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1 Introduction

This paper develops the Wilson line approach to high energy scattering proposed in [1] to
the case of quadrupole and double dipole operators in the next to leading order (NLO).
Such operators naturally appear when one studies amplitudes for diffractive processes with
the production of 3 or 4 particles in the Regge limit. Moreover, the quadrupole operator
enters the definition of the Weizsécker-Williams gluon distribution [2-4] which gives the
Fock space number density of gluons inside dense hadrons in light-cone gauge. One can
find the NLO evolution equation for the operator necessary for the Weizsacker-Williams
gluon distribution differentiating the quadrupole equation obtained in this paper. This
result is going to be presented in a future work.

In the Wilson line approach to high energy scattering [1] the amplitudes are convolu-
tions of impact factors and a Green function. The impact factors describe the decomposi-
tion of the colliding particles into quarks and gluons while the Green function is responsible
for the interaction of these quarks and gluons with the quarks and gluons from the other
colliding particle. In this framework such fast-moving partons are depicted as Wilson lines
with the path going along their trajectories. Hence, the corresponding Green functions are
the operators constructed of the Wilson lines. These operators obey the evolution equa-
tions with respect to the rapidity divide. This rapidity divide separates the gluon field into
the fast quantum one and the slow external field of the other particle, through which the
current quark or gluon is propagating.

In the most thoroughly studied case of a virtual photon splitting into quark antiquark
pair, the corresponding Wilson line operator is a color dipole. The evolution equation



for this operator is known as the Balitsky - Kovchegov (BK) equation [1, 5, 6]. The
NLO corrections to this equation were calculated in [7-10]. Another interesting case is
application of this formalism to a proton. The proton has baryon color structure and can
be described as a 3-quark Wilson loop operator (3QWL). The evolution equation for this
operator was calculated in the leading order (LO) in [11] and in the NLO in [12]. The latter
calculation was based on the NLO hierarchy of the evolution equations for the Wilson lines
with open indices [13] and the connected contribution to the 3QWL kernel [14]. These
results were also obtained in the Jalilian-Marian, lancu, McLerran, Weigert, Leonidov and
Kovner (JIMWLK) formalism [15-21]. The hamiltonian equivalent to the NLO hierarchy
was obtained in [22] and the evolution equation for the 3QWL in [23]. The NLO kernel for
the evolution Wilson line operators was also constructed in [24].

The quadrupole and the double dipole are 4-particle colorless operators. Their LO
linear evolution equations were derived in [4, 10, 25-27]. Here the results of [13] and [14]
are used to construct the NLO evolution equations for these operators and the results
of [10] and [12] are used to check these equations.

The paper is organized as follows. The next section contains the definitions and neces-
sary results. Sections 3 and 4 present the NLO evolution equations for the quadrupole and
the double dipole operators in the standard and quasi-conformal forms. Section 5 discusses
different checks of the results. Section 6 concludes the paper.

2 Definitions and building blocks

The light cone vectors nq and no are defined as

ni1 = (1,0,0,1), ng= % (1,0,0,=1), nf =ny =nna =1 (2.1)
and any vector p can be decomposed as
p*zpfzpnzzé(p0+p3), pr=p =pn =p’ —p°, (2.2)
p=pni+p ng+pl, p*=2p"p —p? (2:3)
pk=plk, =p k™ +p kT —pk =pik_ +p_ky — k. (2.4)
For brevity the following notation for traces is used
tr(UU; . UUY) = Ui, (2.5)
where
U; = U (7, 17) = Pei "= bn (.0t (2.6)

and b, is the external shock wave field built from only slow gluons

dp
b, = / (27:)’46% (p) O(e" — pH). (2.7)

The parameter n separates the slow gluons entering the Wilson lines from the fast ones in
the impact factors. The field

W (r) =0b"(r*,Pnk = 5(rT)b (7) nk. (2.8)



The coordinates 77 2 3 4 denote the quarks, and 79, 75 are the coordinates of the gluons. In
intermediate formulas the coordinates 7 7 will also be used. The SU(/V,) identities

. 1 .
U = 2r(U°UY), (1) (1)} = 5010] —

(2.9)

are necessary to rewrite the SU(NV,) operators only through the Wilson lines in the fun-
damental representation. For a generic operator O the rapidity evolution equation has
the form

6—n<0> = (Ko ® O) + (Knpo ® O). (2.10)

where K10 ~ ag and Kni,0 ~ ag. The (...) brackets were explicitly written to denote that

the calculation was performed in the shockwave background. Hereafter they will be often

omitted to avoid overloading the notation. The BK equation in this notation reads [1]
OUpgr s 19?

drg————= (UsinU N.U 2.11
o 2’ 07*102*202( atoUgt1 — NeUaty) (2.11)

—

where 75 = 7}

2
8U12T34T CY T14

— 7j. The LO quadrupole evolution equation reads [4]

5 (U1t Ugataat +UgigUigiger — (0 = 1 =0 —4)) (2.12)

877 47T 7“1027"40
+ % (Uit Upatsat + UsigUygigar — (0 = 1 =0 — 2))
7107720
2
7
- % (U101 Upaigai + Usgi Uggiger — (0 4 =0 — 2))
27790 7"40
T'
- = 123_, ) (U4T0U121‘30T+U2T0U341‘10T —(0 — 150 — 3))+(1 <—>3, 2<—>4) .
27107730

Here (0 - 1 =0 — 4) stands for the substitution Uy — U; or Uy — Us, which gives the
same result. In addition (1 <> 3,2 <> 4) means that one has to change 7 <> 73,7 <> 74
and U; < Us,Us + Uy. We will also need the LO evolution equations for the double
dipole, sextupole and the dipole-quadrupole product. All these equations follow from the
LO hierarchy [1] directly.
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OU 151 Ugys Qg o 13 r93 14 724

— o T W0z T Z e maos 0t T em o (2.13)
on 4 710730 720730 710740 720740

ouU ouU

12t 413

X (Ugt1at3+Uatsats — Uarigtsato— Uatoatsorr) + Usts on +Ugiy oy

OU 91341 Urgt G

on  4r?

S 9 L 9 S 9 L 9
x( Fie® 77 )+< Tor® T )
70127062 T01%T07° T02°T07% 70227062

X (Ugtrgtoataats T Ugtgatiatostr — (0 = 7=0 — 6))

ou ou
+ (143,26 4)} + UW%M* + UmwT;GT. (2.14)

dTO{ (Uotretoztsats + Ugtiaisatosiy — (0 = 7=0 — 6))




OUqgt3gt56t _ [ T
2121347567 _ S/dro LQ(UmMmUQm@n+U0T56T1U2T34T0*(OHE’EOHQ))

877 - 47‘(‘2 F022F05
S 9
15 _
~ =55 3 (Uotset1 Uatgaro + UgtoUpriataars — (0 = 5=0— 1))
01705
S 9
26 _
— =—5=5Ugtaats Uarost1 + Ugt1 Uataatsero — (0> 2 =0 — 6))
T02°706
S 2
16 _
+ =—=5UstoUpt1atzats + Ugt1 Uataatsero — (0= 1 =0 — 6))
01706
= 9
712 _
+ =525 UatoUgtsatsets + Ugt1 Uatgatsero — (0 = 1 =0 — 2))
7017702

+(1=23—-5—-1,2—-4—-6—2)+ (1—>5—>3—>1,2—>6—>4—>2)}. (2.15)

Here 1 — 3 — 5 — 1 stands for permutation, i.e. one has to change ¥y — 73, T3 — 75,
T_‘:r, — ’Fl and U, — Ug, Us — U5, Us — U;.

