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1 Introduction

In general, BPS states are massive representations of extended supersymmetry algebras
such that the inequality relating their mass and their central charge is saturated. This
implies that the representations are short and thus the relation between the mass and
the charge is quantum-mechanically exact. Although one can explicitly determine the
spectrum of string theories only at the perturbative level, non-perturbative BPS branes
manifest themselves in the low-energy supergravity effective actions as solutions preserving
a portion of the supersymmetry of the corresponding theory. It is for this reason that
the study of these objects in supergravity has played a crucial role in understanding non-
perturbative string dualities. Among all BPS branes, the ones that preserve the largest
amount of supersymmetry, i.e. 1/2-supersymmetric branes, are special because one can
think of the branes preserving less supersymmetry as bound states of them. In this sense,
1/2-supersymmetric branes are the basic building blocks of all the BPS branes of a theory.

The structure of BPS brane solutions of maximal supergravity theories was analysed
originally in [1-3] for the solutions that are electrically or magnetically charged under the
form fields of the theory that carry propagating degrees of freedom (with the exception of
the scalar fields). Such BPS branes always have three or more transverse directions. It turns
out that one can also consider branes with two, one or zero transverse directions, called
respectively defect branes, domain walls and space-filling branes. Although these branes
are not globally consistent as supergravity solutions they can nonetheless be described in
terms of a world-volume effective action. One can consider as prototype examples the D7



and D9-branes of the IIB theory and the D8-brane of the ITA theory. It is well known that
a single D7-brane does not have finite energy [4, 5]. To obtain finite-energy solutions one
must construct multiple brane configurations which include orientifolds. The ITA D8-brane
can be viewed as a solution of the massive ITA theory [6] whose consistency also requires
orientifolds [7]. Finally, the D9-brane of the IIB theory plays a crucial role in the Type-I
orientifold construction [8, 9]. Although none of these objects is a consistent single-brane
configuration, one can construct for each of them a kappa-symmetric effective action, whose
existence will be considered in this paper as a guiding principle for classifying branes.

In general, a p-brane is electrically charged under a (p + 1)-form. Indeed, one can
consider a (D —p—4)-brane, magnetically charged under a (p+1)-form, as being electrically
charged with respect to its dual (D — p — 3)-form. As already mentioned, this covers all
the branes with at least three transverse directions. The branes with two, one or zero
transverse directions are charged under (D —2), (D — 1) and D-forms. The (D — 2)-forms
are dual to the scalars and they always belong to the adjoint representation of the global
symmetry group of the theory. On the contrary, the (D — 1)- and the D-forms are not
associated to any degree of freedom and their representations can only be determined by
requiring the closure of the supersymmetry and gauge algebras. In the case of the IIA and
IIB theories, the full list of such fields was determined [10-12] and it includes the forms
associated to the D8- and D9-branes together with additional forms. This was generalised
to all maximal supergravity theories in any dimension in [13, 14] using the E1; Kac-Moody
algebra [15] and in [16] using the embedding-tensor formalism [17, 18]. Based on this,
recently a complete classification of 1/2-supersymmetric branes in maximal supergravity
theories has been obtained by requiring that the worldvolume degrees of freedom of the
brane fit in a multiplet with sixteen supersymmetries [19, 20]. The brane charges that are
selected in this way correspond to particular components of the representations of the fields,
and for branes with two or less transverse directions the number of these components is less
than the dimension of the representation. The same result was obtained in [21] observing
that the branes correspond to the particular subset of Eq; roots that are real.

A group-theoretic reformulation of the results of [19, 20], as well as a natural explana-
tion of why they coincide with the analysis of [21], was given in [22], where it was observed
that the 1/2-supersymmetric p-branes correspond to the longest weights of the represen-
tations of the (p + 1)-forms. The longest weights are all those weights that can be chosen
as highest weights given a particular choice of simple roots, and thus counting the longest
weights corresponds to counting all the components of the representation that satisfy the
highest-weight constraint. Already in [1] it was observed that the 1/2-supersymmetric
branes with more than two transverse directions satisfy the highest-weight constraint. Our
analysis shows that actually this applies to all the branes in the theory, regardless of the
dimension of the world-volume [20].

A simple intuition for the highest-weight constraints is given by decomposing the global
symmetry group with respect to its SO(d, d) subgroup in 10—d dimensions. This symmetry
does not act on the string dilaton and thus it is a perturbative symmetry of the low-energy
action, whose discrete counterpart is T-duality. For the fundamental 1/2-BPS 0-branes,
with charges @4 belonging to the vector representation of SO(d,d), the highest weight



constraint is @2 = 0, and the longest weights correspond to the lightlike directions of Q4.
This was generalised in [23, 24] to a set of rules, named ‘light-cone rules’, for the various
SO(d, d) representations of the fields in the theory. The branes correspond to the longest
weights of SO(d, d), and the light-cone rules select precisely the components associated to
the longest weights.

The classification of 1/2-supersymmetic branes was extended to theories with sixteen
supercharges in [25]. Considering only ungauged theories, the global symmetry in 10—d di-
mensions for supergravity coupled to d+n abelian vector multiplets is SO(d, d+n), and the
classification results in applying the light-cone rules of the maximal theory to this group.
Clearly, the fact that in this case the group is not maximally non-compact (for n # 0,1) im-
plies that the light-cone rules select fewer components for a given representation. Also, for
a given representation the invariant constraint is the same as in the maximal theory. In the
particular case of branes with more than two transverse directions, the constraints of single-
brane states were already discussed in [1]. Within the classification of black hole orbits using
the language of Jordan algebras [26], these branes correspond to so-called rank-1 orbits.

The first goal of this paper is to give a more rigorous group-theoretic interpretation of
the results obtained in the half-maximal case. We will show that in order to extend the
longest-weight rule — valid for the maximally non-compact groups of the maximal theories
— to the half-maximal theories, one has to introduce the Tits-Satake diagram describing
the real form of the orthogonal Lie algebra corresponding to the group SO(d,d+n). From
the Tits-Satake diagram one reads the reality properties of the roots, and hence those of
the weights, and it turns out that the light-cone rules select the real longest weights of the
representations of SO(d,d + n). This is consistent with the result of the maximal theories,
because the Tits-Satake diagram for the maximally non-compact form of a given algebra
results in roots, and therefore in weights, that are all real.

Guided by these findings, we will assume that the same ‘real-longest-weight rule’ ap-
plies to theories with less supersymmetry. We will consider in particular matter-coupled
supergravity theories with eight supercharges, with scalars parametrising coset manifolds.
Each simple factor of the global symmetry is a particular group in a given real form, and
we will consider its Tits-Satake diagram, which gives the reality properties of the roots
and the weights of the corresponding algebra. From the representations of the (p+ 1)-form
fields, we will then select the components associated to 1/2-BPS branes by identifying the
real longest weights. We will consider first the particular set of theories that gives rise to
symmetric manifolds upon reduction to three dimensions. Such theories do not contain
hypermultiplets in dimension higher than three. The four- and five-dimensional black hole
analysis for these theories was initiated in [2] and culminated in the general classification
of [26]. Again, the single-brane states we identify correspond to the rank-1 orbits of this
last paper. The main outcome of our analysis is that the brane classification that we
obtain is universal for all the theories that can be uplifted to six dimensions. We then
consider the inclusion of the hypermultiplets, and we manage to classify also the branes in
the hyper-sector using a suitable truncation of the theory with sixteen supercharges.

The classification of branes in the maximal theories in terms of the T-duality SO(d, d)
symmetry revealed that the ten-dimensional branes satisfy specific wrapping rules upon di-



mensional reduction [24, 27]. These wrapping rules were shown to apply also to the branes
of the heterotic theory compactified on tori, as well as to the IIA theory compactified on
K3 [25, 28]. Considering the six-dimensional models with eight supercharges as resulting
from the heterotic theory compactified on K3, we will show that our classification in any
dimension is consistent with the wrapping rules.

Finally, we will discuss the relation between the branes we obtain and the central
charges of the corresponding supersymmetry algebra. In the maximal theories there is
a one-to-one correspondence between branes and central charges for the branes with at
least three transverse directions. This leads to the fact that there is no degeneracy for the
BPS conditions, i.e. each brane has its own BPS condition. Instead, the BPS conditions
are degenerate for the branes with two or fewer transverse directions. In particular, for
the defect branes the degeneracy of the BPS conditions is always two [29]. In general,
bound states of degenerate branes give configurations that preserve the same amount of
supersymmetry as the constituent branes. This is actually a general feature of the branes
of the theories with sixteen supercharges, for which one finds degeneracies that are always
twice the degeneracies of the maximal theories. In this paper we will find that for the
branes of the theories with eight supercharges the degeneracies of the BPS conditions are
twice those of the half-maximal theories, and hence four times those of the maximal ones.

The paper is organized as follows. In section 2 we give a basic review of the classi-
fication of real forms of simple Lie algebras in terms of Tits-Satake diagrams. In section
3 we apply these techniques to show that the light-cone rules that classify the branes of
the heterotic string on a torus correspond to identifying the real longest weights of the
associated representations. We will then apply the real-longest-weight rule to classify the
branes of theories with eight supercharges in section 4. In section 5 we use these results to
discuss the wrapping rules for the heterotic string on K3. Finally, in section 6 we compare
the classification of the branes in theories with eight supercharges with the central charges
present in the corresponding supersymmetry algebras and use this to derive the degeneracy
of the BPS conditions. Our conclusions are given in section 7.

2 Real forms and Tits-Satake diagrams

The aim of this section is to give a pedagogical introduction to the classification of real
forms of simple Lie algebras in terms of Tits-Satake diagrams. We do not want by any
means to give an exhaustive account of the subject. The idea is just to give the information
that the reader will need to understand the rest of the paper. For a more detailed and
rigorous analysis we refer to e.g. [30-32].

Given a complex Lie algebra g€, a real form g exists if it admits a basis such that all
the structure constants are real. When this happens, the complex algebra can be written
in terms of its real form as

g“=goig. (2.1)

As a prototype example we consider the real forms of the complex algebra s[(2, C). Taking



as generators the real 2 x 2 matrices

p1 =01 p2 = 103 p3 = 03, (2.2)

where the o;’s are the Pauli matrices, one obtains the commutation relations

[p1,p2] = =2p3  [p1,p3] = —2p2  [p2,p3] = —2p1, (2.3)

and considering this algebra on the real numbers one generates the real form s[(2,R).
Similarly, taking the anti-hermitian generators 7; = ig; one gets

73, 7j] = —2e€i51Tk (2.4)

which corresponds to the real form su(2). Although in the case of su(2) the generators
are not real, in both cases the structure constants are real and thus each of the algebras
defines a different real form. Up to automorphisms, these are all the possible real forms of
the complex algebra s[(2,C). We now want to generalise this classification to any complex
Lie algebra and determine all its possible different real forms.

A crucial ingredient in the classification of the various real forms of a given complex
algebra is the Killing form, which is defined as

B(X,Y) = Tr(adXadY") (2.5)

for any elements X,Y of the complex algebra. The eigenvectors of the Killing form with
positive eigenvalue are the non-compact generators, while those with negative eigenvalue
are the compact generators. In particular, a real Lie algebra is compact when its Killing
metric is negative definite. For the two real forms of sl(2,C) defined above, one gets

800 -8 0 0
Biar) =0 -80 Bayoy=| 0 -8 0 |. (2.6)
008 0 0 -8

The fact that the latter is negative definite implies that su(2) is the compact real form as
we know.

