<j<s-1
_ q—9/8+(3/2) logg @—(1/2)(logg w)? + q—1/8+(1/2)logq w—(1/2)(logg )2

g~ 1/8-(1/2)logg 0= (1/2)(logg ©)° (59)

The results (57), (58), and (59) combine with (55) to give, after canceling the common (1/2)(log, )? terms in the expo-
nents,

> lk(gw)]
JjeZ
9/8+(1/2)1
< vkl R gy 14 g~ /2Hoggn (5 [2T
= /6(q%; w?) ¢ (1+a )2 + Ing
9/8+(1/2) log, ()
N JKaq®/B(1/2) logg (@ ~9/8+(3/2) logg +q71/8+(1/2)10ng)
VO(q% @?)
9/8+(1/2) logy (w)
n A/Kqq  —1/8—(1/2)logy (60)

VO(q*; @?)

q(1/2)logq(w> q*(1/2)+(3/2)logq(a)) 1 2T
S (CNE)
6(q?; w?) 6(q?; w?) 2 Ing
N JK—qQZIqu(w) N \/@qlﬁ—logq(w) N mq] (61)
VO@w?) o eh) oG o?)
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Lo o ) g

AL
/K 2
=¥2((2+ +3q),
/Vq Ing
which gives the proposition after noting that we have applied estimate (38) to each term in (61) to obtain (62). O

We will need the following corollary, similar to Proposition 8, when we do not sum j over all integers, but only over
j=o.

Corollary 2. Forq > 1and w € [1, q]
Z|IA<(qu \/—l<2+ 2_7r>
>0 \/— 2 Ing
Proof. This is the j > 0 case in Proposition 8, where we use only (58) inserted into the first term of (60). O
4.3. Bounding the tail Cases 1, 2, 3
We next provide the proof of Proposition 5.

Proof of Proposition 5.

Case 1. The proof follows immediately by first applying Proposition 7 with E taken to be g/w, and then applying Proposi-
tion 8:

Z]f((qfa))] Z\k(qu—i—an/b)‘ =Gi(w; j€Z; k> 0)

JjeZ k>0
AL b Kq( nlnq)
< K((w)|—>=(1+
Slkiwol g Vet (147

e )

Case 2. Here we rely on the symmetry about the origin of |IA<(a))| before an application of Proposition 7, with E taken to be
—q’w — 2mkq(j)/b, and then an application of Proposition 8 to obtain

YIk(@o)| D |[K(gw+27k/b)| =GCi(w: j € Zik < ki ()
j€t k<ki ()

=Y [k(@w)| Y |K({-q’w - 21k (j)/b} + 27 {ki (j) — k}/b)]

Jjez k<kq(j)
=Y [K(@w)| Y |K({-g'@ — 27k1 (j)/b} + 27 {L}/D)| (63)
jez 0<L
A b Kkq 7 lng
<) |K(Qo ——<1+,/—>

JKq b JKq mln
<—(39+2+ 1+ q )
/Vq 27 /
where the reindexing was taken to be L =ki(j) —k in (63) for each fixed j.

Case 3. To be non-vacuous, the condition that ko(j) < k < O implies that ko(j) < —1 and this in turn implies 1/,/q <
g w +2mko(j)/b < g¢iw — 27 /b which restricts j to
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Jj > —log, w+log,(—2mko(j)/b+1//q) = No
> —log, @ +log, (27t /b +1//q)
> —log,  +log, (/g +1//9)
> —log,w +1/2 +log,(1+1/q) > —1/2,

or more simply j > N > 0. Thus instead of relying on a sum for j € Z we now utilize a sum for j > Ny, and later compare
it to the sum over j > 0 to obtain

G1(w; j € Ziko(j) <k <0) = G1(w; j > Nos ko(j) <k < 0)

=Y k(@) > |K(do+27k/b)|

Jj>No ko(j)<k<0
< Y K@) Y |K({do+27ko(i)/b} + 27 {k — ko(j)}/b)| (64)
j>No ko(j) <k
= Y |K(d )| Y |K({a’w+2mko(j)/b} + 27 L/b)| (65)
Jj>No 0<L
Ao b /%q nlnq)
] — Yy - R
<j>XNjO|K(q w)lzﬂm<1+\/ 5 (66)
s b JKkq mling
< K@ ——(1+ ) (67)
<Yl (o ) DG, [Ty )
VVq 2 Ing /27 . /Vq 2

where we abandoned the restriction that k < 0 and re-expressed the argument in terms of ko(j) in (64), reindexed by
L=k —ko(j) for each fixed j to obtain (65), then Proposition 7 was applied to (65) with E = {g’w + 2mko(j)/b} to obtain
(66), extended the summation to j > 0 in (67), and finally Corollary 2 was applied to (66) to obtain (68). O