For the self and the pairwise NLO interactions one can take the results of [13] while
the triple-interaction diagrams were already calculated in [14]. The results of these papers
were derived using sharp cutoff on the rapidity variable. Since this paper is devoted to color
singlet operators one can drop the kernels which vanish acting on the colorless operators,
as was shown in [22]. The rest reads

o (U J 2 N X > ; i VA
(8771)1 = 8067:4 /dT’5dT’0J11105 |:Zfad ¢ ({tdte}Ulta)g — Zfade(taUl{td t€ })ﬂ
O

2N, [ dis . b - 7.2
s*t'C o ab __ rra ta t ] 1 15 21
473 77154 (U5 Ul )( Ul )Z/B n (ﬂQ > s ( 6)

11 2ny 1 11 2ny 2 67 7w 10ny
Y o= (o (£ 42T 2 2.17
b (3 3NC)’ Fln 7 <3 3NC> n<4e2w(1> to o3 T on 30

ny is the number of the quark flavours, ©? is the renormalization scale in the M S-scheme

x U (U5 = U§") +

and Jijklm = J(ﬁafjaﬁcaﬁafm)

701752 2 (T01703) (TosT25) 2 (T01703) (Tas735) 2 (T01705) (T257735)
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This function has the properties

RN ~ 92
(751701) 701

Jijkos = —Jjiks0,  J1110s = 555 55 5| =5 |- (2.19)
T01°T05°T15 T15

af [ oo o [
= 3 /d?“sd?”o (A1 + Az + A3) + = /d?"5 (By + N.Bs). (2.20)
NLO

0 (U] (Ua)y,
n

Here
Ar = (U] (Ut"), + (T (Ut [0 2 U (U = Ug ) 4ALro

+ dny Lt (Ut (U] — Ug»} , (2.21)



where L;; = L(75,7;) and ng = L9(7;,7;) were introduced in this form in [12]

> 4 > 2 > 2= 2 | =2 22 2
[ 1 12 1 n 1 L2 ToaTTs + 7017725
12 — 2 22 2 2 2= 9 8 - 2= 9 -2 2= 9 - 9 4—»4
017725 027715 017725 027715 T05 T05

S 9 S 95 9
12 1 1 T01°T25 1
+*2(*2*2_~2~2 (== )+ o= (2.22)
8705~ \ T02°T15 T01°T25 T15°T02 2705
D 25 2 | o 95 2 o 25 9 S 25 9
10 _ 1 [ 70277157 + T017T25° — T05° 712 Iy ( F02715 1 993
127w (o2 <2 — 12752 W ==5-3 ) 4 (2.23)
T05 (To2%715% — T01%7252) 017725

These functions have the unintegrable singularity at 795 = 0, which is canceled by the

subtraction in the color structure. They are symmetric conformally invariant functions
L(Q) — L(Q) — L(Q) N

ij ji ij |T0<—>Fs'

Ay = AUy — U™ (Us — Up)e® {z [ FALE (U Y (10, — fade(taUltd/){(UgtE’)ﬂ J12105
i [ )] (U, — O (U] | Tizos (2.24)
As = 205 {i[f“d/e'(Ulta)f (t4°Up)], — Fo4(t U] (Ut t7)] (Us — Un)*®

X (J22105 + J21205 — J12205) + (J12105 + J11205 — J21105)

x| U Ut — SO Y e U)| (U5 )} (2.25)
-2 -2

Bi=2In (15 )1 (2 (2.26)
2 2
12 T12

{ s v [ vty o+ vt e (G2 - )
TR T

. e eNJ [1a ade ans 15T 1
o+ (Us = Ua)™i | SOt (o Ust) + Fo (0] (Ut (“’ ) _ ) }
T15725 T3,

By = 8 (2Us — Uy — Uz)® [(t“Ul) (Ust?)L, + (U2 (t“UQ)Z]

x {(Z”%’) In <T122>+11n<q2> +11n< z>} (2.27)
15725 [i? 273 ™5 2753 1

s O] U2 (), = o [ drsary (2.28)
s { fee[ (¢! (t°Us)} (Ust)", (Up — U1 (Us — Us)*
— (Uht");] (U2tb) (tUs)p, (Uo — Un)™(Us — U2)*] J12305
+ FUE[ (U] (U2, (#Us), (Uo = Us)*(Us — Ua)'*
— (t°U1)] (Uat")j, (Ust®)y, (Uo — Us)*(Us — U2)®] Ja105
+ fHL U] U) (#Ts)y, (Uo = U1 (Us — Ug)*
— (U1t)] (t"Ua)}, (Ust®), (Uo — Ur)™(Us — Us)*] Ji3205 } -



We will also need the following functions. The function MZJ F=M (73,7, 7,) was intro-
duced in [12]

1
M3 = 5(Jlggos + J23205 — J13205 — J22205)

2 25 9 5 25 9 5 25, 9 o 9 S 9

1 7127793 715723 7037712 713 02

:4_’ 55 9 S 9> 9 = 9= 9 = 9= 2+ -, ln ) . (229)
T01°7T35% \ T02°T25 T05°T25 T02°T05 T05

It was also introduced as My in [28]. It has the property
M |50 = — M. (2.30)
The functions L;; = L(7;,7;) and M;; = M (7, 7;) were introduced in [12] as well

S Fo? [ Fio?fos? 1 1 Fo1 275
L12 _ §(M122 o M211) M2 |: 12 705 :| In ( 01 252> 7 (231)

87052 | 701270227152 Ta52  T012T252  T022T152 152702
1 0? 71227052 1 1 To1%702>

My =-(Ma'+MP) = ——— |55~ =35 — =55 | 0| 555 |- (2.32)
4 167052 | 701°T02°T15%T25 7017725 T02°7T15 T15%7T25

Here INLij is conformally invariant. Moreover, I}ij is antisymmetric w.r.t. both 5 <+ 0 and
i <+ j transformations while M;; is antisymmetric w.r.t. 5 <+ 0. One can also combine all
the terms ~ (3 into Mg = MP (7, 7))

Ncj T3\ | o [T 11
ML, = ; {m <1§> + 02 (2 (5 -=5 ) p- (2.33)
H 712 o1 Toz "ol
The NLO BK kernel reads [10]

