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Abstract In this paper, we introduce the counterterms that
remove the non-logarithmic divergences of the action in third
order Lovelock gravity for static spacetimes. We do this by
defining the cosmological constant in such a way that the
asymptotic form of the metric have the same form in Love-
lock and Einstein gravities. Thus, we employ the countert-
erms of Einstein gravity and show that the power law diver-
gences of the action of Lovelock gravity for static spacetimes
can be removed by suitable choice of coefficients. We find
that the dependence of these coefficients on the dimension in
Lovelock gravity is the same as in Einstein gravity. We also
introduce the finite energy-momentum tensor and employ
these counterterms to calculate the finite action and mass of
static black hole solutions of third order Lovelock gravity.
Next, we calculate the thermodynamic quantities and show
that the entropy calculated through the use of Gibbs-Duhem
relation is consistent with the obtained entropy by Wald’s for-
mula. Furthermore, we find that in contrast to Einstein gravity
in which there exists no uncharged extreme black hole, third
order Lovelock gravity can have these kind of black holes.
Finally, we investigate the stability of static charged black
holes of Lovelock gravity in canonical ensemble and find
that small black holes show a phase transition between very
small and small black holes, while the large ones are stable.

1 Introduction

An interesting framework for studying the non-perturbative
quantum field theories is through the use of anti-de
Sitter/conformal field theory (AdS/CFT) correspondence [1–
3]. According to this duality, in principle, one can perform
gravity calculations to find information about the field the-
ory side or vice versa. In this context, the central charges of
the dual theory (CFT) relate to coupling constants of its dual
gravity. Therefore, Einstein gravity with one coupling con-
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stant restricts the dual theory to a limited class of CFT with
equal central charges [4]. For extension of the duality beyond
this limit, one needs to involve higher curvature terms in the
gravity action. It is clear that each correction term introduces
a new coupling constant and therefore one may have CFT
theory with different central charges. Indeed, this procedure
leads to the richness of the CFT theory [5–15]. The most
natural extension of general relativity with higher curvature
terms and with the assumption of Einstein – that the left hand
side of the field equations is the most general symmetric con-
served tensor containing no more than two-derivatives of the
metric – is Lovelock theory. Lovelock [16] found the most
general symmetric conserved tensor satisfying this property.
The resultant tensor is nonlinear in the Riemann tensor and
differs from the Einstein tensor only if the spacetime has
more than 4 dimensions. Although Lovelock gravity leads
to second-order field equations and it has ghost free AdS
solution [19,20], it has been recently shown that quadratic
and cubic gravities entail causality violation and there are
stringent conditions on the coupling constants [21].

The problem with the total action of Einstein gravity is
that it is divergent when evaluated on the solutions [22–24].
Due to this fact, all the other conserved quantities which is
calculated through the use of this action is also divergent.
One way of eliminating these divergences is through the use
of background subtraction method of Brown and York [22].
In this method, the boundary surface is embedded in another
(background) spacetime, and one subtracts the action evalu-
ated on the embedded surface of the background spacetime
from the total action. Such a procedure causes the result-
ing physical quantities to depend on the choice of reference
background. Furthermore, it is not possible in general to
embed the boundary surface into a background spacetime.
For asymptotically AdS solutions of Einstein gravity, one
may remove the non-logarithmic divergences in the action
by adding a counterterm action which is a functional of the
boundary curvature invariants [25–27]. Indeed, this countert-
erm method furnishes a means for calculating the action and
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conserved quantities intrinsically without reliance on any ref-
erence spacetime [28–31]. Although there may exist a very
large number of possible invariants, only a finite number of
them are non-vanishing in a given dimension on a boundary
at infinity. This method has been applied to many cases such
as black holes with rotation, NUT charge, various topolo-
gies, rotating black strings with zero curvature horizons and
rotating higher genus black branes [32–34]. Although the
counterterm method applies for the case of a specially infi-
nite boundary, it was also employed for the computation of
the conserved and thermodynamic quantities in the case of a
finite boundary [35–37].

All of the works mentioned in the previous paragraph
were limited to Einstein gravity. Although the counterterm
of Lovelock gravity with flat horizon has been introduced
[38–40], only a few works related to the counterterm method
have been done for Lovelock gravity with curved horizon.
This is due to the fact that even for Einstein gravity, the
systematic construction that provides the form of the coun-
terterms becomes cumbersome for high enough dimensions
[25–27]. Indeed in this method, one should reconstruct the
spacetime metric by solving iteratively the field equations in
the Fefferman-Graham frame [41–43]:

ds2 = l2

4ρ2 dρ
2 + 1

ρ
[g(0)i j (x) + ρg(1)i j (x)

+ ρ2g(2)i j (x) + · · · ]dxidx j , (1)

where g(0)i j (x) is the boundary data of an initial-value prob-
lem governed by the equations of motion. However, even
for Einstein-Hilbert theory, solving the coefficients g(p)(x)
in Eq. (1) as covariant functionals of g(0)(x) is only possi-
ble for low enough dimensions. Thus, it is expected that the
holographic renormalization procedure would be even more
complicated in Lovelock gravity because of the nonlinear-
ity of field equations. Indeed, because of the nonlinearity
of the field equations solving g(p)(x) in Eq. (1) as covari-
ant functionals of g(0)(x) would be even more cumbersome.
So, the authors in Refs. [44,45] presented an alternative con-
struction of Kounterterms. Instead of adding counterterms to
cancel the divergence at the boundary explained above, they
circumvented the difficulties of the standard method by using
Kounterterms which depend on the intrinsic and the extrinsic
curvatures of the boundary. They selected the Kounterterms
as the boundary terms which are regular on the asymptotic
region. Indeed, the regularization process is encoded in the
boundary terms already presented and there is no need to add
further counterterms.

