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1 Introduction and results

The classical Morrey spaces were introduced by Morrey [1] in 1938, have been studied
intensively by various authors, and together with weighted Lebesgue spaces play an im-
portant role in the theory of partial differential equations; they appeared to be quite useful
in the study of local behavior of the solutions of elliptic differential equations and describe
local regularity more precisely than Lebesgue spaces. See [2—4] for details. Moreover, vari-
ous Morrey spaces have been defined in the process of this study. Mizuhara [5] introduced
the generalized Morrey space M; Komori and Shirai [6] defined the weighted Morrey
spaces [P (w); Guliyev [7] gave the concept of generalized weighted Morrey space M%) (w),
which could be viewed as an extension of both M, and L (). The boundedness of some
operators on these Morrey spaces can be seen in [5-9].

Let R” be the n-dimensional Euclidean space, (R”)” = R” x --- x R” be the m-fold
product space (m € N), and letf = (fi,...,fm) be a collection of m functions on R”. Given
a € (0,mn) and (b, ...,b,,) € (BMO)™. We consider the multilinear fractional integral op-
erators I, ,, defined by

Ia,m(?)(x) = / ﬁ(yl) - fm(ym) dyl s dym (1.1)

@ayn (6= y1| + -+ [ =y ] )

The corresponding m-linear commutators /=2 and the iterated commutators Igf’n defined

m

by, respectively,

(bi(x) = bi(y:)) H;gﬁ(y/)

m ([ = 1] + - oo+ [ = P )

dyl e dym (1-2)

IZ8 (F)(x) = -
=3 L.
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and

1M (F)(x) = / [0 - b)) dyr -+ - Ay 1.3)

@y (| = y1] + -+ [ = yp] )71

As is well known, multilinear fractional integral operator was first studied by Grafakos
[10], subsequently, by Kenig and Stein [11], Grafakos and Kalton [12]. In 2009, Moen [13]
introduced weight function A; , and gave weighted inequalities for multilinear fractional
integral operators; In 2013, Chen and Wu [14] obtained the weighted norm inequalities
for the multilinear commutators I72, and I.'2. More results of the weighted inequalities
for multilinear fractional integral and its commutators can be found in [15-17].

The aim of the present paper is to investigate the boundedness of multilinear fractional
integral operator and its commutator on the generalized weighted Morrey spaces. Our

results can be formulated as follows.

Theorem 1.1 Let m > 2 and let 0 < o < mn. Suppose 1/p = > " 1/p;, 1/q; = 1/p; -

a/mn, and 1/q = Y " 1/g; = 1/p — a/n, & = (o1,...,0.) satisfy the Ay, condition with

ol ol € Ao, and @x = (Qx1- - -, Pim)» k = 1,2, satisfy the condition

f essinf,crco0 [ 112 @1, ) ()’ {Bx, )7 dr < Corlas), L4)

1 rl—oz

[T (@ (B, r)))Pi

where @, = ]_[L"i1 ©2i> Vo = ]_[Z1 ;. If p1,...,pm € (1,00), then there exists a constant C inde-
pendent off’ such that

m
W agg 5 < CT T Willagze iy (L5)

i=1

Ifp1,....pm € [1,00), and min{ps, ..., pm} = 1, then there exists a constant C independent of
f such that

Mo gt o <C]"[|[f||Mpl iy (1.6)

i=1

Theorem 1.2 Let m > 2 and let 0 < o < mn. Suppose p1,...,pm € (1,00) with 1/p =
Yo Upy, Ugi =1p; —almnand 1/qg =" 1/q; = 1/p — a/n, & = (w1,...,w,) satisfy the
A condition with Aty € Ano, v = [T, wi, and @i = (@5 - - -» Prm), k = 1,2, satisfy
the condition

< Cps(x,s), L7)

/oo r\ " essinfrercoo [ g 1%, t)(wp’(B(xy D)7 dr
(1 +1In —> ar
) * 17 (" (B(x, r)))Pi r

where @3 = [ 1121 @20 vio = [ 11y i If (b1,..., by) € (BMO)™, then there exists a constant
C > 0 independent off such that

m
1222 sy, iy < CT TGl oy (1.8)
i=1
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and

m
TSAGT vl I NLANTA VN (L9)

i=1

2 Definitions and preliminaries

A weight w is a nonnegative, locally integrable function on R”. Let B = B(xy,75) denote
the ball with the center xy and radius rg. For any ball B and A > 0, AB denotes the ball
concentric with B whose radius is A times as long. For a given weight function @ and
a measurable set E, we also denote the Lebesgue measure of E by |E| and set weighted
measure o(E) = [, w(x)dx.

