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Let J consist of all endomerphisms y of S = k{x,,..., x,;] whose Jacobian deter-
minant, det(éw(x;)/éx;), is a non-zero constant. Let G be the group of tame
automorphisms of S. In this paper we prove that G is dense in J in the “formal
power series topology.” In particular. every amtomorphism of S is a limit of tame
automorphisms. We also demonstrate that certain subquotients of G have a natural
Lie algebra structure.

INTRODUCTION

Let N > 2 be a fixed positive integer. Let k be any field of characteristic
zero and let S=k{x,...x;]. Let R=End(S) be the set of all
endomorphisms of § which leave & fixed. Any f€ R is completely deter-
mined by f{x;), 1 <i< N. By identifying f with (f(x,),...f(xy)), we may
view R as consisting of all N-vectors with components in S. R has a ring
structure given by componentwise addition and multiplication.

Take each x; to have degree one. Let P, be the k-vector space of all N-
vectors whose components are homogeneous #nth degree polynomials in
1X) ey Xyte We may write any f€ R as the sum of its homogeneous parts:
S=3Y ofim, where f, €P,. The height of [ is defined by ht(f)=
inf{nl f,, # 0}; ht(0) = co. Let R, denote {f€ R|ht(f) > 0}. R, is also the
kernel of the augmentation g,: R » kY given by ¢,(f) =f(0). Note that
ht( f) = » ff f=0 (mod R}).

Let G be the group of all tame automorphisms of 5. G is generated by the
invertible affine automorphisms, L ={f€R|f,, =0 for n>1 and f~'
exists} and by {fER|f(x)=x +g(xyXy) flx)=x, for i>1h
Although we view G as a subset of R, the group operation on G, which is
function composition, bears little connection with the commutative
multiplication in R. When f, g € R, gf will denote the composition g o fand
g - f will denote the product in R. For scalar or matrix quantities, however,
juxtaposition will denote multiplication.
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R is given the R,-adic topology. We could also define a metric on R by
d(f, g) = exp(—ht(f— g)), which would induce the same topology. We call
this the “formal power series topology.” R has this topology when it is
viewed as a subset of its R,-adic completion, which is isomorphic to
(k[[% seees Xx | DY f,, = f in R iff ht(f, —f) — oo iff for every m there is an #,
such that f, =f (mod R}") for all n > n,. G, L, and other subsets of R are
given the subspace topology.

Henceforth, for any N-vector quantity, a subscript of i will designate the
ith component. For f€ R, f; denotes f(x,). In keeping with this, we let x be
the vector (xy,..., Xy). {€;};<;<y are the standard basis vectors of k". Let id
be the identity of G, id(x) = x.

Lastly, for f€ R, let f’ denote the Jacobian of f, the N by N matrix
(@fi/ox;). (If k is not R or C, ¢/dx; still denotes the unique derivation
satisfying dx,/0x, = d;; and d(constant)/ox; =0.) If § = k[x,,...,x,| is also
given the formal power series topology, the function D: R — S given by
D(y)=det(y’) is continuous.

STATEMENT OF RESULTS
We are ready to state the main theorem of this paper.

THEOREM 1. Let J={w € R|D(w) is a non-zero constant}. Then J is
closed and G is dense in J.

In fact, we will prove a much stronger result. For w € R, define the rank
of v by rk(w)=ht(y —id) — 1. An automorphism of rank » agrees with the
identity in degrees <n. Let R, = {w € R, |rk(y) > n}; this agrees with the old
R, for n=0. Each R, is closed under composition. Let G, =G MR, and
J,=JNR, for n >0. Each G, is a subgroup of G, and D(y)=1forw €J,
if n > 1. It is well known that G < J, hence G, < J,,.

Let B< G, be the subgroup generated by L,=L MR, and w, where
w(x)=x + xle,. Let A be the subgroup BM G, and let 4, be the nth term
in the lower central series for A4, starting with 4, = A. Then we will prove

THEOREM 2. A, =J, for n > 1, where A, is the closure of 4,,.

Let us first see how our main theorem will be a corollary of this result.

Proof of Theorem 1 from Theorem 2. k* =k — {0} is a closed subset of
S = k[x, ..., xy] in the formal power series topology. Since D is continuous,
J=D"1(k*) is also closed.