The exact rotating solutions of Lovelock gravity with
curved horizon are not introduced till now. Indeed, only static
solutions of Lovelock gravity with different matter fields are
known [46–49]. So, because of the difficulties of the holo-
graphic renormalization procedure in Lovelock gravity and

the nonexistance of an exact rotating solution of this theory,
we limit ourselves to the case of counterterms of Lovelock
gravity for static solutions. The counterterms of asymptoti-
cally AdS static solutions of Gauss-Bonnet gravity have been
introduced in Refs. [50–52]. Also, the finite action and global
charges of asymptotically de Sitter static solutions has been
obtained in Ref. [53].

Here we like to apply the counterterm method to the case
of the static solutions of the field equations of third order
Lovelock gravity with curved horizon. We define the cosmo-
logical constant in such a way that the maximally symmetric
AdS spacetime

ds2 = −
(
k + r2

L2

)
dt2 +

(
k + r2

L2

)−1

dr2 + r2d�2
k,n−1

(2)

be the vacuum solution of Lovelock gravity. In Eq. (2)
d�2

k,n−1 is the metric of an (n − 1)-dimensional maximally
symmetric space with curvature constant (n − 1)(n − 2)k
and volume Vk,n−1. Indeed, this choice of cosmological con-
stant makes the asymptotic form of the solutions of Lovelock
gravity to be exactly the same as that of Einstein gravity.
Thus, we expect that the counterterm introduced for Einstein
gravity in [25,26] may remove the power law divergences in
the action of Lovelock gravity. Although the counterterms
which should be added to Gauss-Bonnet gravity in order to
remove the power law divergences of the action for static
solutions are introduced in Refs. [50,51], they depend on the
Gauss-Bonnet coefficient. However, because of our choice
of the cosmological constant, our counterterms are the same
as those of Einstein gravity and are independent of Lovelock
coefficients. In order to check our counterterms, we calculate
the finite action and the mass of the black hole through the
use of counterterm method. Then, we use these finite quan-
tities and the Gibbs-Duhem relation to obtain the entropy.
We find that the calculated entropy of the black holes is con-
sistent with the Wald’s formula [54]. As another test of our
counterterm method, we show that the mass obtained through
the use of counterterm method satisfies the first law of ther-
modynamics. We, also, perform a stability analysis of the
black hole solutions in canonical ensemble and investigate
the effects of third order Lovelock term on the stability.

This paper is organized as follows. In Sect. 2, we review
the well-defined action of Lovelock gravity. In Sect. 3, we
introduce the counterterms for third order Lovelock grav-
ity for static spacetimes. We also, introduce the finite stress
energy tensor of this theory. Section 4 is devoted to the ther-
modynamics of the black hole solutions of the theory. We
calculate the finite action, the total mass, the temperature,
the charge and the electric potential. We calculate the entropy
through the use of Gibbs-Duhem relation and Wald formula
and find that they are consistent. We, also, investigate the
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first law of thermodynamics. In Sect. 5, we investigate the
thermal stability of the solutions in canonical ensemble. We
finish our paper with some concluding remarks.

2 Action and field equations

The bulk action of Lovelock gravity in n+1 dimensions may
be written as [16–18]

Ibulk = 1

16π

∫
M

dxn+1√−g
[n/2]∑
p=1

αp
(Lp − 2�p

) + Imat

(3)

with [x] denoting the integer part of x , αp’s (p ≥ 2) are
Lovelock coefficients,

Lp = 1

2p
δ
a1a2...a2p−1a2p
b1b2...b2p−1b2p

Rb1b2
a1a2

. . . R
b2p−1b2p
a2p−1a2p

is the Euler density of a 2p-dimensional manifold, δ
a1...a2p
b1...b2p

is the general asymmetric kronecker delta and

�p = (−1)pn(n − 1)(n − 2) . . . (n − 2p + 1)

2L2p . (4)

The action (3) is written in such a way that the maximally
symmetric AdS spacetime (2) is the vacuum solution of
action (3). In this notation, the independent coupling con-
stants are L and all the Lovelock coefficients.

From a geometric point of view the Lagrangian of the
action (3) in 2[n/2]+1 and 2[n/2]+2 dimensions is the most
general Lagrangian that yields second order field equations,
as in the case of Einstein-Hilbert action which is the most
general Lagrangian producing second order field equations
in three and four dimensions. In the rest of the paper, we work
in a unit system with α1 = α̃1 = 1 and the dimensionless
Lovelock coefficients α̃p defined as

α̃p ≡ (n − 2) . . . (n − 2p + 1)

L2(p−1)
αp, p ≥ 2. (5)

With the definition (5), the cosmological constant for AdS
spacetime is

� = n(n − 1)

2L2

[n/2]∑
p=1

(−1)pα̃p.

