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Abstract: We consider the limiting distribution of Uy Ay U}, and By (and more general
expressions), where Ay and By are N x N matrices with entries in a unital C*-algebra
B which have limiting B-valued distributions as N — oo, and Uy is a N x N Haar
distributed quantum unitary random matrix with entries independent from 3. Under a
boundedness assumption, we show that Uy Ay U}, and By are asymptotically free with
amalgamation over B. Moreover, this also holds in the stronger infinitesimal sense of
Belinschi-Shlyakhtenko.

We provide an example which demonstrates that this result may fail for classical
Haar unitary random matrices when the algebra B is infinite-dimensional.

1. Introduction

One of the most important results in free probability theory is Voiculescu’s asymptotic
freeness for random matrices [20]. One simple form of this result is the following. Let
Ay and By be (deterministic) N x N matrices with complex entries, and suppose that
Ay and By have limiting distributions as N — oo with respect to the normalized trace
on My (C). Let (Un) yen be a sequence of N x N unitary random matrices, distributed
according to Haar measure. Then Uy Ay U}, and By are asymptotically freely indepen-
dent as N — oo. Moreover, when computing a fixed moment in Uy Ay U;‘(, and By,
the error is O(N~2) as N — 0o (see e.g. [10]), which can be interpreted as asymptotic
infinitesimal freeness in the sense of Belinschi-Shlyakhtenko [6].

On the other hand, it is becoming increasingly apparent that in free probability, the
roles of the classical groups are played by certain “free” quantum groups. This can most
clearly be seen in the study of quantum distributional symmetries, originating with the
free de Finetti theorem of Kostler and Speicher [16] and further developed in [4,12,13],
in which the classical permutation, orthogonal and unitary groups are replaced by Wang’s
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universal compact quantum groups [21,22]. For a general discussion of the passage from
classical groups to free quantum groups, see [5].

In this paper, we will consider the limiting distribution of Uy Ay U}, and By, where
Ay and By are as above, but Uy is now a Haar distributed N x N quantum unitary
random matrix, in the sense of Wang [21]. We will show that asymptotic (infinitesimal)
freeness now holds even if the entries of Ay and By are allowed to take values in an
arbitrary unital C*-algebra B:

Theorem 1. Let B be a unital C*-algebra andlet Ay, By € My (B) for N € N. Assume
that there is a finite constant C such that |Ay|| < C, ||By|| < C forall N € N. For
each N € N, let Uy be a Haar distributed N x N quantum unitary random matrix, with
entries independent from B.

(1) Suppose that there are linear maps wa, up : B(t) — B such that for any
bo,...,br € B,

Nlijnoo l(try ® idg)[boAnb1 - - - Anbi] — palbotby - - - th ]| = 0,
Nli_r)noo l(try ® idg)[boBnbi - - - Bybi] — plbotby - - - th ]| = 0,

where try denotes the normalized trace on My (C). Then UyAnU}, and By are
asymptotically free with amalgamation over B.
(2) Suppose that in addition, the limits

1vli—r>nooN {(ry ® 1dB)[boANDy - - - Anbi] — palbothby - - - thy]}
Nli_{nooN {(try ®idB)[boBNby - - - Bybr] — uplbotby - - - thy]}

converge in norm for any by, ..., by € B. Then Uy AyUy, and By are asymptoti-
cally infinitesimally free with amalgamation over B.

We will present more general asymptotic freeness results in Sect. 5, in particular
Theorem 1 will be a special case of Corollary 5.9. We note that Theorem 5.1 holds
equally well if Uy is a Haar distributed N x N quantum orthogonal random matrix
[21], indeed it follows from the results of Banica in [1] that Uy An U;t, and By have the
same joint distribution in both cases. However, the more general results given in Sect. 5
do require that we work in the unitary case.

For finite-dimensional B, we show in Proposition 5.11 that classical Haar unitary
random matrices are sufficient to obtain such a result. However, classical unitaries are
in general insufficient for asymptotic freeness with amalgamation, even within the class
of approximately finite dimensional C*-algebras, and so it is indeed necessary to allow
quantum unitary transformations. We will discuss this further in the second part of
Sect. 5, see in particular Example 5.12 and the remarks which follow.

We note that random matrix models for free products with amalgamation have also
been considered by Brown, Dykema and Jung [8]. The difference between our frame-
works is that we work with matrices whose entries take value in the algebra which
we amalgamate over, while they consider random matrices with complex entries which
approximate generating sets of certain amalgamated free products in distribution.

Our paper is organized as follows: Section 2 contains notations and preliminaries.
Here we collect the basic notions from free and infinitesimally free probability and intro-
duce the quantum unitary group A, (N). Section 3 contains some combinatorial results,
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related to the “fattening” operation on noncrossing partitions, which will be required in
the sequel. In Sect. 4 we recall the Weingarten formula from [2] for computing integrals
over A, (N), and prove a new estimate on the entries of the corresponding Weingarten
matrix. Section 5 contains our main results, and a discussion of their failure for classical
Haar unitaries.

2. Preliminaries and Notations

2.1. Free probability. We begin by recalling the basic notions of noncommutative prob-
ability spaces and distributions of random variables.

Definition 2.2. (1) A noncommutative probability space is a pair (A, @), where Ais a
unital algebra over C and ¢ : A — C is a linear functional such that ¢(1) = 1.
Elements in a noncommutative probability space will be called random variables.

(2) A W*-probability space (M, t) is a von Neumann algebra M together with a faithful,
normal, tracial state t.

The joint distribution of a family (x;);c; of random variables in a noncommutative
probability space (A, ¢) is the collection of joint moments

O (xiy - Xxiy)

forkeNandiy, ..., i, €l. Thisisnicely encoded in the linear functional ¢, : C(t;|i € I)
— C determined by

ox(p) = p(p(x))

for p € C{t;|i € I), where p(x) means of course to replace #; by x; foreachi € I.
These definitions have natural “operator-valued” extensions given by replacing C by
a more general algebra of scalars, which we now recall.

Definition 2.3. An operator-valued probability space (A, E : A — B) consists of a
unital algebra A, a subalgebra 1 € B C A, and a conditional expectation E : A — B,
i.e., E is a linear map such that E[1] = 1 and

E[biaby] = b1 E[a]ba
forallby,by € Band a € A.

Example 2.4. Let B be a unital algebra over C, and let M, (B) = M,,(C) ® 3 be the alge-
bra of n x n matrices over 13, with the natural inclusion of B as I, ® B. Lettr, = n~'Tr,
denote the normalized trace on M,,(C). Then (M, (B), tr®idp) is a B-valued probability
space. Note that if B = (bij),"l,jzl € M, (B),

. 1 -
(try ® idp) (B) = ~ lebn-.
1=

The B-valued joint distribution of a family (x;);< of random variables in an operator-
valued probability space (A, E : A — B) is the collection of B-valued joint moments

E[boxil te xikbk]
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fork e N,iy,...,ix € I and by, ..., by € B. Again this is conveniently encoded in the
B-linear functional E, : B(t;|i € I) — B determined by

Ex[pl = E[p(x)]
for p € B(t;|i € I), the algebra of noncommutative polynomials with coefficients in 5.

Definition 2.5. Let (A, E : A — B) be an operator-valued probability space, and let
(Ap)ier be a collection of subalgebras B C A; C A. The algebras are said to be free
with amalgamation over B, or freely independent with respect to E, if

Elay---ax] =0

whenever Elaj] =0for1 < j <kanda; € Aij withij #ijqforl < j <k
We say that subsets Q2; C A are free with amalgamation over B if the subalgebras
A; generated by B and Q; are freely independent with respect to E.

Remark 2.6. Voiculescu first defined freeness with amalgamation, and developed its
basic theory in [19]. Freeness with amalgamation also has a rich combinatorial structure,
developed in [18], which we now recall. For further information on the combinatorial
theory of free probability, the reader is referred to the text [17].

Definition 2.7. (1) A partition  of a set S is a collection of disjoint, non-empty sets
Vi,..., Ve such that ViU ---UV, = §. Vi,...,V, are called the blocks of =,
and we set || = r. If s,t € S are in the same block of m, we write s ~5 t. The
collection of partitions of S will be denoted P(S), or in the case that S = {1, ..., k}
by P (k).

(2) Given w, 0 € P(S), we say that 7 < o if each block of w is contained in a block
of o. There is a least element of P(S) which is larger than both 7w and o, which we
denote by m Vv o.

(3) If S is ordered, we say that m € P(S) is non-crossing if whenever V, W are blocks
ofmand sy <t < sy < traresuchthatsy,so € Vandt),tp € W,thenV = W.
The non-crossing partitions can also be defined recursively, a partition w € P(S)
is non-crossing if and only if it has a block V which is an interval, such that T\V is
a non-crossing partition of S\V. The set of non-crossing partitions of S is denoted
by NC(S), or by NC (k) in the case that S = {1, ..., k}.

(4) Givenm,o € NC(S), the join w Vv o taken in P(S) may not be non-crossing. How-
ever, there is a least element of N C(S) which is larger than w and o, which we will
denote by m V. 0. Note that in this paper we will always use w V o to denote the
join in P(S), even when 1, o are assumed noncrossing.