5. Bounds for special k values: Case 4

Henceforth, we assume that 27 /b > 2/,/q (or equivalently 7 .,/q > b), which is already implied by our assumption
27 //q > b when q > 2. One purpose of this assumption is to ensure that qiw—2mk/b e [-1/./9,1/./q] holds for at most
one value of k.

Now, Case 4, where j € Z and ki1(j) <k <ko(j), further divides into 4 subcases determined by the behavior of j:

Case (4a). k1(j) <k <ko(j) and 0 < g/w < 1/./4.

Case (4b). ki (j) <k <ko(j) and 1// < ¢/w <27 /b—1//3.

Case (4¢c). k1(j) <k <ko(j) and 27 /b—1/,/9 < Fo<2m/b+ 1/4/4.
Case (4d). k1 (j) <k <ko(j) and 27 /b +1//7 < Jw.

Remark. The cases are expressed above as a partition of the positive reals. However they actually describe the behavior of
q/w — 27 /b relative to the interval [-1/4/4,1/4/q], and they help describe ki(j) and ko(j). For instance, (4a) gives that
qlw—2m/b < —1/,/q9 and j tends to be negative; (4b) gives that gw—2m/b < —1/,/q and j tends to be non-negative;
(4c) gives that —1/,/q < gw—2m/b< 1/./q; and (4d) gives that 1/,/q < g'w — 27 /b. These subcases impose conditions
on k1(j) and ko(j), and the statements about j, while collectively are comprehensive, individually impose restrictions on j
after taking logarithms. We repeat the cases from this perspective:

Case (4a). k1(j)=—-1<k< —1=ko(j) and j < —log,w — 1/2 = Nj.

Case (4b). k1(j) =—1<k<—1=ko(j) and Ny =—log,w —1/2 < j < —log; w +1og, (27 /b — 1//q) = Na.

Case (4c). k1(j) =—2<k<—1=ko(j) and Ny = —long—i—logq(zT” - ﬁ) < j < —loggw+log,(2m /b +1//q) = Ns.
Case (4d). k1(j) <k <ko(j) and N3 = —log, w +log,(2m /b +1/./q) < j.
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Proposition 9. In Case (4a) we have forq > 1, w €[1,q), 27 /\/q>b>0,and w./q>b >0

~ ) b kg 27
Gi(w;j<Npk=—-1)< ——(6q+2+ | — ).
27 Vg Ing

Proof. The condition j < Ny gives that either (i) j < —2 or (ii) j=—1 and 1 < w < ,/q. For (i) we obtain

j j j -172
qwb<qu<qq\/ﬁ<q 1

2T 2w 2 2 2
For (ii) we obtain
dob _a'vab a4y _1
2r 2w 2 2’
which gives in either case that
Jwb 1
1= o1 1p=12 of — <2 (69)
27 1—qlwb/2m)
Thus
Gi(@:j<Nik=-1)= Y |K(@®)| > |K(¢/o+27k/b)|
j<Nq k=—1
= Y[k (@o)|— S
oy laiw — 27 /b1y/0(q?; (@i — 27 /b)?)
=Z|f<(qfw)i . N
i 27 |qiwb/21) — 11Y/6(q% (@ — 27 /b)?)
N b 2. /K
< Z |K(q1a)) _ﬂ (70)

for 21 \/0(q%: 1/q)

L b 2/kq
< D lk@o)l5 ==
i<—1 27 \/W

b _«q 1 2m
<=—2—"3¢+=(2+,/— ) ). (71)
27 Vg 2 Ing

where we have used (69) to obtain (70), along with Proposition 8 with the cases j < —4 and j = —3, -2, —1 to obtain
(71). O

Proposition 10. In Case (4b) we have forq > 1, w € [1,q], 27 /,/§>b>0,and w,/g>b >0