(Kxpo ® Upgr) o / a2 e g (120 gy (T2
NLO 12007 s 07102702 12 ¢ ™02 7202

2
« s (T
X (UgtgUgiy — NeUsiq) + 747:4 /dT‘OdT5{L12(U0T5U2T0U5T1 —(0¢>5))

+ L12((Ugtsatosts — Ugt1 UatsUsig — (0 — 5)) + (0 <> 5))
— 20 LYy (tr(t UL U tr (19Ut (U — UD) + (5 0)) ). (2.34)

3 Construction of the kernel

First, one has to discuss the singularities of the building blocks from the previous section.
All the ultraviolet (UV) singularities in (2.16), (2.20), and (2.28) were removed by the
renormalization. It means that these expressions converge at 7y = 2345 and 75 =
70,1,2,3,4. In particular, the functions J in A (2.24), A3 (2.25), and (2.28) are convergent
at these points, which ensures UV-safety of these expressions. However, the function Ji1105
in the first line of (2.16), has the UV singularity at 7y = 75 = 7. As in (2.22) this singularity
is removed by the subtraction in the color structure.

Nevertheless, these expressions have infrared (IR) singularities, which appear as both
705 — oo. Indeed, changing the variables e.g. as ro = ut, r5 = ut,t = 1 — ¢, one faces a



logarithmic singularity integrating w.r.t. u first

! +eo 2 cos(¢os) t 1
drsdigJ = | dosd dt d — In{=)4+0(—)]-
[ orrosas = [ oo [ [0 (G ity (1) +0(2)
(3.1)
Hence this double integral is ill-defined and requires either regularization or definition in

terms of the iterated integrals. To understand how to correctly treat the IR singularities one
can either return to the diagrams and keep the regularization, or calculate the known dipole
equation and fix the definition from there. The latter way is attempted here. Assembling
BK kernel (2.34) from (2.16)—(2.20), one can see that all the S-functional terms go to M152,
Aj (2.21) reshapes to the terms ~ Lio, L{,, the Wilson line operators from (2.16), (2.24)—
(2.25) depending on both 75 and 7 give the term ~ Lio after the symmetrization

A(U)F(7) — [AF]Y™

_A+AQe)[F+FO05)+[A-AQ0CHF-FO&5)] 4
- . (3.

Next, By (2.26) gives one half of the double logarithm contribution. All the remaining
terms are to be equal to the other half of the double logarithm contribution. They read

2
aiN, oo
12’774; drodrs{(Uars Usry — Ugiy Uatg) (J22105 + J11205)

+ (J21105 — J12105 + J12205 — J21205) (2NcUgty — Ui Ugig — UgtsUsiy) . (3.3)

AK

This term is IR safe. The second line is the product of 2 expressions symmetric w.r.t. 0 <> 5
permutation. Therefore one can set Us — Uy there. In the first line there is a product of
2 expressions antisymmetric w.r.t. 0 <+ 5 permutation. Hence, one could add and subtract
N.U,t; in the first brackets and write

a2N, oo
AK — 8871'4 /dT‘ng‘5{(NCU2T1 - U21-0U01'1) (J22105 + J11205)
+ (21105 + J12205 — J12105 — J21205) (NeUsgip — Ui Ugig) } (3.4)
(0%

Ne [ . .
o /dTO/d% (NeUsty = Ui Ustg)
x {J22105 — J21205 + J11205 — J12105 + J21105 + J12205)- (3.5)

One could understand the latter integral as an iterated one. Then, using the integrals

. - - 29 9
drs T0iT0j  T0iTok Tk Tk .
— (Jijkos — Jikjos) = — — =3 In| 2 |In{-5 drsJijios = 0, (3.6)
T J J 7272 7272 72 72| 77 ’
0i"0;  Toi"ok 0k 0j

one could get the other half of the double logarithm term in the BK kernel

o

N ) = 2 )

AK 2 £
107720 10 20




Although such treatment gives the correct result, it does not take into account the IR singu-
larity of J. Indeed if one introduces the dimensional regularization into (3.3) then one gets

ach d,. id
AK — 87'(4/d Tod rs (NCU2T1 — U011U2T0)
X (Ja2105 — J21205 + J11205 — J12105 + Jo1105 + J12205)- (3.8)

However, in the dimensional regularization the integral [ ddr5Jijj05 would be ~ € rather
than 0 and the double integral

/dd?”odd’l“5jijj05 = 271’2C(3) (3.9)
because the second integral w.r.t. 7 has an IR divergence as rg — oo and starts from %
Therefore if one wants to integrate the coefficient of Uyi; Ugsy w.r.t. d?r5, one has to keep
the result in the dimension d without expanding the series. At the same time the coefficient
of N.Ujyi; gets the doubled contribution since

- 2 - 2 = 2
/dﬁ) SRRLE N <7}22> In (7}22) = 472%¢(3). (3.10)

107720 10 20

Thus, the result depends on the regularization. Such an ambiguity is the consequence of the
fact that the initial expressions do not have the IR regularization. To avoid this ambiguity
one needs the evolution equations for Wilson lines (2.24)—(2.25) with the IR regularization.
Alternatively, one can write them in the form where the terms which do not depend on
both U2 and Ugb are integrated w.r.t. the coordinate of the other gluon.

In this paper the procedure discussed in (3.2)—(3.7) is used. Technically it means that
for the terms ~ UgbU(‘f/b/, the gluons are treated equally and the kernel is represented in
the form of symmetrized sum (3.2). In the terms depending only on Usab or only on UZ?,
the integration order is fixed as [ dry [ drs or [ drs [ diy correspondingly and the integrals
are understood as iterated. As a result, one can take the inner integral via (3.6). The
terms independent of U and UZ are also symmetrized according to (3.2) and in them
the substitution J;;;05 — Jjjio5 is made. This substitution can be understood as follows.
First one drops the terms with [ d75.J;jj05. They vanish (3.6) if one treats the integrals as
iterated. Next, one adds the totally antisymmetric w.r.t. (5 <+ 0) terms J;j;05. These terms
vanish if they are integrated w.r.t. 7y and 75 in the double integral. After that the first
integral in (3.6) is enough to calculate all the integrals. Again, I stress that although such
treatment gives the correct dipole result (as well as the evolution equation for the baryon
operator coinciding with [12]) it involves the cavalier treatment of the IR singularities.

Taking the contributions of the self-interaction of one Wilson line (2.16), the con-
nected contributions of 2 Wilson lines (2.20) and the connected contributions of 3 Wilson
lines (2.28) with the appropriate charge conjugation, and using the integration proce-
dure described above, one can write the full NLO evolution of the quadrupole operator
tr (UlUQTU3U4T) = U12T34T as

OéQ oo 042 -
<KNLO ® U121‘34T> = 87:4/d7"0d7"5 (GS+GQ)+87:3/dTO (G‘IB + G’), (311)



Following (3.2) the 2-gluon contribution can be decomposed into the product Gg of the
symmetric coordinate and color structures and the product G, of the antisymmetric ones
w.r.t. 0 <> 5 transposition, i.e. the substitution 7y <+ 75 and Uy <> Us. After color con-
volution and integration w.r.t. 7y or 75 of the contributions which do not depend on the
other variable one comes to the 1-gluon part. It contains the contribution proportional to
p-function Gg (8 = % — %;\%) and the rest G. One can see that all the G’s separately
vanish without the shockwave, i.e. if all the U — 0.