When dealing with a generic Lie algebra, it is convenient to introduce the Chevalley
basis, which is defined by the commutation relations

[He, Eg] = Ao Ej (2.7a)
(Ho, E_g] = —AgoE_3 (2.7b)
NopEotp if o+ B root
[Ea, Egl = ¢ H, ifa+B8=0 : (2.7¢)
0 if a 4+ B not root

Here H, are the Cartan generators, F, and FE_, are the positive root and negative root
generators respectively, A, are the entries of the Cartan matrix and N, g are real structure



constants. Given that the structure constants are all real, this algebra on the real numbers
defines a particular real form. Computing the Killing form one obtains

G 2
(a,a)(B, B) B(Ea; Ep) >50¢7—,6” (2.8)

B(Hq, Hp)

( (o) ,3) <Oé, a
where («, 5) denotes the scalar product between two roots. This implies that all the Cartan
generators are non-compact because the eigenvalues of B(H,, Hg) are all positive, while
the eigenvectors of B(FE,, Eg) are E, + E_, with positive eigenvalues and E, — E_, with

negative eigenvalues. To summarise, the non-compact and compact generators are
non — compact : H, E,+ FE_, compact: E,—FE_. (2.9)

This real form is known as the split form or maximally non-compact real form, and we
denote it with s. It is clear that the algebra generated by

compact : iHy i(Eo+ E_o) Eo— E_q (2.10)

is also a real form. This is the compact form ¢ as it can be deduced from eq. (2.8).
In the particular case of s[(2,C) one can represent the Chevalley generators as

1 01 1 00 10
E, =— ) = E_=-— —1 = H = = . (211
+ 2(01 —i—ZUg) (0 ()> 2(01 202) (1 ()) o3 (0 _1> ( )

It is straightforward to show that p1 = EL + E_, po = F, — E_ and p3s = H lead to
the real form sl(2,R) with non-compact generators p; and p3 and compact generator po,
exactly as in the first Killing form in eq. (2.6). Similarly, in the compact case one gets
7 =i(FE++E_), s =FE;—FE_ and 73 = iH, which are indeed all compact and lead to the
second Killing form in eq. (2.6). Although in the case of s[(2,C) these are all the possible
real forms up to automorphisms, for larger Lie algebras there are additional real forms.
Given a real form g, one defines the Cartan involution 6 as an involution such that

By(X,Y) = B(X,0Y) (2.12)

is negative definite. Clearly, in the case of the compact form ¢ the Cartan involution
is the identity, while in the case of the split form s the Cartan involution is such that
0H, = —H, and 0FE, = —FE_,. In general, classifying the real forms of a given complex
Lie algebra corresponds to classifying all the possible Cartan involutions. One can always
define a basis of generators that are eigenvectors of the Cartan involution #. Those with
+1 eigenvalue are compact while those with —1 eigenvalue are non-compact. We call £ the
set of generators with eigenvalue +1 and p the set of those with eigenvalue —1, such that

g=top. (2.13)
In particular, in the adjoint representation one has

ad(0X) = —(adX)T, (2.14)



so that for a compact generator, that is X € £, one has that ad X is anti-hermitian and thus
has imaginary eigenvalues, while for a non-compact generator, that is X € p, one has that
adX is hermitian and thus has real eigenvalues. In particular, the non-zero eigenvalues of
the Cartan matrices in the adjoint adH are the roots «(H ), implying that one can classify
the roots in the following way:

e a root is a real root if it takes real values, that is if it vanishes for H € ¢;

e a root is an #maginary root if it takes imaginary values, that is if it vanishes for
H ep;

e a root is a complex root if it takes complex values and hence if it does not vanish
on either ¢ or p.

The 6 involution on the Cartan generators induces a dual involution on the roots as
0(a(H)) = a(0(H)), (2.15)

from which it follows that for a real root one has 8o = —« and for an imaginary root one
has o = a. From eq. (2.15) and the relation 0 H, = Hy,, it also follows that

(Oau, o) = (ay, Oa) (2.16)

for any pair of roots.

The fact that the Cartan involution on the generators induces a dual Cartan involu-
tion on the roots allows one to represent such an involution on the Dynkin diagram of the
Lie algebra. This can be achieved in two different ways, leading to the so-called Vogan
diagrams and Tits-Satake diagrams. In this paper we will only be interested in the latter
because, as we will see in the next section, there is a natural connection between real roots
as classified in terms of Tits-Satake diagrams and brane states in supergravity theories.
The difference between the two constructions stems from the different choices that one can
make for the Cartan subalgebra. In the case of the Vogan diagrams one chooses the Cartan
subalgebra to be maximally compact, which leads to the absence of real roots. In the case
of Tits-Satake diagrams, instead, one makes the opposite choice, that is one chooses the
Cartan subalgebra to be maximally non-compact.

A Tits-Satake diagram is a “decorated” Dynkin diagram from which one can deduce the
whole structure of the real form, and in particular the compact and non-compact generators.
In order to do this, an additional ingredient is required. We have already mentioned that
in order to construct a Tits-Satake diagram we have to put as many Cartan generators as
possible in the non-compact part p. When this happens, that is when one chooses a Cartan
subalgebra that is maximally non-compact, there are no non-compact generators associated
to the imaginary roots. This means that if fa = «, then this implies that 0F, = F,.

We now describe how to read all the relevant information from a Tits-Satake diagram.
We divide all the simple roots in those that are fixed under 0, that we denote with 5,,, and
the rest, that we denote with «;. The action of 8 on the simple roots «; is

Oo; = O + Z infBn (2‘17)



complex 2-cycle (mod £ roots)

Figure 1. The figure indicates the rules to draw the Tits-Satake diagram from the reality properties
of the simple roots.

where 7(k) is an involutive (72 = 1) permutation of the indices. The coefficients a;, are
determined by imposing

(i + iy Bm) = Y Gin{Brs Brm) (2.18)

which follows from eq. (2.16) and the fact that the simple roots 3, are invariant under 6.
The Tits-Satake diagram is then drawn from the corresponding Dynkin diagram with the
following additional rules (see figure 1):

1. to each root 8 (imaginary simple root) one associates a black painted node
2. to each simple root «a; such that (i) = ¢ one associates an unpainted node

3. for each two complex simple roots a; and ¢ such that 7(i) = j one draws an arrow
joining the two corresponding unpainted nodes.

The behaviour of all the other roots under @ clearly follows from the behaviour of the simple
roots. This means that from the Tits-Satake diagram one knows how the Cartan involution
acts on all the roots. In the case in which 7(i) = ¢ and the node associated to the simple
root «; is not connected to any painted node in the Tits-Satake diagram, then clearly from
eq. (2.18) it follows that a;, = 0 and thus fa; = —«;, which means that the root is real.

In order to better understand how the construction works explicitly, and how one can
easily translate the action of the Cartan involution on the roots that one reads from the
Tits-Satake diagram to the Cartan involution on the generators, we consider the example
of the real forms of s((3,C). The Chevalley generators of sl(3,C) in the 3 x 3 matrix
representation are the Cartan generators

100 00 0
Hoy=|0-10| Ha=]01 0 (2.19)
000 00 -1



1 2

O——O

Figure 2. The Tits-Satake diagram of sl(3,R).

1 2

o O

Figure 3. The Tits-Satake diagram of su(3).

1 2

O——O
o/

Figure 4. The Tits-Satake diagram of su(2,1).

and the positive root generators

010 000 001
Eoy=|000| Ewu=]001| Fasa=|[000 (2.20)
000 000 000

while the negative root generators can be chosen as E_,, = (FE,). The Tits-Satake diagram
of the split form s[(3,R) is just the Ay Dynkin diagram in figure 2:!
From this diagram it follows that

Oy = —onp fas = —an (2.21)

implying that 0H,, = —H,, and 0E,, = —F_,,. This naturally leads to the compact and
non-compact generators of the split form as in eq. (2.9). Similarly, the Tits-Satake diagram
for the compact su(3) case is given in figure 3. This leads to the following action of the
Cartan involution on the simple roots:

051 = B 052 = 2. (2.22)

In terms of the generators, this means that 0 Hg, = Hpg, and 0Eg, = Eg,. The last relation
is due to the fact that if a root is imaginary the corresponding root generator must be
compact. All the generators are thus fixed under €, which means that they are all anti-
hermitian, i.e. compact, and therefore the right basis of 6-fixed generators is as in eq. (2.10).
The most interesting case is the third real form su(2, 1), whose Tits-Satake diagram is
given in figure 4:
From this diagram one reads that
oy = —ag, (2.23)

!The Tits-Satake diagram of the split form by definition always coincides with the corresponding Dynkin
diagram.



real form | generators 4 p

s[(3,R) Cartan Ha,
Ha,
root Eoy — E_q, By + E-ay
generators E., —FE_,, Eo, + E_q,
Euoivar — E_ay—ay Eoytas + E—o1—as
su(3) Cartan iHy,
tHyg,
root Eoy — E_qo,
generators i(Eoy + E-a,)
Ey, — E_q,

i(Eaz + E—q,)
EOq-i-az - E—Oq—az
i(Ea1+Oé2 + E—a1—012)

su(2,1) Cartan i(Hay, — Hay) Ha, + H,,
root Eoy +Ey, —E_o —E_,, Ey, + Eoy + E_o, + E_q,
generators | i(Ey, — Eqy + E—oy — F—0,) | i((Eay — Eay — E_o, + E_q,)
(Bay+as + Eoai—as) (Eaytas — F—ai—as)

Table 1. The generators of the three different real forms of sl(3,C) as obtained from the corre-
sponding Tits-Satake diagrams.

which in terms of the Chevalley generators means
0H,, = —H,, 0E., = —E_,, 0E., = —E_,, . (2.24)
From the relation [E,,, Eq,] = Eaq+a, One also derives
0F 00 = F—o)—ay » (2.25)

which has opposite sign with respect to the split case because in this case the Cartan
involution exchanges the simple roots. From these rules and the fact that the generators in ¢
are anti-hermitian and those in p are hermitian one can derive the whole set of compact and
non-compact generators. The complete list of compact and non-compact generators that
one gets from the Tits-Satake diagrams of s[(3,C) is given in table 1 for all the real forms.
In the next section we will show how the classification of single 1/2-BPS branes in
the heterotic string compactified on a torus can be naturally rephrased in terms of reality
properties of the roots and the weights of the different real forms of so(p) as derived from the
corresponding Tits-Satake diagrams. In section 4 we will generalise this to any real form.
In particular, we will show how this naturally leads to a classification of single 1/2-BPS
branes in theories with 8 supercharges in which the scalars parametrise coset manifolds.

,10,



3 Branes of the heterotic string on a torus

The heterotic theory compactified on a torus T¢, with generic Wilson lines so that the
gauge group is U(1)2%+16 has a low-energy action possessing 16 supersymmetries and de-
scribing a supergravity multiplet coupled to d+ 16 vector multiplets. The global symmetry
of this low-energy action is SO(d, d + 16). In [25] the half-supersymmetric single branes of
this theory have been classified by analysing their Wess-Zumino terms. The result of that
analysis is that, given a p-brane charge in a specific SO(d, d + 16) representation, not all
its components correspond to single 1/2-BPS branes. More specifically, given a p-brane
charge in a tensor representation of the duality group SO(d,d + n), we split the 2d + n
duality indices into 2d ‘lightlike’ indices i £ (i = 1,...,d) and the remaining n ‘spacelike’
indices. A given component of the charge corresponds to a half-supersymmetric p-brane if
one of the following situations apply:

1. antisymmetric tensor representations: the antisymmetric indices are of the form i +
jtk+£... withi,j,k,... all different.

2. mized-symmetry tensor representations : for a charge Ta,. A, B,..B, (M > n) in a rep-
resentation corresponding to a 2-column Young tableaux of heights m and n, on top
of the previous rule the following additional rule applies: each of the antisymmetric
B indices of T4, .. 4,,,B,...B, has to be parallel to one of the antisymmetric A indices.

The ‘light-cone’ rules listed above are a natural extension of the light-cone rules ob-
tained in [20, 23, 24] in the context of the classification of branes of the maximally super-
symmetric theories in any dimension 10 — d with respect to the T-duality group SO(d, d).
The difference with the half-maximal case is that clearly for SO(d,d) all the 2d vector
indices can be written as lightlike indices i = (i = 1,...,d). In group-theoretical terms,
the difference between the maximal and half-maximal case is that the T-duality symmetry
of the maximal theory is maximally non-compact, while in the half-maximal case it is in
a different real form of the orthogonal group. The general analysis of [22], which applies
to both U-duality and T-duality representations of the maximal theories, gives a simple
group-theoretic explanation for the light-cone rule: all the branes correspond to the longest
weights of the representation, and in the T-duality case these longest weights correspond to
the components selected by the light-cone rule. This simple result is based on the fact that
the symmetry groups of the maximal theories are always maximally non-compact. In the
half-maximal case, the T-duality group is not maximally non-compact and the correspon-
dence between branes and weights has to be refined. This is the aim of this section.? More
precisely, our strategy consists in identifying the Chevalley generators for the orthogonal
groups, so that, by looking at the Cartan involution on the simple roots as derived from
the Tits-Satake diagram, we can show that the real roots, that is those such that fa = —a,
precisely correspond to the generators whose components satisfy the light-cone rules. We
will then show how this can be generalised to any representation.

