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A b s t r a c t  

The possibility of improving the Gravity Field and Steady-State 
Ocean Circulation Explorer (GOCE) mission satellite orbit using gravity 
gradient observations was investigated. The orbit improvement is per-
formed by a dedicated software package, called the Orbital Computation 
System (OCS), which is based on the classical least squares method. The 
corrections to the initial satellite state vector components are estimated in 
an iterative process, using dynamic models describing gravitational per-
turbations. An important component implemented in the OCS package is 
the 8th order Cowell numerical integration procedure, which directly 
generates the satellite orbit. Taking into account the real and simulated 
GOCE gravity gradients, different variants of the solution of the orbit 
improvement process were obtained. The improved orbits were com-
pared to the GOCE reference orbits (Precise Science Orbits for the 
GOCE satellite provided by the European Space Agency) using the root 
mean squares (RMS) of the differences between the satellite positions in 
these orbits. The comparison between the improved orbits and the refer-
ence orbits was performed with respect to the inertial reference frame 
(IRF) at J2000.0 epoch. The RMS values for the solutions based on the 
real gravity gradient measurements are at a level of hundreds of kilome-
ters and more. This means that orbit improvement using the real gravity 
gradients is ineffective. However, all solutions using simulated gravity 
gradients have RMS values below the threshold determined by the RMS 
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values for the computed orbits (without the improvement). The most 
promising results were achieved when short orbital arcs with lengths up 
to tens of minutes were improved. For these short arcs, the RMS values 
reach the level of centimeters, which is close to the accuracy of the Pre-
cise Science Orbit for the GOCE satellite. Additional research has pro-
vided requirements for efficient orbit improvement in terms of the 
accuracy and spectral content of the measured gravity gradients. 

Key words: GOCE satellite orbit, gravity gradients. 

1. INTRODUCTION 
The Gravity Field and Steady-State Ocean Circulation Explorer (GOCE) 
mission terminated in November 2013 was dedicated to the study of the 
Earth’s gravitational field. For the first time, a satellite with a gradiometer on 
board was successfully placed in an almost circular orbit with an inclination 
of 96.7° and a mean altitude of around 254.9 km (Rummel et al. 2009). The 
gradiometer, consisting of three pairs of identical accelerometers, forming 
three arms, each around 50 cm long, provided the measurements of the sec-
ond spatial derivatives of the geopotential, also known as gravity gradients, 
or gravity gradient tensor (GGT) measurements. The second instrument, be-
sides the gradiometer installed on board the GOCE satellite, was a Global 
Positioning System (GPS) receiver, which was the source of code and phase 
observations of the GPS satellite constellation, called Satellite-to-Satellite 
Tracking high-low mode observations (SST-hl) or simply GPS observations 
(ESA 1999). Both mentioned types of measurements, collected during the 
four years of the GOCE mission, are the basic data serving to implement the 
main scientific aim, i.e., the estimation of new models of the Earth’s static 
gravity field. These models in the form of sets of coefficients of geopotential 
expansion into a spherical harmonic series will find application in a number 
of sciences such as solid Earth physics, oceanography, and geodesy (Johan-
nessen et al. 2003). An important factor in the determination of these models 
is the geolocation of observation data, performed by satellite orbit estima-
tion. This estimation is carried out using SST-hl measurements, which are 
composed of the above-mentioned dual-frequency code and phase observa-
tions with respect to GPS satellites. 

The determined GOCE satellite orbit occurs in two versions. The first 
version is based on parameters describing the field of forces determining the 
satellite’s motion, including, first of all, the gravity field model. Orbit deter-
mination starts with the preparation of data on GPS satellites: orbital infor-
mation and their clock corrections. Parameters describing Earth rotation are 
also taken into account (Bock et al. 2007, 2011). The approximate orbit is 
generated in the first stage using pseudo-range measurements. This orbit is 
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described by six osculating Keplerian elements at the initial epoch and nine 
empirical parameters modeling the constant and periodically changing addi-
tional satellite acceleration. The approximate orbit serves to synchronize the 
clock of the GPS receiver onboard the satellite with the GPS time system for 
all observation epochs. In the next step, the aforementioned orbit is im-
proved by means of an iterative procedure using phase measurements with a 
30-s sampling interval. This time, the obtained orbit has a richer parameteri-
zation; the above-mentioned six osculating Keplerian elements at the initial 
epoch and nine empirical parameters are additionally supplemented by three 
components of the pseudo-stochastic acceleration vector, estimated for suc-
cessive 15-min intervals (Bock et al. 2007). The next stage is another orbit 
improvement using phase observations with an even higher time resolution 
than before, which is now at 10 s. The final orbit, obtained after an appropri-
ate number of iterations, is defined by the six osculating elements at the ini-
tial epoch, three empirical constants of satellite acceleration in the radial 
direction, along the direction of motion and in the direction perpendicular to 
the instantaneous plane of the orbit, respectively, and satellite accelerations 
constant at successive 6-min intervals along the directions listed above. The 
GPS measurements mentioned here are non-differentiated observations of 
the carrier phase, hence the need for additional determination of the ambigui-
ties of the total number of cycles and the receiver clock corrections. The ob-
tained satellite orbit is presented as a time series of position and velocity 
components at 10-s intervals relative to the International Terrestrial Refer-
ence Frame 2005 (ITRF2005) reference frame (ESA 2010). The first version 
of the GOCE orbit described above is referred to as the reduced-dynamic or-
bit because it partly depends on the estimated pseudo-stochastic vectors of 
the satellite’s empirical acceleration. For the second version of the GOCE 
orbit, also called the kinematic orbit, the determination is based solely on 
geometric data (code and phase measurements); no parameters characteriz-
ing the dynamic state of the satellite are taken into account. As a result, only 
the satellite position vectors for successive epochs are determined together 
with the ambiguity of the total number of cycles and the receiver clock cor-
rections. The final solution is a time series of the satellite’s coordinates in 
the ITRF2005 reference frame with 1-s time resolution (Bock et al. 2007).  