Doing the same for the double dipole operator tr (U1 UQT)tT(U3U4T) = U4 Ugyi, one

can write its full NLO evolution equation as

(KNLOo @ Uj91Ugyr) = Uygr (KNLo @ Ugys) + Uggt (KnLo @ Uar)

2 _ _ 2 ~ _
+§;mm%@¢mﬂ$ﬁﬁuw+®. (3.12)

Here the NLO dipole kernel is written in our notation in (2.34), G4(G,) is the product
of the coordinate and color structures (anti)symmetric w.r.t. 0 <+ 5 transposition, G is
proportional to S-function and G is the remaining contribution with 1 gluon crossing the
shockwave.

3.1 Quadrupole
We start from the product of the symmetric structures
G, =G +1nfGy + Ggo. (3.13)
Ga = ({Ugtsarisiozrs — UsioUaztsUgisars — (5 = 0)} + (5 > 0)) (L12 + Ls2 — L13)
+ ({Uotistoat3ats — Uots Ust1 Uatzarg — (5 = 0)} + (5 <> 0)) (L12 + L1a — La2)
+ (14 3,2 4), (3.14)

where L was introduced in (2.22). It is a conformally invariant contribution.

U U U,i5U
G, = <{ 0T34T12T5]‘\i; 213411510 0T5N22134T1 —Uyi5Ugiggty — (5 — 0)} + (5« 0))
¢ C

1 1
x5 (Liy + L3, — Li3) + B (Liy + LY, — Liy)

U U Uy U

» ot12t34i5 + Usizatisio ~ Yois 22T34T1 Uyt Uyigsig — (5 0) b + (5 ¢ 0)
NC NC

+ (14 3,2+ 4), (3.15)

Here LY is defined in (2.23).

1
G2 = = (Ugrsarsaiosis — Uori UaisUgiosia+ (543 0)) (MP*— M7+ My® — My* +(5450))

2
1

+ 3 (Ugtsstozisait — UorsUsis Ugiisio+ (54> 0)) (M3 — M3+ M3 — M3 +(54:0))
1

+ B (Ugt1stozisats — UoisUsii Ugtggio + (5 4 0)) (Ma* + Mj* + (5 ++ 0))
1

t3 (Ugtaaitsionis — UsioUais Ugraary + (5 4> 0)) (M2 + M3' + (5« 0))

4 (143,20 4), (3.16)



where Mgk is defined in (2.29). Using property (2.30) one can show that Gsz vanishes
without the shockwave, i.e. when all the U — 1. Indeed, it is clear from the representation

2G92 = (U2*5U5TOUOT34T1 *U4*0U5T1U0*52*3 +U01 1510415273 7U0T34T15T02T5+(5 HO))(MfZ 7M23)

+ (UatUst1Ugisaiz — UargUsi1Ugizars — Uoristoatsars + Uorisizatoars + (5 ¢ 0))(Mf2 M)
+ (Up11Ust5Usiosts — UstsUstgUotiars + Ugtiatsstoats — Uotistaatozts + (5 ¢ 0)) (M7 — M)
+ (Ugt3Us15Ust 1510 — UatoUst Ugtaars + Uoristaatoats — Uotsatoarists + (5 ¢ 0)) (M5 — My?)
+ (Uot5Usi11Usizaro — UgigUsais Ugiisto — Ugiistozizais + Ugtssioatsars + (5 < 0))(M§ﬂ My*)
+ (Ugt5Ust3Ustgat1 — UargUst Ugtaars + Ugtisiaaroats — Uptsariatosts + (5 ¢ 0))(My® — M5*)
+ (13,2 4). (3.17)

The contribution which is the product of the antisymmetric w.r.t. 5 <> 0 parts reads

G, = Ga1 + Gaz + Gas. (3.18)
Ga1 = % (Upt1Uat5Usigstz + Ugtaatsatosts — (5 > 0)) (M3 — M3 — M?+ M7® — (5  0))
+ % (Upt3Uat5Ugtizt0+ Uptaztoatsars — (5 ¢ 0)) (Mg — My — M3? + M3' — (5 5 0))
T (143,20 4). (3.19)
Ga2 = % (Ugtsatistozts — (5 4> 0)) (L13 + 2May — 2Mag — MP3 + M3' — (5 3 0))
+ % (Ugtistoztaats — (5 4> 0)) (Lag — 2Mug + 2Myy + My* — Mj* — (5 4 0))
4 (143,245 4). (3.20)

Here the functions L and M;; are defined in (2.31) and (2.32).

1 - -
+GH32H® (3.21)

From (2.31) and (2.32) one can see that it is possible to express G in terms of only one
function Mljk (2.29).

The p-functional part of 1-gluon contribution Gg (3.11) has the same structure as LO
kernel (2.12)

= 2
14
Gp = m M}y (Uy01 Ugatast + UgigUpatger — (0= 1= 0 — 4)) (3.22)
2
T %Mi% (U101 Uggrgar + UgigUpgrgar — (0 > 1 =0 — 2))
10 7"20

2
7
5 M24 (U101 Upaigat + Usgi Upgiger — (0 4 =0 — 2))

27902 7“40

r
- m]\/fﬁa (UgtoUjargor + UgtgUsgrygr — (0= 1=0—3)) + (1 < 3,2 <> 4).
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Here M? is defined in (2.33). The 1-gluon term without beta function reads

In G one can pick the terms independent of 7y and integrate them out if they are convergent.
We call these terms Gyg. In fact the choice of Gg is not unique. We have

N, 7142 Tog? 7132 g
GO:T(U4f1U2f3—U4T3U2T1) N S B = B P R

7”1027“402 Fa0%30% 71027302 Th02Ta0?
S 9 2 > 2 > 2
wIn (79 ) 1 7”20 4 13> T24 L T
D= 2= 2= = 92 2 = 2o 9
12 122 71027302 7“20 7“40 7307740 720°710
- 9 -, - 9
10 7‘40 7‘20 7“40 10 T30
X In =5 In In =) + In = 5 In T
714 7142 7942 724 713 713

2
iz’ Fia? (143,264 3.24
X | 5= + (1« —4). (3.24)

7107720 TlO T40

It has zero dipole limit.

e LA <F1°2> (TQO ) Ne onu U, U UyioUsiiots)
= = ni{-= 2t34t1 — Yot1Yatsato — YatoYati0t3
71027202 122 22 2