We first apply the results of [22] to the T-duality group SO(n,n) of the maximally
supersymmetric theory in 10 — n dimensions. We denote the nodes of the Tits-Satake
diagram of SO(n,n) as in figure 5. Working in light-cone coordinates I =i+, i =1,...,n,

2Some of the results in this section were already contained in the first appendix of [25].
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1 2 3 n-2
n-1
Figure 5. The so(n,n) Tits-Satake diagram.
with invariant metric
Nit j— = Mi— j+ = Oij»  Nit j+ = Ni— j— =0, (3.1)

the Chevalley generators acting on the vector representation can be chosen to be

Ho, = e —ein™ — e T ey HD- i=1,...,n—1

H,, = e(n71)+(n71)+ _ e(n,l),("fl)f + en+n+ e, "

Eq, = ei+(i+1)+ - e(i+1)—i7 i=1,...,n—1

Eo, =€p_nt" — enJr(n—l)_
E_o = e(z’+1)+i+ o i=1,...,n—1
E_o =e, (" D+ _ e(n—1)_"+ ' (3.2)

Here we denote with ey’ the 2n x 2n matrix that has entry 1 on the Ith row and Jth
column and 0 otherwise. From eq. (3.2) we see that lowering the column index of the
generators by means of the metric of eq. (3.1), the root generators precisely correspond to
the charges T+ j+, ¢ # j in the antisymmetric tensor representation, as resulting from the
light-cone rules. In the case of the split real form SO(n,n) the Cartan involution acts on
all the roots as e = —a, so that all the roots are real. In particular, the simple roots are
associated to the charges

a1 — T1+ 2— a9 — T2+ 3— oo Op_1 — T(n,1)+ n— Ay — T(n,1)+ n+ - (3.3)

Similarly, all the weights of any representation are real, and in particular for any repre-
sentation associated to brane states in the maximal supergravity theories we can identify
the 1/2-BPS branes as resulting from the light-cone rule to the longest weights of the
representation. This is exactly the application of the results of [22] to the representations
of the T-duality group. For instance, for the (23d)—dimensional representation with three
antisymmetric indices, the half-supersymmmetric charges are T;4+ j+ g4, which makes a
total of (g) x 23 components, associated to all the longest weights of the representation.

One can perform the same analysis for the maximally non-compact group SO(n,n+1),
whose Tits-Satake diagram is given in figure 6. In this case, we split the 2n+ 1 coordinates
in 2n lightlike coordinates and one space coordinate. Denoting with 1 the single space
index and again with ¢£, ¢ = 1,...,n the lightlike directions, the correspondence between
roots and charges is

a1 — T1+ 2 a9 — T2+ 3— oo Op—_1 — T(n—1)+ n— Oy — Tn+ 1, (3.4)
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1 2 n-2 n-1 n

Figure 6. The so(n,n + 1) Tits-Satake diagram.

n-1

Figure 7. The so(n — 1,n + 1) Tits-Satake diagram.

where the last root au, is the short simple root. In this case the symmetric invariant metric
is as before with the addition of n; 1 = 1 that lowers the index in the spacelike direction.
For any n, this algebra contains n short positive roots, which are associated to the charges
T;+ 1, and n short negative roots, associated to the charges T;_ 1. All the other roots are
long and are associated to the 1/2-supersymmetric charges Ti4 j+, @ # j, as selected by
the light-cone rule. As in the SO(d, d) case, this real form is maximally non-compact and
thus all roots are real, and the light-cone rule selects the real longest roots. Similarly, for
other representations the light-cone rule selects the real longest weights exactly as before.

We now want to consider different real forms of the orthogonal group. What we want
to show is that for any real form, the 1/2-supersymmetric branes that one obtains from
the light-cone rules are exactly the real longest roots and real longest weights that result
from the Cartan involution acting on the simple roots as dictated by the corresponding
Tits-Satake diagram. A crucial ingredient in the construction is the identification of the
restricted-root algebra as the maximally non-compact algebra which has as simple roots
the so-called ‘restricted’ simple roots,

o = %(a — ba). (3.5)

Clearly, the restricted simple root coincides with the simple root if the latter is real.
The real form SO(n—1,n+1) of D, corresponds to the Tits-Satake diagram in figure 7,
from which we read the Cartan involution

Oo; = —ay 1=1,...,n—2 oy = —ouy . (3.6)
The restricted roots are
) 1
(v)p=0a; (i=1,...,n—2) (an-1)r = (an)r = §[an,1—|—an]7 (3.7)

which are the simple roots of B,,_1, which means that the restricted-root algebra of so(n —
1,n+1) is so(n —1,n). In particular, the last root in (3.7) is the short root of B,,_; and it
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n-1

Figure 8. The so(p,2n — p) Tits-Satake diagram for p < n — 1. The nodes between 2 and p are
unpainted, while the nodes between p 4+ 1 and n — 2 are painted.

has multiplicity two because a;,_1 and «, are exchanged under 8. If we now identify the
last restricted root with the light-cone charges using eq. (3.3), we get

1

(n-1)r — §[T(n—1)+ n—+ Tn-1)+ ntl - (3.8)

We recognise this as the charge T{;,,_1)1 1 which is the generator associated to the short sim-
ple root of SO(n—1,n) (see eq. (3.4) identifying the roots with the charges for SO(n,n+1)).
This shows that the light-cone rules reproduce exactly the group theory analysis in this
case. The roots associated to the 1/2-supersymmetric branes, which are the real roots, can
also be seen as the longest roots of the restricted-root algebra so(n—1,n). The same applies
to all the other representations: the weights that correspond to 1/2-supersymmetric branes
are real longest weights. These can be obtained from the restricted roots as follows. One
takes the highest weight of the representation written as a linear combination of simple
roots and projects it onto the restricted roots using eq. (3.7). This projected weight is the
highest weight of the corresponding representation of SO(n —1,n). If the restricted highest
weight coincides with the highest weight (i.e. the highest weight is real), that weight is
associated to a brane and so are all the restricted weights of the same length. Otherwise
there are no branes.

This can be generalised to all the other real forms. If the D, Tits-Satake diagram
has n — p painted nodes as in the diagram of figure 8, this corresponds to the real form
SO(p,2n — p) with p < n — 1. The painted roots, that are those fixed under 6, are

Bp+1,- -, Bn. The Cartan involution acts on the other roots as
004@-:—0[@- (i:1,...,p—1),
GOzp = —0p — Qﬁp_;,_l — .. 2ﬁn_2 - /Bn—l — ﬂn . (39)

From this we derive the restricted roots, which are

()R = oy (i=1,....,p—1),

(p)r =+ Bpr1+ ...+ Pnat %[Bn_l + Bl (3.10)
These are the simple roots of B, and thus the restricted-root algebra is so(p,p + 1). The

last restricted root is the short root, and the corresponding charge can by identified using
eq. (3.3). The result is

1

(@p)r = 5Tt o) + Doy i1yl - (3.11)
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Figure 9. The so(p,2n — p + 1) Tits-Satake diagram. The nodes between 2 and p are unpainted,
while the nodes between p + 1 and n — 1 are painted.

Indeed, the combination of simple roots that occurs in the second of egs. (3.10) is half the
sum of two roots. One is the simple root «,, corresponding to the charge T, (,41)— which
is the first charge on the right-hand side of eq. (3.11), while the other is the sum a,+25,41+
oo+ 2824 Bn-1+ Bn, which is a simple root of D,, and in the split form it is associated
to the charge T}, (,41)4+- We recognise in eq. (3.11) the charge 7)1 1 which is not a 1/2-
supersymmetric charge because of the light-cone rule. The roots that are associated to the
supersymmetric branes as given by the light-cone rule are the real ones, that are the longest
roots of the maximally non-compact algebra. The analysis for the other representations
works exactly as in the previous case. Moreover, the same result is obtained if one considers
any real form of the algebra B,,, whose Tits-Satake diagram is given in figure 9.

In the next section we will apply these results to the theories that possess eight super-
charges and whose scalars parametrise a symmetric manifold. These theories, that exist in
dimension six and lower, have global symmetries that are groups in various real forms. We
will conjecture that the 1/2-supersymmetric branes of these theories can be obtained by
requiring that the charges are associated to the real longest weights of the representation,
as deduced from the Tits-Satake diagram of the real form.

4 Branes in theories with eight supercharges

In the previous sections we have seen how the half-supersymmetric branes of maximal and
half-maximal theories are associated to the components of the representation of the internal
symmetry corresponding to the real longest weights, with the reality properties of the roots
as resulting from the Tits-Satake diagram of the symmetry group. This leads to the natural
conjecture that the same applies for the branes in theories with lower supersymmetry that
have scalars that describe coset manifolds. Based on this assumption, in this section we
will perform the classification of branes for theories with eight supercharges, obtaining the
single 1/2-BPS branes of these theories. These branes preserve four supercharges on their
worldvolume which implies that the worldvolume can be at most four-dimensional.
Theories with eight supercharges exist in six dimensions and below. The bosonic fields
of the supersymmetric multiplets in six dimensions are the metric and a selfdual 2-form in
the gravity multiplet, an anti-selfdual 2-form and a scalar in the tensor multiplet, a gauge
vector in the vector multiplet and, finally, four scalars in the hypermultiplet. The latter
multiplet has the same field content in any dimension below six. In five dimensions the
gravity multiplet contains the metric and a vector and the vector multiplet describes a vec-
tor and a scalar. In four dimensions the gravity multiplet describes the metric and a vector
as in five dimensions, while the vector multiplet contains a vector and two scalars. Finally,
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in three dimensions only scalars propagate. Therefore, as far as propagating degrees of
freedom are concerned, one only has hypermultiplets.

In the first subsection we will consider the branes of the six-dimensional theory. In
subsection 4.2 we will extend the analysis to any dimension for those theories that give rise
to symmetric theories upon reduction to three dimensions. Such theories do not contain
hypermultiplets in dimensions higher than three. Finally, in subsection 4.3 we will show
how the branes in the hypermultiplet sector can be included by considering the theories with
eight supercharges as resulting from truncations of the theories with sixteen supercharges.

4.1 Branes in 6D minimal matter-coupled supergravity

We first consider the six-dimensional case. If gravity couples to ny tensor multiplets, the
scalars in the tensor multiplets parametrise the symmetric manifold SO(1,nz)/SO(nr),
while the 1+ np 2-forms of the gravity multiplet and of the tensor multiplets transform in
the vector representation of SO(1, nr) [33]. Given that the symmetry is orthogonal, we can
apply the light-cone rules to declare that there are two 1/2-supersymmetric 1-branes with
charges along the two lightlike directions in SO(1,nr). Moreover, the fact that there are
no scalars associated to the vectors, which is the same as saying that the group rotating ny
abelian vectors is the compact form SO(ny ), implies that there are no 1/2-supersymmetric
O-branes. Given that the highest worldvolume dimension for a 1/2-BPS state is four, in
the six-dimensional case we can have at most defect branes. There cannot be any defect
branes charged under the duals of the scalars in the tensor multiplets. The reason for this
is that such fields are 4-forms Ay 4, 4, belonging to the adjoint of SO(1,nr), and thus the
corresponding charge cannot lead to a 1/2-BPS 3-brane according to the light-cone rule.
Using the language of the previous section, this means that the highest weight of the rep-
resentation is not real. So the only 1/2-BPS defect branes can be those that are charged
under the duals of the scalars in the hypermultiplets.

In any dimension, the four scalars in the hypermultiplets parametrise a quaternionic
manifold. For our method to be applied, we consider the special case in which the quater-
nionic manifold is a symmetric manifold G/H. This leads to the following manifolds:

SO(4,np)/[SO(4) x SO(ng)]

Fy(4)/[USp(6) x SU(2)] (nu =7)

Eg(2)/[ SU(6) x SU(2)] (ng = 10)
E7—5/[SO(12) x SU(2)] (ng = 16)

Eg(—24)/[E7 x SU(2)] (ng = 28)

Ga2)/SO(4) (ng =2)
SU(ng,2)/[SU(ng) x SU(2) x U(1)]

USp(2np,2)/[USp(2npm) x USp(2)], (4.1)

where ny is the number of hypermultiplets. Given that the charge of a defect brane is
always in the adjoint of G, the number of 1/2-supersymmetric defect branes in the hyper-
sector in any dimension (and in particular the number of 3-branes in six dimensions) is given
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by the number of real longest roots of G. Clearly, while for the first manifold in eq. (4.1)
this counting amounts to applying the light-cone rules for a charge with two antisymmetric
indices of SO(4, ng), in general we must count the real longest roots using the Cartan invo-
lution as obtained from the corresponding Tits-Satake diagram. The Tits-Satake diagrams
and the associated Cartan involutions of the real forms listed in eq. (4.1) are given in table 2.

We can analyse each case in more detail. As already mentioned, for the symmetry
SO(4,ng) we can use the analysis of the previous section. The restricted simple roots gen-
erate the maximally non-compact algebra SO(4,5) for ng > 4, while for ng = 4 the algebra
SO(4,4) is already maximally non-compact, and for ny < 4 the restricted-root algebra is
SO(ng +1,ng). If ng > 1, the highest weight of the adjoint representation is always real,
and the number of real longest roots is 2ng(ng — 1) for ny < 4 and 24 otherwise.