In this paper, we consider the third order Lovelock gravity
in the presence of electromagnetic field. Thus, the action of
matter field is

Imat = − 1

64π

∫
M

dxn+1√−g∂[μAν]∂ [μAν],

where Aμ is the electromagnetic potential. The first term
in Lovelock Lagrangian is the Einstein-Hilbert term R,

the second term is the Gauss-Bonnet Lagrangian L2 =
Rμνγ δRμνγ δ − 4RμνRμν + R2, the third term is

L3 = 2Rμνσκ Rσκρτ R
ρτ

μν + 8Rμν
σρR

σκ
ντ R

ρτ
μκ

+ 24Rμνσκ RσκνρR
ρ
μ + 3RRμνσκ Rσκμν

+ 24Rμνσκ RσμRκν + 16RμνRνσ R
σ
μ

−12RRμνRμν + R3, (6)

and the cosmological constant is

� = −n(n − 1)

2L2 (1 − α̃2 + α̃3). (7)

As in the case of Einstein-Hilbert action, the action (3)
does not have a well-defined variational principle, since one
encounters a total derivative that produces a surface integral
involving the derivatives of δgμν normal to the boundary
∂M. These normal derivatives of δgμν can be canceled by
the variation of the surface action [38,39,55]

Isur = 1

8π

∫
∂M

dn+1x
√−γ

[n/2]∑
p=1

αpQ p,

where

Qp = p

1∫
0

dt δ
[ j j1··· j2p−1]
[i i1···i2p−1] K i1

j1

×
(

1

2
R̂i2i3
j2 j3

(γ ) − t2K i2
j2
K i3

j3

)

· · ·
(

1

2
R̂
i2p−2i2p−1
j2p−2 j2p−1

(γ ) − t2 K
i2p−2
j2p−2

K
i2p−1
j2p−1

)
. (8)

In Eq. (8) γab and Kab = −γ
μ
a ∇μnb are the induced metric

and extrinsic curvature of the boundary ∂M, respectively. The
explicit form of the first three terms of Eq. (8) are [38,39]:

I (1)
sur = 1

8π

∫
∂M

dnx
√−γ K ,

I (2)
sur = α2

4π

∫
∂M

dnx
√−γ

(
J − 2Ĝ(1)

ab K
ab

)
,

I (3)
sur = 3α3

8π

∫
δM

dnx
√−γ

{
P − 2Ĝ(2)

ab K
ab + 2R̂ J

− 12R̂ab J
ab − 4R̂abcd

(
2KacKb

e K
ed−KKacKbd

)}
,

(9)

where J and P are the traces of

Jab = 1

3

(
2KKacK

c
b + Kcd K

cd Kab − 2KacK
cd Kdb

− K 2Kab

)
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and

Pab = 1

5

{[
K 4 − 6K 2Kcd Kcd + 8KKcd K

d
e K

ec

− 6Kcd K
deKef K

f c + 3
(
Kcd K

cd
)2

]
Kab

−
(

4K 3 − 12KKed K
ed + 8KdeK

e
f K

f d
)
KacK

c
b

− 24KKacK
cd KdeK

e
b

+
(

12K 2 − 12Kef K
ef

)
KacK

cd Kdb

+ 24KacK
cd KdeK

ef Kbf

}
, (10)

respectively. In Eq. (9) Ĝ(1)
ab is the Einstein tensor, R̂abcd(γ )

is the intrinsic curvature and Ĝ(2)
ab is the Gauss-Bonnet tensor

of the metric γab given as

Ĝ(2)
ab = 2

(
R̂acde R̂

cde
b − 2R̂acbd R̂

cd − 2R̂ac R̂
c
b + R̂ R̂ab

)

− 1

2
L̂2γab.

3 Counterterm method for static solutions of third
order Lovelock gravity

It is well known that the action Ibulk + Isur is not finite for
asymptotically AdS solutions. Inspired by AdS/CFT cor-
respondence, one needs to add counterterms to the gravity
action in order to get a finite action. These counterterms are
made from the curvature invariants of the boundary metric
with the coefficients of the higher curvature terms chosen so
that power law divergences in the bulk are canceled for all
possible boundary topologies permitted by the equations of
motion. At any given dimension there are only a finite number
of counterterms that do not vanish at infinity. This does not
depend upon what the gravity theory is – i.e. whether or not it
is Einstein, Gauss-Bonnet, 3rd order Lovelock, etc. Indeed,
for asymptotically AdS solutions, the boundary counterterms
that cancel the divergences in Einstein Gravity may also can-
cel the divergences in Lovelock gravity if one chooses the
cosmological constant as in Eq. (4). This is due to the fact
that the pth order Lovelock Lagrangian

√
γLp calculated

for the metric (2) is independent of Lovelock coefficients.
That is, the different orders of Lovelock action do not mix
with each other and one may find the counterterms for dif-
ferent orders of Lovelock terms separately. This point makes
the calculation easier. Of course, the coefficients of the vari-
ous counterterms for different Lovelock terms will be differ-
ent, depend only on L and will be independent of Lovelock
coefficients. Thus, using the counterterms of Einstein grav-
ity [25,26], we may write the counterterms of third order
Lovelock gravity as

Ict =
3∑

p=1

I (p)
ct , (11)

where

I (p)
ct = 1

8π

∫
∂M

dxn
√−γ α̃p

{
Ap + Bp R̂ + Cp

×
(
R̂ab R̂ab − n

4(n − 1)
R̂2

)

+ Dp

(
3n + 2

4(n − 1)
R̂ R̂ab R̂ab − n (n + 2)