The classical A, weight theory was first introduced by Muckenhoupt in the study of
weighted L” boundedness of Hardy-Littlewood maximal functions in [18]. A weight w is
said to belong to A, for 1 < p < oo, if there exists a constant C such that for every ball
BCR",

1 1 . p-1
(E/Bw(x) dx> (@/z;w(x)l p dx> <C, @.1)

where p’ is the dual of p such that 1/p + 1/p’ = 1. The class A is defined by replacing the
above inequality with

1
— / w(y)dy < C -essinfw(x) for every ball BC R”. (2.2)
1B /5 veB

A weight o is said to belong to A, if there are positive numbers C and § so that

w(E) 120N
(B fc(ﬁ) (23)

for all balls B and all measurable E C B. It is well known that

A= 4, (2.4)

1<p<oo

We need another weight class A, ; introduced by Muckenhoupt and Wheeden in [19].
A weight function w belongs to A, , for 1 < p < g < oo if there is a constant C > 0 such that,
for every ball B C R”,

1/q 4
(% /B a)(x)qu) <% /B wx)? dx) <C. (2.5)

When p =1, w is in the class A; ; with 1 < g < 0o if there is a constant C > 0 such that, for
every ball B C R”,

 fore) o )
(IBI ﬁw(x) dx eSjEsBup o) <C. (2.6)
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Let us recall the definition of multiple weights. For m exponents py, ..., p,,, we write p =
@15 Pm)- Let p1,...,pm € [1,00), 1/p =Y " 1/p;, and let g > 0. Given & = (y,..., W),
set vz = [, w;. We say that & satisfies the Aj, condition if it satisfies

1 1/g m 1 - 1/p;
sgp<ﬁ fB v (%) dx> H(ﬁ /B w;(x)Fi dx) <C. (2.7)

i=1
When p; =1, (ﬁ fB a)i(x)‘l’} () dx)l/l’ﬁ is understood as (infyep w;(x)) ™.

Lemma 2.1 [13, 14] Let 0 < o < mn, and p,...,pm € [1,00), let 1/p = >~ 1/px, and let
1/qg=1/p-aln.If ® € A4, then

-
TieA

q
v: €Apg and o, mp)

fori=1,...,m, (2.8)
where vz = 12, wi.

Lemma2.2[20] Letm >2,qi,...,qm € [1,00) and q € (0,00) with1/q =, 1/q;. Assume
that ol',...,0l" € Ao and v; = [T, wi. Then for any ball B, there exists a constant C > 0
such that

m

a/qi
(x)9i - (x)4
]‘[( /B i(x) dx> <C /B v (%)? dx. (2.9)

i=1

Let1 < p < 00, let ¢ be a positive measurable function on R” x (0, 00), and let @ be a non-

negative measurable function on R”. Following [7], we denote by M’ (w) the generalized

p

weighted Morrey space and the space of all functions f € L _(w) with finite norm

1 1 » Vp
Vil = su e .10)
o= S5P  0er) \ i, )V 127wmsn)

where
”f”LF’(w,B(x,r)):/B( )lf()/)|PW(Y)dJ’~

Furthermore, by WM (w) we denote the weak generalized weighted Morrey space of all
function f € WML (w) for which

1 1 Vp
I Nl wage sup ——— (7 IS ) , (2.11)
WMq (w) #eRMr0 o, r) \ w(B(,r)) WLP (w,B(x,r))

where

U hvsastan = oy < B 70| > 1))

(1) fw=1and ¢(x,r) = rA;Tn with 0 < A < n, then M%) (w) = LP* is the classical Morrey
space.
k-1
(2) If p(x,7) = w(B(x,7)) 7 , then M (w) = LP*(w) is the weighted Morrey space.