(5) Giveniy, ..., i in some index set I, we denote by ker i the element of P (k) whose
blocks are the equivalence classes of the relation

SNI<:>i5=it.

Note that if 1 € P(k), then m < ker1 is equivalent to the condition that whenever
s and t are in the same block of 7, iy must equal i;.

(6) With 0,, and 1,, we will denote the smallest and largest element, respectively, in
P(n); i.e., 0, has n blocks, each consisting of one element, and 1, has only one
block. Of course, both 0,, and 1, are in NC (n).
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Definition 2.8. Let (A, E : A — B) be an operator-valued probability space.
(1) A B-functional is a n-linear map p : A" — B such that

p(boarby, axby, . .., ayby) = bop(ai, braz, ..., by_1a,)by

forall by, ...,b, € Banday,...,a, € A. Equivalently, p is a linear map from
A®B% to B, where the tensor product is taken with respect to the obvious B-B-bi-
module structure on A.

(2) Foreachk €N, let p® : A¥ — B be a B-functional. Forn € N and w € NC(n),

we define a B-functional p™ : A" — B recursively as follows: If 1 = 1, is
the partition containing only one block, we set p™ = p™. Otherwise let V =
{I+1,...,1+s} be aninterval of w and define

p™lay, ...,anl = p™ Vlay, ..., a1p" (@1, ..., 1as), Arasets - . an
foray,...,a, € A

Example 2.9. Let (A, E : A — B) be an operator-valued probability space, and for
k € Nlet p® : A¥ — B be a B-functional as above. If

7 ={{1,8,9,10}, {2, 7}, {3, 4,5}, {6}} € NC(10),
1 2 3 4 5 6 7 8 910

L]

then the corresponding p™ is given by

pMlay,...,a10]l = pP (a1 - pP (a2 - p® (a3, a, as), pV(ag) - a7), as, a9, aro).

Remark 2.10. Note that if B is commutative, then

pPlar,...,a ) =[] pWlar, ..., anl,

Ven
where if V = (i1 < --- < i) is a block of 7, we set
pMlai.....an) = pWla;,, ... a;,].
Definition 2.11. Let (A, E : A — B) be an operator-valued probability space.
(1) Fork €N, define the B-valued moment functions E® : A¥ — B by
E(k)[al, ...,ar]l = Elay---ag].

(2) The operator-valued free cumulants K(Ek) : AX — B are the B-functionals defined
by the moment-cumulant formula:

Elay---a,] = z Kéﬂ)[al,...,an]

TeNC@n)

forneNanday,...,a, € A
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Note that the right hand side of the moment-cumulant formula above is equal to

/cgl) (ai, ..., ay,) plus products of lower order terms and hence can be solved recursively

for Kg’). In fact the cumulant functions can be solved from the moment functions by the
following formula from [18]: foreachn € N,m € NC(n) and ay, ..., a, € A,

ki ar, el = D e mE@ar, ..., ayl,

ogeNC(n)
o<m

where w, is the Mobius function on the partially ordered set N C(n). The Mobius func-
tion uy, (o, ) is defined to be O unless 0 < ,is 1 if 0 = 7, and for 0 < 7 is given by

-1 +Z(—1)[+1#{(v1, o) eENCH o <vi <<y <)
I>1

The key relation between operator-valued free cumulants and freeness with amal-
gamation is that freeness can be characterized in terms of the “vanishing of mixed
cumulants”.

Theorem 2.12 ([18]). Let (A, E : A — B) be an operator-valued probability space,
and let (A;);<; be a collection of subalgebras B C A; C A. Then the family (A;);<; is
free with amalgamation over B if and only if

kPlai, ..., a,) =0

whenever a; € Aij forl1 < j <nandx € NC(n) is such that 7 £ keri.

2.13. Infinitesimal free probability. We will now introduce the notions of operator-
valued infinitesimal probability spaces and infinitesimal freeness with amalgamation.
This is a straightforward generalization of the framework of [6], and we refer the reader
to that paper for further discussion of infinitesimal freeness and its relation to the type B
free independence of Biane, Nica and Goodman [7]. See [14] for a more combinatorial
treatment of infinitesimal freeness.

Definition 2.14. (1) If B is a unital algebra, a B-valued infinitesimal probability space
is a triple (A, E, E') where A is a unital algebra which contains B as a unital
subalgebra and E, E' are B-linear maps from A to B such that E[1] = 1 and
E'T11=0.

(2) Let (A, E, E') be a B-valued infinitesimal probability space, and let (A;)ics be a
collection of subalgebras B C A; C A. The algebras are said to be infinitesimally
free with amalgamation over B, or infinitesimally free with respect to (E, E'), if

(1) (A))ier are freely independent with respect to E.
(ii)) Foranyay,...,a; sothataj € A,-jfor 1 <j<kwithij #1ij.1, we have

E'[(a1 — Ela1]) - - (ax — E[a])]

k
= > E[(@ — Elai) - (E'laj]) --- (@ — Ela))].
j=1



Asymptotic Infinitesimal Freeness with Amalgamation 633

We say that subsets (2;)icy are infinitesimally free with amalgamation over B if
the subalgebras A; generated by B and Q; are infinitesimally free with respect to
(E, E").

Remark 2.15. The motivating example is given by a family (A; (s));c; of B-valued ran-
dom variables for s > 0 which are free “up to o(s)” as s — 0. This is made precise
in the next proposition. Note that there we make the notion “free up to o(s)” precise
by comparing the family (A;(s));es with a family (a;(s));e; which is free for all s.
Infinitesimal freeness will then occur at s = O (both for the A; and the a;). Since O is not
necessarily in K, we define the states E and E’ on the free algebra A := B(A;|i € I)
generated by non-commuting indeterminates A;=A; (0)=a; (0).

Proposition 2.16. Let B be a unital C*-algebra and K a subset of R for which 0 is an
accumulation point. Suppose that for each s € K we have a B-valued probability space
(A(s), Eg : A(s) = B), where A(s) is a unital C*-algebra which contains BB as a unital
subalgebra and E; is contractive. Furthermore, suppose that, for each s € K, there are
variables (A;(s))ics belonging to A(s) such that the following hold.:

(1) There are B-linear maps E, E' : B{A;|i € I} — B such that
E[p(A)] = Yh_r)r%) Es[p(A(s)],
1
E'[p(A)] = Sll_I}lO " {Es[p(A(s)] — Elpl},

for p € B{t;|i € I), where the limits hold in norm.
(2) Foreachi €I,

limsup [|A; (s)]| < oo.
s—0

Let I = UjEJ I be a partition of 1. For s € K, let (a;(s))ies be a family in some
B-valued probability space (C, F : C — B) and suppose that

(1) Forany j e J, peB(tli €Ij), ands € K,

Es[p(A(s))] = Flp(a(s))].

(2) The sets ({a;i(s)|s € K,i € 1;}) jey are free with respect to F.
(3) Forany p € B{t;|i € I) we have

I|Es[p(A(s)] — Flpla(s)]ll = o(s) (ass — 0).

Then the sets ({A;li € I;})jes C B(A;li € I) are infinitesimally free with respect to
(E, E).

Proof. Since E, E’ only depend on the distribution of the variables A; (s) up to first order,
itclearly suffices to assume that the sets ({A; (s) : i € I}}) jey are freely independent with
respect to £ forall s € K. Itis then clear that the sets ({A; : i € I;})jes C B(A;|i € 1)
are free with respect to E, so it suffices to show that E’ satisfies condition (ii) of
Definition 2.14. Let ji # --- # jixin J and p; € B{tli € I;) for 1 <[ < k,
and consider
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E'[(p1(A) = E[p1(A)]) -+ (pe(A) — E[pr(A)D]
= Yll_r)r%)% {Es [(p1(A(s)) — E[p1(A)]) - - - (pr(A(s)) — E[pr(A)])]
—E[(p1(A) — E[p1(A)]) - - - (pr(A) — E[pr(A)D]}
= Yll_r)r%)é {Es [(p1(A(s)) — E[p1(A)D) - - - (pr(A(s)) — E[pr(A)D]},

where we have used freeness with respect to E. Rewrite this expression as

1
lim, = {Es [((p1(A(s)) — Es[p1(A(s)D) + (Es[p1(A(s)] — E[p1(A)])
- ((pe(A(9)) — Es[pe(A()D + (Es[pr(A(s)] — E[pe (A)D)T}

and consider the terms which appear in the expansion. First observe that

I Es[p1(A(s)] — E[pi(A]]l

is O(s) for 1 <[ < k. By the boundedness assumption on the norms of A;(s), and
the contractivity of Ej, it follows that those terms involving more than one expression
(Es[pi(A(s))] — E[pi(A)]) vanish in the limit.

The term involving none of these expressions is

Es [(p1(A(s)) — Es[p1(A(s)D - - (pr(A(s)) — Es[pr(A(s)D]

which is zero by freeness.
So we are left to consider only the terms involving one such expression, which gives

k
1
Z}% " {Es [(p1(A(s)) — Es[p1(A(s)])
=1

~(Eslpi(A(s)] = ELpi(A)D) - - - (pr(A(s)) — Es[pk(A(s)D]}

which again by invoking the boundedness assumptions on A; (s) and contractivity of Ej,
converges to

k
> E[(p1(A) — Elpr(A))) -+ E'[pi(A)] - (pr(A) — Elpr])]

=1

as desired.