In the Fyy4) case, all the roots are real because the group is maximally non-compact.
The number of longest roots is 24. The Eg(), E7(_5) and Eg(_g4) cases all give the same
result as the Fy4) case because the restricted-root algebra is in all cases Fyy), and the
highest weight of the adjoint representation is in all cases real and coincides with the highest
weight of the adjoint of Fy(4). This can be verified using the Cartan involutions in table 2.
As an example, we consider explicitly the Eg,) case. From the Cartan involution given in
the third row, last column of table 2 we get

()r=plas+as]  (ap=jlaz+al (ar=as  (ar=as.  (42)
We recognise in (ag)r and in (a3)r the first and the second long simple roots of Fyy),
while (a2)r and (a1)g are the third and fourth short simple roots of Fy(4). Denoting with
&; (i=1,...,4) the nodes of Fy4(), as labeled in table 2, we summarise this as

1= (%)R = Qg

Gy = (a3)r = 3

o))

. 1
a3 = (a2)r = 5[02 + au]

1
ay = (Ckl)R = 5[0&1 + 045] . (4.3)
The highest weight of the adjoint of Eg(o) is
Agg = a1 + 202 + 33 + 204 + a5 + 206, (4.4)

and acting with the Cartan involution one finds (Ag,)r = Ag,. Moreover, using eq. (4.3)
one obtains
AEG = 207 + 3ag + 4as + 20y, (4.5)

which is the highest weight of the adjoint of Fy4(4). This implies that the number of real
longest roots of Eg() is equal to the number of longest roots of Fy4), which is 24. Exactly
the same result holds for E_s5) and Eg_g4y. In the first (second) case the first two long
simple roots of the restricted root algebra F4) are associated to nodes 6 and 5 (nodes 1
and 2) of the corresponding Tits-Satake diagrams given in table 2. The highest weights of
the adjoint representation of these two real forms are

Ag, = b1+ 200 + 3083 + 4oy + 3as + 206 + 257
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G/H Tits-Satake diagram of G Cartan involution
n=2k
O P k+2 0(a1) = -
1 2 3 4 5 k 9((12) = —Q3
SO0(4,n) o 0(as) = —as
SO(4) x SO(n) ok B(ou) = —as — 255 6;
—on mod2(3, 1+ Brio)
© & *——o 0B) =B i=5,... k+2
1 2 3 4 5 k+1 k+2
Faq O—CO0——0—20 B o
USp(6) x SU(2) . ) 5 . (o) = —w 1=1,2,3,4
b 9((11) = —Qp
T O(az) = —ay
Bz 1 2 3 4 5 0(as) = —as
SU(6) x SU(2) O O B(0s) = —a
‘\_/ O(as) = —
0(as) = —as
7 Olaz) = —az — 1 — B3
E 0(an) = —au — B3 — Br
7(=5) o
SO(12) x SU(2) ° Py o 0(as) = —as
1 2 3 4 5 6 0(ag) = —ag
08) =8  i=1,37
3 0(a1) = —aq
E 9((12) = —Q3
_ 82 N op _ Ca ¢
E: x SU(2) O(az) = —a3 — 284 — 265 — B — Bs
© - - e : & O | flar)=—ar— Bi— 28— 2 — s
0(6:) = B i=4,5,6,8
Ga2) Q$O _
SO(4) 1 2 0(o) =—a;  i=1,2
n=2 Ol OQ <>3 0(a1) = —as
k—J O(az) = —an
0(as) = —aq
SU(n, 2) n>2 O(ay) = —ani1
SU(n) x SU(2) x U(1) 1 2 3 n-l n nt1 0(az) = —ay, — Z:;l Bi
- - > : - . :
0(Bi) = B i=3,...,n—1
&// Olan) = —a2 = 515 5y
O(ant1) = —ay
n=1 0(B1) = /i
e <O 0(az) = —a2 — 261
USp(2n,2) 1 2
USp(2n) x USp(2) n>1 0(Bi) = Bi i#2
[ G S S — -—o—<—9 O(az) = —aa — 1
: ’ ’ ' . ~230 B~ Boss

Table 2. The Tits-Satake diagrams of the groups corresponding to the quaternionic symmetric
spaces given in eq. (4.1). The last column gives the Cartan involution.

AES =2aq + 3ag + 4ag + 584 + 685 + 486 + 2ae7 + 305, (4.6)

respectively. Using the Cartan involutions given in table 2 one can verify that in both
cases these highest weights satisfy A = Agr and that their expressions are given by the
same eq. (4.5) when expressed in terms of the simple roots of Fy(4). This means that for
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G restricted-root algebra | # of real longest roots
so(ng + 1,ng) nyg <4 2ng(ng — 1)

SO(4,nm) s0(4,4) ng =14 24
s0(4,5) ng > 4 24
Fau faa) 24
Eg(2) fa(a) 24
E7(_5) fa(a) 24
Eg(—24) faa) 24
G2(2) 92(2) 6
SU(ng,2) sp(4,R) 2
USp(2ny,2) s0(1,2) 0

Table 3. The number of real longest roots for the groups associated to the symmetric quaternionic
spaces given in eq. (4.1). These numbers correspond to the number of 1/2-supersymmetric BPS
defect branes in the hyper-sector.

all the E groups in eq. (4.1) the number of 3-branes in the hypermultiplet sector of the
six-dimensional theory is 24 precisely as for the Fy ) case.

One can perform the same analysis for the last three groups in eq. (4.1). In particular,
Gy(2) is maximally non-compact, and thus the number of defect branes is given in this
case by the number of longest roots, which is 6. We show in table 3 the outcome of the
analysis for all the groups in eq. (4.1). In the second column of the table we have listed
the restricted-root algebras and in the last column the number of real longest roots, giving
the number of 3-branes in the six-dimensional theory. Taking ny > 4 in the first row,
we see that the result is universal in the first five cases. These cases have the common
feature that the algebra has four non-compact Cartan generators, while in the last three
cases their number is equal to 2, 2 and 1 respectively. The outcome of this analysis is that
all the branes of the six-dimensional theory can be determined using our methods for the
special case that the hypermultiplet scalars parametrise a symmetric manifold.

This completes our discussion of the six-dimensional case. In the remaining part of
this section we will consider the theories in lower dimensions. In the next subsection we
will first consider a special class of theories, namely those that give rise to the symmetric
quaternionic manifolds of eq. (4.1) upon reduction to three dimensions. The full list of
coset manifolds and number of multiplets resulting from the uplift of the three-dimensional
symmetric theories is given in table 4 [34-36]. We can see from the table that these
theories do not contain hypermultiplets in any dimension higher than three. Moreover,
only the three-dimensional theories with symmetry group containing four non-compact
Cartan generators can be uplifted all the way to six dimensions. What is special about
these theories is that the full spectrum, including the (D —1)- and D-forms, can be obtained
by considering the very-extended Kac-Moody algebra G+, where GG is the symmetry of
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D=3 D=4 D=5 D=6
SO(1,1)
SO(4,n) SO(2,n — 2) SU(1,1) SO(1,n — 3) 4 _ o
SO() x SO() SO@2) xS0 —2) * UA) | Som—3 <R |nr=lnv=n-d
_ _ . SO(1,n — 3)
ng =mn ny=n-—1 ny =n—2 780(71—3)
nr=n—3,ny =0
Fa) Sp(6,R) SL(3,R) SO(1,2)
USp(6) x SU(2) U(3) SO(3) SO(2)
nH:7 nv:6 TLV:5 TLTZZ,TLV:Q
Es(2) SU(3,3) SL(3,C) SO(1,3)
SU(6) x SU(2) SU(3) x SU(3) SU(3) SO(3)
nH:IO nv=9 TLVIS nT:3,nv=4
E7 s SO*(12) SU*(6) SO(1,5)
SO(12) x SU(2) U(6) USp(6) SO(5)
ng = 16 ny =15 ny = 14 nr =5ny =8
Eg(—24) Er(—25) Eg(-26) SO(1,9)
E7 x SU(2) Es x SO(2) F4 SO(9)
nH:28 nV:27 TLV:26 nT:9,nV:16
Ga(2) SU(1,1) 1 i
SO(4) U(1)
ng = 2 ny = 1 ny = 0
SU(n, 2) SU(n —1,1) ) )
SU(n) x SU(2) x U(1) SU(n — 1) x U(1)
ng=mn ny=n-—1
USp(2n, 2) i i i
USp(2n) x USp(2)
ng=n

Table 4. The coset manifolds resulting from the uplift of the three-dimensional symmetric man-
ifolds listed in the first column. The table gives in each case the resulting number of multiplets.
The first chain of theories (first row) can be uplifted in two different ways to six dimensions, giving
in one case a theory with one tensor multiplet, and in the other case a theory with only tensor
multiplets and no vector multiplets.

the three-dimensional theory. In subsection 4.2 we will use the results coming from the
Kac-Moody analysis to obtain the representations of all the fields in any dimension. We
will next obtain the number of branes by considering the Cartan involution on the highest
weights of these representations. The remarkable outcome of this analysis will be that there
is a universal structure of branes for all the theories that can be uplifted to six dimensions.
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In subsection 4.3 we will discuss the general case, in which also hypermultiplets in
dimensions higher than three are present. This case is more complicated to analyse. Indeed,
the dimensional reduction to three dimensions now leads to two different hypermultiplet
sectors. In the special case of symmetric manifolds the global symmetry is then given
by the product of two groups G; x Gy occurring in eq. (4.1). A possible way to proceed
using generalised Kac-Moody constructions was conjectured in [37]. Here we will make a
different proposal. We will show that, for the particular case that the three-dimensional
symmetry is SO(4,n) x SO(4,m), the brane structure in any dimension can be obtained
by requiring that the theory is a truncation of the theory with sixteen supercharges whose
three-dimensional symmetry is SO(8,n+m). We will argue that this result is universal for
all the theories that admit an uplift to six dimensions.

4.2 Symmetric theories in three dimensions and their oxidation

In this subsection we want to determine the branes for all the chains of theories in table 4.
In [38] it was shown that for these theories one can use the Kac-Moody analysis to obtain
all the fields of the theory. This includes the (D —1)- and D-forms, that are not associated
to propagating degrees of freedom. One considers the very-extended Kac-Moody algebra
G, whose Dynkin diagram is obtained starting from the affine extension of the three-
dimensional symmetry group G and attaching two more simply-laced nodes to the affine
node. The spectrum of the three-dimensional theory is then obtained by decomposing the
adjoint representation of GT in terms of GL(3,R) x G. In particular, the antisymmetric
representations of GL(3,R) are associated to the form fields in the theory, and this method
thus gives their representations under G. Similarly, decomposing the same algebra in
terms of representations of GL(4,R) gives the spectrum of the four-dimensional theory,
whose internal symmetry is given by the nodes of G+ which are not connected to the
simple SL(4,R) part of GL(4,R). The same applies to higher dimensions.

The Kac-Moody method gives a simple way of understanding the chains of symmetry
groups in table 4 and why these theories can only be uplifted at most to six dimensions [38]
(see also [39, 40]). In the case of SO(4,n), the affine node is attached to node 2 of the
Tits-Satake diagram in the first row of table 2. Deleting node 2 one obtains the symmetry
SO(2,n—2)xSU(1, 1) of the four-dimensional theory, where the Cartan generator associated
to the deleted node is the R factor of GL(4,R). Deleting nodes 1 and 3 (with node 2 being
part of the SL(5,R) in the Kac-Moody algebra) gives the symmetry SO(1,n — 3) x RT of
the five-dimensional theory. The extra internal R symmetry is due to the fact that two
non-compact nodes are deleted. There are two possible six-dimensional theories. The first
one is obtained by deleting nodes 1 and 4 (with nodes 2 and 3 being part of the SL(6,R)
in the Kac-Moody algebra) giving a symmetry SO(1,1) ~ R™, associated to the dilaton,
times the compact symmetry SO(n — 4) which is associated to the vector multiplets and
does not correspond to a scalar manifold. The second one is obtained by deleting node 3
(with nodes 1 and 2 being part of the SL(6,R) in the Kac-Moody algebra) which results in
the symmetry SO(1,n — 3). This reproduces all the symmetries in the first row of table 4.
Note that a further uplift to seven dimensions would correspond to deleting node 5, but
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this is impossible because node 5 is a compact node of the Tits-Satake diagram, and thus
cannot be the scaling symmetry of a seven-dimensional theory.