Page 4 of 18
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(3) If p(x,7) = v(B(x, r))l%a)(B(x, r))fll’, then ML (w) = L% (v, ) is the two weighted
Morrey space.
(4) If w =1, then M) (w) :IMZ is the generalized Morrey space.
(5) If o(x,7) = w(B(x,7))"?, then M (w) = LP (w).
Let us recall the definition and some properties of BMO. A locally integrable function b
is said to be in BMO if

sup —/|b(x) b3|dx 16]]« < o0,
Bcrn |Bl

where bg = |B|™ [, b(y)dy.

Lemma 2.3 (John-Nirenberg inequality; see [21]) Let b € BMO. Then for any ball B C R”,
there exist positive constants Cy and C, such that for all 1. > 0,

[{x € B: |b(x) - bs| > 1}| < C1|Blexp(-Car/|b]l5). (2.12)
By Lemma 2.3, it is easy to get the following.
Lemma 2.4 Suppose w € A, and b € BMO. Then for any p > 1 we have
1/p
( B ), |b(x) - bg|’ w(x) dx) < C|b|.. (2.13)
Lemma 2.5 [22] Let b € BMO,1<p<00,and r,r, >0. Then

n

2 > (2.14)
2

( = f |66) - b Fd);<cwn(1 I
Tl N\ - X0, = * + |In
[B(xo, 71| JBxg.m) Blrora)|

where C > 0 is independent of f, xo, r, and ry.
By Lemma 2.4 and Lemma 2.5, it is easily to prove the following results.

Lemma 2.6 Supposew € As and b € BMO. Then foranyl < p < oo and r,ry >0, we have

1 1/p
. b(x) — bp, pw(x)dx) §C||b||*(1+ In
(w@Wmﬁ»ﬁan Bisor)|

We also need the following result.

1

n ) (2.15)
ry

Lemma 2.7 [23] Let f be a real-valued nonnegative function and measurable on E. Then

(esxsegnff(x)) —es§€s;1pf( )’ (2.16)

At the end of this section, we list some known results about weighted norm inequalities
for the multilinear fractional integrals and their commutators.

Lemma 2.8 [13] Let m > 2 and let 0 < a < mn. Suppose 1/p =1/p1 + -+ + 1p,,, 1/q =
1/p-a/n, & = (w1,...,wn) satisfies the Aj ;, condition. If py, ..., py € (1,00), then there exists

Page 5 of 18
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a constant C independent off =(fi,....fm) such that

m
e N gauy < C T T Wil (2.17)
i=1
Ifp1,....pm € [1,00), and min{ps, ..., pm} = 1, then there exists a constant C independent of
f such that
m
Meomf oty < C T Tl ooy (2.18)
i=1

where vz =2, w;.

Lemma 2.9 [14] Let m > 2, let 0 < a < mn and let (by,...,b,;) € (BMO)". For 1 <
Pl sPm <00, 1p =1/p1 + -+ + 1/py, and 1/1q = 1/p — a/n, if & € Ay 4, then there exists
a constant C > 0 such that

122 o <CH||b|| Wil ey (219)

and

1250 ) a0 <CH||b|| A (2.20)

i=1
where vy = [, w;.

3 Proof of Theorem 1.1
We first prove the following conclusions.

Theorem 3.1 Let m > 2 and let 0 < o < mn. Suppose 1/p = > 1", 1/p;, 1/g; = 1/p; -
o/mn, and 1/q =Y" g =1lp —aln, & = (w1,...,w,) satisfy the Ap,, condition with
olt,... ol oo- If P15 s Pm € (1,00), then there exists a constant C independent of f
such that

N L
Moo W00 pixg.sy < CH % (B(xo,5)) )
w

o2 . 1\ d
X /2 (l—[ Ilﬁlle,v(wfilB(xo,r))(wf:(B(xo,r))) Pi)rl_ra, (3.1)
S \i=1

Ifpi,....,pm € [1,00), and min{p, ..., pm} = 1, then there exists a constant C independent of
f such that