To assess external accuracy, both versions of the GOCE orbit were com-
pared with the orbit determined based on the Satellite Laser Ranging (SLR) 
measurements. The obtained differences show the accuracy of determining 
the reduced-dynamic orbit and the kinematic orbit at a level of a few centi-
meters (Bock et al. 2011). 

As shown by the above description, the process of determining both ver-
sions of the GOCE satellite orbit is based on the use of GPS observations, 
while the second type of measurements from the GOCE mission (gravity 
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gradients) finds application in the estimation of gravity field models. How-
ever, gravity gradients as the second spatial derivatives of the geopotential 
also contain information about the satellite’s position. The possibility of us-
ing this information was noted by Rummel and Colombo (1985), where the 
corrections to the spherical harmonic coefficients were determined together 
with the corrections to the initial satellite state vector components. Boboj
 
and Dro�yner (2003) showed the possibility of using the gravity gradient 
tensor components to improve simulated low Earth-orbiting (LEO) satellite 
orbits. An interesting idea of the application of dynamical aspect of gravity 
gradients for a satellite orbit determination is given by Eshagh (2014). The 
satellite acceleration vector is derived from gravity gradients in order to de-
termine an orbit by the numerical integration (Eshagh 2014). 

The aim of this paper is to examine the possibility and conditions of effi-
cient GOCE satellite orbit determination using the geometrical information 
contained in gravity gradient observations. 

2. THEORETICAL  BASIS 
The satellite’s motion in the Earth’s gravity field can be described by an 
equation in the following general form (Palacios et al. 1992): 

 3
GM ,= r f
r

� ���r  (1) 

where r and ��r  are the satellite position and acceleration vectors, respec-
tively, r is the distance between the satellite and the Earth’s mass center, GM 
is the product of the gravity constant and Earth’s mass, f is the perturbing 
acceleration vector. The first term of the right-hand side of Eq. 1 represents 
the satellite’s Keplerian motion in the central gravity field, the other takes 
into account the effect of perturbing forces, which can be divided into two 
basic groups. The first of them includes gravitational perturbations generated 
by the geopotential, Earth tides, ocean tides, the Earth’s rotational deforma-
tion caused by changes in the angular velocity vector, the third body effect 
and the relativity effects. The other group contains non-gravitational pertur-
bations: atmospheric drag, solar radiation pressure, the albedo effect, and the 
effect of magnetic forces (Eshagh and Najafi-Alamdari 2007). The resultant 
perturbing acceleration vector f can also be composed (besides accelerations 
resulting from the above-mentioned forces) of pseudo-stochastic empirical 
acceleration vectors constant at specific time intervals, which were estimated 
during the determination of the reduced-dynamic orbit in the case of the 
GOCE satellite (Bock et al. 2011). 

It is obvious that the dominant effect on the satellite’s motion is exerted 
by the gravity field, whose potential V is expressed by (Heiskanen and 
Moritz 1967):  
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In Eq. 2 r, �, and � are the geocentric coordinates of a given point; r is 
the distance from Earth’s center,  � = 90° – �  is the colatitude and � the ge-
ocentric latitude, � is the geocentric longitude, W(r, �, �) is the gravity poten-
tial containing centrifugal potential, Z(r, �, �) is the centrifugal potential, a is 
the equatorial radius of the Earth ellipsoid, nmC , nmS  are the spherical har-
monic coefficients (Stokes’ coefficients) of degree n (n = 0, 1, ..., Nmax;  Nmax 
is maximum degree of the spherical harmonic expansion) and order m (m = 
0, 1, ..., n), and (cos )nmP �  is the normalized associated Legendre function of 
degree n and order m. 

As already noted, the gravity gradients  Vij (i, j = 1, 2, 3)  provided by the 
GOCE mission are the second spatial derivatives of the geopotential V. 
Hence, one can write

                                               
 

2 ( , , ) ,ij
j i

V r � �V
x x

�
�

� �
 (3) 

where the geocentric coordinates r, �, � are functions of the Cartesian coor-
dinates xi, xj  (i, j = 1, 2, 3  and  x1 = x,  x2 = y,  x3 = z)  in the adopted Earth 
fixed reference frame. The gravity gradients form a second-order tensor 
field. This tensor, also called the gravity gradient tensor (GGT), or the Ma-
russi tensor, assumes the form (Rummel et al. 2011) 

 ,
xx xy xz

yx yy yz

zx zy zz

V V V

V V V

V V V

� �
� �

� � �
� �
� �! "

M  (4) 

where, for example,  2
xyV V y x� � � � . The matrix M is symmetric and trace-

less, satisfying in the space external to the Earth the Laplace equation 

 0 .xx yy zzV V V� � �  (5) 

Taking into account the form of Eq. 2, which describes the geopotential, 
dependence on the coordinates x, y, z can be found also for the gravity gradi-
ents Vij, forming the tensor M. Therefore, Vij measurements performed by the 
gradiometer onboard the satellite contain usable orbital information. 
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3. GOCE  SATELLITE  ORBIT  IMPROVEMENT 
Assuming as the data the gravity gradient tensor components, the satellite 
orbit determination process can be based on the following observation equa-
tion: 

 

 �

�
.