~ . b 2./q kg 1 1
Gi(w; N1 < j<Nyjk=-1)< — - . (72)
2w /Vq /6(q2; w?) N1<Zj<N2 qiU+D/2¢)]

Proof. The condition N1 < j < N3 gives that either (i) j=—1 and /g <@ <q or (ii) 0 < j < —logy w +log, (27 /b —1/./q).
These conditions on j imply

poo2m -1 b 1 qiwb dw 73)
k b Va4 271 qgo+1/4 2r qgo+1/4
Whence,
Jwb 1 1
g Teb VI , (74)
2r T qglo+1//q ¢t Po+1
or
1 .
<t 2w41. (75)

1—qlwb/(2m)
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We have reached a stage parallel to (69) in Case (4a), however, unlike that case, we do not obtain a bound corresponding to
the upper bound of 2 in Case (4a). Since j becomes positive, the right-hand side of (75) can be quite large for small values
of b. Thus we incorporate another factor from our summand in (72) to obtain the following bound:

1 1 q1+1/ 2w+1
Jo(-gebjon) = dwo VIt gie SYITVE 76)
where the last inequality on 1/q/w is obtained in the maximal case (i) of (4b) with j=—1 and w = V4.

We are now set to obtain our bound (72):

Z |K(¢'w)| Z |K(q/w +27k/b)|

N1<j<N2 k=—1
3 1 Vg
N1<]<N2\/9(q (qfw)2 qfwz”quwb/(Zn)—ll\/e(q Glo— 25)?)
b 1 2,4 1
S ok 2 JGHD /24y 2 1 . 77)
Ny TN, w00 1 /6% 1/q)

b 2/qkq 1 Z 1
T2 g \JO(; 0?) . iU 2¢p]

<Jj<Nz

where (77) was obtained from (76). O

Proposition 11. In Case (4c) we have forq > 1, w € [1,q], 27 /\/q>b>0,and /g >b >0

~ b
G1(w;N2<j<N3;k=—l,—2)\— L (29+244)

< 1 1 ) (78)
. Z JU+D/2 i

T \/Vq VOGP 0?) y, Sin, @ @

Proof. The condition N, < j < N3 gives that

1/J/q < -1/J/q+27 /b <q’w < 1/\/q+ 27 /b
which yields the bound

1 1 b 1 b
do -1/ Ji+2m/b 2w 1-b/@rJq) 27

where the last inequality follows from the hypothesis b < 77,/q and the fact that

2, (79)

2 27 — b 1 (80)
_— < — < —
Ja b 2w /q 2
Furthermore, we have that q¢/w — 47 /b < 1//q—2m /b < —1/,/q9 whence
1 1 b 1 b
- < = < —2. (81)
lgfw —4m/b| ~ —1//q+27/b 27 (1-b/Q2m/q)) 27
We now obtain the estimate
Z K (q'w)| Z |K(q/w + 27k /b)|
N2<j<N3 k=—1,-2
I ~f 2 K
= Z |K(q1a))|<l<<qfa)—7n>’+ : v - )
M<T<Ns gl — 421,/0(q% (qie — 4 )2)
_ NG ( R b 2 ) )
NySjen, PoVo@; @w?) \Vo@ 1/ 27 \/6(q%1/q)

<Ly ! ! <q+ b 2) (83)
\/v_qugjgm Qo qiG+D/2i /0(q?; w?) 2
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Kq b

1
e 2 an )
N2<]<N 2w q](]-‘r])/za)] Q(q

b
<-——= +
2T /D ( q I)( /9((] @?) N2<JX;N3 q](]-H)/za)J)

where (39) and (81) were used to obtain (82), (29) was used to obtain (83), (79) and (80) were used to obtain (84). O

< @+ va) (84)

Proposition 12. In Case (4d) we have forq > 1, w € [1,q], 2w /,/J4>b > 0,and 7,/ >b >0