This construction can be repeated for all the groups in table 2. The uplift of the Fy4)
theory, where the affine node is attached to node 1 of the Tits-Satake diagram in the second
row of table 2, corresponds to deleting nodes 1 (four dimensions), 2 (five dimensions) and 3
(six dimensions). This precisely gives rise to the chain of groups in the second row of table 4.
The Eg(2) theory, where the affine node is attached to node 6 of the Tits-Satake diagram,
is uplifted by deleting node 6 (four dimensions), 3 (five dimensions) and nodes 2 and 4 (six
dimensions).? The resulting real forms are given in the third row of table 4. Similarly, the
E7(_5) theory, where the affine node is attached to node 6, is uplifted by deleting nodes 6,
5 and 4, and the Eg(_yy) theory, where the affine node is attached to node 1, is uplifted by
deleting nodes 1, 2 and 3. The last three cases cannot be uplifted to six dimensions. The
Gy(g) theory is uplifted to four dimension by deleting node 1 and to pure five dimensional
supergravity by deleting node 2. The SU(n,2) theory can only be uplifted to four dimen-
sions by deleting nodes 1 and n+1. Finally, the USp(2n, 2) theory cannot be uplifted at all.

The fact that in the uplifting process one always deletes either an unpainted node or a
pair of unpainted nodes that are connected by an arrow implies that one can read the Cartan
involution acting on the roots of the diagram of the symmetry group of the uplifted theory
by simply looking at the Cartan involution in table 2 and ignoring the roots that have been
deleted. This has the consequence that the restricted root algebras of the symmetry groups
resulting from uplifting the Eg (), E7(_5) and Eg(_g4) theories are the same in any dimension
and are equal to the algebras that result from uplifting the Fy4) theory. As we will see,
this will imply that the whole structure of 1/2-BPS branes of these theories coincides.

Given the fields of the theory as obtained using the Kac-Moody method, we want to
select those components that are associated to 1/2-supersymmetric branes. In the case
of the maximal theory, this was achieved in [21], where it was shown that the branes
correspond to the roots of positive squared length of the Kac-Moody algebra E;('g;r. This
gives exactly the same classification of [19, 20, 23, 24], based on supergravity methods.
Indeed, it was shown in [22] that what one is actually counting in both cases are the longest
weights of each representation of the fields. The theories with sixteen supercharges also
admit a Kac-Moody description [41], which was used in [42] to determine the full spectrum
of the theory. The real form of the algebra is in this case not maximally non-compact,
and thus the weights of the representations of the fields are not necessarily real. In order
to obtain the (single) 1/2-supersymmetric branes, one selects the representations whose
highest weights correspond to roots of maximum positive squared length of the Kac-Moody
algebra, and then counts the real longest weights of those representations. This is exactly
what we did in the previous section, which reproduces the supergravity analysis of [25].

In this subsection we want to perform the same analysis for the Kac-Moody algebras
associated to the theories with eight supercharges. We will first list all the representations
of the fields whose highest weights correspond to roots of maximum positive squared length

3Note that the deletion of nodes 2 and 4 gives only one non-compact Cartan generator because the two
nodes are connected by an arrow, resulting in one compact and one non-compact Cartan generator.
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dim. | type of brane field # of branes
D=3 0-brane A1,4, 4, 24
1-brane Az AB 8
Az 4,4, 16
D=4 0-brane Al Aa 8
1-brane Az ap 2
Ao 4, A, 4
D=5 0-brane A a (a=0) 2
A (a=-2) 1
1-brane Ay (a=0) 1
Ay 4 (a=-2) 2
D=6 1-brane Az 2 2

Table 5. The branes of the theories resulting from the uplift of the SO(4,n) theory (with n > 4).
In six dimensions the A index is either an SO(1,1) index or an SO(1,n — 3) index, according to
the two possible oxidations.

of the Kac-Moody algebra.* We will then count the number of real longest weights in those
representations. This number is the number of single 1/2-supersymmetric branes. We will
find that for all theories only 0-branes and 1-branes occur. As we have seen in the previous
subsection, in six dimensions there are no 0-branes, and the 1-branes are selfdual. In five
dimensions the 0-branes are dual to the 1-branes. In four dimensions the 0-branes are
selfdual while the 1-branes are defect branes. Finally, in three dimensions the 0-branes are
defect branes and the 1-branes are domain walls. Only the latter branes are not associated
to propagating degrees of freedom. This implies that, actually, the Kac-Moody method is
only essential to count the three-dimensional domain walls.

We start by considering the SO(4,n)™"t case, giving the branes for the chain of
theories listed in the first row of table 4. In this case we do not actually need the Tits-
Satake machinery that we have developed in this paper, since we can actually use the

5

light-cone rules.” In three dimensions, the global symmetry is SO(4,n) and the fields

associated to the roots of maximum positive squared length of the Kac-Moody algebra are

At A, 45 As AB Ao Ay A, A3 AB,..Bs (4.7)

where our notation means that the fields belong to the irreducible representation with
Young tableaux made of different columns, each of length n equal to the number of repeated
indices A1 A5 ... A,. Using the light-cone rule, we find that the 1-forms lead to (;1) x 22 =24
O-branes, while the 2-forms A sp give 8 1-branes and Ag 4,..4, give (i) x 24 = 16 1-

“This was determined using the software Simplie [14].
5We will only consider the case in which n > 4, leaving the n < 4 case to the reader.
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branes. The 3-forms do not give any brane. In four dimensions, the global symmetry is
SO(2,n — 2) x SL(2,R), and the relevant fields are

At aa Azay Az aia A3 A,40430 Adaba,..As A4 AB,..Bs (4.8)

where a labels the doublet of SL(2,R) and the pair ab is symmetrised. Applying the light-
cone rule, together with the longest weight rule for the split form SL(2,R), one finds that
the 1-forms give 4 x 2 = 8 0-branes, while the 2-forms A, ,; give 2 1-branes and the 2-forms
Az 4,4, give (3) x 22 = 4 1-branes. All the other fields give no branes. In five dimensions
the global symmetry is SO(1,n — 3) x RT. Like in the cases of maximal and half-maximal
supergravity [25, 43], it is convenient, for D > 4, to classify the potentials according to a
number « that specifies how the tension of the brane that couples to the potential scales
with respect to the the Rt dilaton.® This scaling o follows from the RT weight and the
rank of the potential. According to the Kac-Moody analysis we have the following fields:

a=0: AI,A A2 y
=—2: Ar Ao a Az aia, Asaiasas AsAy Ay
a=—4: A4,A1A2 A57A73132 . (49)

The 1-form A; gives one 0-brane, while the 1-form A; 4 gives 2 O-branes. Similarly, one
obtains 1 + 2 1-branes. All the other fields give no branes. Finally, there are two possible
six-dimensional theories. The first is the one with n — 4 vector multiplets and one tensor
multiplet. We list the fields as representations of the compact global symmetry SO(n —4),”
obtaining

Apa 2x Ay Az a Agaa, Asa Asaina, Asa.a, Asap. (4.10)

Only the fields with no internal indices can give branes. This means that there are only
two 1-branes, one with o = 0 and one with a« = —2. Like above, « is related to the
SO(1,1) ~ R* weight and the rank of the potential. The second six-dimensional theory
has n — 3 tensor multiplets and no vector multiplets. The global symmetry is SO(1,n — 3)
and the relevant fields are

Asa Agaa,- (4.11)

Using the light-cone rule, one finds again only two 1-branes. We have summarised the final
result in table 5.

We now move on to consider the other theories. The Fy4) chain of theories in the
second row of table 4 is simple to analyse because the symmetry groups are all maximally
non-compact. This implies that the weights of the representations are all real, and thus
once one has identified the relevant representations, one only has to count the number of
longest weights of these representations. The outcome of this analysis is summarised in
table 6. Remarkably, the number of branes that one obtains in any dimension coincides
with that of the previous chain of theories.

5As we will see in the next section, the R* dilaton is the heterotic string dilaton.
"There is also a non-compact symmetry SO(1, 1).
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dim. | type of brane repr. highest weight # of branes

D=3 0-brane 52 (1000) | 2a1 + 3 + 4ag + 2y 24
1-brane 324 (000 2) | 2a1 + 4ag + 63 + 4oy 24
D=4 0-brane 14 (1 00) Sa +2a3 + ay 8
1-brane 21 (002) a2 + 203 + 24 6
D=5/| O-brane 6 (20) 303+ 2y 3
1-brane 6 (0 2) 2as+ Fou 3
D=6 1-brane 3 (2) ay 2

Table 6. The branes of the theories resulting from the uplift of the Fy(4) theory. The symmetries
in dimensions 4, 5 and 6 can be read from the second row of table 4. They correspond to deleting
nodes 1, 2 and 3, respectively, of the Fy(4) Tits-Satake diagram in table 2. The number of branes
corresponds to the number of longest weights in the representation.

We next consider the Eg(9), E7(_5) and Eg(_g4) cases. What one finds is that the global
symmetry, in all cases and in any dimension, is such that the restricted root algebra is the
F4(4) chain of symmetries. Moreover the real highest weights, when written in terms of
the restricted simple roots, are exactly the highest weights of the representations listed in
table 6. This means that the number of 1/2-BPS branes in each dimension is the same for
all these four theories. The final result is summarised in tables 7, 8 and 9.

The fact that the first five chains of theories in table 4 all give the same results as
far as the 1/2-supersymmetric branes are concerned can be understood as follows. First
of all, one observes that the groups in the Fy4), Eq(2), E7(_5) and Eg(_s4) chains all admit
maximal subgroups that are of the form of those in the first chain, modulo simple compact
factors. Let us consider the three-dimensional case first. We notice that the following set
of maximal embeddings holds,

Fyay O SO(4,5),
Eg2) O SO(4,6) x U(1),
Er_s O SO(4,8) x SU(2),
Eg(_as D SO(4,12), (4.12)

where the subgroups are all SO(4,n) apart from compact factors. We have already shown
(see table 6) that the O-branes and the 1-branes of the Fy4(4) theory are the longest weights
of the 52 and the 324 respectively. If one decomposes these representations under SO(4, 5)
one obtains

52 = 16 + 36,
324 =1+9+16+44+ 126 + 128. (4.13)

The longest weights belong to the 36 in the first case and to the 44 and 126 in the second
case. This is exactly what one would obtain in the SO(4,5) theory, because the 36 is the
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dim brane repr. highest weight restricted repr. | #
D =3 | O-brane 78 (000001) a1 + 2a + 3as + 204 + as + 206 52 (1000) 24
1-brane | 650 (1000 10) 2001 + 3ae + 4as + 3as + 2a5 + 206 324 (000 2) 24

2-brane | 5824 (110000) | 31 + baz + 6as + das + 2a5 + 3o - -

5824 (000110) | 201 +4as + 6as + 5as + 3as + 3ag - -

D =4 | 0-brane 20 (00100) lontas+ Sas+as+ tas 14 (100) 8
1-brane 35(10001) a1+ as + as + as + as 21 (00 2) 6

2-brane 70 (11000) 314202+ 2as+ as+ 1as - -
70(00011) lor+az+ 3as+2as 4 3as - -

3-brane 280 (2001 0) 2a1 + 209 + 203 + 204 + s - -

280 (0100 2) a1 + 200 + 2a3 + 204 + 205 - -

D =5 | O-brane (3,3) (0110) zon+ 22+ 2au+ s 6 (20) 3
1-brane (3,3)(1001) 2on + oo+ sau+ 2o 6 (02) 3

2-brane (8,1)(1100) a1+ az - -

(1,8) (001 1) as+as - -

3-brane (6,3)(2010) %al + %ag + %a4 + %a5 - -

(3,6) (0102) fon+ 2as+ 2au+ 305 - -

4-brane | (15,3) (2101) Son + fon + sou+ 2as - -

(3,15) (1012) 200 + 2o+ jou + 2as - -

D =6 | 0-brane (2,1) (10) ton - -
(1,2) (0 1) las : :

1-brane (2,2) (11) lon + a5 3(2) 2

2-brane (2,1) (10) 1on - -

(1,2) (0 1) Las . .