Let w & J and let # > 0 be arbitrary. We wish to find 8 € G such that
ht(w — 8) > n. w may be written uniquely as tp, where 7 is a translation and
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p € J, with D(p) =D(y)=c € k*. p,, is invertible because D(p,) = c: let
0=pp(;,- Then tk(g) > 1, so by Theorem 2. we may choose 6 €4, S G
with ht(¢ — o) > n. Let 0=r1¢p,,. Ht(@ — v) =ht(gp,, —p) =ht(p —0) > n,
as desired.

The last equality is a special case of the following lemma, of which we
will make frequent use.

LEMMA 1. If ht(y — @) > n, then ht(w@ — ¢6) > n for any 8 € R,

Progf. This is clear since (w8 — ¢8)(x) = (v — ¢)(B(x)) is a sum of terms
of degree n and higher only.

We postpone the proof of Theorem 2 until after we have developed some
more theory.

THE STRUCTURE OF G, /G, ;

We prove next a series of lemmas concerning the behavior of functions of
rank » under composition. Recall that w&R, ,. tk(w)zn—1,
w = id(mod R{), and v = id + y,,(mod R§*") are all equivalent for n > 1.

Lemma 2, Letm>22, nz22. If rtk(f) > 1, tk{g) > m — 1, and ht(h) > n,
then

(O +h=gf+h+gmhe,  (modRF™™) N
(&Sf+h)=gf+h (mod Ry 1), (2)

Proof. The ith component of (g)(/+ h) may be written as the sum of a
series (a finite series because g is a polynomial):

((g)(x) + Ax)));
— g,(f(0) + h(x))
. | Y ag
=g(fN+ N o

py=1 14

(fEx)) &,

+ ¥ ( N (————-—8jgi )(f{x))k h)
52 \o T -axm"'axp,- S 7,

iz2

Since ht(#) > n and £ € Ry, the jth term of this series has height > m —j + nf
for j22. For j22 and n22, m—j+nj=m+nt+(n-Dy-N—-12>
m + n. It follows that

(U +1)x)=g(f(x) + & (SN hx)  (mod RT™") 3y
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Because rk(g)>m — 1 and ht(h) > n

FUEDHD= X (ko) + T gl Ry

>m
The term g{,(f(x)) A, (x) has height >¢—1+s, which is smaller than
m + n only when t =m and s = n. Hence

g () hix)=

s>n

= h(xX)+ 8(m)(X) hpy(x)  (mod RG™).

his) () + 8l (S (X)) Ay ()

Plugging this into (3) gives the desired result (1). Equation (2) then follows
from (1) by observing that g/, k,,, has degree m +n — 1.

Lemma 3. (@)Iftk(y)>n—12>1 and rk(¢) > > 1, then
pu=yp=y+g—id  (mod Rg*™").
(b) Ifé€ G, and y=¢ (mod R}), then
¢ ly=yg '=y—¢g+id  (mod Ri").

Proof. (a) Apply Lemma2 with g=¢, f=id, and A=w ~id. Then
pu=g+h=¢+w—id (modRI*""). A symmetrical argument works for
yg.

(b) By Lemma 1, y = ¢ (mod R)) yields w¢ ' =id (mod Rg). By part
{(a) we get y=(wp "Yo=yd ' +¢~id (mod Rj*'). Solve this for yg '
For ¢ 'y, let g=¢~', f=¢, and A=y —¢ in Lemma 2. We get ¢ 'y =
0@+ w—9)=¢""¢+ (y—9)=id +y —g¢ (mod R{"").

LemMA 4. Suppose yveG,, ¢€G, for m>21, nzl, and let
0=y '¢ " 'yp. Then 0 €G,,. , and Oiment 11 =Y Pns1) ™ las 1 Wimany-

Proof. Let a =, 1, B=04.1- Setting g=y, f=id, and h =y —id
in lemma 2 gives wg =y + ¢ —id + «'ff (mod R *"*+?). Switching v and ¢
gives gy =y + ¢ —id + ' (mod R'*"*?). By Lemma 3(b) we obtain 6 =
(¢w) " (wg)=id + a’'f —f'a (mod RF*"*?), which is equivalent to the
desired result.