1

m
oS Nl wzaw? Bexg,s) = CH(“)? (B(xo,5)))
i-1

oo [ M , 1 d
8 /2 (H Vil s (1" (o 1)) 7 ) rl-ra’ (32)
S i=1

where vy = [, w;.
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Proof We representf; as f; = f° +£°°, where f° = fi xp(xg,25) i = 1, .., m, and xp, 25) denotes
the characteristic function of B(xg, 2s). Then

[1£60 =T 1600 +£60)

i=1

= > 100 £ Om)

ay,...m€{0,00}

=T1°00 + S 00 - 27 m),

i=1
where each term of X’ contains at least one «; # 0. Since I, ,, is an m-linear operator,
0 0
”Iwmf”Lq B(x0,5)) — C”Ia,M(fl ""’fm) ”Lq(ug,B(xo,s))

+ O e (o) a0 00

:]0 ,,,, 0 + E/ O 5ol (33)

and

Ly W(f”WLq B(xo,5)) C”Iam(ﬁ seenff rg) ” WLA(vd B(xo,s))
+ C L (- S )”WM B(x0,5))

= KO0 4 Ko, (3.4)

Then by (2.17),if 1 < p; < 00,i=1,...,m, we get

i=1

By (2.18), if min{p,...,pm} =1, then

i=1

Applying Holder’s inequality, for 1 < p; <g; <00, i=1,...,m, we have

1 d)( d>i
1s(|B|/Bwl(yl) . |B|/w,(yl y,

<<|;|/ o) ’>%<|;|/‘”’(y‘ dy’)

for any ball B C R”. Then

-

[Blxo,29)|" " < [ (0 (Blxo,29))) 7 (" (Bro, 29)))

i=1
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Thus, for 1 < p; < 00,

m
T TN o g 2
i=1

" me2 [ dr
= Cl_[ ”ﬁ”Lpf (wfi,B(xo,Zs)) ’ ‘B(?C(), 2S)’ ! AS rmn—a+1
i=1

“ ) Lo dr
l_[ ql B(x0’2s)))ql ”f“LPl pl ,B(x0,2s)) (a)i l(B(xO’ZS)))pi / pmn—a+l

2s

< CTT(ef (B6o,29))

':l§ .

Il
[=

L

oo [ — i, dar
: /25 l_[ |lﬁ||Lpi(wfi,B(xo,r)( i I(B(xo’r))) ! prmn—a+l’
i=1

From (2.7) and Lemma 2.2 we get

m / 1 1 m L/ -
H(a)i_pi (B(xo,r)))”;' < C|B(xo,7)| ARy (/ v (x)2 dx) ’
B(xq,r)

i=1
< C|BGro, )" T (@ (Bxo,)) (37)

i=1

Using Holder’s inequality,

1 » 1 i
(ﬁ/zaw’widy> = (|B| /”’W dy)

Note that 1/q; = 1/p; — a/mn, then

1

(o (B(xo,7)))” W < Cr*"™ (" (B(xo,7))) i. (3.8)

Then for1 <p;<o0,i=1,...,m,
m

m
1_[ |V;”Lpi(wfi,3(x0 2s)) 1_[ i B(x0,2s) )

i=1 i=

oo (1 . 1\ d
X[Z (H Hﬁ||w(wfi,3(xo,r))(a’fl(B(xofr))) pi),,l_ra' 3.9)
S \i=1

m

[T (B0, 29)) % - / (me b sy (@ (B@o,7))) P )rf’fa. (3.10)

i=1
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For the other term, let us first consider the case when oy = -+ = ¢, = 00. For any x €
B(x0,5), ¥ € B(x0,2*1s) \ B(xo,2s), we have |x — y;| & |x — y;| for i #;. Then

o (- f) @)
i01):: nlom)

=C dyl e dym
®RM\Blxo.29)" (X = y1| + -+ + [ =y )7~

ECZ/ [fl(yl fin )| dy, - dyp
o B0 19\Blxo 2 (18 = J1l 4o 4 |2 = )

m

fi(:)]
l_[ . . o dyi
il B0, Yt 9)\Blxo,Ys) [X =yl

j

(e

B(xg,2*1s)

I/\

lfi(%‘) | d)’z‘) .