3-brane (1,3) (0 2) as - -

(3,1) (20) o . -

4-brane (2,3) (12) o +as - -

(3,2) (21) a + %oz5 - -

5-brane (4,2) (3 1) Son + a5 - -

(2.4) (13) Loy + 2ag _ ]

Table 7. The branes resulting from the uplift of the Eg(3) theory. The symmetries in dimensions
4, 5 and 6 can be read from the third row of table 4. They correspond to deleting nodes 6, 3 and
2 and 4 of the Eg(9) Tits-Satake diagram in table 2, respectively. Only for the real longest weights
we have listed in the fifth column the corresponding representations of the restricted root algebras,

which coincide with the Fy4) chain. The last column gives the number of branes.
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dim. brane repr. highest weight restricted repr. | #
D=3 | 0-brane 133 (0000010) B1+2a2+383+4as+3as+2a6+287 52(1000) 24
1-brane | 1539 (0100000) | 281+4a2+583+6csa+4as+2a6+387 | 324 (0002) | 24
2-brane | 40755 (100000 1) | 381+5a2+783+9cs+6as+3as+5067 - -

D=4 | 0-brane 32(000010) 1614 az+ 283+ 204 + Sas + Br 14 (1 00) 8
1-brane 66 (010000) 81+ 2a9 + 283 + 2a4 + a5 + Br 21 (002) 6
2-brane | 352 (10000 1) 381+ 202 + 283 + 30 + S5 + 267 - -
3-brane 462 (00000 2) B1 + 22 + 303 + 4daa + 205 + 367 - -

2079 (10100 0) 261 + s + 483 + 4as + 205 + 267 - -

D=5 | O-brane 15 (0001 0) P14 Fas+ B3+ jaa+ 2p7 6 (20) 3
1-brane 15(01000) 361+ 52 + B3 + Sau + 367 6 (02) 3
2-brane 35(10001) B1+ a2+ B3+ aa + Br - -
3-brane 21(00002) 114 2as+ B3+ s0u+ 267 - -

105 (1010 0) 381+ 5024263+ jau+ 257 - -

4-brane 384 (11001) 5P+ Zas+2Bs+ Sou+ 387 - -

D=6 | 0-brane 4,2) (0011) 11+ s+ 383+ 157 - -
1-brane (6,1) (0100) 161+ az+ s 3(2) 2
2-brane (4,2) (1001) 381+ las+ 1B + 167 - -
3-brane (1,3) (000 2) B7 - -

(15,1) (101 0) Br+ az + Bs - -

4-brane (20,2) (1101) 514 3as+ 385+ 167 - -
5-brane (10,3) (200 2) 31+ a2+ 283+ fr - -

(64,1) (1110) 3814 200 + 23 - -

Table 8. The branes of the theories resulting from the uplift of the E7_5) theory. The symmetries
in dimensions 4, 5 and 6 can be read from the fourth row of table 4. They correspond to deleting
nodes 6, 5 and 4 of the E;_5) Tits-Satake diagram in table 2, respectively.

representation with two antisymmetric indices (giving 24 0O-branes), the 44 the one with

two symmetric indices (giving 8 1-branes) and finally the 126 is the one with four anti-

symmetric indices (giving 16 1-branes). In other words, as far as the branes are concerned
the Fy4) theory is the same as the SO(4, 5) theory, and the fields that are responsible for
the symmetry enhancement are not associated to branes.

The same occurs for the other three theories we are considering. The 78 and the 650
of Eg(a), see table 7, decompose under SO(4,6) x U(1) as

78 = 1(0) +16(—3) + 16(—3) + 45(0),
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dim. | brane repr. highest weight restricted repr.|#
D =3|0-brane| 248 (1000000 0) 201 +3az+4az+584+685+48s+2a7+38s | 52 (1 000) 24
1-brane| 3875 (000000 10) | 2a1+4as+6a3+8B1+1085+786+4ar+58s | 324 (0 0 0 2) |24
2-brane(147250 (00000 0 0 1)|3a1+6c2+9a3+1284+1565+108s + 57+ 88 - -
D=4|0-brane| 56 (1000000) S+ 203+ 2B4+ 365 + 285 + ar + 3 Bs 14 (100)
1-brane| 133 (000001 0) o2 + 203 + 364 + 485 + 3Bs + 207 + 258 21 (002) |6
2-brane| 912 (000000 1) 3t +3as + B4 + 685 + 486 + 207 + 1fs - .
3-brane| 8645 (000010 0) 2a2 + 4ag + 684 + 885 + 686 + 3ar + 408 - -

D =5|0-brane 27(100000) a3+ 384 +2B5 + 386 + 2o + Bs 6 (20) 3
1-brane] 27 (0000 10) 2o3+ 2Ba+ 285 + 2B6 + 2ar + Bs 602 |3
2-brane 78 (000001) a3 + 204+ 305 + 286 + ar + 20s - -
3-brane| 351 (000100) g0+ §Ba+ 485 + L Bs + 2ar + 205 - -
4-brane| 1728 (00001 1) Sas+ LBy + 585 + 2 Bs + Tar + 3Ps - -

D =6(0-brane 16 (1000 0) 5844385+ Bs + 307 + 2P - -
1-brane 10 (0001 0) 281+ Bs + Bs + ar + 1 Bs 3 (2) 2
2-brane 16 (00001) 3Bs+ 3B5 4 Bs + 2ar + 2B - -
3-brane 45 (00100) Ba+2Ps5 + 286 + az + B - -
4-brane 144 (0001 1) 5844585+ 28s+ Sar + 1Bs - -
5-brane 320 (001 10) 384+ 3B5 + 386 + 2a7 + 3 Bs - -

Table 9. The branes of the theories resulting from the uplift of the Eg(_24) theory. The symmetries
in dimensions 4, 5 and 6 can be read from the fifth row of table 4. They correspond to deleting
nodes 1, 2 and 3 of the Eg(_g4) Tits-Satake diagram in table 2, respectively.

650 = 1(0) + 10(6) + 10(—6) + 16(3) + 16(—3) + 45(0) + 54(0) ,
+144(—3) 4+ 144(3) + 210(0) . (4.14)

The numbers in brackets are the U(1) weights. The real longest weights belong to the 45
in the first case and to the 54 and 210 in the second case. Like in the previous case, these
representations correspond to two antisymmetric, two symmetric and four antisymmetric
vector indices of SO(4,6). Similarly, decomposing the 133 and the 1539 of E;_s), see
table 8, under SO(4,8) x SU(2) one gets

133 = (1,3) + (66,1) + (32,2),
1539 = (1,1) + (32,2) + (77,1) + (66, 3) + (495,1) + (352,2) . (4.15)

The real longest weights belong to the (66,1) in the first case and to the (77,1) and
(495,1) in the second case. Again, the 66, 77 and 495 are the representations with two
antisymmetric, two symmetric and four antisymmetric vector indices of SO(4,6), respec-
tively. Finally, the 248 and the 3875 of Eg(_a4), see table 9, decompose under SO(4, 12) as

248 = 120 + 128,
3875 = 135 + 1820 + 1920. (4.16)
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The real longest weights are in the 120, 135 and 1820, which correspond again to two
antisymmetric, two symmetric and four antisymmetric vector indices of SO(4, 12). To sum-
marise, if one decomposes the relevant representations under the subgroups in eq. (4.12),
one finds that the branes are exactly in the same representations as those of the SO(4,n)
theory, and thus their number is always the same, i.e. 24 O-branes and 8416 1-branes,
because of the light-cone rules.

The same analysis can be repeated in four and five dimensions. In four dimensions the
relevant maximal embeddings are given by

Sp(6,R) S SO(2,3) x SU(1,1),
SU(3,3) S SO(2,4) x SU(1,1) x U(1),
SO*(12) o SO(2,6) x SU(1,1) x SU(2),
Er(_s5 D SO(2,10) x SU(L,1). (4.17)

The maximal subgroups are always of the form SO(2,n — 2) x SU(1,1) up to compact
factors. Similarly, in five dimensions one has the following maximal embeddings:

SL(3,R) D SO(1,2) x RT,
SL(3,C) D SO(1,3) x RT x U(1),
SU*( ) D SO(1,5) x RT x SU(2),
(—26) 2 SO(1,9) x RT. (4.18)

All maximal subgroups are given by SO(1,n — 3) x Rt up to the same compact factors.
One can show that decomposing the relevant representations of tables 6—9 one finds that
the real longest weights are always in the representations of table 5, which explains why
the brane structure of all these theories is universal.

The last three cases in table 4 are special because none of them can be uplifted to six
dimensions. While the three-dimensional global symmetry groups of the cases analysed
above have all four non-compact Cartan generators, Gy() and SU(n,2) have two non-
compact Cartan generators, and the theories can be uplifted at most to five and four
dimensions respectively. The global symmetry group USp(2n, 2) has only one non-compact
Cartan generator and the corresponding theory only exists in three dimensions. One can
repeat the analysis for all these cases. In the case of the Gy(y) chain of theories, the only
fields associated to roots of the Kac-Moody algebra with maximum positive squared length
are a 1-form in the 14 (adjoint) of Gy in the three-dimensional theory and a 1-form in
the 4 of SU(1,1) in the four-dimensional theory. The number of branes are

D=3: 6 0— branes,
D=4: 2 0—branes. (4.19)

In the case of the SU(n,2) chain of theories, the only representations with real highest
weight are

D=3: 1—forms: (100...001) — 4 0 — branes,
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2—forms: (010 ...010) — 4 1— branes,
D=4: 2—forms: (100...001) — 2 1— branes, (4.20)

where we have denoted the representations in terms of the Dynkin indices of the highest
weight. Finally, in the USp(2n, 2) theory in three dimensions only the highest weight of the
2-form, with Dynkin labels (02 0 ... 00), is a real weight, and this results into 2 1-branes.

4.3 Inclusion of hypermultiplets

While the six-dimensional classification of branes that we obtained in subsection 4.1 in-
cluded the hypermultiplet sector, the analysis in any dimension of subsection 4.2 involved
theories that are oxidations of symmetric three-dimensional theories, which do not include
hypermultiplets in dimensions higher than three. This is due to the fact that the world-
volume of the branes we are considering can be at most four-dimensional. This implies that
in six dimensions the 1/2-BPS branes have at least codimension two, but in five dimensions
they can also have codimension one and there are no constraints on the codimension in
dimensions four and three. Therefore, the knowledge of the propagating degrees of free-
dom of the theory allows us to determine the full brane spectrum in six dimensions only,
while in lower dimensions one needs the knowledge of the (D — 1)- and D-forms in the
supersymmetric multiplets, that do not carry on-shell degrees of freedom but are associ-
ated to domain walls and space-filling branes, respectively. The Kac-Moody analysis gives
precisely this information for the theories considered in subsection 4.2. Actually, we have
seen that these theories only have 0-branes and 1-branes, which means that this analysis
is a posteriori only crucial for the domain walls in three dimensions.

We now wish to determine the branes in the hyper-sector in dimensions less than six
for the special class of theories with eight supercharges that result as truncations of the
theories with sixteen supercharges. We consider here theories corresponding to the first
chain of coset manifolds in table 4 in the vector multiplet sector and with hyperscalars
parametrising the first manifold in eq. (4.1). This means that we take the symmetry of the
three-dimensional theory to be SO(4,n) x SO(4, m), corresponding to the product of two
symmetric quaternionic manifolds. We consider the theory in higher dimensions with the
first simple factor uplifted to vector multiplets and the second factor unchanged. We will
show that the brane structure in any dimensions can be obtained by requiring that this
theory is a truncation of the theory with sixteen supercharges whose three-dimensional sym-
metry is SO(8,n + m). Given the universality in the brane counting found in the previous
subsection, we expect the results of this subsection to apply also to the cases in which the
vector multiplets and the hypermultiplets are of the Fyy), Eg2), E7(_5) and Eg(_o4) type.