�,

c
ijk oo c

ijk ijk ijk
oo o

V
V 
 V

� � ��� � � � �� � ! "��
rr

r rr r
 (6) 

In Eq. 6: 
o

ijkV , c
ijkV  – observed and computed gravity gradient at epoch k,   

            (i, j = x, y, z), respectively, 
vijk – correction to the observed q of o

ijkV , 
c

ijkV�
�r  – partial derivative of the computed gravity gradient c

ijkV  with respect  

       to the satellite position vector  r = [x, y, z]T  at epoch k, 
,o o�r r  – initial satellite position vector and initial satellite velocity vector,   

      respectively, at initial epoch to;  ro = [xo, yo, zo]T  and  T[ , , ]o o o ox y z�� � � �r , 

( , )o o

�
� �

r
r r  – partial derivative of the position vector with respect to the initial 

           state
 
vector  T[ , ]o o o� �p r r   interpolated at epoch k,

 
 

� ,�o o�r r  – vectors of corrections to the initial satellite position vector and the  
           initial satellite velocity vector; �ro = [�xo, �yo, �zo]T  and   
          T� [� ,� ,� ]o o o ox y z� � � �r . 

 

The gravity gradient c
ijkV  at epoch k from Eq. 6 is determined as the se-

cond-order partial derivative of geopotential (Eq. 2) with respect to the rec-
tangular coordinates x, y, and z of the satellite in the Earth-fixed reference 
frame. On the other hand, the quantity c

ijkV� �r  at epoch k, consisting of the 

components c
ijkV x� � , c

ijkV y� � , c
ijkV z� � , is computed as the third-order 

spatial derivatives of the geopotential, taking into account the satellite posi-
tion in the Earth-fixed reference frame. These derivatives form the third-
order tensor. The detailed formulas used for the computation of  c

ijkV  and  
c

ijkV� �r  are taken from Metris et al. (1999), where the problem of compu-
ting the spatial derivatives of the geopotential of any order was solved. The 
partial derivative of the position vector with respect to the initial state vector, 
occurring also in Eq. 6, forms the following matrix: 
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whose elements are propagated in the numerical integration of GOCE orbit 
using the 8th order Cowell method, starting from the initial values  �i /�j = /ij  
(i = x, y, z;  j = xo, yo, zo,;  /ij – the Kronecker delta). 

The application of the classical least squares method with an iterative 
approach leads to the determination of the vector �poi of unknown correc-
tions to the initial satellite state vector for the ith iteration using the follow-
ing formula: 

 
 � 1T T T� � ,�
i i io o o i i i i

�
� �� �! "�p r r lA A A , (8) 

in which the matrix Ai contains coefficients of observation equations equal 
to the partial derivatives of the gravity gradients with respect to the initial 
state vector, and the components of the vector li are differences between the 
observed and computed quantities (“O”-“C”). Thus, the matrix Ai and the 
vector li can be presented as: 

 1 2 ,i nA � � �! "� TA A A  (9) 

 1 2 ,i n� � �! "� Tl l l l  (10) 
where submatrices  A1 , A2 , …, An , and subvectors  l1 , l2 , …, ln  correspond 
to the successive observation epochs, and n is the total numer of observation 
epochs. The submatrix  Ak  and subvector  lk  at the given observation epoch 
k (k = 1, 2, ..., n)  are expressed by: 
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For example: 
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Subsequent elements of the above expression can be presented analo-
gously to the first element development, i.e. 

 .
c c c c
xx xx xx xx

o o o o

V V V Vyx z
x x x y x z x
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 (13) 

In order to realize the aim of this work, the satellite orbit is improved by 
dedicated software called Orbital Computation System (OCS). It was created 
as an expansion of the Toru� Orbit Processor (TOP) package (Dro�yner 
1995), which determines an orbit in the field of gravitational and nongravita-
tional forces. In the OCS package, as already mentioned, the corrections to 
the initial dynamic state vector are estimated in successive iterations using 
the gravity gradient observations by means of the least squares method 
(Eq. 8). This means that the initial state vector  1io �p   determined in the pre-
vious iteration is corrected within the current iteration to its actual value 

iop , 
which can be written as 

 
1

� ,
i i io o o�
� �p p p  (14) 

where �
iop  denotes the correction vector obtained in the current iteration. 

This iterative process ends after meeting the convergence criteria, taking into 
account the RMS difference between the observed gravity gradient o

ijkV  and 

the computed gravity gradient c
kjiV  for the previous iteration i-1 and the cur-

rent iteration i. The convergence criteria are satisfied if 

 21RMS RMS
10 .