2.17. Quantum unitary group. We now recall the definition of the quantum unitary
group from [21], which is a compact quantum group in the sense of Woronowicz [23].

Definition 2.18. A, (n) is the universal C*-algebra generated by {U;; : 1 < i, j < n}
such that the matrix U = (U;;) € My(A,(n)) is unitary. A, (n) is a C*-Hopf algebra
with comultiplication, counit and antipode given by

n

A(Ujj) = Z Uik ® Uyj
k=1

€(Uij) = 8ij

SUy) = U,

The existence of these maps is given by the universal property of A, (n).
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Remark 2.19. A fundamental result of Woronowicz [23] guarantees the existence of a
unique Haar state v, : A, (n) — C which is left and right invariant in the sense that

(Yn ®1d)A(a) = Yn(a)la,m = (1d ® ¥n)Ala)
fora € A, (n). We will discuss this further in Sect. 4.

Wang also introduced the free product operation on compact quantum groups in [21].
We will use A, (n)** to denote the C*-algebraic free product (with amalgamation over
C) of countably many copies of A, (n). A, (n)**> has a natural compact quantum group
structure, given in Corollary 3.7 of [21]. The reader is referred to that paper for details,
the only properties which we will use are the following:

(1) Ay (n)*>is generated (as a C*-algebra) by elements {U (!);; : [l e N, 1 < i, j < n},
such that U () € M, (A, (n)**°) is unitary.

(2) Thesets ({UD);j : 1 < i, j < n})eN are freely independent with respect to the
Haar state 1/,;°° on A, (n)**°, and for each / € N, (U(l);;) has the same joint
distribution in (A, (n)**°, ¥;°) as (U;;) in (A, (n), ¥,). See Proposition 3.3 and
Theorem 3.4 of [21].

3. Some Combinatorial Results

In this section we introduce several operations on partitions and prove some basic results
which will be required throughout the remainder of the paper.

Notation 3.1. (1) Given 7 € NC(m), we define 7 € NC»(2m) as follows: For each
block V = (i1, ..., i) of m, we add to 7 the pairings (2i; — 1, 2iy), (2i1, 2ip —
D,..., Qis—1,2i; —1).

(2) Given 7 € NC(m), we define 7 € NC(2m) by partitioning the m-pairs
(1,2),(3,4),...,2m — 1, 2m) according to .

(3) Givenm, o € P(m), we define w : 0 € P(2m) to be the partition obtained by par-
titioning the odd numbers {1, 3, ..., 2m — 1} according to 7 and the even numbers
{2,4,...,2m} according to o.

(4) Given w € P(m), let T denote the partition obtained by shifting k to k — 1 for
1 < k < m and sending 1 to m, i.e.,

s~ t = (s+H1) ~p @+ D),

where we count modulo m on the right hand side. Likewise we let 7 denote the
partition obtained by shifting k to k + 1 for 1 < k < m and sending m to 1.

Remark 3.2. The map m +> 7 is easily seen to be a bijection, and corresponds to
the well-known “fattening” operation. The following example shows this for 7 =
{{1,4,5}, {2, 3}, {6}}.

1 2 3 4 5 6 11 22 33 44 55 66

]
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There is a simple description of the inverse, it sends ¢ € NC,(2m) to the partition
t € NC(m) such that o v 0,, = 7, where 0,, = {{1,2}, ..., {2m — 1, 2m}}. Thus we
have for mr € NC(m),
A =7V0n.
Note also that ﬁm = 6m and that im = 1.

Definition 3.3. Ler 7 € NC(m). The Kreweras complement K () is the largest parti-
tion in NC(m) such that t : K(w) € NC(2m).

Example 3.4. If 1 = {{1,5},{2,3,4},{6,8},{7}} then K(x) = {{1,4}, {2}, {3},
{5, 8}, {6, 7}}, which can be seen follows:

0|

1 1223344535667 7 8

Ui

The following lemma provides the relationship between the Kreweras complement on
NC(m) and the map 7w +— 7.

Lemma 3.5. If 7 € NC(m), then

K= %.
Proof. We will prove this by induction on the number of blocks of . If 7 = 1, has
one block, the result is trivial from the definitions.

Suppose now that V.= {/ +1,...,! + s} is a block of &, [ > 1. First note that T
is obtained by taking 7\ V then adding the pairs (21 + 1,2( +)), 2L +2,21+3), ...,
QU+s)—2,2(L+s)—1).

Observe that K (7) is obtained by taking K (7r\ V'), adding singletons {/+1}, ..., {{+
s — 1}, then placing / + s in the block containing l.g)llows that K (;r) is the partition

obtained by taking K (fn\\/ V), which by induction is 7\ V, then moving the leg connected
to 2/ to 2(I +s) and adding the pairs (21, 2(I +s) — 1), 2[+1,21+2), ..., 2 +s) — 3,
2(I +s) — 2). The result now follows.

We will also need the following relationship between w + 7 and the Kreweras
complement on NC(2m). This is a generalization of the relation

K@) =K©O,Vv7)=0,:K() (7 NC@m)),

which is obvious from the definition of 7.

Lemma 3.6. [f 7,0 € NC(m)ando < m, thenc V7T € NC(2m) and

KGV7)=01K(n).
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Proof. We will prove this by induction on the number of blocks of . First suppose that
w = 1,,, then we have

~ .~ <= <=
ovmT=0VTm

P

=K(o) V0, =K(0)

is noncrossing. Moreover,

KGVvi) =K (K/(;)) =0, K%(0),

where for the last equality we used the equation for K () mentioned before Lemma 3.6
and the fact that the Kreweras complement commutes with shifting. But, by [17, Exercise
9.23], we have that K%(0) = & and thus we finally get

—
K@GVE)=0,15 =010,.

Now suppose that V = {{ +1,...,] + s}, ] > 1 is an interval of w. Observe that
o Vv 7 is the partition obtained by partitioning {1,...,2/} U {2(L+s) + 1,...,2m}
accordingtoo\o|y Va\V,and {2[+1,...,2(l +s)} according to o |y V 1y. It follows
that ¢ v 7 is noncrossing and that K (¢ Vv 7) is the partition obtained by partitioning
{L,...,20}U{2(l+s)+1, ..., 2m}accordingto K (o \o |y Vm\V) and {2/+1, ..., 2(I+s)}
according to K (o|y V 1y), then joining the blocks containing 2/ and 2( + s). On the
other hand, K () is equal to the partition obtained by taking K (;\V) then adding
{l+1},...,{l+s — 1} and joining [ + s to [, and the result now follows by induction.

We will need to compare the number of blocks in the join of two partitions before
and after fattening. For this purpose we will use the following linearization lemma of
Kodiyalam-Sunder [15] and, independently, Chen-Przytycki [9]. Note that the notation
S + S used in [15] corresponds to the inverse of the fattening procedure = +— 7 used
here.

Theorem 3.7 ([15]). Let 7, 0 € NC(m). Then
TVol=m+2xVvol|—|r|—|o|.
In particular, if ¢ < 7 then
T veo|l=m+|x|—|o].

We now introduce some special classes of noncrossing partitions and prove some
basic results. These are related to integration on the quantum unitary group via the
Weingarten formula to be discussed in the next section.

Notation 3.8. Let ey, ..., ey € {1, *x}.

(1) NCj,(2m) denote the set of partitions 7 € NC(2m) such that each block V of 7
has an even number of elements, and €|y is alternating, i.e., €]y = 1% 1*---Ixor
klxl---%1.

(2) NC5(2m) will denote the collection of 7 € NC>(2m) such that each pair in &
connects a 1 with a %, i.e.,

S ~pt = €5 £ €.

(3) NC¢(m) will denote the collection of m € NC(m) such that 7 € NC5(m).
2
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Lemma 3.9. Let ey, ..., e, € {1,x}. Ifo,m € NC(m) and o < 7, thend V T is in
NCj(2m). Conversely, if t € NCj(2m) then there are unique o, 7w € NC(m) such
thato <mandt =0 V 7.

Proof. First suppose that 7 € NCj (2m). Since each block of 7 has an even number of
elements, we have K (t) = o ¢ K(x) for some o, 7 € NC(m) such that o < m. By
Lemma 3.6 we have T = ¢ Vv 7, and this clearly determines o and 7 uniquely. If V
is a block of 7, then €|y is alternating and hence 7|y, oy € NC5(V). It follows that
w,0 € NC¢(m).

Conversely, let o,m7 € NC¢(m) such that 0 < 7. Let € = (€, ¢€1,€2,€2, ...,
€m, €2m). Observe that if 7 € NC(@2m), then © € NC;(2m) if and only if
T e NCi(4m).

Solett = o Vv 7, we need to show T € NC§(4m). Now

% —_—
T

=K(@) =0 1K (1),

where we have applied Lemmas 3.5 and 3.6. In other words, T is the partition given
by partitioning {1, 2,5, 6, . — 3,4m — 2} according to o and {3,4,7,8, .

4m -1, 4m} according to K(r (n) = ? Now since o, 7 € NC€(m), it follows that
7: € NC2 (4m), where €

A

= (€1,€2,€2, ..., €1, €2m,€1),and hence T € NC2(4m).