Applying Hélder’s inequality, it can be found that sup, g, o o,m(A5 -, /7)) ()] is less
than

oo m

. _n+ & —p: . 1
¢ Z 1_[ ((2]+ls) T IIf HLI’i (wfi ,B(x0,2*1s)) (a)i b (B ('xo’ 2]+ls))) pi )
Hence,

Sup | (%5 7))

x€B(x0,5)

/+2 | |
< CZ/ 2;+2 —nm+o— 1(1—[ il Bl s ))( i (B(x0’2]+ls)))pi> dr
i=1

dr

—p: : 1
(l_[ “ﬂ ”Lpf (wfi,B(xo,Q/+13)) (a)i i (B (x(), 2]"'15))) b ) W
i=1

ey . 1 dr
C/z (H Vil of s (1™ (Bo, r)))pi> pnal”
S \i=1
Substituting (3.7) and (3.8) into the above, we obtain

sup | T (... [0 ) )]

x€B(x0,5)

dr

C/Z‘s <1L_1[ ”ﬁ”LPi(wfi,B(xo 7)) (wf? (B(xo,r))) ) rl-a . (311)

Using Holder’s inequality,

( / v (%) dx) "< C[[(ef (B(xo,zs)))q%, (3.12)
B(x0,2s) i=1

lfpi<oo,l—1,...,m.
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Now we consider the case where exactly t of the «; are co for some 1 < t < m. We only
give the arguments for one of the cases. The rest is similar and can easily be obtained from

the arguments below by permuting the indices. Then for any x € B(xy, s),

|[O(,Wl(floo)“" T T+1’ ’fo)(x)|

: C/ / p el dyy -+ dym
(RM\B(x0,29))" J (Blxg,28)ym7 ([ = Y1l + 4 [ =y, )7

<C ]_[ / \fi(5:)| dyi

i=7+1 Y B(x0,25)

oo

g ),
X _——
; |B(xo, 2415) |1 [ g0 27415\ Bxg,25))

<C l—[ /xo 2) lf(yi)|dyi Z |B(x 2}+1 |m -a/n H/x(ﬂ/‘fl NBlr0.2'5) [f(y,)|dy,

in) £ (o) dyr - d

i=t+1
0o m

ECZH(2j+ls)—ﬂ+a/m/ [fl(yl)|dyl,
=1 =1 B(xo,2*1s)

Similar to the estimates for />, we get

sup |Ia,m(floo"“’ T 1:+1’ ’fo)(x)|

x€B(x0,5)

Rl , _1\ d
Cf (1_[ |lﬁ||L1’i(w17“,B(xo,r)) (wfl (B(xo,r))) pi) rl—ra : (3'13)
2s i—1 ‘

Then joo00-0 and K000 gre all less than

“ , 1\ d
l_[( “(B(x0,25))) % /2 (H Wil i o pi B(xw)( o} (B(%0,1))) Pi)rlra. (3.14)

i=1

Combining the above estimates, the proof of Theorem 3.1 is completed. g

Now, we can give the proof of Theorem 1.1. From the definition of generalized weighted

Morrey space, the norm of [, ,, (]? ) on M, (vg) equals

-1 1 1 7 q.49 d v 3.15
wp o) (m /B o0 y) . (315)

x€R",r>0

By Lemma 2.2 we have

1wdx) <cT Tydx) " .
( /B -, vl (x) x) gcrl[( /; o () x) (3.16)

15

Page 10 of 18
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Combining (3.1) and (3.16),

1 A )
( Ve (B(x,s)) /Bm) e O30y

d
‘/2 (1_[ ||f||LP, pl \B(x0,r)) ( (B(xO’r))) > rl—ra . (3.17)

1/q

Since f; € Miy;,(w}"), from Lemma 2.7 and the fact ||f;]] ,
functions of r, we get

i are all non-decreasin
(", B(x,r) g

Him=1 M”Lpi(wfi,B(x,r)) l_[:fl ”f”LI’i Pi B(x,r))

‘ — <esssup

essinfyereco [ |1 @1 O)(@f (B(x, 1)) 0<r<t<c0 [T y,(x, £) (! (B(w, )))pl
Hi:l Hﬁ ”Lpi (wff B(x,t))