We start our discussion with the three-dimensional case. We consider a theory whose
scalars parametrise the product of two quaternionic spaces,

SO(4,n)  SO(4,m)

SO() x SO(n) ~ SO() x SO(m) ° (421)

with m,n > 4. Following the results of the previous subsection we can say in all generality
that together with the fields in eq. (4.7) with vector indices in the first orthogonal group,
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there will be an equivalent set of fields with indices in the second group. Denoting these
indices with M, N, ..., this leads, on top of the branes of the previous subsection, to the
same number of branes for the second hypermultiplet sector,

Aivv,  — 24 0 — branes
Ao N — 8 1 — branes
Ao vy,  — 16 1 — branes. (4.22)

We still have to determine the fields with indices of both groups that give rise to 1/2-
BPS branes. We determine such fields by requiring that this theory is a truncation of the
half-maximal theory with symmetry SO(8,n 4+ m). Denoting with A, B, ... the indices of
SO(8,n+m), the fields that are associated to branes in the half-maximal theory are AL Ay Ay
Az,AB’ Az,Al...A4 and AS,Aél...Bs’ in analogy with eq. (4.7). The truncation projects Al,AlAQ
to A1a,4, and Aj aar,- The remaining fields all follow by requiring that the gauge
algebra, i.e. the algebra of gauge transformations of all the potentials in the theory, is a
consistent algebra. Associating to each field an operator with the dual index structure,
this requirement stems from imposing the consistency of the algebra of these operators.®

Denoting by RL Ay Ay the operator associated to the field Al, Ay Ay WE obtain the commutator

[RLAIAQ, RLBIB2] = RZ,A1A231BQ + R2,[A1[BlnBQ]A2] ° (423)

This commutator implies that the first operator on the right-hand side is completely anti-
symmetric and the second is symmetric, exactly as the corresponding 2-form fields. As far
as this commutator is concerned, the consistently truncated algebra is

[R17A1A27 R17B132] - R27A1A231Bz + RZ,[A1[B177B2}A2]
[Rl,Mle Rl,NlNz] = R27M1M2N1N2 + RQ,[Ml[N177N2}M2}

[R17A1A2ﬂ Rl,Mle] = R27A1A2M1M2 : (4‘24)

This implies that, apart from the 2-form fields that we have already introduced, associated
to the operators on the right-hand side of the first two equations, the third equation leads
to the field Aa 4, 4,0, v, With indices on both groups. Using the light-cone rule this gives
24 x 24 = 576 1-branes. Similarly, one can show using algebraic arguments that the only
fields that are associated to branes and result from the truncation of the field A37 AB,..Bs
are A3 AB,B,BsM M, and Az prn,NaNz 4,4, Using the light-cone rule, each of these two
fields gives (3) x 2% x 3 x 24 = 2304 2-branes.

We next consider the four-dimensional theory with symmetry SO(2,n—2) x SU(1, 1) x
SO(4,m), with the first two groups associated to the vector multiplets and the third to
the hypermultiplets. We require that this theory results from the truncation of the half-
maximal theory with symmetry SO(6,n+m —2) x SU(1,1). The fields associated to branes
with indices only in the vector-multiplet sector are contained in eq. (4.8). The lowest-rank
field with internal indices in the hypermultiplet sector is the 2-form A as, a, dual to the

81t is precisely this correspondence between fields and operators that in the case of a single orthogonal
group leads to the very-extended Kac-Moody algebra associated to the theory.
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hyper-scalars. Consistency of the truncation implies that there is a 3-form Az as, s, Aa,
leading to 24 x 4 x 2 = 192 2-branes. There are also 4-forms A4 rr, vy A, Asap (giVing 192
3-branes) and Ay prn, NoNs and Ag A v, (giving both 96 3-branes).

We now discuss the five-dimensional case. The symmetry is SO(1,n — 3) x Rt x
SO(4,m), where the last factor is the symmetry of the quaternionic manifold of the hyper-
multiplets. We want to derive the branes of this theory considering it as a truncation of the
half-maximal theory with symmetry group SO(5,n+m—3) x RT. The fields corresponding
to branes in the half-maximal theory are given by

a=20 ALA AQ,
a= -2 A1 A2A
a=—4 A

A3 aa, Aadidods As A Ay
1A, A5 ims, - (4.25)
The analysis of the branes of the truncated theory, as far as the vector multiplets are
concerned, was performed in the previous subsection. The lowest-rank form fields in the
hyper-sector are the 3-forms As as,ar,, with o = —2. Such fields are dual to the hyper-
scalars and lead to 24 defect branes. Imposing consistency of the truncation implies that
the only higher-rank fields that are associated to branes are the 4-forms A4 ans a, With
a = —2 and Ay p, m, With o = —4. The first field gives 48 3-branes, while the second one
corresponds to 24 3-branes.

The six-dimensional case was already discussed in subsection 4.1. The only relevant
fields in the hyper-sector are the 4-forms A4 ar, a7, leading to 24 3-branes. Considering in
particular the case in which the global symmetry is SO(1,1) x SO(n —4) x SO(4,m) (cor-
responding to the first case in table 4 as far as vector and tensor multiplets are concerned)
the SO(1,1) dilaton scaling of this 4-form field is a = —2.

We have listed in table 10 the results derived in this subsection. In the next section
we will show that considering these models as low-energy effective actions of the heterotic
string compactified on K3 x TP, the number of branes derived in this section, for specific
string dilaton scalings, can be derived from the branes of the six-dimensional heterotic
string (i.e. the heterotic string compactified on K3) by applying exactly the same wrapping
rules that where derived previously for theories with more supersymmetry.

5 Reduction of the heterotic string on K3 and wrapping rules

In maximally supersymmetric theories, one can classify the branes according to how their
tension T scales with respect to the string coupling gg in terms of the non-positive integer
number « defined as T' ~ ¢g&. This analysis was obtained in each dimension in [20, 23, 24]
studying the properties of the representations of the T-duality group SO(d,d) in 10 — d
dimensions. What this analysis reveals is that for « = 0, —1, —2, —3 the number of branes
in a given dimension can be obtained from the branes in ten dimensions using different
wrapping rules, that are specific for each value of « [20, 24, 27]. In [25] it was then shown
that the same applies to the heterotic theory compactified on a torus. In this case only even
values of a are allowed, and the branes with o = 0, —2 are obtained from ten dimensions
using the same wrapping rules that one obtains in the maximal case for these values of «.
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dim. | type of brane field # of branes
D=3 0-brane At v My 24
1-brane Ao N 8
Az vy vy 16
A2 Ay Ay My Mo 576
2-brane A3 MNI NaN3 A As 2304
A3 ABy By B3 M1 M, 2304
D=4 1-brane Ao vy M, 24
2-brane A3 My Mo Aa 192
3-brane Ay My Mo Ay Asab 192
A4 M NI N2 N 96
Ay ABM, Mo 96
D=5 2-brane As v, (0 =—2) 24
3-brane Ag avi v, (00 = —2) 48
Aganag (o = —4) 24
D=6 3-brane Ay, (0= —2) 24

Table 10. The branes that are added to those in table 5 when hypermultiplets are included.

In this section we want to perform the same analysis for theories with eight super-
charges. In particular, we consider the six-dimensional theory as the low-energy action of
the heterotic string compactified on K3, and the lower-dimensional theories as its torus
dimensional reductions. We will determine the number of branes for each value of « in
any dimension and we will show that for &« = 0,—2 the result can be obtained using
the wrapping rules of the maximal and half-maximal case starting from the branes of the
six-dimensional theory. Finally, we will show how also the six-dimensional branes can
be obtained using the same wrapping rules on K3 cycles starting from the branes of the
ten-dimensional heterotic theory.

The heterotic dilaton in theories with eight supercharges sits in a tensor multiplet in
six dimensions and in a vector multiplet in five and four dimensions. At the perturbative
level, one can only obtain six-dimensional models with a single tensor multiplet, while non-
perturbatively one can also consider models with more tensor multiplets.? In any case,
decomposing SO(1,n7) D SO(1,1) x SO(np — 1), where SO(1,ny) is the global symmetry
of the theory with ny tensor multiplets, gives the scaling of the various fields with respect
to the string dilaton, that is the scalar parametrising SO(1, 1). Moreover, the symmetry of
the hypermultiplet sector is a T-duality symmetry because it does not affect the dilaton.

9This differs from the Type-I case, in which models with various tensor multiplets can be constructed
at the perturbative level [44, 45].
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We can then consider the reduction to five dimensions and in particular the first chain of
theories in table 4. We already mentioned in the previous section that the string dilaton is
the R dilaton and that the SO(1,n—3) symmetry is a T-duality symmetry (together again
with the symmetry of the hyper-sector). In four dimensions, the string dilaton is the dilaton
of the SU(1,1)/U(1) coset manifold, and finally in three dimensions one has to decompose
SO(4,n) D SO(1,1) x SO(3,n — 1), where again the dilaton is the SO(1,1) scalar and
SO(3,n—1) is a T-duality symmetry. It follows from eqs. (4.12), (4.17) and (4.18) that the
Faw), Ee(2), Er(—5) and Eg(_g4) chains of theories in table 4 can be decomposed with respect
to the groups in the SO(4,n) chain giving exactly the same brane structure. Therefore,
the T-duality analysis of all these theories is the same as far as the branes are concerned.

We now count the branes in any dimension for the different values of a. In six di-
mensions, there are two 1-branes, one with o = 0, which is the fundamental string, and
one with a = —2, which is its solitonic dual. The scalars in the hypermultiplet are in the
perturbative sector, and thus the 24 3-branes which are magnetically charged under such
scalars have o = —2. In five dimensions, the number of branes for the various values of «
can be read directly from tables 5 and 10. In four dimensions, the fields transform under
SU(1,1) ~ SL(2,R), and the value of « is determined by the relation [25]

a=n;—ng—p, (5.1)

where p is the rank of the form and n; and ns are the number of indices along the directions
1 and 2 of SL(2, R) respectively. Reading the representations of the fields from table 5, we
get that Ay 4, gives 4 O-branes with a = 0 and 4 0-branes with a = —2, Ay 45 gives one
1-brane with o = 0 and one with a@ = —4, while A 4, 4, gives 4 1-branes with a@ = —2.
Similarly, from table 10 we get that As a7, a7, gives 24 1-branes with o = —2, A3 a7, 01544
gives 96 2-branes with v = —2 and 96 2-branes with a = —4, Ay rr, o4, Azab gives 96
3-branes with o = —2 and 96 3-branes with o = —6, and finally both A4 arn, N,n, and
Ay aBm, M, give 96 3-branes with @ = —4. Finally, in three dimensions one considers
SO(4,n) D SO(1,1) xSO(3,n—1), where again the heterotic dilaton parametrises SO(1,1).
Denoting with + and — the light-cone directions of SO(1,1), and with ny and n_ the
number of + and — indices of the p-forms in tables 5 and 10, the value of « is given by

a=2(ny—n_—p). (5.2)
In table 5, the field Ay 4,4, gives 6 O-branes with o = 0, 12 0-branes with o = —2 and
6 O-branes with a = —4, Ay op gives one 1-brane with o = 0, 6 with o« = —4 and one

with o = —8, while the field A3 4,..4, gives 8 1-branes with o = —2 and 8 with a = —6.
Finally, we consider in table 10 only the fields giving branes with @ = —2, ignoring all the
other branes with more negative o. This is 24 O-branes from Aj ar,as,, 144 1-branes from
AQ,AlAng Mo and 288 2-branes from AS,ABl BoB3 M M-

We summarise the result for « = 0 and @ = —2 in tables 11 and 12. The reader can
see that the number of & = 0 branes in a given dimension can be derived from the number
of branes in one dimension above using the wrapping rules

{ wrapped — doubled
a=10

(5.3)
unwrapped — undoubled .
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F-brane | 6D | 5D | 4D | 3D
0 2 4 6
1 1 1 1 1

Table 11. The number of fundamental (o = 0) branes in any dimension. The entries of the table
in any dimension result from applying the fundamental wrapping rule (5.3) to the branes of one
dimension above.

S-brane | 6D | 5D | 4D 3D
0 1 4 12424
1 1 2 | 4424 | 84144
2 24 96 288
3 24 | 48 96
Table 12. The number of half-supersymmetric solitons (« = —2 S-branes) in any dimensions. The

number of branes in a given dimension are obtained applying the wrapping rule rule (5.4) to the
branes of one dimension above.

This implies that their number in any dimension can be derived from the branes in six di-
mensions using the wrapping rules. Similarly, the & = —2 branes satisfy the wrapping rules

(5.4)

5 wrapped — undoubled
a=—
unwrapped — doubled .

From the branes in six dimensions and applying these wrapping rules one derives the num-
bers of all the & = —2 branes in any dimension.

In [25, 28] the duality between the Type-IIA theory compactified on K3 and the het-
erotic theory on 7% was used to determine how the wrapping rules can be applied in K3
compactifications. More specifically, one identifies a basis of six homology 2-cycles, and al-
lowing the ITA branes to either wrap these 2-cycles, the whole of K3 or remain unwrapped,
and using the same wrapping rules as derived for the torus reduction, one reproduces the
branes of the heterotic side, in agreement with the duality. We can now apply this result
to the heterotic theory compactified on K3, to see whether this reproduces the number of
six-dimensional branes that we have derived in this paper. The only branes of the het-
erotic theory in ten dimensions are the fundamental string (o = 0) and its solitonic dual
NS5-brane (a« = —2). The fundamental string cannot wrap, because there are no 1-cycles,
and the wrapping rules imply that if it does not wrap, it does not double. Therefore one
obtains a single a« = 0 1-brane in six dimensions, as in table 11. The NS5-brane gives the
dual @ = —2 string when it wraps on the whole of K3, and the a = —2 wrapping rules
imply that it does not double, giving only one string as in table 12. The NS5-brane can
also wrap on a 2-cycle to give a 3-brane. There are six possibilities, while the two directions
in which this brane does not wrap give two factors 2 because of the doubling. This gives
exactly 24 3-branes as in table 12. The fully unwrapped NS5-brane is not allowed in six
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D | R-symmetry n=>0 n=1 n=2 |n=3
6 SU(2) 1 3t
5 SU(2) 1 1 3
4 U(2) 1+1 1+3 3T +3°
3| SU(2) xSU(2) | (3,1)+(1,3) | (1,1)+(3,3)

Table 13. This table indicates the R-representations of the n-form central charges of 3 < D < 6
quarter-maximal supersymmetric theories. Momentum is included, corresponding to the always
present n = 1 singlet. If applicable, we have also indicated the space-time duality of the central
charges with a superscript =+.

dimensions because of supersymmetry. A similar phenomenon occurs in the half-maximal
case, where an additional halving takes place for the unwrapped NS5-branes, as discussed
in [28]. In that case the halving was interpreted in the orbifold limit 7*/Zs of K3 as an
additional action of Zo on the charges, leading to a self-duality condition. In this case we
expect that Zy projects out the charge completely.