Lemma 3.10. NC€(m) is closed under taking intervals in NC(m), ie., if o,m €
NC¢(m) andt € NC(m) is such thatoc <t < 7, then t € NC€(m).

Proof. Leto,m € NC¢(m), and t € NC(m) such that 0 < v < . From the inductive
definition of T, to show that T € NC*(m) it suffices to consider 7 = 1,,. Now by the
previous lemma, we have o Vv 1,, € NC; (2m). By Lemma 3.5,

] — ~ —
oV =

Since o < 7, we have Om < K(r) < K(a) Let§ = (e2, ..., €m, €1), and suppose
that K(‘L’) ¢ NCh (2m). Let V be a block of K(r) and note that V is of the form
2iy—1,2iy,...,2iy—1,2iy) forsomei| < --- < iy. Since Om € NCh(Zm), it follows
that thereisa 1 <! < s with éy;, = 82,-,+]_1. Now since 6,” < K/(?) < K/(;), it
follows that the block W of K/(—E ) which contains V must have an even number of ele-
ments between 2i; and 2i;; — 1. But then §|w cannot be alternating, which contradicts
K(O’) € NCh(Zm)
So we have shown that K/(\t) eN Ci (2m), and since

K’(\T) ZE('E)VGm Z?Vva

wehave TV 1, € NCy (2m). But then by the previous lemma, there isa y € NC*(m)
withy V 1,, = TV 1, and by Lemma 3.6 this implies T = y is in NC€ (m) as claimed.
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4. Integration on the Quantum Unitary Group
We begin by recalling the Weingarten formula from [2] for computing integrals with
respect to the Haar state on A, (n).
Letey, ..., ey € {1, %} and define, for n € N, the Gram matrix
Gen(m,0) =n™°1 (1,0 € NC52m)).

It is shown in [2] that G, is invertible for n > 2, let W, denote its inverse.

Theorem 4.1 [2]. The Haar state on A, (n) is given by

Wn(U:ljl Sy ) = Z Wen(m, o),

i2mj2m
7,0 eNC5(2m)

<keri
o<kerj
€ €m+1 _
1/f”(Uiljl Uizm+1j2m+1) =0,
for 1 <iy, ji,...,i2m+1, jomet <nandey, ..., epe1 € {1, %},

Remark 4.2. Note that the Weingarten formula above is effective for computing integrals
of products of the entries in U and its conjugate U, the matrix with (i, j)-entry U;;.. We
will also need to compute integrals of products of entries from U and its adjoint U*,
whose (i, j)-entry we denote (U™);; to distinguish from the conjugate U. To do this we
will use the following proposition, which allows us to reduce to the former case. Note
that such a formula clearly fails for the classical unitary group. Indeed we have

— 1
/ (U")21(U")43U12U34 =/ UnnUsUnpUss = -5
Un n o
while
/ U2 UsaUp2Uss = 0,
Un
as can be seen by using the Weingarten formula from [10].
Proposition 4.3. Let 1 <iy,i,...,l4m <nandey,..., ey € {1, x}. Then

Y ((UEI)iliz(UEZ)IBM T (Uezm)i4n171i4m) = Vn (Utiliz Uz§2i3 o Uiz:num—l) '
Proof. We will use the fact from [1] that the joint *-distribution of (U;;)1<;, j<» With
respect to v, is the same as that of (zO;;)1<;, j<n, Where z and (O;;) are random variables
in a x-probability space (M, t) such that:

(1) zis *-freely independent from {O;; : 1 < i, j < n}.

(2) zhas a Haar unitary distribution.

(3) (0jj) are self-adjoint, and have the same joint distribution as the generators of the
quantum orthogonal group A, (n).
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The joint distribution of (O;;) can also be computed via a Weingarten formula, see
[2] for details. The only fact that we will use is that the joint distribution is invariant
under transposition, i.e., the families (0;;)1<;, j<n and (Oj;)1<i, j<n have the same joint
distribution.

Now let €1,...,e, € {1,%}. Let A = {j : jisevenande; = x} U {j
jisoddande; = 1}, and B = {I,...,2mN\A. Let 1 < i1, j1,...,02m, jom =< n.
For 1 < k < 2m, define

ik, keA ., [j, keA
"= \j, keB’® kT )i, keB-

We claim that

€] €2m — oy
Yn (Uiljl Uizmjzm) = Vn (Ui;jl/ v ) ’

g
amJI2m

from which the formula in the statement follows immediately.
As discussed above, we have

wn (Ulellll ce Usz’” ) =T ((ZOiljl )61 [N (Z0i2mj2m)€2m)'

2m Jom
Note that the expression (zO;, j,)¢' - - - (2O}, jo,, )?" can be written as a product of terms
of the form z 0, j, or O;, ;, z*, depending if € is 1 or *. After rewriting the expression in
this form, let C be the subset of {1, ..., 4m} consisting of those indices corresponding

to z or z*, and let D be its complement. Explicitly, if ¢, = 1 then 2k — 1isin C and 2k is
in D, and if €, = % then 2k is in C and 2k — 1 is in D. Given partitions ¢, 8 € NC(2m),
let ®(a, B) € P(4m) be given by partitioning C according to o and D according to S.
By freeness, we have

(201 )" -+ 20y o, )"

= Z K(x[zelvo~-sZ€2m]Kﬂ[Oi1j11“'s Oizmjzm]'

o,BeNC(2m)
O(a,B)eNC (4m)

Now since Haar unitaries are R-diagonal, we have k4 [z¢!, ..., z¢2"] = 0 unless each
block of & contains an even number of elements. So assume that « has this property, we
claim that if 8 is such that ® («, §) is noncrossing, then 8 does not join any element of A
with an element of B. Indeed, suppose that 8 joins k; < kj and that one of k1, k7 is in A
and the other is in B. If k1, k> have the same parity, then it follows that one of €, , €, is
a 1 while the other is a *. Suppose that €;, = 1, €k, = *; the other case is similar. Then
we have 2k connected to 2k; — 1 in ®(«, B). Since O («, f) is noncrossing, o cannot
join any element of {k; + 1, ..., ko — 1} to an element outside of this set. But since this
set contains an odd number of elements, we obtain a contradiction to the choice of «.

If k1, ko have different parity, then it follows that €x, = €,. Suppose that €;;, = €, =
1; the other case is similar. Then 2k is connected to 2k, in ® («, B). It follows that o
cannot connect any element of {k; + 1, ..., k2} to an element outside of this set, and
again this set has an odd number of elements which contradicts the choice of «.

So the only nonzero terms appearing in the expression above come from 8 € NC(2m)
which split into noncrossing partitions 7 of A and o of B. In this case, if A = (a1 <

- <ag)and B = (b; < --- < b;), we have
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KplOiyjis s Oty jon] = Kl Oty juy s -+ -5 Ol oy W 1Oty iy s -5 Oy, |
= K[ Oig juy s -+ -+ Olag jus Ko 1Oy iy s 5 Oy iy, ]
:Kﬁ[oiij{""’o ],

o
DmJ2m

where we have used the invariance of the distribution of (O;;) under transposition.
Putting this all together, we have

Wn (Uiéllj| e Ufzi’,”j%,) =T ((ZOiljl )61 T (Z Oi2mj2m)€2m)

= Z K“[Zél’""Zezm]"ﬂ[oiljl’-~-’ 0i2mj2m]

o, BENC(2m)
(e, B)eNC (4m)

= Z Kalz . 2 kgl Oy e O

1
o, BeNC (2m)
(o, B)eNC (4m)

=1 (@0; )+ 20y, ;5 )™)

LomIom

— i (U, U, )

21 Y
i LmJom

]

VY
DmJ2m

as desired.
We can now extend this result to the free product A, (n)*°.

Corollary 4.4. Letly, ..., by, € Ney, ..., € {1, %}and1 < iy, j1, ..., 0m, jom <
n. In A, (n)**°, we have

Y (U ADD)iyia (U I2)Pisiy - (U Qom) iy yian)
= (VDS UWE, U, ).

i1i2 iq03
Proof. First we claim that in A, (n), we have
2
K( m)[(Uﬂ)iliza (UEz)i3i47 ey (ngm)i4m,1i4m]
_ ..(2m) €] € €m
=k [Uiliz’ Ui4i3’ T Ui4mi4m71].

(Note that any cumulant of odd length is zero by Theorem 4.1).
Indeed, we have

KBV st Uiy -5 (Ui iy ]
= D pan o) [T ¥aIWUD iy, UDigiys -y Uiy, i, ).

oeNC(2m) Veo

Now it is clear from Theorem 4.1 that

wn(v)[(Uel)iliza (Uez)i3i4a ceey (Uezm)i4m,|i4,,,] =0

unless V has an even number of elements. So the nonzero terms in the expression above
come from those o € NC(2m) for which every block has an even number of elements.