16(n − 1)2 R̂
3

− 2R̂ab R̂cd R̂acbd + n − 2

2(n − 1)
R̂abDaDb R̂

−R̂abD2 R̂ab + 1

2(n − 1)
R̂D2 R̂

)
+ · · ·

}
. (12)

The coefficients Ap, Bp, Cp and Dp in Eq. (12) should
depend on L . These coefficients for Einstein gravity (α̃p = 1,
α̃2 = α̃3 = 0) are [25,26]

A1 = − (n − 1)

L
, B1 = − L

2(n − 2)
,

C1 = − L3

2(n − 2)2(n − 4)
, D1 = L5

(n − 2)3(n − 4)(n − 6)

(13)

One may note that the coefficients Ap, Bp, Cp and Dp are
independent of Lovelock coefficients. We apply the countert-
erms (12 ) to various static solutions of Gauss-Bonnet and
third order Lovelock gravity with different topolgy and find
that these coefficients are

A2 = −2

3
A1, B2 = B1, C2 = −6C1, D2 = −10D1,

(14)

and

A3 = 6

5
A1, B3 = −B1,

C3 = −18C1, D3 = 15D1, (15)

for Gauss-Bonnet and third order Lovelock gravity, respec-
tively. The reason that we use exactly the counterterms of
Einstein gravity is as follows. First, the boundary at r =
const. for static solutions is a constant curvature hypersur-
face and therefore no six-derivative term will be appeared
in the counterterms. In other words, all the terms of a spe-
cific order of counterterms [for example R2 and RabRab in
C2(R̂ab R̂ab−n R̂2/[4(n−1)])] for static solutions are propor-
tional to r−4. Also, Rabcd Rabcd is proportional to r−4. There-
fore, in order to remove the divergences of the action which
are proportional to r−4, any combination of R2, RabRab and
Rabcd Rabcd can be used. So, we just use exactly the coun-
terterms of Einstein gravity. Second, Ap, Bp, Cp, Dp, for
p = 2 and 3 are proportional to those of Einstein countert-
erm independent of the dimensions. That is, the dimensional-
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dependence of these coefficients are the same as those in
Einstein gravity. Third, as we will see in the next section, the
entropy calculated through the use of Gibbs-Duhem relation
and the mass and action calculated by our counterterms is
consistent with the entropy obtained by use of Wald’s for-
mula. Fourth, the mass calculated by our counterterms satis-
fies the first law of thermodynamics.

While the total action Ibulk + Isur + Ict is appropriate in
grand-canonical ensemble where δAμ is zero at the boundary,
the appropriate action in the canonical ensemble where the
electric charge is fixed is [56]

Ĩ = Ibulk + Isur + Ict − 1

16π

∫
∂M

dnx
√−γ nμFμν A

ν .

(16)

Thus both in canonical and grand-canonical ensemble, the
variation of total action about the solutions of the field equa-
tions is

δ I = δ Ĩ =
3∑

p=0

(
δ I (p)

sur

δγ ab
+ δ I (p)

ct

δγ ab

)
δγ ab. (17)

So, the energy-momentum tensor can be written as:

Tab = T (sur)
ab + T (ct)

ab = 2√−γ

3∑
p=0

(
δ I (p)

sur

δγ ab
+ δ I (p)

ct

δγ ab

)
. (18)

The explicit expressions of T (sur)
ab and T (ct)

ab are somewhat
cumbersome so we give them in the Appendix.

To compute the conserved charges of the spacetime, we
choose a spacelike hypersurface B in ∂M with metric σi j ,
and write the boundary metric in ADM form:

γabdx
adxa = −N 2dt2+σi j

(
dϕi +V idt

) (
dϕ j +V jdt

)
,

(19)

where the coordinates ϕi are the angular variables param-
eterizing the hypersurface of constant r around the origin,
and N and V i are the lapse and shift functions, respectively.
When there is a Killing vector field ς on the boundary, then
the quasilocal conserved quantities associated with the stress
tensors of Eq. (18) can be written as

Q(ς) =
∫
B
dn−1ϕ

√
σTabn

aςb, (20)

where σ is the determinant of the metric σi j , and na is the
timelike unit normal vector to the boundary B. In the con-
text of counterterm method, the limit in which the boundary
B becomes infinite (B∞) is taken, and the counterterm pre-
scription ensures that the action and conserved charges are
finite. No embedding of the surface B into a reference of
spacetime is required and the quantities which are computed
are intrinsic to the spacetimes.

4 Thermodynamics of AdS charged black holes

The field equation of third order Lovelock gravity for the
static metric

ds2 = − f (r)dt2 + dr2

f (r)
+ r2d�2

k,n−1

in the presence of electromagnetic field may be written as

α̃3

([
ψ3(r) − 1

]
− α̃2

[
ψ2(r) − 1

]
+ [ψ(r) − 1]

)

+ mL2

rn
− 2

(n − 1)(n − 2)

q2L2

r2(n−1)
= 0, (21)

where ψ(r) ≡ [ f (r)− k]L2/r2, q is the charge of the black
hole and m is the integration constant which is related to the
mass of the solution. The electromagnetic potential for the
above metric is

Aμ = − q

(n − 2)rn−2 δtμ.