This Jemma shows that there is a strong connection between the lower
central series for G, and the groups G,=G;MNR,. We are particularly
interested in this connection for the subgroup 4 = G,. Recall that 4, is
defined to be the nth term in the lower central series for 4, i.e., 4, =4 and
An: [A!An—l]'
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LemmMaS. 4,cG, forn> L

Progf. By induction on n. f€ A =4, implies f€ G,. 4, is generated by

S lgTelfed,g€4, )< f g fBIfE€EG,8€GC, \} =G,
Since G, < J,,. one corollary of Lemma 5 is that 4, < J,. This is a step

n —

toward our goal (Theorem 2) of showing that 4, =J,.

LEMMA 6. Let f€ G,, n> 1, and let ¢ € k. There exists g € G, such that
sty =m0

Proof. Let K={ce€k|Vf€G,,3g€ G, such that g,.,=c¢/,. 1}
Taking g=id gives 0€K. If g, h€G, and g, ,,=¢f,,,, and A, =
df s+ 1y» then by Lemmma 3(b), (g2 ')y 41, = (¢ —d)fin 1)+ 50 K is an abelian
subgroup of k. K is closed under multiplication and 1 € K, so K is a subring
of k and Z< K. If 1, denotes multiplication by ¢ (i.e., 4.{x)=cx), then
he-ifA.€EG, for fEG,. Aers fA) sy =C"fins1)» 50 K contains all nth
powers of elements of k. Since char(k)=0, Q< k, so for any rational r/s,
r/s=(rs" " ")(s "' €K, ie., Q< K. Finally, note that any ¢ € k may be
written as a linear combination of ¢”, (¢ + 1)",..., (¢ + n)" with rational coef-
ficients, hence K = k.

ProposiTiON 1. Let H, = {f,, ,| € G,}. Then H, is a k-module and is

isomorphic as an abelian group to G,/G, . |.

Proof. By Lemmad4, G, ., contains all commutators of elements of G, ,
so G,/G,,; is abelian. By lemma 3(b) it is clear that the correspondence
:G,/G,.,~ H,, given by @(f)=fi,..,- is well-defined, one-to-one, and
onto. Also by Lemma3, @ is an isomorphism of abelian groups. By
Lemma 6, H, is closed under scalar multiplication and it is trivial to check
the axioms for a vector space. Indeed, H, is a submodule of P, _ ;.

Lemma 4 suggests that a much stronger structure exists on the {H,}. A
connected graded Lie algebra over k is a collection F={F},,, of &-

modules, together with a bilinear operation [,1:F,®,F,— F, ., which
satisfies the Jacobi identities:

£ gl=—lg&sfl (4)

[(figl k] + 1l & hrlS] + (A ], g]=0.. (35)

Proposition 2. Fora€ H,, € H,,, define [a, ] =a'S —f'a. Then |, ]
makes H = {H,},., into a connected graded Lie algebra over k.

Progf. [,] is bilinear, the dimensions work, and (4) holds. To check (5),
let e €H,, BEH,, yE H,. Observe that (a'f) y=a"(f, y) + a’f’y. where

a’ (B y) =201 200 @ay/ox,6x,) By, = a”(y, B).  Hence  o"(B,7)=
a”(y, B). Likewise for (6'y)’ @, etc. With this simplifying tool we obtain

481/82/2-12
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[la. B), y] + [IB, v]s @] + [{, @], B]
=a"B,y)+a'By—B"(a,y)—Ba'y—ya'B+ypfa
+B"(pa)+fya—y"(B.a)—yBe—a'By+ayh
+y"(@B)+y'a'B—a"(y.B)~a'y'B—F'ya+B'a’y=0.

THEOREM 3. Define a k-module structure on G,/G,., by c- f=
&~ Yc - D(f)), where @G, /G, ,— H, is the isomorphism of Proposition 1.
Defne [,1: (Go/Gry 1) X G/ G )= Gy f G i) by 11, 81 =T '8 Vi
Then {G,/G, 1}, is a connected graded Lie algebra over k.

Proof. This follows immediately from Proposition 1, Proposition 2, and
Lemma 4.