RMS
i i

i

���
.  (15) 

3.1  Algorithm for orbit determination 
In the frame of the OCS package, the orbit improvement process in a given 
iteration i consists of the following three basic parts: 

(1) The first part includes reading initial data, i.e., the initial conditions � 
initial satellite state vector and options characterizing a given adjustment 
variant, the time series of gravity gradient observations, dynamic model pa-
rameters � coefficients of geopotential expansion into a spherical harmonic 
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series, tidal model coefficients, third body position vectors, optionally the 
parameters of the empirical acceleration model, the time series of the ele-
ments of orientation of the ITRF2005 and the GOCE satellite’s gradiometer 
reference frame (GRF) (ESA 2008) relative to the Cartesian inertial refer-
ence frame (IRF), which is realized based on the mean equator and vernal 
equinox of the J2000.0 standard epoch (ESA 2008). The time series of gravi-
ty gradient measurements and the above-mentioned orientation elements 
were acquired from the GOCE mission through the European Space Agency 
(ESA). 

(2) The second part leads to determine the normal matrix T 1)i i
�(A A  and 

the vector T
i iA l  (Eq. 8). It is a process that takes place in a closed loop con-

taining a number of repetitions equal to the number of observation epochs. 
The given repetition starts with the determination of transformation matrices 
at the given observation epoch between the ITRF2005 and GRF reference 
frames and between the ITRF2005 and IRF reference frames. This determi-
nation uses the aforementioned orientation elements which are given in 
terms of quarternions (ESA 2010). 

Next, the computation of the satellite state vector (position and velocity 
vector) for the measurement epoch using numerical integration of equations 
of motion by the 8th order Cowell method and position interpolation for the 
measurement epoch is performed. A mathematical model of the forces acting 
on the satellite is created for the given epoch during the computations 
(Dro�yner 1995). It takes into account gravitational perturbing forces and 
additionally optionally empirical accelerations. This model includes acceler-
ations generated by the geopotential, ocean tides, Earth tides, the third body 
effect, and the relativity effects. Non-gravitational forces were compensated 
by the Drag-Free and Attitude Control System (DFACS) installed onboard 
the GOCE satellite, in which ion propulsion played an important role (Reb-
han et al. 2000). The geopotential is represented by the ITG-GRACE2010S 
model (Mayer-Gürr et al. 2010). In this place, the derivatives of the vector of 
position with respect to the components of the initial state vector are also 
numerically propagated and interpolated for the observation epoch. 

In the following step of the described part, the a priori values of meas-
urements of gravity gradients (the second-order tensor) and the components 
of the third-order tensor of spatial derivatives c

ijkV� �r  are computed in the 
ITRF2005 Earth-fixed reference frame, taking into account the determined 
position vector. This vector was transformed into the ITRF2005 frame from 
the IRF frame by means of the corresponding transformation matrix. Then, 
the observed tensor of gravity gradients, the computed (a priori) tensor of 
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gravity gradients and the third-order tensor are transformed into the IRF ref-
erence frame, where the orbit improvement is performed. 

The next step includes the calculation of residuals, i.e., the differences 
between the observed and a priori values of gravity gradients at the given 
measurement epoch. All of the above calculations allow to determine the 
partial values of the normal matrix T 1)i i

�(A A  and the vector T
i iA l . These 

values are summed in the successive repetitions. After the last repetition, the 
full normal matrix T 1)i i

�(A A  and the full vector T
i iA l  are obtained. 

(3) The third part includes the determination of correction vector to the 
initial satellite state vector  � �T0 0 0 0 0 0� � ,� ,� ,� ,� ,�

io x y z x y z� � � �p . This makes 
it possible to improve the initial state vector in the iteration i using Eq. 14. In 
order to assess an internal accuracy of the orbit improvement process, RMS 
difference between the observed and computed (a priori) values of gravity 
gradient, the observation error of unit weight and standard deviations of cor-
rected components of the vector 

iop  are estimated.  
It should be noted that the a priori gravity gradients determined in the 

next iteration  i + 1  are computed along the satellite orbit improved in the 
previous iteration i. 

3.2  Parameter for the estimation of orbit determination accuracy 
For all orbital arcs, the initial state vectors before starting the orbit improve-
ment process were equal to the initial state vectors of the corresponding ref-
erence orbit arcs. The corrected initial satellite state vector po allows to 
obtain an finally improved satellite orbit, through the previously-mentioned 
numerical integration by the 8th order Cowell method using the dynamic 
models listed above. The improved GOCE orbit is then compared with the 
reference orbit, to determine the key parameter for the assessment of the 
quality of the obtained solution. This parameter, denoted as RMSOUT, charac-
terizes the accuracy of the determined orbit. It is computed using the formula 