The mass parameter m may be written in terms of horizon
radius and q by using the fact that ψ(r+) = −kL2/r2+, and
therefore

m =
(

1 − α̃2 + α̃3 + k
L2

r2+
μ

)
rn+
L2 + 2q2

(n − 1)(n − 2)rn−2+
,

where

μ = 1 + α̃2k
L2

r2+
+ α̃3k

2 L
4

r4+
. (22)

As one expects, ψ(r) = 1 ( f (r) = 1 + kr2/L2) is the root
of Eq. (21) for the vacuum spacetime (m = 0 and q = 0).
The three solutions of the cubic Eq. (21) are

ψ1(r) = α̃2

3α̃3
+ δ + u δ−1, (23)

ψ2(r) = α̃2

3α̃3
+ −1

2

(
δ + u δ−1

)
+ i

√
3

2

(
δ − u δ−1

)
(24)

ψ3(r) = α̃2

3α̃3
− 1

2

(
δ + u δ−1

)
− i

√
3

2

(
δ − u δ−1

)
(25)

where

δ = (v +
√

v2 − u3)
1/3

,

u = α̃2
2 − 3α̃3

9α̃2
3

,
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v = 1

2
+ 2α̃3

2 − 9α̃2α̃3 − 27α̃2α̃
2
3

54α̃3
3

− 1

2α̃3

(
mL2

rn
− 2L2q2

(n − 1)(n − 2)r2(n−1)

)
.

All of the above three roots could be real in the appropri-
ate range of α̃2 and α̃3. The second and third solutions are
real provided u3 > v2. Here, we will consider only the first
solution ψ1(r) which is real provided u3 < v2 at any r .

Now, we investigate the thermodynamics of the black hole
solutions. The temperature of the event horizon may be cal-
culated through the use of analytic continuation of the metric.
One obtains

T = 1

4πηr+

([
1 − α̃2 + α̃3

]
n
r2+
L2 + k (nμ − 2η)

− 2q2

(n − 1)r2(n−2)
+

)
, (26)

where

η = 1 + 2α̃2
kL2

r2+
+ 3α̃3

k2L4

r4+
. (27)

The charge of the black holes per unit volume can be calcu-
lated by integrating the flux of the electric field as

Q = 1

4π

∫
Fd� = 1

4π
q. (28)

The electric potential �, measured at infinity with respect to
the horizon is defined as

� = Aμχμ|r→∞ − Aμχμ|r=r+ . (29)

where χ = ∂/∂t is the null generator of the horizon. One
obtains

� = q

(n − 2)rn−2+
. (30)

The finite total action in grand-canonical and canonical
ensembles can be found through the use of the counterterm
method introduced in the last section. It is a matter of straight-
forward calculations to show that the total action is finite.
Since we are interested in the stability of the solutions in
canonical ensemble, we calculate the finite Euclidian action
per unit volume Vk,n−1 in this ensemble. One obtains

Ĩ = β

16π

{(
ξ

(n − 1)η
+ 1

(n − 2)

)
2q2

rn−2+
+ (n − 1)kμrn−2+

− (1 − α̃2 + α̃3)

[
n

(
ξ

η
− 1

)
+ 1

]
rn+
L2

−k (nμ − 2η)
ξ

η
rn−2+

}
+ I0

where β is the Euclidean time period (the inverse of temper-
ature), η is given in Eq. (27), ξ is

ξ = 1 + 2α̃2
(n − 1)kL2

(n − 3)r2+
+ 3α̃3

(n − 1)k2L4

(n − 5)r4+
, (31)

and I0 is

I0 = β

8π

∑
n/2=3,4,...

(−k)(n/2) ((n − 1)!!)2Ln−2

n!

×
{

1 + 2
(n − 1)

(n − 3)
α̃2 + 3

(n − 1)

(n − 5)
α̃3

}
.

One should note that I0 appears only in odd dimensions (even
n).

For our static solution, there is a Killing vector field
ς = ∂/∂t on the boundary, and therefore the quasilocal con-
served quantity associated with the stress tensors of Eq. (18)
is the mass of the black hole. Using the counterterm method
introduced in the last section, it is a matter of calculation to
obtain the mass of black hole as

M = (n − 1)m

16π
+ M0

= (n − 1)

16π

{(
1 − α̃2 + α̃3 + k

L2

r2+
μ

)
rn+
L2

+ 16π2Q2

(n − 1)(n − 2)rn−2+

}
+ M0, (32)

where M0 = I0/β is the Casimir energy for the vacuum
AdS metric per volume Vk,n−1, which is nonzero only in odd
dimensions. In order to have positive energy M − M0, one
should restrict the range of Lovelock coefficients in terms of
Q, L and r+ as

α̃3 > −
(

1 + k3 l
6

r6+

)−1 {
1 + k

l2

r2+
+ α̃2

(
1 − k2 l

4

r4+

)

− 2q2L2

(n − 1)(n − 2)r2(n−1)
+

}
. (33)

That is, the third order Lovelock coefficient has a lower limit
in terms of α̃2, q, L and r+.