+ (Uatiptzato — UargUyizUgip — (0 — 1)) }

> 2 = 2 S 9

T14 T10 T40 N,

+ 3 In (~ ) In <a > { (2NcU2T34T1 — Upr1 Ugtzgig — U4T0U2T30T1)
027402 7142 7142 2

+ (Usiggriato — UgioUai3 Uiy — (0 — 1)) }

. ) . S 9 S 9 S 9
1 713 10 730 T4 720 740
+ = 2_,2ln — In —— |t = 2_,2111 — In —
2 \ 710%730 713 713 720740 To4 Ty
X {(U4T0U2T1 + U4T1U2T0)U0T3 - U2T04T10T3 - U2T04’r30f1 - (0 - 3)}
+ {Us10Uyt1Ugts — UgigUgi1 Usgt + Ustygisaro — Ugisatoats }
S 9 o o9 S 9 S 9 S 9 o 9 ) S 9
1 T93” T2 710 730 1 T4 T12 720 740
Xommlzs =z )=z )% | toms|ls 2532 )0l =3 | In| ==
2ro0* \ T30° T10 713 713 2r10° \T420° T20 T4 T4
X {Usgt3UgtoUpt; — UgtgUgt1 Usgt + Usiygtzato — Uptiatoats}
+{U4t0Ust1 Ugtg — NeUsgigUgtigrs + Usisgty — Usigatsors f
S 9 o9 S 9 S 9 S 2 o 9 . )
1 T93" T3 710 790 1 T14°  Toy4 T10 790
X — In In + — In{ — |In| —
o\l =z 2 = 2 =) =) o\l =z 27 = 2 =) =)
2730 20 10 12 T12 270 10 20 12 12
X {Uy19Ugt1Ugts — NeUgt1 Usisarg + Ustgaty — Ustgatsors }
+{UatoUygt1 Ugtg — NeUyigUqatgor + Usisgry — Usigatiors )
S 9 o o9 S 9 S 9 S 2 o9 . S 9
1 r34°  T13 710 740 1 2% Ty 710 740
Xomsl gz )l 5 |nl o5 | +o-5| o535 |/In| =3 |In{ =
2730 40 10 14 T14 279 10 40 14 T14

X {UgtgUyt1 Ugts — NeUgiy Ugatagt + Usgiggrr — Usigatiors}+(1 ¢ 3,2 <> 4). (3.25)

All the integrals with the functions G, G, Gg and G are convergent. It is clear from the
(a)

explicit expressions for Gg and G. For G and G, one can see it recalling that L;;’ has

— 11 —



unintegrable singularity at 7y = 75 and M ,ij has unintegrable singularity at 7y = 75 = 7.
In all expressions in this section these singularities cancel.

3.2 Double dipole

The symmetric contribution reads

és = ésl + nféq + égz, (326)
G1 = ({Ugti215Uatssto — Ugts Ustistaaio — (5= 0)} + (543 0)) (L1a — Lz + Loz — Laa)
+ (14 3,2 4), (3.27)
~ 1 U U,:;U
G, = 5 ({ ]Gm (U0T12T5 + Ugisair — QZIVOW) — Upiraisais — (5= 0)} +(5 ¢ 0)>
X (L‘f4 — L‘fg + Lg?) - Lg4) + (13,2 4), (3.28)
~ 1
G = §(U0T54T3U2f05fl—U0f5U2f15T34T0+(5 & 0))(MfP+M5" = M — My*+(5 < 0))
1
+ §(U4T0U0T35T12f5+U4T0U0T52f15f3—U0f3U2f15T04T5—U0T3U2T54T05T1+(5 < 0))
x (M{3 + M3* — MP — M3* + (5 0)) + (1 < 3,2 <> 4). (3.29)

Here L, L9, and Mljk are introduced in (2.22), (2.23), and (2.29). The antisymmetric
contribution reads

G, = §(Uof54f3U2fo5n — Uptsor1 Ugtosts + UstgUgtiatsats — Ugrs Uatisisatg — (5 > 0))
oY Y Y RV R BT
1
+ §(U5T3U0T12TO4T5 + Ust3Ugtsatoats — Uats Ugtiatosts — Uats Ugtssioars — (5 2 0))

X (M3 + M4 — M3 — MM M2 — M+ M) (1 <5 3,2 <5 4). (3.30)

The p-functional contribution has the form

G, = (7?132]\45 fiMﬁ fiMﬁ +MM5>
g Flo27302 10 TaoT02 20 o 1 2?2
X (Ugt1ats + Ustsarr — Uatigtaato — Ustoatsot)s (3.31)
where M? is introduced in (2.33). The remaining contribution reads
é = él + Go. (332)

5 1
Gy = —(2Uqy11Uy3 — N.U —N.U — 3.33
0= 72Ut Uty — NeUstigrs = NeUpigat) KFMQFOS ERCE 7;»0127:»042> (3.33)

S 9 S 9 S 9 S 9 - S 9 S 9
713 T13 2794 712 T14 724 T24

xXIn{| == JIn{ == |+ | G- =55 T =575 |In| =5 |In| ==
701 703 T02°7T04 T01°T02 T01°T04 702 T04

_ - o9 S 9 S 9 o9 S 9
n ( et T3t 4ryt Ty 34 ) In (7’14> In (7‘14)
70127022 T012T03%  T01%T04>  T02%T04%  T03%704° 7012 704>

) 5 2 > 2 > 2 5 2 > 2
13 14 23 24 12 12

+<q 55 3 " S 95 3 S a9 3 to oo 2)111(* 2>1n<_, 2>]+(1<—>3,2<—>4).
T01°T03"  T01°T04”  T02°T03"  T02°704 701 702

S 9 S 9 S 9
2r3 T12 714
2 2
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= 1 a3? Ta3?
Gy = §(U2T0U0T14T3 + UgigUgigatr — Upi1 Uaigars — U0T1U2T34T0) [ln <77022 In @

S 9 . S 9 S 9 _— S 9
X( rgt Tt i ) +< gt T2t g )
T012703%  T01%T02%  T02%T032 T022703%  T01%T02%  T01%7032
. 2 2 S 9 L 9 . S o9
T13 713 14 14 712 714 T24
xIn| == |In 2‘H 5 | In{ = 5= 2 T = 9 3 = 27 2
T01 703 T01 704 T012702%  T01°T04°  T02°T04
S 9 2 S 9 2 S o9
712 714 24 T4 T24
+ _,2_,2—_,2_,2—1-_,2_,2111 — In —
017702 T01°T04 T02°T04 02 o4

1 e 2 7 2
+ 5(2U2T1U4T3 — NeUptiat0ats — NeUgizatgotr) In (522> In < 122>

701 T02
) o 2 > 92 > 9
14 13 23 24
<ﬁ 5= 3 S 955 5t 5o 5 2>+(1<—>3,2<—>4). (3.34)
F0127042  T012703® | 02°T0s®  To2%T0s

As for the quadrupole, it is straightforward to check that none of the functions G, G,
GB, G has unintegrable singularities.