< esssup

0xeR" [T oy, (x, £)(? (B(x, t)))"%’

<CTWellagzs iy (3.18)
i=1
Then
ol . _1\ dr
/ (H Wfill 22t @i, By (@ (B(%: 7)) P") e
s i=1
B /Oo H:Zl ”ﬁ”mt(wfﬂg(x,r))
- ) T
s essinfyoeoo [ 112 @10 £) (] (B(x, £))) P
. 1
€88 infr<t<oo I—[Zl (pli(x; t) (wfl (B(x; t)))p,‘ dl"
x i 1 1-a
[T7, (@ (B(x, r)))Pi r
1
m . m 1
© essinfrcoo [ [12; 01:(%, )i (B(x, £)) 7 dr
<CITWillyer i / oo [151 01 - —. (3.19)
[T wi(Bx, r))7i r
By (1.4) we get

oo (11 , _1\ d
/ (H |lfi||Lpi(wfi,B(x,r)) (wfl (B(x’ r))) b ) rl—ra -
$ i=1

Combining (3.15), (3.17), and (3.20), then

m
[Tl o (320)
i=1

m
Mo llasg w2y < C T TWillagz oy

i=1

This completes the proof of first part of Theorem 1.1.
Similarly, the norm of L, (f) on WM, (v%) equals

1/q
sup gz)z(x,s)_l( TBrs) Hla m(f) ¥ WL ) . (3.21)
w ’

x€R",r>0

Page 11 0of 18
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Combining (3.2) and (3.16),

(srsy P i)
o

d
l (1_[ ”f ”Lpl wp‘ ,B(x,r)) ( l(B(x’ r))) ) rl_ra . (322)

Substituting (3.20) into (3.22),

1 1/q m
(m H am(f) ” WL (e B“))) = Cgoz(x,S)l;I ”fi”Mgii(wft). (3.23)
Then
I, mf||WMq )< c]"[uanpl o)

This completes the proof of second part of Theorem 1.1.

4 Proof of Theorem 1.2

Theorem 4.1 Let m > 2 and let 0 < « < mn. Suppose 1/p = > ", 1/p;, 1/g; = 1/p; —
a/mn, and 1/q = Y 1/g; = 1/p — a/n, & = (o1,...,0.) satisfy the Ay, condition with
ol Lol € Ao, vo = [ @i If P1y-e s P € (1,00), (b1, ..., by) € (BMO)™, then there

exists a constant C independent ofj? such that

Lt P

<chbn  (Bxo,9))) T

S

o0 1\ d
X /2 <1+ln—> (]‘[ Vil s o g (" (B(xo,7))) m)rl_’a (4.1)
and

“Inb “Lq ,B(x0,s))

<cern of (Bo.9))

o0 , _1\ d
x/2 <1+ln—> (H |[f||Lpl i Bsor) (wfl’?r(B(xo,r))) Pi)rlra, (4.2)

S
where v = [, wi.

Proof We will give the proof for Igfn because the proof for I Zb is very similar but easier.

Moreover, for simplicity of the expansion, we only present the case m = 2.
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We represent f; as f; = f° + f°, where f° = fiXBwo2s) i = 1,2, and xp, 25 denotes the

characteristic function of B(xg, 2s). Then

M g =S [ RGN S0 )
B(xg,s

re( [ pmEmwniwas)’

+C</B( 112 (22, 1) ()| T x)dx)

1

+ C(f 12 (F2°.1°) x)|qvg(x)dx)q
B(x0,5)

=I+I0+1I+1V. (4.3)

Since 'Y bounded from L1 (") x LP*(a?) to L1(v?), we get

2
q
(/(\ﬂ%ﬁﬁ)qum¢0 < CT T 1Belllfillrscri piso2s)-
B(x0,s i=1

Then by (3.9) we get

1<cern of (Bwo.9))

'/2 (1_[ ”f”l/’t @Pi,B(x0,r)) (wP (B(X(),V))) ) r(;i_ra : (4.4)

Owing to the symmetry of II and III, we only estimate /. Taking X; = (0;)p(x,,s), then