Using the mass and action per unit volume Vk,n−1 calcu-
lated through the use of counterterm method, one may cal-
culate the entropy per unit volume through the use of Gibbs-
Duhem relation S = βM − Ĩ as

S = ξ
rn−1+

4
. (34)

It is worth to note that the entropy of the black hole solution
per unit volumeVk,n−1 calculated by the use of Gibbs-Duhem
relation is consistent with the calculation through the use of
Wald formula [54,57]
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S = 1

4

∫
dn−1x

√
g̃

(
1 + kR + k2α2L̃2

)
, (35)

where the integration is done on the (n − 1)-dimensional
spacelike hypersurface of Killing horizon, g̃μν is the induced
metric on it, g̃ is the determinant of g̃μν and L̃2 is the 2nd
order Lovelock Lagrangian of g̃μν . Also, one may note that
the thermodynamic quantities calculated in this section sat-
isfy the first law of thermodynamics

dM = (∂M/∂r+)Q

(∂S/∂r+)
dS +

(
∂M

∂Q

)
S
dQ = TdS + �dQ.

5 Stability in the canonical ensemble

Now, we study the thermal stability of the black hole solutions
of third order Lovelock gravity in canonical ensemble. First,
we investigate the conditions of having black hole solution
in Lovelock gravity. The solution given by Eq. (23) presents
a black hole solution provided f (r) has at least one real
positive root. This occurs if r+ ≥ rext, or q ≤ qext where rext

and qext satisfy the following equation:

[
1 − α̃2 + α̃3

]
n
r2

ext

L2 + k

[
(n − 2) + k(n − 4)

L2

r2
ext

+ k2(n − 6)
L4

r4
ext

− 2q2
ext

(n − 1)r2(n−2)
ext

]
= 0. (36)

Also, the temperature of a physical black hole should be
positive. One may note that the temperature changes its sign
at the root of η = 0 (rcrit). The radius rcrit depends on L and
Lovelock coefficients, while rext depends on q too. In Fig. 1,
the vertical line is η = 0 line. This figure shows that one may
have only small (η < 0) and large black holes, and there
is no medium black hole solution (rcrit < r+ < rext). This
feature does not occur for black holes of Einstein gravity or
Lovelock gravity with positive Lovelock coefficients, since
η 	= 0. Thus, for the case of Lovelock gravity with negative
Lovelock coefficient(s) one may divide the black holes into
two classes with negative and positive η.

In the canonical ensemble Q is fixed and therefore the
black hole solutions are stable provided (∂2M/∂S2)Q > 0
in the range that T is positive. Using the expressions for mass
and entropy given in Eqs. (32) and (34), one may calculate
(∂2M/∂S2)Q :

(
∂2M

∂S2

)
Q

=
(

∂2M

∂r2+

)
Q

(
∂S

∂r+

)−2

−
(

∂M

∂r+

)
Q

(
∂S

∂r+

)−3
(

∂2S

∂r2+

)

= (n − 1)σ + 2q2 γ r−2n+8+
(n − 1)2rn+4+ η3

. (37)

Fig. 1 10−2T versus r+ for q = 0.1, L = 1, k = 1 and n = 6 in
Einstein gravity (solid) and Lovelock gravity (dotted) with α̃2 = 0.1
and α̃3 = −0.01. The vertical line is η = 0 line

where

γ = (2n − 3) + 2kα̃2(2n − 5)
L2

r2+
+ 3k2α̃3(2n − 7)

L4

r4+
,

σ = nr6+ (1 − α̃2 + α̃3) L
−2

+ kr4+
[
2 + n

(
−1 − 6α̃2

2 + 6α̃2 (1 + α̃3)
)]

− k2r2+
[
n (α̃2 (15α̃3 + 1) − 15α̃3 (1 + α̃3)) − 8α̃2

]
L2

− 2k
[
n(α̃2

2 − 2α̃3) − 4α̃2
2 − 6α̃3

]
L4

− 3k2α̃3α̃2r
−2+ (n − 8)L6 − 3kα̃2

3r
−4+ (n − 6)L8.

To investigate the stability of black holes of third order
Lovelock gravity in canonical ensemble, we should find the
sign of

(
∂2M/∂S2

)
Q , when T is positive. In order to inves-

tigate the stability, we plot T and
(
∂2M/∂S2

)
Q in one fig-

ure. The allowed region for investigation of
(
∂2M/∂S2

)
Q

is when T is positive. In Fig. 2, the vertical dotted-line is
η = 0 line. This figure shows that the small black holes
(η < 0) divided into stable and unstable black holes. That
is a Hawking-Page phase transition exists for small black
holes between very small and small black holes. There is no
phase transition for large black holes (η > 0) as one may see
in Fig. 2. For investigating the effect of third order term of
Lovelock gravity on the stability of the black hole solutions,
we plot T and

(
∂2M/∂S2

)
Q versus α̃3 for small and large

black holes. Figure 3 shows that there is no large black holes
for large negative α̃3, while the large black holes for small
negative α̃3 are not stable. As α̃3 becomes larger, large stable
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Fig. 2 10−3T (dotted) and 10−5(∂2M/∂S2)Q (solid) versus r+ for
α̃2 = 0.1, α̃3 = −0.01, q = 0.1, L = 1, k = 1 and n = 6. The vertical
line is η = 0 line

Fig. 3 10−2T (dotted) and 10−1
(
∂2M/∂S2

)
Q (solid) versus α̃3 for

α̃2 = 0.1, q = 0.5, L = 1, k = 1, n = 6 and r+ = 1.2. The vertical
line is η = 0 line

black holes may exist. Figure 4 shows that there is no small
black hole solution for positive α̃3, while the small black hole
with negative α̃3 are stable. Figure 5 shows that there is no
negative-η (small) uncharged black hole with event horizon,
while the large black holes (η > 0) show a phase transition