 
 �
3

2
OUT

1

RMS RMS ,i
i�

� %  (16) 

with the quantities of  RMSi(i = 1, 2, 3)  obtained using the following ex-
pression: 
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where (xi)j , (xi)j REF (i = 1, 2, 3,  x1 = x,  x2 = y,  x3 = z)  mean the satellite’s 
Cartesian coordinates for epoch j in the inertial reference frame (IRF), in the 
improved orbit and the reference orbit, respectively, and n represents the to-
tal number of epochs of the examined orbital arcs. The value of RMSOUT can 
be interpreted as the average spatial distance between the points of both or-
bits for the same epoch or as the measure of the fit of the determined orbit to 
the reference orbit. The reference orbit adopted for RMSOUT parameter com-
putation is provided by ESA as a Level 2 GOCE mission product in the pre-
viously-mentioned versions: kinematic and reduced-dynamic. The accuracy 
of this orbit reaches the level of 2 cm (Bock et al. 2011). An important indi-
cator in this aspect is also the quantity RMSO, which corresponds to the 
RMSOUT value for the approximate orbit, computed without the use of grav-
ity gradient measurements. The approximate orbit is determined in the nu-
merical integration process using appropriate dynamic models. The initial 
state vector of this orbit is equal to the initial state vector of the correspond-
ing reference orbit. The quantity RMSO is the threshold of orbit improve-
ment effectiveness. The orbit improvement is effective when the obtained 
RMSOUT value is less than the corresponding RMSO value. 

4. NUMERICAL  TESTS  –  USING  SIMULATED  MEASUREMENTS 
In order to check the possibility of GOCE orbit improvement using gravity 
gradient data, realistic simulations of the gravity gradient observations were 
first used. These simulations consisted in the computation of the gravity gra-
dient values along the GOCE reference orbit. As already mentioned, this or-
bit corresponds to the Precise Science Orbit (PSO) of the GOCE satellite, 
provided as an L2 product by the European Space Agency (ESA 2010). The 
gravity gradients were determined using the formulas derived by Metris et 
al. (1999) based on expansion into a spherical harmonic series. Originally 
computed in the ITRF2005 reference frame, the gravity gradients were then 
transformed to the IRF reference frame, using the time series of the elements 
of orientation of the ITRF2005 reference frame with respect to the inertial 
reference frame (IRF) (ESA 2010). The geopotential model ITG-
GRACE2010S complete to the degree and order 180 of spherical harmonic 
coefficients was used for the computations.  

The improvement subjects were three 1-day orbital arcs, denoted as vari-
ants A, B, C, spanning the following epochs: 6 November 2009, 
23:59:45.00 UTC – 7 November 2009, 23:59:45.00 UTC (variant A); 
2 December 2009, 23:59:45.00 UTC – 3 December 2009, 23:59:45.00 UTC 
(variant B); 18 December 2009, 23:59:45.00 UTC – 19 December 2009, 
23:59:45.00 UTC (variant C). The corresponding time series of gravity gra-
dients is assigned to each of these variants. The initial state vectors undergo-
ing the improvement process are equal to the initial state vectors of the 
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corresponding reference orbit arcs (Table 1). These vectors come from the 
reduced-dynamic reference orbit (Bock et al. 2011, ESA 2010). 

Table 1  
Components of the initial state vectors of the GOCE satellite used  

in the orbit improvement process w.r.t. the J2000.0 inertial reference frame (IRF) 

No. x0  
[km] 

y0  
[km] 

z0  
[km] 

0x�  
[km/s] 

0y�  
[km/s] 

0z�  
[km/s] 

1A 145.262655 880.057268 –6591.346902 5.901115 –4.956285 –0.533774 
2B 6423.724497 –1652.533840 –29.552512 –0.198946 –0.872715 7.705914 
3C 1039.146802 787.067728 –6509.416262 7.641320 0.064912 1.229579 

A)Variant A – initial epoch to: 6 November 2009, 23:59:45.00 UTC, 
B)Variant B – initial epoch to: 2 December 2009, 23:59:45.00 UTC, 
C)Variant C – initial epoch to: 18 December 2009, 23:59:45.00 UTC. 

4.1  Computation results 
Using of the initial data presented above in the OCS software made it possi-
ble to obtain a series of solutions of orbit determination process. Table 2 pre-
sents the accuracies of these solutions obtained using the described simula-
tions of the full gravity gradient tensor measurements. Each of the variants 
A, B, C associated with the given initial state vector (Table 1) is divided into 
 