~ 1 1
. ¥ e ¥ < 1 _
G1(w; N3 < jiki(j) <k <ko(j)) < T \/_( q-+ \/_)< BB b 1\12<:j qj(j+1)/2wj>' (85)
3
Proof. The condition N3 < j gives analogues of (73), (74), and (75) when k = k1(j), ko(j). For instance, when k = k1 (j) we
have
; 2ki(j) -1 —b 1
lo+ —= < — — <
1 b NG 2tk () Qo +1/yq
< — .
2k1(j)  gdo+1//4q
Whence,
q’wb 1//4 1
> — = — ,
2rki(j) ~ do+1/yq ¢t 20 +1
or
1 .
: — < ¢/t 4 1. (86)
1+q/wb/mkq()))
Thus (86) gives
1 1 q1+1/2w +1
g/ (1+q wb/(2mk (1))) o =4 Vit (87)

where the last inequality on 1/(q/w) follows since 1/,/g < qfa).
When k =kg(j) we have

¢ +2nk0(j)>L — —b’> ‘ 1
b V4 2rko(j)  qgo—-1//q
—qja)b qu
2tko() gl —1/47
Whence,
qiwb -1/4 -1
27ko(j) qlw—l/f T gt 2 -1’
or
1 < g/t P —1. (88)
1T+ q/wb/2mko(j))
Thus (88) gives
.L . ! - <qj+1/2.w_1_\/———<\/_. (89)
g |1+q/wb/2mko()))] g ¢

So in the k =k (j), ko(j) cases we have
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Y_lk@ao) D [R@w+27k/b)|

N3<j k=k1(j).ko(j)

1 VKq
_Z Z Vo(q?; (qfa))2 qolgiw +2k/b| \/o(q2; (qiw + 27k /b)2)

J k=kq.ko
< - Yy *
~32<:J ¢9(q2 (qfw)2 @V f)\/mq2 1/0)

b Kq_ 1
3V4 — . ,
Som /Vq N3Z<j qiUtD20i/6(q?%; w?)

where (87) and (89) yield (90), and (29) and (33) give (91).
Finally, we handle the case that k1(j) <k < ko(j), where

-1/Vq <o+ 27k/b <1/44.

By (80), there is at most one such k for each j. Then by (39)

K (¢ + 27k /b)| < /qa/\/0(a?: 1/0) = /Kqd/ /7.

Furthermore,
1 1 b 1 b/(2m)
—_ << = <
o —2mk/b-1//q9 27wkl (1+b/Qrk/q)) (1+b/Q2mk/q))
and
—b b 1 1 5
< < < — —_— <
2r gk 2m./q 2 14+b/Q2m . /qk)
combine to give
1 b
go 2n7
Hence
Z |K(¢/w)| Z |K(q/w +27k/b)|
N3<j k1(j)<k<ko(j)

N 1 m>
< I, i D A
Z( Z S V0@ (w)?) P \/V—qq

N3<j “k1(j)<k<ko(j)

Yy LA b
Nasj V0@ (qTw)?) 2’ S

b « 1
<3 e Z ——
2w f o qlU+D/2wi/0(q?; w?)
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(94)

(95)

(96)

(97)

where we have used (92) to bound the right factor of (94) to obtain (95), and then employed (93) to obtain (96). Adding

(91) and (97) gives the proposition. O

Lemma 3. For ¢ > 1 and w € [1, q] we have

2 \/2 1
Z; q1(1+1)/2w1‘/9(q w?) < +avem/in >
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Proof. We have

1
,léjj q/UtDR2wi /6(g% w?)

e~ (1/2)Ing{j>+j(1+2log; w)}

~1<j v9(q2;w2)

e(1/2) Ing(1/2+logy w)? . . ,
_ e~ (1/2)Ing(=1/2+ogg w)?) |

V(% w?)

ql /8+(1/2) logg w+(1/2)(logg w)?
= q
VO(q?; w?)

1/8+(1/2) log, w+(1/2)(log, w)?
L1 ‘ ! <Ze—<1/2> Ing(j+1/2-+log, w12> (100)

VO(g* @?) o<

log, w 1/8+4(1/2) log, w+(1/2)(log, w)?
q™ q ! I Z67(1/2)lnq{(j+1/2)2+(logqw)z} (101)

< +
V(g% w?) V(g% w?) =

1/8+(1/2) logy @
1 q ! Ze*(l/Z)lnq(jJrl/Z)z (102)

<—+1 —
VVa o J0(g% w?) o<
1 g/B+aDlog o g
<—+—F——9"*52+21/Ing) (103)
VVq VO w?) 2
1 (1/2)long 1
1 2 ++27/1nq) (104)