T2 (R, £2) (%) = (Br() = 2) (Ba (%) = Aa) Lo (FO.15°) ()
— (b1(®) = 1) L2 (2 (B2 = A2)f5°) (%)
— (b2(®) = A2) L (b1 = M) 15°) ()

+ Iy (b1 = M), (B2 = a)f5°) ()

= 111 + 112 + 113 + 114 (45)

Similar to the estimate of (3.13), for any x € B(xy,s) we can deduce
sup L2 (f).15°) ()

x€B(x0,5)

oo (2 . _1\ d
C/2 (1_[ ”ﬁ”Lpi(wfi,B(xo,r)) (wfl (B(x(), 7‘))) vi ) rl_ra . (4‘6)
S \i=1
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By Lemma 2.1 we know v € A,. Applying Hélder’s inequality and (2.13), we have

(fB( 16169 =22) (209 = 22) A dx)q

< CH( f bi(x) — 1| v (%) dx) = c]‘[ Ibill. - (12 (B(xo,5))) 7.

Then by (4.6), (4.7), and (3.12), we have

%
( / L |7y (%) dx)
B(x,5)

< (/( )|(b1(x)—Al)(bz(x)—k2)|qvg(x)dx>q sup |Ia2(f1, ) ()|
B(xg,s

x€B(x0,5)

-QI»—A

(4.7)

< CHnb I (0 (Bxo,)))

d
/2 (1_[ ”f”Lpl (w;,B(x0,r)) (wf? (B(xO’r))) ) rl—ra . (4.8)

i=1

For any x € B(xy,s), we have

L2 (2, (b2 = M2)f5°) (%)

/ A (a(y2) - Kz)fz(Yz)l
Blx,25) JRMBlxg,2s) (1% — Y1l + [ — ya )2~

00
Z 21+1 —2n+a /
= B(

<C

dy1 dy»

%0,25)

ol an [ [0l @)

B(xo,Z/

Note that

RGO 1 = CUNip g oy (0 " (Bao,29))) 1 (4.10)

B(xq,2s

and

/ ) |(b2(3’2) - Az)fz()’z)‘ d}’z
B(xg,21s)

= Clizll (@h? Blxo,2*1s)) ” by(+) = 2 ”Lp’2 (w;”/z,B(xo,zﬁls))' (4.11)

Then

up. [T (10 (b2 — 1)) )

x€B(xq,s)

2
i+1 \—2n+a
=C) (2s) H M”LPi(wfi,B(xo,?ﬁls))

i=1

M2

]

I
—
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B . 1
X (wlpl (B(xo’ 2/+IS))) n ” ba() =22 “Ll’,z (w;p,Z,B(xo,ths))

-

oo 2 /
C/z l_[ |lﬁ||Lpf(wf’i,B(x0,r)) (w;pl (B(xo,r)))
S =1

dr

X ||b2() —h ||Lp/2(w;p/2,B(xo,r))m'

From Lemma 2.1 we know a);p2 €Ay then by Lemma 2.4 we get

|| b2() ) “LP/Z (w;plz,B(xo,r))

c( [ - )»z|p2w2p2(z)dz)
B(xo,r)
C(1+ ln—DHbgll (o, (B(xo;’"))

By (3.7) and (3.8) we have

IA
N\"—‘

N\"_'

2 1 2
[ (e (Bxo, 1)) <C|Blxo, 0" [ ()" (Blxo, 1)) 7
i=1 i=1

From (4.12), (4.13), and (4.14) we can deduce

sup L2 (F, (b2 = 12)f3°) ()|

x€B(x0,5)
L\ dr

<Clbsll. /:(1+1n_) (H il o sy (1" (Bo, >>)"7‘>,1_a'

Applying (2.13) and (3.12) we have

</B( )\bl(x) —A1|qvg(x)dx)q <Cl1b1 ]I+ (vE (B(%0,9)))

Q=

2

<Clbill T (@ (Bxo,n))

i=1

Then by (4.15) and (4.16),

1

q
(/ |11, |qvg(x) dx)
B(x0,5)

1
< (/( )’bl( )»1| V dx) sup |Ia,2(f10,(b2—k2) Zw)(x)’
B(xg,s

x€B(x0,s)
2 1
< CT [1billvei(Bxo, )7

i=1
o) _1 d
x/2 <1+ln —) (]‘[ Wil ot sy (¥ (B(xo,7))) m)rl_ra.