Table 2  
Accuracy of the GOCE orbit improvement solutions  

using the simulated observations of the full gravity gradient tensor 

No. Orbital arc 
length 

RMSO/RMSOUT 

Variant A Variant B Variant C 

1 5.6 min 143.734 m / 1.3 cm 4.2  cm / 4.8 mm 2.5 cm / 3.9 mm 
2 11.2 min 274.514 m / 1.2 cm 7.1 cm / 8.2 mm 3.8 cm / 4.9 mm 
3 22.5 min 478.906 m / 1.5 cm 13.5 cm / 2.2 cm 4.9 cm / 1.4 cm 
4 45.0 min 499.384 m / 7.7 cm 48.9 cm / 4.8 cm 22.5 cm / 7.2 cm 
5 90.0 min 499.314 m / 12.5 cm 1.357 m / 10.7 cm 59.7 cm / 12.0 cm 
6 6.0 h 498.802 m / 37.4  cm 5.284 m / 34.2 cm 2.300 m / 27.5 cm 
7 12.0 h  492.079 m / 7.054 m 10.024 m / 56.9 cm 3.476 m / 56.7 cm 
8 18.0 h 489.077 m / 6.926 m 13.521 m / 1.049 m 3.595 m / 1.154 m 
9 24.0 h 487.575 m / 6.704 m 14.813 m / 2.759 m 3.993 m / 2.960 m 
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nine sub-variants, differing in the length of the improved orbital arc. There-
fore, Table 2 contains the characteristics of the accuracy of 27 variants of the 
solution of the orbit improvement process. A given solution variant can be 
denoted by providing the arc variant A, B, C and the number corresponding 
to the given arc length. For the solutions A1 to A9, the simulations of gravity 
gradient measurements are determined with a sampling interval of 1 s and 
the improved orbital arcs are compared with the corresponding arcs of the 
kinematic reference orbit. The other solution variants, B1-B9 and C1-C9, use 
simulations of gravity gradient observations with a 10-s interval. The im-
proved orbital arcs for these variants are compared with the reduced-
dynamic reference orbit. Comparison of the RMSO and RMSOUT values in 
Table 2 indicates effective orbit improvement for all solution variants. The 
fit of the improved orbit to the reference orbit increased compared with the 
fit of the approximate orbit from around 1.3 times (variant C9) even to 
around 320 times (variant A3). The highest orbit improvement effectiveness 
(value of the RMSO/RMSOUT ratio) is shown by variants A1-A9, representing 
the fit of the improved orbit to the kinematic reference orbit. Relatively high 
RMSO values of the fit of the approximate orbit were obtained in this case, 
which was caused by the adoption of the initial state vector from the re-
duced-dynamic orbit for the computations. Comparing the RMSOUT values, 
better accuracies can also be observed for the solution variants related to the 
reduced-dynamic reference orbit than the accuracies of the variants where 
the kinematic orbit was the reference orbit. For example, variants B7 and C7 
related to the reduced-dynamic orbit, showing the RMSOUT values of 56.9 
and 56.7 cm, respectively, have a much better fit than variant A7, where the 
fit to the kinematic reference orbit is at around 7 m. It appears that the better 
fit of the obtained solutions to the reduced-dynamic orbit may be connected 
with its higher coherence – a kind of “smoothness”, determined by the pres-
ence of a strong dynamic aspect in its determination process. Unlike the re-
duced-dynamic orbit, the kinematic orbit is a strictly geometric solution, 
covering only the time series of the satellite position vectors. Hence, the ki-
nematic orbit depends more strongly than the reduced-dynamic orbit on the 
changing quality of GPS observations, which may sometimes lead to abrupt 
changes in the position vector. Therefore, the kinematic orbit as the refer-
ence orbit shows lower consistency with the improved orbit than the re-
duced-dynamic orbit, which is particularly seen for longer orbital arcs 
(variants A7-A9 compared with variants B7-B9 and C7-C9). 

However, regardless of the type of the orbit used as the reference orbit, 
the accuracies of the solutions shown in Table 2 decrease with increasing 
length of the improved orbital arc (except for variants A7-A9, where a slight 
increase in accuracy can be observed). This effect is caused by different pa-
rameterization of the improved orbital arcs (six components of the initial 
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state vector) and a different set of used dynamic models compared with the 
reduced-dynamic reference orbit. Assuming an accuracy of the kinematic or-
bit and the reduced-dynamic orbit of 2 cm (Bock et al. 2011), an arc can be 
indicated among the orbital arcs presented in Table 2 for which the fit of the 
improved orbit to the reference orbit expressed by the RMSOUT values reach-
es the level of aforementioned accuracy. This arc is the arc with the length of 
22.5 min, which is around one-fourth of the satellite period. Moreover, the 
improvement accuracy for two shorter arcs with the lengths of 5.6 and 
11.2 min is better than in the case of arc with the length of 22.5 min. This al-
so indicates no need to use more extensive parameterization than this, com-
prising six components of the initial state vector, for orbital arc lengths lower 
or equal to 22.5 min. 

4.1.1  Sensitivity of orbit determination to spectral content of measure-
ments 

Table 3 lists the accuracies of a number of variants of improving the 12-hour 
orbital arc of the GOCE satellite, in the form of the values of the RMSOUT 
parameter, obtained using the time series of the simulations of the full grav-
ity gradient tensor. These gradients were determined using the geopotential 
model JYY_GOCE02S (Yi et al. 2013), along the reduced-dynamic refer-
ence orbit, with the initial state vector corresponding to variant C from  
Table 1 (initial epoch: 18 December 2009, 23:59:45.00 UTC). As a result, 
eleven sets of gravity gradients were obtained. The gravity gradients of 
given set have a specified spectral content because they were generated us- 
 

Table 3  
Accuracy of solution variants for orbit determination  

based on the simulated gravity gradient measurements  
with different spectral content 

Degree and order of geopotential 
model truncation for the simulation 
of the gravity gradient observations 

RMSOUT 
[cm] 

1.   only C00 55.7 
2.   only C00 and C20 55.4 
3.   2 × 2 55.4 
4.   5 × 5 55.4 
5.   20 × 20 55.4 
6.   40 × 40 55.4 
7.   70 × 70 55.4 
8.   120 × 120 55.4 
9.   160 × 160 55.4 