=t

Vq 0(q%; w?) 2

1 11

<—+—=-2+27/Ing), (105)

/Vq /Vq 2
where we have: completed the squares and separated the j = —1 term from the j > 0 sum to obtain (99); re-expressed
terms with a base ¢ in (100); canceled like terms in the exponents and dropped the —Inq(j + 1/2)(log; w) from the
exponent in the j > 0 sum to obtain (101); applied the useful estimate (38) of Lemma 2 on the first term to obtain (102);
applied estimate (56) to bound the j > 0 sum in obtaining (103); canceled like terms in exponents to obtain (104); and
again applied (38) of Lemma 2 for (105), yielding the lemma. 0O

e(]/2)lnq(1/2+logqa))2<
V0(q% @?)

—1/84(1/2) logg w—(1/2)(log, w)z)

Z e~ (1/2)Inq{j+1/2+log, w}2> (99)
0<j

Proposition 13. Forq > 1, w € [1,q], 27 /,/q > b > 0, and 7 ./q > b > 0 we have
~ . , . ) b « 1
G1(w; N1 < jiki(j) < j<ko())) < Ev—q(zq +3ﬁ)<2 + 5\/2n/lnq>.
q

Proof. Noticing that max{2,/q, 2q+2./q,29+3./q} = 29 +3./q and then bounding 2.,/q by 2q+3.,/q in (72), and 2q+2.,/q
by 2q 4+ 3./q in (78), and by adding the resulting analogues of (72) and (78) to (85), we obtain

Z |K(¢'w)| Z K (q/w + 27k /b)|

Ni<j ki () <k<<ko ()
< %j—%@q + 3ﬁ)(N1X<:f qj(j+1)/2wjlm> (109
< %j—i_q(zw%/ﬁ)(% qj(j+1)/2wj1\/m> (107)
<%\I/(—Z_q(Zq-i-B\/a)\/]—v_q(Z-i-%‘/Zn/lnq), (108)

where we have factored out a maximum 2q + 3,/q and combined all sums for (106), proceeded from the sum over N1 < j
to the sum over the possibly slightly larger index —1 < j for (107), and used (98) in Lemma 3 to obtain (108) and hence
the proposition. O
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Proof of Proposition 6. Add the bounds in Propositions 9 and 13. O

In summary, we have been able to show the efficacy of larger translation parameters in the generation of wavelet frames
for £2(R). The driving force for this improvement is the use of theta function identities in obtaining an exact calculation of
Go and in obtaining accurate estimates for G1. This allows us to establish a threshold b = N'(q) below which the parameters
(q,b) allow K to generate wavelet frames. Similarly for bq? < A/(q) the parameters (q, b) allow K® to generate wavelet
frames. Every function in our frames has many interesting properties, including the fact that each has all moments vanishing
and each satisfies an advanced differential equation. For large q and for very negative p our frames become snug which will
impact efficiency in invertibility.

References

[1] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Nat. Bureau Standards Appl. Math.
Ser., vol. 55, 1964, p. 298.

[2] ].J. Benedetto, S. Li, Multiresolution analysis frames with applications, in: IEEE-ICASSP, 1993, pp. 304-307.

[3] O. Christensen, An Introduction to Frames and Riesz Bases, Birkhduser, Boston, 2003.

[4] L. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conf. Ser. in Appl. Math., vol. 61, SIAM, Philadelphia, 1992.

[5] L. Daubechies, The wavelet transform, time-frequency localization and signal analysis, IEEE Trans. Inform. Theory 36 (5) (1992) 961-1005.

[6] K. Grochenig, T. Strohmer, Pseudodifferential operators on locally compact Abelian groups and Sjostrand’s symbol class, J. Reine Angew. Math. 613
(2007) 121-146.

[7] D. Pravica, N. Randriampiry, M. Spurr, Applications of an advanced differential equation in the study of wavelets, Appl. Comput. Harmon. Anal. 27 (2009)
2-11.



	Theta function identities in the study of wavelets satisfying advanced differential equations
	Introduction
	Relevant properties of the Jacobi theta function
	Bounding the off-diagonal term G1(omega)
	Bounding the tail Cases 1, 2, 3
	Preliminaries
	Further bounds
	Bounding the tail Cases 1, 2, 3

	Bounds for special k values: Case 4
	References