642 S. Curran, R. Speicher
For such a o, the noncrossing condition implies that each block V = (I} < --- < [)
must be alternating in parity. By Proposition 4.3 we have
Wn(v)[(UEI)iliz» (Uez)i3i4» B (Uezm)i4m,1i4m]
= VYn ((Uell Jiot, i (Uelz)izlflizlz (U )izlrlizzs)

€1, €1y €
= U. U - e UE
Vn ( iy 120y P20y 12051 0215 12751
=y, (U U U
A\ Mo -1 21y —1i21y i2lg—1i2i5 )

where the last equation follows from the invariance of the joint *-distribution of (U;;)
under transposition. It follows that

K(zm)[(Uﬂ)iliza (UEz)i3i47 s (ngm)i4m,1i4m]
= D> a0 o) [T vaODIUD iy, UDigigs s (Ui i)

oeNC(Q2m) Veo
_ €1 €2 €2m
= Z wom (o, 1om) H 1//n(V)[U,-1,-2, Ui4,‘37 cees Ui4»;zi4m—1]
oceNC(2m) Veo
—_ (2m) €] € €2m
=K [Uiliz’ Ui4i3’ Tt Ui4mi4mfl:|
as claimed.

Now by free independence, in A, (n)**° we have
1/’:00 ((U(ll)el)i]iz(U(lz)ez)i3i4 te (U(IZm)ezm)i4m,1i4m)
= > [ «MIU@E)Y i, UGy U m)igyyign)-

oceNC(2m) Veo
o<kerl

Since « (V) is zero unless V has an even number of elements, the only terms which
contribute to the sum above come again from o € NC(2m) for which each block has
an even number of elements. From the previous claim, we have

K(V)[(U(ll)el)iliz’ (U(12)62)i3i43 B (U(12m)€2m)i4m,1i4m]
=MW, UG)Z - Ulam)? ]

i1i igi3? * idmidm—1
for each block V € o, and the result follows immediately.

We will now give an estimate on the asymptotic behavior of the entries of W, as
n — oo. This improves the estimate given in [2]. Note that by taking € = 1 % -- - 1%,
this estimate also applies to the quantum orthogonal group, see [2].

Theorem 4.5. Let ey, ..., €, € {1, %}. Let 1,0 € NC¢(m). Then
Wen (7, 5) = O(n?mYol=lrl=lol=m),
Moreover,
W W, (7, 5) = (o, 1) + O (07,

where (,, is the Mobius function on N C (m), and we use the convention that p,, (o, 7) =
Oifo £m.
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Proof. We use a standard method from [10, 11], further developed in [2,3,12,4].
First observe that

1/2 1/2
Gen = ®5r/1 (1 + Ben)®er/t s
where
nm, m=o0
®en(7[70):[0, 7T750'7
0, T=0
Bentr, o) = nlmvol=m gt

Note that the entries of By, are O (n’1 ), in particular for n large we have the geometric
series expansion

(1+Bew) ™' = 1= Bey+ > (—D™'BSL
=1

Hence
~ ~ 1+1) s —1/2 pltl o —1/2 = ~ n—" T =o0,
Wem,o):;(—l)“ '©a"" B 0 )(n,o)+’_n|ﬁva|-zm T #o.
>
Now for ! > 1, we have
-1/2 —1/2\ ~ ~ FNTL 51 VT [T VG —
(@Hl/ Béf,l@)en/ V7. 5) = Z VT VTLHT V[ + [T VE | = (1+2)m
Vi,..., yENCE (m)
TFV - FV FO

Now we claim that

T VY +---+|yy Vo < |TVo|+|vi|+--+ |
<|FVG|+1-m,

from which the first equation follows from the above equation and Theorem 3.7.
Indeed, the case [ = 1 follows from the semi-modular condition:

TVl + v vel < |@Vvipv O Vo)l+[(@VY)A G Vo)
<z vo|+|v|

=|TVvao|+m.

The general case follows easily from induction on /.
For the second part, apply Theorem 3.7 to find that

[T VvV +---+ [y Vo =2(vi Vol +---+ |y Vol = v == vl
27 Vil — || = lo|+d + Dm
<|zl—=lol+(+1)m,



644 S. Curran, R. Speicher

where equality holds if o < v; < -+ < v; < 7 and otherwise the difference is at least
2. It then follows from the equation above that, up to O (n~2), n™*1°I=I"lw,, (7, 7) is
equal to O if o £ m, 1 if 0 = 7 and otherwise is given by

-1 +Z(—1)’+1|{(u1, ) ENCE M) to <y << v <7
=1

Since N C€(m) is closed under taking intervals in N C (m), this is equal to p,, (o, ).

As a corollary, we can give an estimate on the free cumulants of the generators U;;
of A, (n). (Note that the cumulants of odd length are all zero since the generators have
an even joint distribution).

Corollary 4.6. Let €1, ..., € {l,%} and iy, j1,...,00m, jom € N. For v €
NC(2m), we have for the moment functions
m - - 72
YOS U2 1= > AT (0, ) + 07,
o,meNCE(m)
7 <kerinw
o <ker jAw

and for the cumulant functions

w € € w|—|o|—m -2
KOW U2 1= D> AT (o) + 0 (7).
7,0 eNCE(m)
w<keri
o <kerj
TV o =w

Proof. First note that 1//,§w)[U;1jl, e, UiZ:"jzm] = O unless w € NCj,(2m), i.e., unless
each block of w has an even number of elements. So suppose this is the case, then by
Lemma 3.9 we have w = o vV 8 for some o, 8 € NC(m) witha < 8. By the Weingarten

formula, we have

€ €m ~ ~
O U 1= > [ Wen @y, G lv).
7,0eNC¢(m) Vew
7 <kerirw
o <ker jAw
LetV = (1 <--- <) be ablock of w. In order to apply Theorem 4.5 we have to
write 7|y and &' |y as 7wy and oy, respectively, for some 7y, oy € NC(|V|/2). Since
wuivi2(ov, my) = wyy|(@y, Ty), it suffices to recover the doubled versions &y, Ty
from 77|y and & |y. But this can be achieved as follows:

v =av VO =7y Vil h), ..., Us-1,1)}

So it remains to write {(/1, [2), ..., (Is—1, ly)} intrinsically in terms of w.

Recall from Lemma 3.6 that we have K(w) = a ¢ K(B). It follows that for 1 <

r < s such that /, is odd, « has a block whose least element is % and greatest ele-

ment is 1’5‘. Therefore I, is joined to /4 in @. So if /1 is odd, then &|y is equal to
{1, ), (U3, 1g), ..., Us—1, L)} In this case, from Theorem 4.5 we have

Welvn(ﬁ|ng|V)
FlyValy =I5y valy |-V |/2 ~ ~ =~ ~ -2
= plTVelV ISV Gy Gy v aly, Ty vEly) + 0 ).
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On the other hand, if /; is even then a|y = {(I1, L), (I2,13), ..., (ls_2,1s_1)}. In this
case we have

WE‘vn(ﬁl\/’ 5|V)

— —
[F1vvaly |- [7Ivvary |-1viz == 2
=n (v (@lv Valy,oly Valy)+ 0n™ "))

<~ <~
slvvaly|-[Flvvan|-viz, 2= o = =
=n’ (mvi(@ly Valy,oly Valy) + 0@n)),

where here the arrows act on the legs of V. Since this corresponds, by Lemma 3.5, to
the Kreweras complement on NC|y|/2, we have

< - ~ ~
&1y valy| =1vi/2+1 =151y vl
and
< o == ~ - o~ -
wv(@ly Vealy,oly Valy) = wyy|(@ly Vealy, |y Valy).
So it follows that, as in previous case, we have

Welvn(ﬁ|V»a|V)
Tlvvalyl-lalyvaly|—|VI]/2 ~ ~ ~ -2
= nlT Vel IEVIZ Gy Gy v aly. Ty vEly) + 0 ).

Therefore,

€m
r(lw)[U_él U

i1j1> """ Yiomjam

— Z H plElvvalyi=lelyvaly|-IVI/2

o,meNC(m) Vew
7 <kerinw
o <ker jAw

(@ ly Valy, Tly Valy) + 0(n2))
= D, aTEERETGL,G va T vaE) + 0,
o,meNCE(m)

7 <kerinw
o <ker jAw

where we have used the multiplicativity of the Mobius function on N C (2m).

Now since 0 = o Vo < a V B, taking the Kreweras complement and applying
Lemma 3.6 gives . K(B) < 0 ¢ K(0). So we have « < o < 8. By Theorem 3.7, we
then have | V &| = |o| + m — |a|. Also, we have

Mom (o0 V&, TV a) = pom(K(T Va), K@ Va))
= wm (@ K (), a2 K(0))
= um(K (), K(0))

= fm(o, 7).

Plugging this into the equation above, we have

YOS U2 1= > Al G o) + 0 2)).
o,meNCE (m)
7 <kerinw

o <ker jAw
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For the cumulant function this gives

(7) €] €2m
k [Uiljl’ Tt Uizmjzm]
€ €m
= Z Mom (@, T)%Ew) [Uilljl s Uizfnj2m]
weNC(2m)
w<T
= > pm@.r) Y. A", 0 m) + 0T)
weNC(2m) o,meNCE(m)
W=T 7 <kerirnw
o <ker jAw
= > AT e+ o0m™) D> pom(.0).
o,meNC®(m) weNC2m)
7 <keri TV neo <O<T
o <kerj

Since

1, TVypo=1
w,T) = - )
Z Ham ( ) < 0, otherwise
weNC(2m)
TV peo <0<t

the result follows.
As a corollary, we can give an estimate on the Haar state on the free product A, (n)*°.