Fig. 4 10−4T (dotted) and 10−4
(
∂2M/∂S2

)
Q (solid) versus α̃3 for

α̃2 = 0.1, q = 0.5, L = 1, k = 1, n = 6 and r+ = 0.1

Fig. 5 10−2T (dotted) and
(
∂2M/∂S2

)
Q (solid) versus r+ for α̃2 =

0.1, α̃3 = −0.2, q = 0, L = 1, k = 1 and n = 6. The vertical line is
η = 0 line

between large and very large ones. One may see in Fig. 5 that
the large black holes with positive η show a phase transition,
while these black holes with negative η are not stable. Finally,
Figs. 6 and 7 show the temperature and

(
∂2M/∂S2

)
Q versus

α̃3 for small and large uncharged black holes. Figure 6 shows
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Fig. 6 10T (dotted) and 10
(
∂2M/∂S2

)
Q (solid) versus α̃3 for α̃2 =

0.1, q = 0.5, L = 1, k = 1, n = 6 and r+ = 0.2

Fig. 7 10−2T (dotted) and 10−2
(
∂2M/∂S2

)
Q (solid) versus α̃3 for

α̃2 = 0.1, q = 0.5, L = 1, k = 1, n = 6 and r+ = 1.2. The vertical
line is η = 0 line

that there is no uncharged black hole with negative η, while
the black holes with positive η are stable. On the other hand,
the large uncharged black holes with positive η show a phase
transition as α̃3 becomes larger and these solutions are not
stable for very large negative α̃3.

6 Closing remarks

The concepts of action plays a central role in gravitation the-
ories, but the sum of the bulk and the surface terms diverges.
In this paper, we introduced the counterterms that remove
the non-logarithmic divergences of static solutions of third
order Lovelock gravity. We did this by defining the cosmo-
logical constant in such a way that the AdS metric (2) is
the vacuum solution of Lovelock gravity. Indeed, the cosmo-
logical constant (4) makes the asymptotic form of the solu-
tions of Lovelock gravity to be exactly the same as that of
Einstein gravity. Thus, we employed the counterterms intro-
duced for Einstein gravity in [25,26] and found that the power
law divergences of static solutions in the action of Lovelock
gravity can be removed by suitable choice of coefficients.
We found that the counterterms are independent of Love-
lock coefficients and the dimensionally dependent of them
is the same as those of Einstein gravity. The main differ-
ence of our work with that of Ref. [16] is that the coun-
terterms are exactly the same as those of Einstein gravity
and do not depend on Lovelock coefficients. The only job
which remains is that one needs to calculate the coefficients
Ap, Bp, Cp and Dp . For example if one wants to remove
the divergences of the action due to the Gauss-Bonnet term,
one should calculate A2, B2, C2 and D2 that remove the
divergences of

√
γL2, without regarding the other Lovelock

terms. This enables one to generalize this method to other
higher curvature theories of gravity easily, including fourth
order Lovelock gravity or f (R) gravity. We also introduced
the finite energy-momentum tensor in third order Lovelock
gravity.

In addition, we employed these counterterms to calcu-
late the finite action and mass of the static black hole solu-
tions of third order Lovelock gravity. Calculating the tem-
perature, the electric charge and electric potential and using
the calculated finite action and mass, we showed that the
entropy calculated through the use of Gibbs-Duhem rela-
tion is consistent with the calculated entropy by Wald’s
formula. We, also, showed that the conserved and thermo-
dynamic quantities satisfy the first law of thermodynam-
ics. Finally, we investigated the stability of charged black
holes of Lovelock gravity in canonical ensemble. We found
that the black holes with respect to the sign of η given in
Eq. (27) may be divided into two classes. The negative η

(small) black holes show a phase transition between very
small and small black holes, while the large black holes
are stable. There is no black hole solution with medium
size. Of course by small black holes we mean the size of
them with respect to the cosmological parameter L . We,
also, investigated the effects of third order Lovelock term
on the stability of the solutions. We found that there is no
large black holes for large negative α̃3, while the black holes
for small negative α̃3 are not stable. We also found that
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as α̃3 becomes larger, stable black holes may exist. This
shows that there is a phase transition as the third order term
of Lovelock gravity becomes larger. Finally, we found that
there is no small black hole solution for positive α̃3, while
the black hole with negative α̃3 are stable. Finally, we con-
sidered the uncharged black holes of Lovelock gravity and
found that negative η solutions are not black holes with
event horizon, while the positive η black holes show a phase
transition.
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7 Appendix

The first term of Eq. (18) which is the energy-momentum
tensor of the surface term is

T (sur)
ab = 1

8π
{Kab − Kγab + 2α2[3Jab − Jγab

− 2Ĝ(a
cKb)c + 2R̂abK − Kab R̂

+ 2Kcd Ĝ
cdγab − 2Kcd R̂acbd ]

+ 3α3[5Pab−Pγab+2K Ĝ(2)
ab +L2(Kab + Kγab)