6 Central charges and degeneracies

In this section we want to study the relation between the number of half-supersymmetric
branes and the supersymmetry algebra in theories with 8 supercharges. We will only
consider the theories that can be uplifted to six dimensions and such that the symmetry
group of the hyper-sector has four non-compact Cartan generators. These are indeed the
theories whose brane structure is universal, as we have shown in section 4. The R-symmetry
of the theories with eight supercharges is SU(2) in six and five dimensions, U(2) in four
dimensions and SU(2) x SU(2) in three dimensions. In six dimensions, the supercharge is
a chiral spinor which is also a doublet of SU(2) satisfying symplectic-Majorana conditions.
In five dimensions the spinors satisfy the same symplectic-Majorana conditions. In four
dimensions the supercharges are doublets of Majorana spinors. Finally, in three dimensions
the supercharges are Majorana spinors in the (2,2) representation. The resulting central
charges in the supersymmetry algebra are summarised in table 13.

We want to relate the central charges in table 13 and their duals (with the exception
of the n = 0 charge and the momentum operator, which cannot be dualised) to the half-
supersymmetric branes discussed in the previous sections. The central charges determine
the BPS-conditions of the corresponding branes, i.e. which supersymmetries are preserved
on the brane. As we will see, the BPS conditions are degenerate, which means that to
each central charge one associates different branes. This degeneracy implies that a bound
state of these branes keeps preserving the same amount of supersymmetry. The same de-
generacy analysis was performed in [22, 23, 29, 46] for the maximal theories and in [25]
for the half-maximal ones. In the maximal case, the branes with more than two transverse
directions are in one-to-one correspondence with the central charges and thus there are
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no degeneracies, while all the defect branes have degeneracy 2 and the domain walls and
space-filling branes have even higher degeneracy. In the half-maximal case the degeneracy
is twice the one of the maximal case, and in particular it is 2 for branes with more than two
transverse directions and four for defect branes. As we will see in the following, in theories
with eight supercharges the degeneracy is twice that of the half-maximal case and four
times that of the maximal case. Indeed, we will find that the branes with more than two
transverse directions have degeneracy 4 and the defect branes have degeneracy 8. Below
we discuss each dimension separately.

6D: as we have seen in section 4, in six dimensions there are two 1-branes and 24 3-branes.
From table 13 we read that there is a singlet charge with n =1 (the momentum operator)
and a self-dual n = 3 charge in the 3. The n = 1 charge corresponds to the pp-wave, the
KK-monopole and the two 1-branes. It thus has degeneracy four. The n = 3 charge in the
3, instead, corresponds to the 24 3-branes, giving a degeneracy 8. We note that in both
cases the degeneracy is twice the degeneracy of the half-maximal case and four times the
degeneracy of the maximal case. There are no other charges because we cannot dualise the
momentum operator. This is consistent with the fact that we have no other branes.

5D: the branes with more than two transverse directions in five dimensions are three
0-branes and three 1-branes. There is a singlet n = 0 central charge corresponding to
the KK-monopole and the three 0-branes, while the singlet n = 1 momentum operator
corresponds to the pp-wave and the three 1-branes. In both cases we get degeneracy four.
The n = 2 charge is in the 3, and it corresponds to the 24 2-branes so that the degeneracy
is 8. This is again twice the degeneracy of the half-maximal case. The n = 2 charge can be
dualised to an n = 3 charge. There are 48 + 24 3-branes, and this gives in total degeneracy
24. There are no other central charges because the momentum operator and the n = 0
charges cannot be dualised.

4D: in four dimensions there are two singlet n = 0 charges with different U(1) weight. The
four fundamental and four solitonic 0-branes are associated to each of the central charges,
which thus have both degeneracy four. The singlet n = 1 central charge corresponds not
only to the pp-wave and the fundamental string, but also to the S-dual of the fundamental
string (with @ = —4) and the four &« = —2 1-branes in the vector-multiplet sector. We
therefore have total degeneracy 7. Note that this case is special due to the fact that these
defect branes have the same BPS condition as the pp-wave. A similar phenomenon occurs
in the maximal and half-maximal case in four dimensions [25, 29]. The other n = 1 central
charge is in the 3 and it corresponds to the 24 defect branes in the hyper-sector, leading to a
degeneracy 8 as usual. The n = 2 central charges are associated to the domain walls. There
are 6 charges and 192 branes, resulting in a degeneracy 32. Finally, the n = 1 central charge
in the 3 can be dualised to give an n = 3 charge. There are 96 3-branes with a = —2 and
with o = —6, each with degeneracy 32, and 192 3-branes with a = —4, with degeneracy 64.

3D: in three dimensions the O-branes are defect branes. The n = 0 charges are in the
(3,1) + (1, 3), and there are 24 0-branes in each hypermultiplet sector. This implies a total
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degeneracy 8 as usual. The n =1 charges are in the (1,1) + (3,3). The 8+ 16 1-branes in
each hyper-sector are associated to the singlet, while the 576 1-branes in the mixed sector
are associated to the charge in the (3,3). This latter charge can also be dualised to give
an n = 2 central charge. The total degeneracy of the 2 x 2304 space-filling branes is 512.

This finishes our discussion about the degeneracy of the central charges in theories
with eight supercharges.

7 Conclusions

In this paper we have first given a group-theoretic characterisation of the 1/2-BPS branes
in half-maximal theories. In the maximal case these branes correspond to the components
of the potentials associated to the longest weights of the representation of the global sym-
metry group [22]. In this classification, the fact that the symmetry group is maximally
non-compact plays a crucial rule. In the half-maximal case, the supergravity theory in
10 — d dimensions coupled to d + n abelian vector multiplets possesses a global symmetry
SO(d,d+n), which is not maximally non-compact (for n # 0,1). The 1/2-supersymmetric
branes correspond to the components of the representations of SO(d,d + n) that satisfy
the light-cone rules [25]. The Tits-Satake diagram associated to the given real form of the
orthogonal group determines the reality properties of the roots and the weights of the cor-
responding algebra, and we have shown that the light-cone rules identify the components
of each representation that correspond to 1/2-supersymmetric branes as the ones that are
associated to the real longest weights.

We have generalised this result to the supergravity theories with 8 supercharges. In
particular, we have analysed theories with scalars parametrising coset manifolds. Consid-
ering for each simple factor of the global symmetry group the corresponding Tits-Satake
diagram, we have classified all the 1/2-BPS branes of these theories assuming that they
correspond to the real longest weights. We have first determined the number of 1/2-BPS
branes of the theories whose coset manifolds are given in table 4. These theories, that do
not contain hypermultiplets in dimensions higher than three, are all the theories whose
reduction to three dimensions gives scalars parametrising a symmetric manifold. We have
then considered the branes with scalars in the hypermultiplet sector.

What our classification shows is that the first five chains of theories in table 4 give all
exactly the same number of branes in any dimension. The SO(4,n) theories give the same
number of branes for any n > 4 because changing n does not lead to a different number
of lightlike directions. This translates to the property that, for a given representation, the
number of real longest weights does not depend on n, as long as n > 4. For the Fy4), Eg(2),
E7(_5) and Eg(_gy) chains, corresponding to the “magic” supergravities (see the first ref-
erence in [34-36]), exactly the same happens. The Fy4(4) chain is maximally non-compact,
and thus one simply counts the longest weights of each representation to obtain the number
of branes. The other three cases give exactly the same result as the Fy(4) chain once the
roots and weights are projected on their real part. In this sense, one can think of Egy),
E7(_5) and Eg(_a4) as being to Iy exactly what SO(4,n) with n > 4 is to SO(4,4). We
have also explained why all the magic supergravities give the same brane structure as the
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SO(4,n) theories. The final outcome is that the brane structure of all these theories is
identical. In other words, there is a universal brane structure underlying the theories with
8 supercharges. What the theories just considered have in common is that they can all be
uplifted to six dimensions. The last three chains of theories in table 4, instead, cannot be
uplifted to six dimensions and thus the number of branes that one gets is less than what
supersymmetry allows.

An interesting spin-off of our analysis is that we are now able to give a full classification
of all ‘vector-branes’, i.e. half-supersymmetric branes whose worldvolume dynamics is de-
termined by a single vector multiplet. The worldvolume action for such a vector multiplet
is given by a supersymmetric Born-Infeld theory. Vector branes have recently been studied
in the context of constructing new supersymmetric invariants when studying the UV prop-
erties of perturbative supergravity [47]. The most well-studied examples of vector branes
are the Dirichlet branes (or D-branes) of ITA /IIB string theory whose worldvolume dynam-
ics is governed by a supersymmetric Born-Infeld theory with 16 supercharges. The tension
of the D-branes scales with the inverse string coupling constant, i.e. they have a = —1,
and this implies that fundamental strings can end on them. As a consequence, they can
be described by imposing Dirichlet boundary conditions on the fundamental string. In
the type-II theories, though, there are also additional vector branes that are more non-
perturbative, i.e. they have more-negative values of .. In particular, in the IIB theory one
has the NS5-brane, with o = —2, the S-dual of the D7-brane, with o = —3, and the S-dual
of the D9-brane, with a = —4. In theories with sixteen supercharges there are no Dirichlet
branes, i.e. there are no branes that are defined by being the end-points of fundamental
strings. Indeed, the Dirichlet branes of the Type-I theories have a worldvolume dynamics
that is described by a hypermultiplet and not by a vector multiplet. Nonetheless, there
are vector branes with o # —1. In particular, in the heterotic theory compactified on a
torus there are vector branes with a = —4. They correspond to branes on which non-
perturbative solitonic strings end. The highest dimension in which these branes exist is
six. More specifically, in six dimensions one finds that the (1, 1)-supergravity theory has
V4 and V5-branes whereas the chiral (2,0)-supergravity theory allows for V3-branes and
V5-branes [25]. Moving to the theories with eight supercharges studied in this paper, one
can derive the worldvolume content from the Wess-Zumino terms that arise from the fields
in tables 5 and 10. We find that the only vector branes that are present are the V3-branes
that couple to the potentials A4 arn, NyN; in four dimensions. Such branes have o = —4
and there are 96 of them. Like the vector branes in six dimensions they correspond to
branes on which solitonic strings can end. To summarise, we report in table 14 the highest
dimension in which vector branes appear, together with their value of o and the number
of supercharges preserved on the world-volume.

An important outcome of the brane classification performed in this work is that the
same wrapping rules we derived in the maximal case and verified in the half-maximal case
also work for string theories with 8 supercharges. This shows the universal nature of these
wrapping rules. They precisely tell us how to relate branes in different dimensions. In
some sense the wrapping rules tell us how the different branes ‘see’ the underlying stringy
geometry. We expect that this particular approach of describing the stringy geometry
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# supercharges | highest dimensions type Q

16 D=10 Dp-branes -1
IIB NS5-brane | —2
S-dual D7-brane | -3

S-dual D9-brane | 4

8 D=6 (V3),V4, V5 | 4

4 D=4 V' 3-brane —4

Table 14. This table summarises the vector branes (Vp-branes) whose worldvolume dynamics
is governed by a supersymmetric Born-Infeld theory with 16, 8 and 4 supercharges. Only the
highest dimension is given. The V3-brane between bracket belongs to the six-dimensional chiral
supergravity theory for which one cannot define a.

should be equivalent and complementary to other approaches in the literature, such as
the doubled geometry [48-50], double field theory'? and the exotic brane description of
U-folds [52, 53]. Hopefully, our work will help in clarifying these relations and will be a
useful step in unraveling the mysteries of the proper geometry underlying string theory.
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