10.   200 × 200 55.4 
11.   230 × 230   (full model) 55.4 
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ing the aforementioned geopotential model truncated at selected degree and 
order values of spherical harmonic coefficients. Using these sets of gravity 
gradients in the orbit determination process allowed to obtain eleven solution 
variants which accuracies are at the same level of 55.4 cm, with simultane-
ous approximate orbit accuracy of 10.049 m, computed using the full geopo-
tential model JYY_GOCE02S. Variant 1 with the RMSOUT value of 55.7 cm 
has a slightly lower accuracy than the others. The gradient observations in 
this variant are determined based on the main Newtonian term of the model 
JYY_GOCE02S. Starting from variant 2, the accuracy is at the above-
mentioned constant level. This means clear dependence of orbit improve-
ment accuracy on the effect of the long-wavelength part of the gravity field. 
As can be seen from Table 3, already the inclusion in the observations of 
only this long-wavelength part of the gravity field, which is connected with 
the C00 and C20 coefficients, suffices to maintain an accuracy of 55.4 cm. 
Adding the next coefficients in further variants to generate measurements, 
corresponding to medium- and short-wavelength part of the gravity field 
does not bring any change in the orbit determination accuracy. In other 
words, orbit improvement is sensitive to this component of gravity gradient 
measurements which results from the influence of long-wavelength part of 
the gravity field. This is consistent with the well-known fact of the dominant 
effect of this part of the gravity field on the satellite orbit itself. 

4.1.2  Sensitivity of orbit determination to random error modification of 
observations 

The subject of research was also the improvement of the accuracy for the or-
bital arc with a length of around 11.2 min depending on the standard devia-
tion of random errors with the normal distribution, which modified the 
values of simulated gravity gradient observations. To perform this modifica-
tion, a procedure “gasdev” generating the Gaussian noise was used (Press et 
al. 1986-1992). The corrected initial state vector was the vector 1A from Ta-
ble 1 in epoch: 6 November 2009, 23:59:45.00 UTC. Both the approximate 
arc (computed without improvement) and the improved arcs were compared 
with the corresponding arc of the reduced-dynamic reference orbit. Hence, 
the threshold RMSO value for the computed orbit was around 4.7 cm. An 
RMSOUT value of the same order for the improved orbit at 5.9 cm appeared 
when the simulated observations were modified by random errors with the 
standard deviation of 10–13 s–2, which corresponds to 10–4 EU (EU � Eötvös 
unit, 1 EU = 10–9 s–2). For the standard deviation of 10–14 s–2 (10–5 EU), the 
orbit improvement effectiveness threshold was exceeded because the ob-
tained RMSOUT value fell to 7.8 mm. This value is within the accuracy of the 
reduced-dynamic reference orbit itself, also called the Precise Science Orbit 
(PSO) (Bock et al. 2011). 
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5. NUMERICAL  TESTS  –  USING  REAL  MEASUREMENTS 
Taking into account promising results for the simulated gravity gradients, the 
time series of gravity gradient observations Vxx, Vyy, Vzz, Vxy, Vxz, Vyz, from the 
GOCE mission (Bouman et al. 2011) have been used in the GOCE orbit de-
termination. The gravity gradients used belong to the Level 2 product; i.e., 
they are determined in a static gravity field. The auxiliary data were the ele-
ments of orientation of the GRF and ITRF2005 reference frames with re-
spect to the IRF reference frame. The improvement subject were the same 1-
day orbital arcs, denoted as variants A, B, C, as in the case of use of simu-
lated gravity gradient observations (Section 4). The corresponding time se-
ries of real gravity gradients were assigned to each of these variants. The 
initial state vectors undergoing the improvement process are equal to the ini-
tial state vectors of the corresponding reference orbit arcs (Table 1). As al-
ready mentioned, these vectors come from the reduced-dynamic reference 
orbit (Bock et al. 2011, ESA 2010). The values of RMSO (the fit of the ap-
proximate orbit to the reference orbit) for the described variants of the or-
bital arcs A, B, and C are: 10.02, 14.81, and 3.99 m, respectively. 

Table 4 contains the RMSOUT values for 21 variants of solutions of the 
improvement process for the three listed 1-day GOCE orbital arcs. The im-
proved orbital arcs were compared with the corresponding arcs of the re-
duced-dynamic reference orbit. As can be seen in column two, the time 
series of the diagonal components Vxx, Vyy, Vzz and the time series of individ-
ual gravity gradient tensor components were used for orbit determination. 
These series were transformed from the GRF reference frame to the inertial 
reference frame (IRF). The sampling interval of the used observations is at 
1 s. The obtained results are characterized by RMSOUT values at a level of 
 

Table 4  
Accuracy of the GOCE orbit improvement solutions  

using the real gravity gradient measurements 

No. Observations 
RMSOUT  [km] 

Variant A Variant B Variant C 

1 Vxx , Vyy , Vzz 7732.638 272.101 142.329 
2 Vxx 636.924 1729.157 903.993 
3 Vyy 3726.838 1412.344 128.650 
4 Vzz 700.668 374.939 227.052 
5 Vxy 867.812 360.509 644.726 
6 Vxz 391.541 1246.821 339.446 
7 Vyz 12856.773 1.014 × 109  9135.146 
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of hundreds, and even thousands of kilometers which, compared with the 
corresponding RMSO values given in meters, clearly rules out the possibility 
of effectively using the real gravity gradient measurements from the GOCE 
mission for orbit improvement. This is caused by the relatively low accuracy 
of the measured gravity gradients in the time domain, as indicated by an 
analysis of a time series including 2 584 174 measurement epochs with a 1-s 
sampling interval, contained within the time span from epoch 1 November 
2009, 00:49:15.937778 UTC to epoch 30 November 2009, 22:38:47.175033 
UTC. The absolute value of the average sum of the diagonal components is 
around 10–6 s–2. For comparison, the absolute value of the sum of these com-
ponents determined analytically is in the order of 10–38 s–2 while for error-
free measurement values it is 0. 