Corollary 4.7. Let Iy, ..., by € N, €1, ..., 6y, € {1, %} and iy, ji, ..., i2m, jom € N.
In A, (n)**, we have

w:‘”(v(ll);‘jl~-U(12m)62'" )= > A G o ) + 0 ).

iom j2m
7,0 eNCE(m)
7 <kerinkerl
o <ker jakerl

Proof. Since the families ({U (I);;});cn are freely independent, we have by the vanishing
of mixed cumulants

v (as, v, )= Y KO UG .
TeNC(@2m)
t<kerl
Since the families ({U (1);;});eN are identically distributed, we have
KO U, 1= kKOG UMF ]

for any T € NC(2m) such that t < kerl. Applying the previous corollary, we have

vy (U(ll)fl'jl Ul )

i2m jam

= > > A G, o) + 0 ()

TteNC(2m) w,0eNCE(m)
t<kerl 7 <keri
o <kerj
ﬁ\/,,CE:‘L’

= > AT )+ 0w ).

7,0 e NC*(m)
7 <kerinkerl
o <ker jakerl
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5. Asymptotic Freeness Results

Throughout the first part of this section, the framework will be as follows: B will
be a fixed unital C*-algebra, and (Dy (i));e; will be a family of matrices in My (B3)
for N € N, which is a B-valued probability space with conditional expectation
Eny = try ® idg. Consider the free product A, (N)**°, generated by the entries
in the matrices (Uy(l));en € Mp(A,(N)**). By a family of freely independent
Haar quantum unitary random matrices, independent from B, we will mean the fam-
ily (Un(l) ® 1B)jen in My (AL (N)* @ B) = My(C) @ A,(N)** ® B, which
we will still denote by (Un(1));en. We also identify Dy (i) = Dn(i) ® 1a,n)*°
for i € I. We will consider the B-valued joint distribution of the family of sets
{UND), Un()*}, {UNQ2), Un(2)*}, ..., {DnN(@)|i € I}) with respect to the condi-
tional expectation

1//;:/00 REN =try ® I//;\}OO ® idg.
We can now state our main result.

Theorem 5.1. Let B be a unital C*-algebra, and let (Dy (i));<; be a family of matrices
in My (B) for N € N. Suppose that there is a finite constant C such that | Dy (i)|| < C
foralli € I and N € N. Let (Uy(0));en be a family of freely independent N x N
Haar quantum unitary random matrices, independent from B. Let (u(l), u(l)*);cn and
(dn(i))ier. neN be random variables in a B-valued probability space (A, E : A — B)
such that

(1) (), u()*)eN is free from (dy (i));e; with respect to E for each N € N.

2) {u), ud)*})en is a free family with respect to E, and u(l) is a Haar unitary,
independent from B for each / € N.

(3) (dn(i))ics has the same B-valued joint distribution with respect to E as (Dy (i))ics
has with respect to Ey.

Then for any polynomials pi,...,py, € B{t()|i € I), l1,...,lo, € N and
€1, ..., €xm € {1, x},
| Wi ® EMUNE) p1(Dy) -+ - Un (lam) ™" p2m (D)
—E[u(D) p1(dn) - - - ullom) " pom (@]
isO(N~2)as N — oo.

Observe that Theorem 5.1 makes no assumption on the existence of a limiting dis-
tribution for (Dy (i));e;. If one assumes also the existence of a limiting (infinitesimal)
B-valued joint distribution, then asymptotic (infinitesimal) freeness follows easily. We
will state this as Theorem 5.3 below, let us first recall the relevant notions.

Definition 5.2. Let B be a unital C*-algebra, and for each N € N let (Dy(i))ier
be a family of noncommutative random variables in a B-valued probability space

(AN), Ey : A(N) — B).

(1) We say that the joint distribution of (Dy(i))ic; converges weakly in norm if there
is a B-linear map E : B{D(i)|i € I) — B such that

Nliinw |En[boDn (1) -+ - Dy (ix)br] — E[boD(i1) - - - Dbl = 0
foranyiy,...,ix € I and by, ...,by € B. If B is a von Neumann algebra with

faithful, normal trace state t, we say the joint distribution of (D (i))ie; converges
weakly in L? if the equation above holds with respect to | |».
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@ 1=y jes 1j is a partition of I, we say that the sequence of sets of random
variables {Dy(i)|i € 1;})jey are asymptotically free with amalgamation over B
if the sets ({D(i)|i € I;}) ey are freely independent with respect to E.

(3) We say that the joint distribution of (Dn(i))ic; converges infinitesimally in norm
if there is a B-linear map E' : B(D(i)|i € I) — B such that

E'[boD(i1) - - D(ix)bi] = 1\]1211001\’ {En[boDp (1) - - Dy (ix)bx]
—E[boD(i1) - - - D(ix)br 1}

with convergence in norm, for any by, ..., by € Band iy, ...,ix € 1. If Bisavon
Neumann algebra with faithful, normal trace state T, we say the joint distribution of
(Dn (i))icr converges infinitesimally in L if the equation above holds with respect
to | |2

@ 1=y jes 1j is a partition of I, we say that the sequence of sets of random
variables ({Dn(i)|i € 1;}) ey are asymptotically infinitesimally free with amal-
gamation over Bifthe sets {D(i)|i € 1;}) jey are infinitesimally freely independent
with respect to (E, E').

Theorem 5.3. Let /3 be a unital C*-algebra, and let (Dy (i));<; be a family of matrices in
My (B) for N € N. Suppose that there is a finite constant C such that || Dy (i)|| < C for
alli e I and N € N.Foreach N € N, let (Uy (1));en be a family of freely independent
N x N Haar quantum unitary random matrices, independent from B.

(1) If the joint distribution of (Dy(i))ie; converges weakly (in norm or in L? with
respect to a faithful trace), then the sets
(UN), Un(D)*}{UNQ2), UN2)*}, ... . {DN ()i € I})

are asymptotically free with amalgamation over 5 as N — oo.
(2) If the joint distribution of (Dy (i));c; converges infinitesimally (in norm or in L?
with respect to a faithful trace), then the sets

{UN), Uv()* 1 {UN(2), UN ()"}, ... . (DN ()i € T})
are asymptotically infinitesimally free with amalgamation over B as N — oo.

Theorem 5.3 follows immediately from Theorem 5.1 and Proposition 2.16. The proof
of Theorem 5.1 will require some preparation, we begin by computing the limiting dis-
tribution appearing in the statement.

Proposition 5.4. Let (u(l), u(1)*);en and (dy (i))ie1. neN be random variables in a B-

valued probability space (A, E : A — B) such that

(D) (@), u(l)*)en is free from (dy (i));c; with respect to E for each N € N.

2) {u), ul)*})en is a free family with respect to E, and u(l) is a Haar unitary,
independent from B for eachl € N.

Let a(l),...,a(2m) be in the algebra generated by B and {d(i)|i € 1}, and let
li,....hwmeNandey, ..., e, €{l,*}. Then

Elu(l)a(l) - u(lom) a2m)]

= D e mETKDaq), ... a@m)].
m,0eNC®(m)
o<m
wvo <kerl
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Note that elements of the form appearing in the statement of the proposition span the
algebra generated by (u(l), u(1)*);en and (d(i));es, and so this indeed determines the
joint distribution.

Proof. We have
Elu()a(l) - u(lam)?am)] = Z kglud), a(l), ..., am)].
aeNC (4m)

By freeness, the only non-vanishing cumulants appearing above are those of the form
Try,wheret,y € NC(2m), t <kerland y < K(t). So we have

Elu(l)"a(l) - ullym)? a2m)]
= > > k. aq), ... a@m).

teNC(2m) yeNC(2m)
T<kerl y<K(1)

Since the expectation of any polynomial in (u(/), u(l)*);ecn with complex coefficients
is scalar-valued, it follows that

Elu()a(l) - u(lom)am)]
= > kP ul™ D kP la), ... a@m)]

teNC(2m) yeNC(2m)
r<kerl y=<K(1)
= > @ ul) @ EF D ac), - a@m)].
teNC(2m)
T<kerl

Since Haar unitaries are R-diagonal ([17, Example 15.4]), we have
@D, . o)™ =0
unless T € NCZ (2m). By Lemmas 3.6 and 3.9, we have

Elu()a(l) - - ullam)?"a(2m)]

= > kP, .. ulan) @ ECKO a1, L a@m)).
7,0 eNCE(m)
o<m
ovr<kerl

So it remains only to show that if o, 7 € NC¢(m) and o < 7 then

m(, ) =k PluD, . ulom) ).
Since the Mobius function is multiplicative on N C (m), we have
um(o, ) = [T mwi(elw, 1w),
Wen
and so it suffices to consider the case w = 1,,.

By [17, Prop. 15.1],

Kéavlm)[u(ll)ﬂ’_”’u(lzm)ezm]: H (—DIVIZLey oy,

Veovl,
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where C,, is the n'M Catalan number. Since

_
_ — <« == — —
ocVl,=0Vvl,=K(o)Vv0, =K(o),

we have

ke, @ =[] DM Cw
WeK (o)

On the other hand, we have

mm (0, 1) = tm (O, K(0))

= H wiw Ow, 1w)
WeK (o)

= [] o™ 'owe,
WeK (o)

where we have used the formula for w,, (0,,, 1,,) from [17, Prop. 10.15].