4 Quasi-conformal evolution equation for composite operators
To construct composite conformal operators we use the prescription [10] (see also [29])

100
conf -
(@) =0+ 2 on

4.1

72 =2 .

T, T ln( am;.‘z)’ (1)
n

Trhn T
722 7
zm ltl moIn m

where a is an arbitrary constant. The conformal dipole reads [10]

= 2
conf T12 ari2
U12T U2T1 4 d 07:1027?202 ln <F10277202 (UQTOUOT]_ - NCUQT]_) . (42)

The evolution equation for this operator [10] is quasi-conformal

ousHt oy 12 3 £
= dry—=—s—>—= <1 M ) U,: U N U, )"
an 2772/ 7’07710277202 + 12 ) (UgigUgiy — NeUyiq)

a? o
+ W/dTOdW{L%((UOTwT%H = Up11Ugt5Uzg — (0 = 5)) + (0 <> 5))
+ LG (Ugi5UygioUsiy — (0 45 5))
—on, LY, (tr(t“UlthQT )tr (t“Ug,tb(Ug — Ul )) F (50 0)) } (4.3)

where Mlﬁ2 is defined in (2.33); LC = LY(7,7;) and ﬂc; = LY(7,7;) were introduced in
this form in [12]

2 2 o 2 2 . o 2 2
12 7027715 12 7017725
L12—L12+4_, 2> 2_,2111(_, 2= 2>+4_, 2= 2_,2111(_, 2= 2), (44)
017705725 7057712 702%705°T15 7057712
o 2 o 25 2 o 2 o 25 2
- - 12 7027715 12 017725
L102=L12+4ﬁ RN 21H<q 5 2) VAR 21n<ﬁ 5 2). (4.5)
T01°T05°725 05712 702°T05°T15 05712
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For the conformal quadrupole operator using (2.12) we have

conf  __ Qs —
U12T34T = Ujgizat + Q72 /drO

S 9 .

714 ari4

X5 n{ 5= (Uit Ugataar + UgrgUparzer — (0 — 1))
{7’1027‘402 (7‘1027’402)

712

2 are?
t In ( 213 2) (U0t Ugaigat + UgigUypizar — (0 — 1))

71027202 710720

52 > 2

24 aroq

— ln< )(U U + Uqt U —(0—>4))

ey g 10t Y 021341 301 Yoat12f
279027402 72027402

= .2 2.2
713 aris
— In — U410Uq9t301 + UgigUsyui10r — (0 = 1

27,1027,,302 7“1027“302 ( 4170~ 12730 270~ 34710 ( ))

+(193,294)}. (4.6)
The conformal double dipole operator reads

conf __ O —
(U191 Uy )" = Uy91 Ugyr + 32 /dT‘O(UQTMTS + Ustgatr — Ugtigrgaro — Usaioatsor)
o 9 S 2 S 9 _
13 aris 723 arag
XNzmaahlzoos )~ 2o 2523
710730 T10°7T30 720730 T20°T30

. S 9 S 9 .
T14 ari4 T94 aroy4
s Eac il Besr el I f Ll By
T10°T40 T10°T40 7907740 79207740
conf conf
+ Uy (U557 —Ugty) + Ugty (U553 —Uysg). (4.7)

The evolution equations for the conformal quadrupole and double dipole operators in the

conformal basis have the general form

aUco?f ; Qs 7:»142 £
S L LI /dﬁ) { (U101 Ugargat + UgrgUnaiger — (0 — 1))

on  Ar? 71027102
19? conf
+ Fro2io? (U101 Uggrgar + UgigUygrgar — (0= 1))
4 conf
T 200’ (U101 Uggtgat + Uspi Uggigar — (0 — 4))
o 9
- 27?;1;77302 (U4T0U12T30T+U2f0U34T10T—(0—>1))Conf+(1ﬁ3a 294)}
aZ S conf | vconty | Vo - conf
+ 87T4/drodr5 (G +Gy )+8W3/dr0 (G + G, (4.8)
conf .
8(U12T;J;]34T) _ {80:2/617?0 [1{1(]7;%()2 (Uy15Usio Uty — NCU4T3U2T1)conf
13 T3? 14? ou*
(7?10277’302 02702 102702 7?2027:’402>

conf
X (Ugt1ats + Ustgars — Ustigrsato — Uatoatsor1) }

+ U34T <KNLO ® Uig?f> + (1 < 3, 2 < 4)}

O‘g & .o &conf = conf Oég L = =~ conf
+ 8? dT’()dT'5 (Gs +Ga )+@ d?"o (GB + G ) (49)
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As in the previous section, the individual NLO evolution of the dipoles here is taken out
of the functions G

f
<KNLO ® Uconf> _ an(;fl Qg dig—"12 'r'122 (U Unty — N,U,: )conf (4 10)
121 677 271'2 7—-‘1027—,‘202 210~ 071 cUotq . .

Therefore one can rewrite (4.9)

O(U 91 Uggy) ot ouRt  a 4752
(U2t Usyt) —{ Uy, 12t | i 213
on on 8w 71027202

< {(Ut3Us10Ugry — NoU i3 Uty )" = Uy (Untg Uty — NeUsz )™ }

) - 92 2 )
713 723 714 724
t\ 9232 73792 =221 7272
107730 7207730 107740 7207740

X (Ugt1ats + Usgigatr — Usiiotsato — U2T04T30T1)C0nf] +(1 3,2 4)}

conf = conf

2 _ 2 - -
+§71 / diodis (G2 +Ge )+% / diy (G g+ Geonf), (4.11)

Plainly, Gg and Gg are the same as in (3.11) and (3.12). The other functions G will
be given below.

To obtain these functions one has to calculate the evolution equations for conformal
operators (4.6), (4.7) using (2.11)-(2.15) and express the results in terms of conformal
operators via (4.1). Technically, it means that one has to add to the kernels of the evolution
equations from the previous section the corrections in the form of double integrals w.r.t. 7%
and 75 [10]. To get the conformally invariant results one has to symmetrize these corrections
according to (3.2). Then, the terms with color operators independent of 7 (or 75) can be
integrated w.r.t. 7y (or 75) via the integrals from appendix A of [30]. Finally, the terms
with color operators independent of both 7 and 75 can be integrated with respect to both
7o and 75. In addition to the integrals from appendix A of [30], one needs the following

integral
7‘01?”02 7“017"03 2 7722 % T, 3 Fl%
drp - In =—In | —=2). (4.12)
P27 P27 7272 3 72
01 02 01 03 03712 12

4.1 Quadrupole

For the symmetric contribution G we have
Gconf Gconf + nfG + Gconf’ (413)
where G, did not change. It is defined in (3.15) .