S

Page 150f 18
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Similarly, we also have

1
( / L3P v (%) dx)p
B(xp,s)

2
1
< C[ [ 1billi(Blxo,5))

i=1

00 X _1 d
X /2 (1 +1n —) (H Wil (" Bxo, ,))(wf’ (B(xo,r))) Pi) r1_ra.

S

For any x € B(xy, s), with the same method of estimate for (4.15) we have

L2 (b1 = 1)L, (B2 = 22)5°) ()|
9] 2

Z 2”1 e 1_[./3( o)+l )|(bi(yi) - )”)ﬁ(y’)| dyi
i-1 X0, s

j=1

dr

1P (wip‘ B(x0,)) p2n—a+l

<c[” Hﬂf”methor | =1,

2 00 2
<c[Tue. [ (1+1n§
i=1 2

dar

(T B )

Then

é
(/ i |qvg(x) dx)
B(x0,s)

< C(vi(B(0,5))7 sup |laa((br— ), (b2 — 12)fs°) ()|

x€B(x0.5)

Q-

2

1
< C[[1&ill-wi(Bxo, s))

i=1

S

Then combining (4.8), (4.17), (4.18), and (4.20) we get

i
( f |70 (x) dx)
B(xo,5)

2
1
< C[ ] 1billwi(Blxo,5))

i=1

S

J (o) (LT ol B )

o [T(rem) (n il (0 (B30 7) )d

(4.18)

(4.19)

(4.20)

(4.21)

Page 16 of 18
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Finally, we still decompose 1, b 2 (20, f5°)(x) as follows:

Ly (F°.5°) @) = (Ba (&) = 2a) (o) = Aa) o (7, f5°) (%)
= (b1(®) = M) L2 (F°, (B2 — M2)f5°) (%)
— (b2 () = A2) a2 (b1 — M)FZ, ) (%)
+ Lo (b1 = M, (b = 12)F°) ()
=IVi+1Vy +1V3 + 1V, (4.22)

Because each term /V; is completely analogous to II;, j = 1,2, 3, 4, being slightly different,
we get the following estimate without details:

1
( / |1V |Tvi (%) dx)
B(x,5)

2
1
< C[[1billswi(Bxo, s)) 7

i=1

o0 _1\ d
x /2 (1+1n —) (]‘[ Vill os o gy (@f" (B0, 7)) ”i),l-ra‘ (4.23)

S
Summing up the above estimates, (4.2) is proved for m = 2. d

In the following we give the proof of Theorem 1.2. From (3.16) and (4.2),

1 l'lh q.q9 d )Uq
(vg(B<x,s>) o, sl i1
m 00 A\
C b« 1+In-
<c[ e [ ( *“s)

“ , 1\ d
" (n e CACC)) pi)rlra' (4.24)

i=1

Since ¢, k = 1,2, satisfy the condition (1.7), and f; € M) ("), by (3.18) we get

/; (1 +In —> (1_[ ”f”LIfz pl ,B(x0,r)) (wfl (B(xo,r)))p%> :li—ra

S

/00 Hm ”fi”m (wfi,g(xo,y))
= ) T
s essinfyepeoo [ [ 1% £) (0 (B, £))) i

7\ ess inf, sc00 Hlnil (pli(x, t)(a)l;i (B(x, t)))PLz dr
X (1 +1In —) . i @
’ leﬁl(wpl (B(x, t)))2i r

<C[ WAl (i, / (1+1 —) ess infrcoo [1i2 g1 x’t)(a)pl(B(x’t)))p'
i=1 i S § nizl(a}f‘(B(x,t)))Pi

rla

m
< Corw ) [ [Wfillagzs iy (4.25)

i=1


http://www.journalofinequalitiesandapplications.com/content/2014/1/323

Hu and Wang Journal of Inequalities and Applications 2014, 2014:323 Page 18 of 18
http://www.journalofinequalitiesandapplications.com/content/2014/1/323

Combining (4.24) and (4.25), we have

m
TAG] fvawietel I L IRTAV NS
i=1
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