Ignoring the orbital aspect in this case, the results presented in Table 4 
can be useful to some degree in comparing the quality of the used time series 
of observations. Comparison of the RMSOUT values for individual variants of 
improved orbital arcs would indicate the best quality of measurements for 
arc C (the epochs: 18 December 2009, 23:59:45.00 UTC – 19 December 
2009, 23:59:45.00 UTC) and/or maybe the better quality of orientation ele-
ments used to the transformation of observations from the GRF to IRF refer-
ence frame. Among the gravity gradients, the best result was obtained after 
the application of Vyy (RMSOUT is 128.65 km for arc C). The solutions ob-
tained using the diagonal components Vxx, Vyy, Vzz (RMSOUT – 142.329 km), 
the component Vzz (RMSOUT – 227.052 km) and the component Vxz (RMSOUT 
– 339.446 km) also stand out. The relatively small RMSOUT for the solution 
C1 with the components Vxx, Vyy, Vzz can be connected with their nominally 
higher accuracy and better conditioning of the orbit determination process. 
The solutions obtained based on the gravity gradient Vyz show by far the 
lowest accuracy. This is approximately consistent with the predicted division 
of the measured gravity gradient tensor components into the nominally more 
accurate Vxx, Vyy, Vzz, Vxz and less accurate Vxy, Vyz (Bouman et al. 2011). This 
division results from a design limitation of the gradiometer, in which the 
precision of measurement along one of the three accelerometer axes is lower 
by two orders of magnitude than the precision of measurement along the two 
others (ESA 2008). In this context, the distinguishing RMSOUT value of 
360.509 km for the solution using the component Vxy in the arc B improve-
ment is also a certain surprise. This has not been yet well understood. On the 
other hand, the remaining two solutions, A5 and C5, based on the component 
Vxy have the RMSOUT values of 867.812 and 644.726 km, respectively, which 
generally indicates a smaller accuracy than the solutions based on the nomi-
nally more accurate gravity gradients. 
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6. SUMMARY  AND  CONCLUSIONS  
The time series of simulated and real gravity gradient observations were 
used in the GOCE satellite orbit improvement process, applying the classical 
least squares method. In case of using of simulated gravity gradient observa-
tions, the GOCE orbit improvement is effective in all tested cases. The accu-
racy of the improved orbit variants ranges from the level of millimeters (for 
the arc lengths of 5.6 and 11.2 min), through the level of centimeters (for the 
arc lengths of 22.5 and 45.0 min), decimeters (the arc lengths: 90.0 min, 
6.0 h, 12.0 h), up to the level of meters (the arc lengths of 18.0 and 24.0 h). 
At the same time, the orbital arc with the length of 22.5 min is the longest 
among those tested for which improvement accuracy, from 1.4 to 2.2 cm de-
pending on the variant, is within the accuracy of the used reference orbit 
(PSO orbit of the GOCE satellite). Hence, for the orbital arc of this length it 
is sufficient to correct only the initial state vector, without the need to intro-
duce additional dynamic parameters, to maintain the reference orbit accu-
racy. The improved orbital arcs with lengths from 45.0 min to 24.0 h can be 
treated as more-or-less accurate approximate orbits. 

Further research for the 12-hour arc showed practically complete de-
pendence of the orbit improvement accuracy on this component of gravity 
gradient measurements, which is generated by the long-wavelength part of 
the gravity field; it is sufficient to include only the C00 and C20 coefficients in 
the observation model.  

Disturbing the sets of simulated measurements by random errors indi-
cates that the value of the standard deviation of the measurements in the or-
der of 10–5 EU is necessary to achieve an accuracy of the improved orbital 
arc with the length of 11.2 min under 1 cm, i.e., close to the reference orbit 
accuracy. 

When real observations were used, the obtained solutions had an accura-
cy of hundreds and even thousands of kilometers. This clearly excludes the 
possibility of using the real gradient measurements from the GOCE mission 
for satellite orbit improvement. This is caused by the low accuracy of these 
observations in the time domain, which is connected with the low accuracy 
in the low frequency part of spectrum. An additional factor lowering the or-
bit estimation accuracy is the need to transform gravity gradients from the 
gradiometer reference frame to the inertial reference frame, where the orbit 
improvement process is performed. 

The obtained results show effective improvement of different GOCE or-
bital arcs, on condition that a time series of measurements of the full gravity 
gradient tensor with appropriate accuracy in the long-term frequency range is 
applied. It is also best for the tensor to be measured directly in the orbit im-
provement reference frame, i.e., in the inertial reference frame. Of course, 
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the application of gravity gradients in satellite orbit determination should be 
treated as an additional possibility for validating the orbit determined using 
the basic data such as GPS observations. The use of gravity gradient obser-
vations for improvement of short orbital arcs, for example, can also be con-
sidered, especially where GPS measurements show lower accuracy for 
different reasons. 
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