GS™ = ({Ugisarisionts — UsioUaisUgraary — (5 — 0)} + (5 3 0)) (L + LS, L103)
+ ({Ugiistoataats — UgisUsiy Usisgio — (5 = 0)} + (5 <> 0)) (L + LY, — LE)
(143,26 4), (4.14)
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where L is defined in (4.4).

G = % (Uoizatsatostt — Uot1 UaisUatgsiz + (5 <+ 0))
x (MO _ MO%8 4 \[O%2 _ O 4 O3 _ 08 | g8t _ pgs
+ % (Uorsstoaisait — UorgUgts Ustisip + (5 <2 0))
W (MSY — MEH 4 MR MO 4 MC — MO 1 MC S
+ % (Ugtistozizats — UoisUsti Ustaarg + (5 < 0)) (Mg — Mg 4+ M2 — M)
% (Ugtaatistoats — UstoUatsUgtaats + (5 <3 0)) (M = M52+ My — M§?)
(13,2 4). (4.15)

Cik _ Cr= — =
Here M; 7" = M% (73,7}, 7)) reads

S 2. 9 S 25 2. 9 S 9 L 9. 9
13 157723 0177057723 T12 0171725
Myt = My? == 5> 57 3 0| 5 5> 5= 3 _4~2ﬂ2ﬂ21n 27 2
87“01 705725735 7157252735 702705715 705712
S 9 S 25 9. 9 L 9o 9 S 22 9. 9
13 <7"05 7137735 ) B 127723 ] (7”01 7027723 >
8701270527352 T012703% 8701270227252 7352 712272527352
L 9. 9 S 9o 9o 9
T3 (7"05 27735 >
870127022705 %7352 01270227032
L 25 2 L 9. 9. 9. 9 S 9 S 2. 9
B T15°723 I (T01 705723725 > B T12 I (7‘01 725 )
8701270527252 '35> 702471527352 AT022 7052152 70527122
S 9 S 2o 4o 4 S 2. 9 L 25 9. 9
- T13 < 017703 725 > 7237712 <?"02 7127735 )
8701270527352 70247052 7"1327"352 870127022725 27352 01272327252
L 9. 9 2~ 4
703712 70127032725
8P 2i o 2 27 s =——o=-—=—5-—5 - (4.16)
T01°702°705°735 702705712735

The function M; Cik i conformally invariant. It does not have property (2.30). Nevertheless
like Gy, G‘30nf can be rearranged to form (3.17) where instead of sz ¥ will be MZ.Cj k As
a result GrConf vanishes without the shockwave. Finally, one can see that G can be
formally obtained from G via the substitution M — M, L — L©.

The contribution which is the product of the antisymmetric w.r.t. 5 <> 0 parts reads

Geont — Gconf + Gegnf 4 Geont, (4.17)
G = (U0T1U2T5U4T05T3 + Ugisaisarosis — (5 42 0))
« (MEH 4+ MEW — MSH — MOH _ MO 302 L MO 4 MO _ Ryay)
; (Uor3Ugts Ugtisio + Ugtastoatsais — (5 < 0))

x (MEB 4 ME3L — MEM _ g4 MC42 MC24 MC41+MCI4+R3241)
QH32H® (4.18)
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Here R;ji = R(7, 7}, 7k, 71) is a conformally invariant function. It reads

S 9 S 95 9 ) S 95 9
R 712 T02°T15 712 1y ToL725
2134 = =555 55 555 | — 5555 55 5
2701270527252 0527122 2702270527152 70527122
S 9 S 95 9 . )
T24 T047T25 13 03" T15
5o o — 5o 5 | T om 5 s s | = an 5 | (4.19)
2r02°T05°T 45 T05°T24 2r01°T05°T35 T05°T13
1
f
G = 5 (Uotsatistoats — (5 <> 0)) (R231 — Ri23
+2L% o M1023 o M1032 +M3021 +M3012 +M2011 +M1022 o 3022 o 2033)
1
+ B (Uotistoztsats — (5 <> 0)) (Ri24 — R4z
= 22 11 44 11 14 41 21 12
+ 205 — ME?% — MS 4 MO 4 MEM ¢ MEM - ST — M - ME12)
(4.20)

+ (13,2 4).

Here the function LC is defined in (4.5) and Ry, = R(75,75,7)) is another conformally
invariant function. It reads

S 9 S 9o 2 S 9 L 9. 9
713 T03°715 T3 703725
> 95 9o 21 > 95 9 > 95 9o 21H > 95 9 . (421)
2r01°T05°735 T05°T13 2r02°T05°735 T05°T23

Rig3 =

In fact, there is freedom in the definition of the functions MZ-Cj k, R;ji and R;jj; since one
can redistribute terms between them. For example, one can try to redefine MZ-CJ ¥ so that

to make the functions R zero.
The remaining antisymmetric contribution reads

G = % Upi5Us11Usrgarg — (5 > 0))
x (205, +2EC, — MS™ — M2 4 MS™ 4 MEY 4 MO 4 ME2 4 Royy)
+ % (UsioUai5Ugraair — (5 4> 0))
x (2L, + 2L, — MC3 — MEM 4+ MO ¢ MEP 4 M2 4 M2 4 Ryyy)
+ (14 3,2 4). (4.22)
The integrated w.r.t. 5 part of the kernel has the form
GO = G+ G (4.23)

Here
conf __ 2
GI™ = (Upi3Ug11Ustg — Ugtigtoats — Usizatr (Ve — 1))

S 9 S 9 9 S 9 9 S 9 S 0 9
G 12 (T2 o (7037714 _ M7 e (T0273
4—»2—»211 > 9= 9 n > 9= 9 _,2_,21'1 > 9= 9
T01°T04 T04°T12 047713 017703 037712

S 9 S 9o 9 S 9. 9 S 9 S 9. 9

L T3 2 (0177287 \ 2 (7037724 __T47 o (T017Td

- oz o\ =525 === - o- o b | 555

7037702 037712 047723 047702 047712

> 2 > 2= 2 > 2 2
T34 2 (T017 734 2 [ T027 734
+ m ln W + hl m
047703 7047713 037724
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+ (Up1Ug13Uy10 — Ugtaroziz — Ugigai (N — 1))
I S 9o 9 2= 2 - S 9o 9
1 T34 2 7027734 2 TOl T34 24 2 T037°T24
i W mar2) "W\ 5 ) ) "R ™ 7o
03 7“04 T04°723 T04°7T13 7“02 To4 047723
2 —
n 12 (ln <7"01 3 ) (7"01 24 )) 132 12 (7"01 3 )
0227012 70327122 70427122 70327012 70227132

+ % (1112 <T°3 14 > + In? <T01 o4 ))} + (143,26 4). (4.24)

T042T01 7‘0427‘13 TOQ T14

conf _ Ne _’1 77’02277132 ) 770127—,'232
G = —~(UstUgtaars — NeUpragry) 2= 2 In? | Z=5=55 )+ (5=
4 01 703 7"03 12 T02°7T13

793 9 ( To1°T23 122 o (7012753
T eI | o | T It o
7022703 703712 7012702 703712

Ne 4 0327242 o242
2 (103 724 2 [ T027734
+ 4 (UotsUstoats = NeUatgatr) W In® ( === | +In* { 5=

To4 047723 7”0327“24
- 92 - 25 92 — - 92
723 027734 7“34 027734
- == 21n2<_’\ 5o 2>_ —T 211’12 (—’2—"2):|+(1H372<_>4) (425)
7027703 047723 037704 047723

It was straightforwardly checked that all the integrals of G, Gf and G do not
have unintegrable singularities.