A BAsis FOR H,

We now return to the proof of Theorem 2. Briefly, our plan is as follows.
Because each H,= {f,. | f€ G,} is a finite-dimensional vector space over
k, it is possible to write down an explicit basis. Using this basis we will show
that we get the same vector space when G, is replaced by J, or by 4,,. This
will lead naturally to a proof of Theorem 2. The reader is warned that,
because of the explicit calculational nature of these results, their
demonstrations are rather technical and some straightforward but lengthy
computations have been omitted.

For n>2, let V,={y,lvEJ,_;}. Then H, CV,. Let W,=
o € P,|Va =0}, where Va=Y"_, da,/0x;.

ProposiTiON 3. Fornz2, V,C W,.

Proof. Of course ¥V, P,. For w€J,_,, D(y) =1, so in particular, the
homogeneous degree n— 1 part of the polynomial det(y') is zero. We see
that this is just Vy,,,. Every entry of w' —1I has height >»n — 1. The only
term contributing to the determinant in degrees smaller than 2(n — 1) is the
product of the entries on the main diagonal. In degree n — 1, this product
contributes precisely Vi ,,.

Let T,={a=(a,,.,ay)leach a; is a non-negative integer and
Y 1a;=n}. Fora€ T,, let x* denote the monomial x%' ... x4,

pa—

b@ac T, ,,1 <ig N, where bfa) = —(a; + 1) x* %%, +
(@, + 1) x?" ¢,

LEMMA 7. Let n>2. A basis for W, is Y, = {x%,la€T,,a;,=0}U

Proof. This set is linearly independent. To see this, note that the
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monomials {x%;|la€ T,, 1 i< N} are independent in P, and that each of
these monomials appears in exactly one element of Y,. Thus no non-trivial
combination of the Y, may be zero without also contradicting the indepen-
dence of {x%,}.
It is also an easy check that Y, < W, so it suffices to show that Y, spans
Let a € W,. For each i, write

— \ a 0 .a-+e;
ap= ) Cuxt X dgx
aeT, aeT,
a;=0

Since Va =0, we have 'Y , d, (a; + 1)=0 for each a € T,,_,. Solving for
d,  gives

N
dyy=— S (a,+ 17! d,{a;+1). (6)

i=2

Let

N
_\ a
=X N cuux

i=1 aeT,
a;=0

|4

il
~

+ N (@ + )7 d, ;ba) € Span(Y,).
aeT,_;

3

We assert that « = f. First note that a;=§, for i > 1. As to the first com-
ponents,

w
B, = S c;r.lxa_: : (al“'1)-lda..v'(ai‘§‘l)xawi

ae’T, i=2 aeTp
ay=0
. N .
- " N —1 +
=N ext N (=N @+ D+ 1)) x4
aeT, ael, | i=2 ’
a;=0

= N e x*+ N 4, x*=qa, (by(6))

aeTy, aeTy_,
a; =0

Thus a = f € Span(Y,).
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Recall that the subgroup A of G is defined by 4 =B M G,, where B is
generated by w(x)=x + xje, and the linear automorphisms L,. 4 is closed
under conjugation by elements of L,. To certain automorphisms we give
specific names. For i # j, v,;(x) = x + x;e;, i.e., v;; adds the jth component to
the ith. For i # j, 7;; switches coordmates i and J A, is scalar multiplication
by c. Last, let wu(x) x+xze for i#j. Since w=w,, €4 and we may
conjugate by any ;;, any w; EA

Forn>2, let U,= i,z/(,,)it,y €A, _,}. We have already observed that this
is a subset of H,_, and hence a subset of V.

ProrositioNnd. W,=V,=U,.

Proof. Since U, V,< W,, it is enough to show that W, S U,. As in
the proof of Lemma 6, (A.-1wi.8),, =cw, + 6., for w,§ €A and c € k¥,
so U, is a vector space over k. It suffices to show that U, contains the basis
Y,. Y, may be divided into the five subsets {xje,|m#i}; {x;x;e,|i+
JEm#il; {ble)li> 1} {blepli > 1}; and {bye)|1 <j;&i> 1} We do a
case by case con51derat10n. For i+#j, let yu_/l wi vawi vt nj,v,,l,,z.
Uy € A and py(x) = x — x]e, + 2x;x;e; (mod R3}).