Proposition 5.5. Let B be a unital algebra, A(1), ..., A2m) € My(B) and 7,0 €
NC(m). Let Ey = try ® idg. If o < 7, then

Z Z A(l)j|j2A(2)i1i2 U A(zm)i2m—li2m
1<ji,eesjom <N 1=i,.iom <N
o <kerj K (m)<keri

= NITHE@IE KD 401, . ACm)].

Proof. First observe that the sum above can be rewritten as

Z AWiyiy - ACM) iy gy, -

1<iy,....iam<N

0K (m)<keri

So this will follow from the formula

> AWy Ay, i, = N7EJIAQ), ..., A(m)]

1<ii,...izn<N

o <keri

forany 0 € NC(m).
We will prove this by induction on the number of blocks of m. If ¢ = 1,, has only
one block, then we have

z A(l)i|i2 e A(m)i2m—1i2m = Z A(l)ili2A(2)i2i3 e A(m)imil

1<iy,..., iom<N 1<iy,ec.in<N
o <keri

=N-EN(AQl)--- A(m)).
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Suppose now that V.= {[ + 1, ..., + s} is an interval of o. Then

D AW Ay, i,

1<iy,....izn <N
o <keri
= > AMiiy -+ > A+ Djijp - AU +5)
=iy, iy, I1<ji,..sjs =N
D2(l4+s) 415000 iom<N
o\V<keri

o AM)ig,, g,

= > Aijiy -+ (N - EN(AUL+ 1) - Al +5))) -+ - AM)iny, iy s

I<iy,...,izz—2
2(l45) 415 l2m <N
o\V<keri

which by induction is equal to
NITESCY LA, ..., ADEN AT+ 1) -~ A +5)), ..., A(m)]
= NEIEQ[AQ), ..., A(m)].

Remark 5.6. We will also need to control the sum appearing in the proposition above for
o, € NC(m) with o £ 7. If B is commutative this poses no difficulty, as then

Z E A(l)jljzA(z)iliz e A(zm)i2m—1i2m
I1<ji, 2m <N 1=<iy,....igm <N
o<kerj K (m)<keri

= z AMjijp - ACm — 1) oy jom

1<ji,....j2m=N
o<kerj

Z A(z)lllz o A(zm)izm—lim
lfél\,:inmSN
K (m)<keri

= NITHK@IE@D A1, ..., A2m — DIEF"™[AQ), ..., ACm)].

However, when B is noncommutative it is not clear how to express this sum in terms of
expectation functionals. Instead, we will use the following bound on the norm:

Proposition 5.7. Let B be a unital C*-algebra, and A(1), ..., A2m) € My(B). If
o, € NC(m) then

Z Z A(l)jl jzA(z)iliZ T A(zm)iZm—1i2111
15]14’./2m§N lfﬁ\,;niZmSN
o<kerj K (m)<keri

< NIHE@AMD) - ACm)].
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Proof. For this proof, we extend the definition of 7 to all partitions 7 € P(m) in the
obvious manner. We can rewrite the expression above as

> AWy AQMi, iy,

1<ii,....i4m=<N

oK (m)<keri

and so the result will follow from

> AWM Ay, yis, | < NAD - |AGm)|

lfib.A.,iz,,ESN
o <keri

for any partition o € P(m).
The idea now is to realize this expression as the trace of a larger matrix. For each
Veo,letM 1‘6 be a copy of My (C). Consider the algebra

® MY, =~ Myi01(C),

Veo

with the natural unital inclusions ¢ty of M 1‘\,/ forVeo.Forl <l <m,let

X() = (o) @ idg) AQ) € (@ Ml‘\,/) ® B~ My (B),

Veo

where we have used the notation o (/) for the block of o which contains /.
In other words, X (/) is the matrix indexed by mapsi : 0 — [N] = {1,..., N} such
that

Xij = ADiwapjeay || Sionjom-
{7

Consider now the trace

(Tryel ®idg)(X(1) -+ X(m) = D X(Digiy -+ X ()i, iy

i1y im
ij;o—[N]
= Z Ay o (1)in(a (1)) * * * AM)iy, (0 (m))iy (o (m)) H HSiz(V)iy(/)(V)’
Q1yeees im 1<l<m Veo
ij;o—[N] 1¢V

where y € S, is the cyclic permutation (123 ---m). The nonzero terms in this
sum are obtained as follows: For each block V = (I; < --- < ) of o, choose
I < iy,(V),ipap(V), .. i, (V),iyq)(V) < N with the restrictions i) (V) =
in(V),....ipq_p(V) = ij,(V) and iy, (V) = i;; (V). Comparing with the defini-
tion of o, it follows that

(Tryel ®idg)(X (1) - X(m) = D Aiyiy - Ay, _yiny,

I<iy,..., iam <N
o <keri
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is the expression to be bounded. However, (try. ® idg) = N""'(Ter ®idg) is a
contractive conditional expectation onto 3 and so

(T yior @ idp) (X (1) - - X ()| < NIX ) --- [ X (m)]l.

Since (1y ® idg) is a contractive *-homomorphism, we have | X()|| = [[(toq) ®
idg)(AD) | < ||A({) | and the result follows.

We are now prepared to prove the main theorem.

Proof of Theorem 5.1. Fix py, ..., pom € B(t(i)|i € I), and set Ay (k) = px(Dn)
for 1 < k < 2m. For notational simplicity, we will suppress the subscript N in our
computations.

Letly,..., by € N,e,..., ey € {1, x} and consider

W ® ENIUW)TAMDU )2 - Ullam) > A2m)]
=W eidpNT > WA AW U )isi, - AQM)iy,i,

1<iy,....igm=<N

= D NP [WOD i UG iy, ]

1<iy,.ciam <N

: A(l)i2i3 e A(zm)iélmil .

By Corollary 4.4, this is equal to

1 .
> N U@, U,
1<iy,...,igm <N

: A(l)i2i3 e A(Zm)i4mi1 .

After reindexing, this becomes

> > N v, U, U, ]

1<it,..iogm <N 1< 1,0, o <N

' A(l)j]jzA(z)iliz e A(Zm)iZm—]i2m'

Applying Corollary 4.7, we have

> > > NTEOIElG, (6, 1) + O(NT?)

1<iy,..., i <N 1<j1,..., Jom <N m,0eNCE (m)
7 <kerinkerl
o <ker jakerl

A ADigiy - ACM)iy,, ig,,

= Z (m (o, T) + O(N ™) N~ IK@I=lol

w,06€NCE(m)
7 <kerl
o <kerl

x > > AW RA, - ACML, i

1<ji,-s om <N 1<y, iom <N

o <ker K (m)<keri
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By Propositions 5.5 and 5.7, this is equal to

> e mEY A, . AQm)],
w,0 e NCE(m)
o<m
wvo <kerl
up to O(N~2) with respect to the norm on B. Set a(k) = pi(dy) for 1 < k < 2m, then
by Proposition 5.4 we have

Elu)a(l) - u(lam)?" a(2m)]

= Z pm (o, TYECKT [q(1), ..., a(@m)]

1,0 eNCE(m)
. O=T
Vo <kerl

> m(omEGETAQ), .. ACm)),

w,0 e NC*(m)
_ g=m
wVvo <kerl

and the result now follows immediately.

5.8. Randomly quantum rotated matrices. It follows easily from Theorem 5.3 and the
definition of asymptotic freeness that under the hypotheses of the theorem, the sets

({Dn(@@) i e I}, (UN)DN@OUND™ 11 € IHen)

are asymptotically (infinitesimally) free with amalgamation over B as N — oo. The
condition on existence of a limiting joint distribution can be weakened slightly as fol-
lows:

Corollary 5.9. Let B be a unital C*-algebra, and let (Dy(i))ie; and (D;V (J))jes be
two families of matrices in My (B) for N € N. Suppose that there is a finite constant
C such that ||Dy ()| < C and |Dy ()l < Cfor N €N, i € I and j € J. For each
N e N, let Uy be a N x N Haar quantum unitary random matrix, independent from B.
(1) If the joint distributions of (Dn(i))ic; and (D}\,(j))jej both converge weakly
(in norm or in L? with respect to a faithful trace), then (UNDN(i)U]T,)ieI and
(D () jes are asymptotically free with amalgamation over B as N — oo.
(2) Ifthejointdistribution of (Dy (i))ic; and (D;\, (J)) jes both converge infinitesimally
(innormorin L2 with respect to a faithful trace), then the families (Uy Dy (i)U;\‘,),-E]
and (D (j)) jes are asymptotically infinitesimally free with amalgamation over B.
Proof. The only condition of Theorem 5.3 which is not satisfied is that {Dy (i) : i €
1} U { D;V (j) : j € J} should have a limiting (infinitesimal) joint distribution as N —
0o. We can see that this is not an issue as follows. Let p1, ..., p, € B{t(i)|i € I)
and q1,...,qm € B(t(j)|j € J) and set Ay(k) = pr(Dn), By(k) = gr (D)) for
1 < k < m. From the proof of Theorem 5.1, we have

(N ® EMIUAMU*B(1) --- UAm)U*B(m)]

= > um@mEY ™AW, BQ). ..., A(m), B(m)],

w,0eNC(m)
o<mw

up to O(N —2). But the right-hand side depends only on the distributions of (D (i));e;s
and (D'(j)) jes, and so the result follows from Theorem 5.3.
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5.10. Classical Haar unitary random matrices. In the remainder of this section, we will
discuss the failure of these results for classical Haar unitaries. First we show that if B is
finite dimensional, then classical Haar unitaries are sufficient.