+ 4J R̂ab − 24J(a
c R̂b)c + 8Kcd R̂ac R̂bd

− 8KKa
cKb

d R̂cd + 8KKabK
cd R̂cd

− 8Kcd R̂ab R̂cd + 16K(a
c R̂b)

d R̂cd

+ 16K(a
cKb)

d Kd
e R̂ce − 8KabKc

eK cd R̂de

+ 6Jab R̂ − 8K(a
c R̂b)c R̂ − 12J cd R̂acbd

− 4Kcd R̂ R̂acbd − 8Ka
cKbcK

de R̂de

+ 16Kc
d K ef K(a

c R̂b)ed f + 16Kd
f K deK(a

c R̂b)ec f

+ 16K(a
c R̂b)dce R̂

de − 16KKdeK(a
c R̂b)dce

− 16Kcd R̂(a
e R̂b)cde − 4Kcd R̂ac

e f R̂bde f

+ 8Kcd R̂c
e R̂aebd + 8Kcd R̂c

e R̂adbe

− 8Kcd R̂a
e
c
f R̂bed f − 8K(a

c R̂b)
de f R̂cde f

+ 8Ka
cKb

d K ef R̂ced f − 4KabK
cd K ef R̂ced f

+ 8Kcd R̂a
e
b
f R̂ced f + 2γab(Ĝ

(2)
cd K

cd

+ 6J cd R̂cd − J R̂ + 2KKcd K ef R̂ced f

− 4Kc
eK cd K f h R̂d f eh)]}

and the second term corresponding to the counterterm is

T (ct)
ab = 1

8π

3∑
p=1

α̃p

{
Apγab − 2Bp

(
R̂ab − 1

2
γ R̂

)

− Cp

[
− γab

(
R̂cd R̂cd − n

4(n − 1)
R̂2

)

− n

(n − 1)
R̂ R̂ab − 1

(n − 1)
γab D

2 R̂ + D2 R̂ab

− (n − 2)

(n − 1)
Da Db R̂ + 4R̂acbd R̂

cd
]

− Dp

[
2(3n + 2)

4(n − 1)

[(
Ĝ(1)

ab R̂
cd R̂cd

)

− DaDb

(
R̂e f R̂e f

)
+γabD

2
(
R̂e f R̂e f

)
+2R̂ R̂ c

a R̂bc

+ γabDcDd

(
R̂ R̂cd

)
+D2

(
R̂ R̂ab

)
−DcDb

(
R̂ R̂ac

)

− DcDa

(
R̂ R̂bc

)]
− n(n + 2)

16(n − 1)2

[
−γab R̂

3

+ 6
(
R̂2 R̂ab − DaDb R̂

2 + γabD
2 R̂2

)]

− 2
[
−γab R̂

e f R̂cd R̂ec f d

+ 3
(
R̂ e
a R̂cd R̂ecbd+ R̂ e

b R̂cd R̂ecad

)

− 2DcDd

(
R̂ab R̂

cd
)

+ 2DcDd

(
R̂ c
a R̂ d

b

)

+ 2γabDeD
f
(
R̂cd R̂e

c f d

)
+ 2D2

(
R̂cd R̂acbd

)

− 2DeDa

(
R̂cd R̂e

cbd

)
− 2DeDb

(
R̂cd R̂e

cad

)]

+ n − 2

2(n − 1)

[
− Da R̂Db R̂ + R̂b

cDcDa R̂

+ R̂a
cDcDb(R̂) − 2DcD

cDbDa(R̂)

− 7

2
R̂a

c
b
d DcDd(R̂) + 2Da(R̂bc)D

c(R̂)

+ Db(R̂ac)D
c(R̂) + Db R̂acD

c R̂ − 2Dc R̂abD
c R̂

− R̂b
c
c
d DaDd R̂ − R̂a

c
c
d Dd Db R̂

− R̂a
c
b
d Dd Dc(R̂) + 2R̂abDeD

e(R̂)

+ 1

2
γab(De R̂D

e R̂ + D4 R̂)
]

−
[
2DaDb(D

2 R̂) − 2D4 R̂ab + 2Dp R̂(a R̂
p
b)

− 4R̂ pq DaDb R̂pq+12 R̂ pq D(b R̂pa)q

− 4(D2 R̂ pq)R̂paqb + 6Dp(R̂)D(b R̂
p
a)

− 2Da(R̂
pq)Db(R̂pq) + 4D(a Dq

(
R̂ pq R̂b)p

)

+ 16Dr ( R̂ pq)D(b R̂|rqp|a) − 4 R̂ pq R̂pa R̂qb

+ 8R̂ pr R̂q
r R̂paqb + 4 R̂ pq R̂r

(a R̂|rqp|b)
]

+ γab

[
− D4 R̂−4 DpDq(R̂)R̂ pq+2R̂pq D

2(R̂ pq)

+ 4 Dr Ds(R̂pq)R̂
prqs − De(R̂)De(R̂)
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+ 5 Dr (R̂pq)D
r (R̂ pq) − 8 Dr (R̂pq)D

q(R̂ pr )

− 4 R̂pq R̂
p
r R̂

qr + 4 R̂pq R̂rs R̂
prqs

]

+ 1

n − 1

[
2 DaDb(D

2 R̂) − 2 (D2 R̂)R̂ab

+ Da(R̂)Db(R̂) + γab

(
−2 D4 R̂

− 1

2
Dc R̂D

c R̂

) ]]}
.

where Ap’s, Bp’s, Cp’s and Dp’s are given in Eqs. (13–
15). The above counterterms remove the divergences of the
energy-momentum tensor for n ≤ 8. As in the case of Ein-
stein gravity, one should add more counterterms for n > 8.
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