Casel. We have already seen that w,; € A.
Case2. (Aywo i Wyt vy WV 2)X) =X 4+ x,X;€,,.

Case 3. ﬂli(x) =X + b,(e,) (mod R7).
Case 4. u;'(x)=x+ bJe;) (mod R}).

Case 5. (Auj'u;Ay,)(x)=x+ bye,) (mod Ry).

ProposiTioN 5. W, =V, =U, for n 2?2

Proof. Since U,cV,< W,, it is enough to show that W, U,. We
proceed by induction on n. Assuming that W, = U,, we show that W,,H -
Upir =WV E [A A, ]} By Lemma4 and Propos1t10n4 it suftices
to show that any 8 € W, , is a sum of the expressions [a, f] = a’f — f'a for
a € W, and B € W,. The set of finite sums of [a.f] fora € W,, € W, is
a k-module because W, is. It is consequently enough to demonstrate that the
basis elements Y, ,, may be written in this form. Again we do a case-by-cas¢
consideration.

The basis elements x%; for a€ T, ,, a;=0, are covered by one of the

following:

Casel. i=1. Pick j such that a;>0. Then [be;), x* “e,|=
(a; + 1) x%,.

Case?2. i>1anda,> 0. Then [b,(e,), x? “'¢;] = (a, + 1) x%;.
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Case3. i>1 and a,=0. Pick j such that a; > 0. Then [b/{e;), x* “e;] =
x%;.

The basis elements b,(a), a € T,, i > 1, are covered by one or more of the
following:

Case4. a,=0. Then {be,), x%e,| = 2b,(a).
Case 5. a;=0. Then [b/e;), x%e;| = 2b,(a).

Case6. a,>0 and a,#2a;,+2. Then [bfe,),bla—e)]=
(@, —2a;—2)ba)

Case 7. a; >0 and a;+# 2a, +2. Then [bfe), bi(a—e)l =
(2a;, —a; +2) bla).

We are at last able to complete the proof of the main theorem.

Proof of Theorem2. J,=R,MND7'(1) is closed and 4,ZJ,, so it is
enough to show that J, € 4,,.

Given y €J,, and M > m, we must find ¢ € 4,, with ht{y —¢) > M. Use
induction on M —m. If M —m=1, this is the claim that v, ,, occurs
among {4, ,]0 € 4,,}, which is just what Proposition 5 tells us. Suppose
the result is true when M —m =j and let M =m +j + L. Use the inductive
assumption to choose 6&€ A4, with ht(y—F)>M. By Lemma l.
ht(yf~ ' —id) > M, ie. rk(wd ") >M— 1. w8 ' €J,, , so by Proposition 5
there is some 6 € 4,,_ S A4, with ,,;, = (W07 ")y, Ht(w6~' —6) > M and
ht(y — o6} > M with 66 € 4,,, as desired.

CONCLUSION

We have shown that any element of J is a limit of elements of G. In fact
we have shown much more, namely, that J is the closure of a rather sparsely
generated subgroup of G.

The main theorem enables us to recast two major outstanding problems in
ring theory into topological terms. The tame automorphism problem, i.e.,
whether all automorphisms of S are tame, becomes the question of whether
or not G is closed in Aut(S). The Jacobian determinant problem, ie..
whether D(y) = ¢ € k* implies w € Aut(S), becomes the question of whether
or not limits of invertible endomorphisms are invertible.

A few words are in order concerning the subgroup 4 of G,. Is 4 a proper
subgroup of G,? If not, we can hardly justify using 4, in Theorem 2 instead
of the conceptually simpler G,. When N =2 we have a canonical way of
writing any element of G, as a product of “shear” automorphisms and 7,,s
[6], and this decomposition shows that 4 is indeed much smaller than G,.
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For N =2, A consists of all automorphisms of rank one such that f; and f,
have (highest) degrees which are powers of two. However, no such decom-
position is known for N > 2 and, at this writing, it is unknown whether
A =G, for N > 2. Determining which automorphisms belong to 4 seems to
be as hard as the tame automorphism problem itself. The case N =2
illustrates that it is possible for the closure of a group of automorphisms to
be strictly larger than the group itself. It also shows that very little of the full
“strength” of G is needed in order to approximate any element of J.
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