Proposition 5.11. Let B be a finite dimensional C*-algebra, and let (Dy(i))ic; be a
Sfamily of matrices in My (B) for each N € N. Assume that there is a finite constant C
such that |Dn(i)|| < Cforall N € Nandi € I. For each N € N, let (Uy(l));cN be
a family of independent N x N Haar unitary random matrices, independent from B.
Let (u(l), u(l)*)1en and (dn (i))icr, neN be random variables in a B-valued probability
space (A, E : A — B) such that

(1) @), u()*)eN is free from (dy (i));e; with respect to E for each N € N.

2) {u), u)*})eN is a free family with respect to E, and u(l) is a Haar unitary,
independent from B for each | € N.

(3) (dn(i))ier has the same B-valued joint distribution with respect to E as (Dy (i))icr
has with respect to Ey.

Then for any polynomials pi,...,pon € B{t(@Q) : i € I), I1,...,lp, € N and
€1,...,6m € {1, %},

(W3 ® ENIUNI1) p1(Dy) -+ Uy (am) " pam (D)1
—E[u) p1(dn) - - (o) pom (@dW)]|

is O(N~2) as N — oc.

Proof. Letey, ..., e, beabasis for Bwith |le,|| = 1forl <r <g.Letpi,..., poy €
B{t(i)|i € I),let Ay(k) = px(Dy) and let Ay (k, r) € My (C) be the matrix of coef-
ficients of the entries of Ay(k) one, for 1l <k <2mand 1 <r < q.Letay(k,r)
and (u(1), u(l)*);cn be random variables in a noncommutative probability space (A, ¢)
such that

(1) fanytk,r) : 1 <k <2m,1 <r < q}and (u(l), u(l)*);eN are free with respect
to ¢.

(2) (an(k,7))1<k<om,1<r<q has the same joint distribution with respect to ¢ as
(An(k, 7)) 1<k<2m,1<r<q With respect to try.

3) ), u()*);ey are freely independent with respect to ¢ and u (/) has a Haar unitary
distribution.

Forl <k <2mand N € N, letay (k) = > ayn(k,r) ® e, € A® B, and note that the
family (a, (k))1<k<2m has the same joint distribution with respect to £ = ¢ ® idg as
does (An (k))1<k<2m Withrespect to En. Identifying u(/) = u(/) ® 1 in A® B, itis also
easy tosee that (u(1), u(1)*) and (an (k))1<k<2m are freely independent with respect to E.

Now let ey, ..., €, € {1, *} and consider

(ry @ E®idg)[UI)TA) -+ - AQm)U (Ipn) "]
= > (N @B)UW)TAN 1) AQm, ram)U (lm) ™" ey, -+~ ey,

1<r1,....r2am=<q
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Since |le,|| = 1, it follows that

[y ® E®idp)[U )T AQ) - - - U(lom) 2™ A(2m)]
—Eu)"a(l) - ulom)®am)]|
< D N @BUG)T AU 1) -+ Ullan)™ AQm, ram)]

1<ri,....r2m=<q

—@lu)al, ry) - ullom)* a@m, ram)]| .

From standard asymptotic freeness results (see e.g. [10]), this expression is O (N ~2) as
N — oo.

We will now give an example to show that Theorem 5.1 may fail for classical Haar
unitaries if the algebra B is infinite dimensional. First we recall the Weingarten formula
for computing the expectation of a word in the entries of a N x N Haar unitary random
matrix and its conjugate:

€] €2m _ c
]E[Uiljl e Ui2771j2m] - Z WEN(T[’ 0)’
7,0 €P5(2m)
m<keri
o<kerj

where P5 (2m) is the set of pair partitions for which each pairing connects a 1 with a
in the string €1, . .., €2, and Wch is the corresponding Weingarten matrix, see [5,10].

Example 5.12. Let B be a unital C*-algebra, and for each N € Nlet {E;;(N,[) : 1 <
i,j < N,l=1,2} be tWwo commuting systems of matrix units in B, i.e.,

(1) Eiyjy(N,1)E;,;,(N,2) =Ej,j,(N,2)E; j;(N, 1) for1 <iy, j1,iz, o < N.
() Ej(N.D* = E;i(N.D)for 1 <i,j <N.

Q) Eiy(N,DEk,j(N,l) =01, Eij(N, D) for1 <1, j, k1, ko < N.

(4) E;j(N,l)isaprojectionfor 1 <i < N, and

N
ZEi,-(N, =1.
i=1

For N € N, define Ay, By € My (B) by
(An)ij = Eji(N,1), (Bn)ij =Eji(N,2).

Note that Ay, By are self-adjoint and A2, Blz\, are the identity matrix, indeed

N N
(AR)ij = D E(N, DEj(N, 1) = §;; D Exx(N, 1) = 8;j - 1,
k=1 k=1

and likewise for By . It follows that |Ay|| = || Byl = 1 for N € N.
Foreach N € N, let Uy be a N x N Haar unitary random matrix, independent from
B. Since

I 1 E ii s .
N B N N e ii N
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converges to zero as N — 0o, and likewise for By, for asymptotic freeness we should
have

lim (try ® E® id)[((UvAnUj By)*1 = 0.
N—o0

However, we will show that this limit is in fact equal to 1.
Indeed, suppressing the subindex N we have

(r @ E ®idp)[(UAU*B)*]

1 _ _
=¥ > ElWiiUiis -~ Uinin JAizis Bigis - Binai
1<iq,...,i;n<N
= > ElUisjiUiyjy - -+ Uisjs1Aji oA j3 ja Ajs jo Biria Biziy Bisi

1<iy,j1,..06, j6 <N

Applying the Weingarten formula, we obtain

—1 c
E N™ Wy (m,0) E AjijpAjsjsAjsis
7,0 €P5(6) 1Sj|;.l.(,j6‘SN
o<kerj

E Bi,i, Bisiy Bisig
1<iy,....ie<N
?gkeri

Note that P5(6) has 6 elements, namely the 5 noncrossing pair partitions and t =
{(1,4), (2,5), (3, 6)}. The noncrossing pair partitions can be expressed as o for some
o € NC(3), in which case we have

Z AjijpAjjsAjsje = NlalEl(\(/T)[A’A’A]'
1<j1. J6<N
o <kerj
Using Ey[A] = En[A3] = N~ !and EN[A%] = 1, one easily sees that this expression
is O(N) for the 5 noncrossing pair partitions. For 7, we have

> AjipAjsjaAjsjs = > AjipAjjiAjjs
1<j1,.... Je<N 1<j1.j2,3<N
t<kerj

= Z Ejpji(N.DEj (N, DEj;j,(N, 1)
1<ji,j2,j3<N

= Z Ej,j, (N, 1)
1<ji1.j2,3=N
=N?-1,
and likewise for By. Also we have N3W£N(rr, 0) = 8z0 + O(N7). Putting these

statements together, we find that the only term which remains in the limit comes from
m = o = t, which gives 1.
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Remarks. (1) We note that My2(C) = My(C) ® My (C) has a natural pair of com-
muting systems of matrix units, so this example demonstrates that Theorem 5.1
fails for any unital C*-algebra B which contains M2 (C) as a unital subalgebra for

some increasing sequence of natural numbers (Ny).

(2) It is a natural question whether the matrices Ay, By in the above example have
limiting B-valued distributions, which would demonstrate that Theorem 1 also fails
for classical Haar unitaries. First observe that

' k,_ |1, kiseven
ngnoo(trN ® B)[Ay] = [0, kisodd

which follows from the case k = 1 and the fact that A?V is the identity matrix.
However, it is not clear that moments of the form bp Ay - - - Ay by will converge for
arbitrary by, ..., b, € B.

Let us point out a special case in which the limiting distribution does exist. Suppose
that there is a dense x-subalgebra F C B such that each element of F commutes

with the matrix units E;; (N, [) for N sufficiently large. Then forany b, ..., by € B
we have
. | boby - by, kiseven
NIE)nOO(trN b B)[bOAN e Aka] = [ 0’ kis odd ’

and likewise for By, indeed this holds for by, ..., by € F by hypothesis and for
general by, ..., by by density.
In particular, we may take /5 to be the C*-algebraic infinite tensor product

B = (X) My(C)

NeN

with the obvious systems of matrix units E(N, [);; € My2 = My(C)@ My (C) C
B, and F C B to be the image of the purely algebraic tensor product. Note that
B is uniformly hyperfinite, in particular approximately finitely dimensional in the
C*-sense.

(3) Note that if B is a von Neumann algebra with a non-zero continuous projection
p, then pBp contains My (C) as a unital subalgebra for all N € N and hence (1)
applies to pBp. It follows that Theorem 5.1 fails also for . To obtain a contra-
diction to Theorem 1 for classical Haar unitaries in the setting of a von Neumann
algebra with faithful, normal trace, we may modify the example in (2) by taking
(B, 1) to be the infinite tensor product

(B,7) = (X) (My(C), try)

NeN

taken with respect to the trace states try on My (C), which is the hyperfinite 11;
factor.
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