4.2 Double dipole
For symmetric contribution égonf we have
Gconf Gconf + nfG + Gconf’ (426)

where G, (3.15) did not change.

GS™ = ({Ugt115Ugtssio — Ugis Uatgsisato — (5 — 0)}+(5 ¢ 0)) (L1C4 LG+ LS, L2C4)
F (13,20 4), (4.27)
GCOnf (MCl3 M4031 + M3C'14 MC41 M4C'23 _|_ Mf32 . M30'24 _|_ M§42)
X 5(U4foUo+35nzf5+U4+0Uof52f15+3—Uof3U2f15+o4f5—Uo+3U2+54fo5n+(5<—>0))

(M012 _ M4€21 + M3021 . M3012 . Mlc34 + Mlc43 o MQC43 + M2034)

—

X =(Ugtsats Uatosts — Ugts Uatistgarg + (5 <> 0)) + (1 <> 3,2 <> 4). (4.28)

\)

The antisymmetric contribution reads

[

G.= §(U5t3Uonzfo4f5 + Ust3Ugisat02t1 — UstsUgriatosts — U4T5U0T35T02T1 — (5 0))
x (M + M3 — M? — Mg* — MG + M — M3" + M3? — Raq + Raaz)
+ *(Uof54f3U2+o5n — Uptsar1 Ugtosts + UstgUgtiatsars — Ugts Uatistaarg — (5 > 0))

(MCll MCll MC].2 MClQ MC21 MCQl MCQQ MCZQ) (1<_>3’ 2<_>4)
(4.29)
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The contribution with 1 gluon crossing the shockwave has the form

~ 1
conf
G™" = Z(U2T0U0T14T3 + UsigUgtgats — Ugt1 Uatgats — Ugt1 Uataato)
S 9 ) S 95 2 2
" [ T12 <ln2 (TOQ 14 ) 2 (TOQ 713 >_1 2(7‘01 793 >+ <7‘01 724 ))
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+ (143,24 4). (4.30)

As for the quadrupole, it was straightforwardly checked that all the integrals of (}gonf,
G and G do not have unintegrable singularities.

5 Checks

There are two checks which can be done for the results of this paper. The evolution
equations for the quadrupole and double dipole operators can be obtained from the NLO
JIMWLK hamiltonian [23] and the general evolution equations from [24].

In this paper the following two checks were done. First, quadrupole kernels (3.11)
and (4.8) go into BK ones (2.34) and (4.3) in the dipole limits 1 — 2,2 — 3,3 — 4,
and 4 — 1. Double dipole kernels (3.12) and (4.9) also have the correct dipole limits
1 — 2and 3 — 4. In these limits they also go into the BK ones (2.34) and (4.3) times
N.. This statement can be checked straightforwardly going to the dipole limits in explicit
expressions (3.11), (4.8), (3.12), and (4.9). Our kernels match the Balitsky-Fadin-Kuraev-
Lipatov NLO kernel [31] in these limits.

The second check is that in SU(3) our kernels respect the identity

Bi2z = Ui Ugpt — Uygigats (5.1)
where Bjog is the 3-quark Wilson loop (baryon) operator defined as
3123 = Ul . U2 . U3 = Eilj,hlgijhUlii/Ugj/Uélh/. (52)

The evolution equations for the L.h.s. of (5.1) in the standard and quasi-conformal forms
are given in [12]. They read
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where L, L9, Mljk and M;; are introduced in (2.22), (2.23), (2.29), and (2.32). (5.3) and (5.4).
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where L is defined in (4.4), L — in (4.5 ), and
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In order to check identity (5.1) one has to rewrite the evolution of its Lh.s. in the same
operator basis as the r.h.s. To this end one can use the SU(3) identities

0= [UO U, - Ustr (UOTU5) tr <U5T U3>
~tr (U5U0T> (U1U5TU3 v U3U5TU1) Uy - Us + (U0U5TU1) : (UgUoTU5) Uy
+ (U1U5TUO> . <U5U0TU3) U+ (16 2)] — (5 0),
0= 2tr <U5U0T) (U2U5TU3 + UsUst U2) Uy - Uy
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+ <U0U5TU3 ~ UsUs 0y ) - (UaU 07 — UlUOTUg) Us — (5 4 0)
in the antisymmetric color structures and then
Ui - U; - Uy = (GU]) - (U;U]) - (UU]) = (U] 0) - (UfU) - (U] U3 (5.6)

with [ = 2 to express Us in terms of U;r . After that one can expand the products of
Levi-Civita symbols as
st s
eigne’ M = | o1 5l o (5.7)
5 o o

and see that (5.1) is satisfied.

6 Discussion and conclusion

This paper presents the evolution equations for the double dipole and quadrupole operators
in the standard (3.11), (3.12) and quasi-conformal forms (4.8), (4.9). They have correct
dipole limits and in SU(3) obey group identity (5.1) with the corresponding evolution
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equations for the 3QWL operator obtained in [12]. This fact ensures the correctness of
all the 3 results. To construct the composite operators, prescription (4.1) was used. It
was proposed in [10] for the dipole and proved in [29]. Here it gave the quasi-conformal
kernels for both double dipole and quadrupole operators, thus being checked by the specific
calculation of the evolution of the 4-point operators.

Unlike the dipole and the 3QWL operators, the evolution of the quadrupole and the
double dipole ones generates several operators in the virtual part. Indeed, the virtual gluons
do not change the color structure of a dipole or a baryon. New color structures appear in
the evolution of these operators only when the gluons cross the shockwave. Therefore, one
can write the virtual part of the evolution equations for them without calculation. The
double dipole and the quadrupole, on the contrary, mix in the virtual part with each other
and with the double dipoles and quadrupoles with the other order of the Wilson lines.
Therefore they had to be calculated explicitly. Using the evolution equations for Wilson
lines from [13] in this calculation, one encounters ill-defined integrals which were treated
here so as to obtain the known result for the dipole and the 3QWL operators. Although
such treatment gave the equations satisfying all the checks, it is important to have the
initial expressions with the regularization of the IR singularities and to check the results
of this paper. Such checks may be performed starting from the evolution equations found
in [23] and [24].

The equations obtained in this paper may be used to derive the NLO evolution equation
for Weizsacker-Williams gluon distribution. This work is in progress. They can also be
important in the analysis of higher than dipole Fock components of the virtual photon in
the diffractive processes.
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