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1 Introduction
Let R” be the n-dimensional Euclidean space, where n > 2. Let V' = (X,y) be a point in
R”, where X = (x1,%3,...,%,-1). Let E be a set in R”, the boundary and the closure of it are
denoted by dF and E, respectively.

For P = (X,y) € R”, it can be re-expressed in spherical coordinates ([, A), A = (61,05,
...,0y) via the following transforms:

n-1
xlzlnsinej (n>2), y=1lcosbt
j=1

and, if n > 3,

k-1
Kks1 = 1 COS O 1_[ singy 2<k=<mn-1),
j=1

where 0 </<+00,0 <6, <m (1§j§n—2;n23),and—% <0, < 37” (n>2).

The unit sphere in R” is denoted by S"~!. Let I" C $"~L. A point (1, A) on §"~! and the set
{A;(1, A) € I'} are often identified with A and I, respectively. By E x I" we denote the set
{(l, A) e R%;l € E,(1,A) €T}, where E C R,. The set R, x I is denoted by 7,(T"), which
is called a cone. We denote the sets I x I and I x dT" by 7,(I';I) and S,,(T'; I), respectively,
where I C R. The two sets 7,(I') N S; and S,,(T; (0, +00)) are denoted by S,,(T';/) and S,,(T"),
respectively.
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If the Green’s function on 7,(T") is denoted by G (V, W) (P, Q € T,(I")), then the Poisson
kernel on 7,(T") is defined by

oGr(V, W
Cy PIF(V) W) = L;
3VIW
where
27 ifn=2,
Cn

N -2w, ifn=3,

and 8/dny denotes the differentiation at W along the inward normal into 7,,(T").
Consider the boundary value problem (see [1])

(E*+)n=0 onT, 1
n=0 onal, (2)
where E* is the spherical Laplace operator and I" (C S”!) has a twice smooth boundary.

The least positive eigenvalue of (1) and (2) is denoted by ¢. By n(A) we denote the normal-
ized eigenfunction corresponding to t. Define

205 =—n+2+/(n-2)% + 44,

0" — o0~ will be denoted by A.

We denote f* = max{f,0} and f~ = —min{f, 0}, where f is a function defined on 7,(T").
Throughout this paper, let A denote various constants independent of the variables in
questions, which may be different from line to line. Let o (t) be a nondecreasing real valued
function on [1, +00) satisfying o (t) > o* for any ¢ > 1.

In a recent paper, Li and Zhang (see [2], Theorem 1) solved boundary behavior problems
for functions harmonic on 7,(I"), which admit some lower bounds.

Theorem A Let h(V) be a harmonic function on T,(U) and a continuous function on T,(T),
where V = (R, A). If

h(V) < KR°®

forany V = (R, A) € T,(T; (1, +00)) and
—K <h(V)

forany V = (R, A) € T,(T;(0,1]). Then we have
h(V) > -MK (1 + o (R)R®)n'"(A),

where V € T,(T'), K is a constant and M denotes a constant independent of R, K, and the
two functions h(V) and n(A).
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2 Main results
Now we state our main results in this paper.

By using a modified Carleman formula and an augmented Riesz decomposition method,
we obtain sharper estimates of harmonic functions with certain boundary integral condi-
tions. Compared with the original proof in [2], the new one is more easily applied.

Theorem 1 Let h(V) be a function harmonic on T,(I") and continuous on T,(T"), where
V = (R, A). Suppose that the two conditions (1) and (II) hold:
() Forany V =(R,A) € T,(T';(1,00)), we have

/ K t? dn/ondow < MKo (dR)R®“@R-¢ (3)
Sn(T;(1L,R)

and

A / h*R® 'ndSp < MKR®WP-¢" (4)
Su(TiR)

(1) Forany V = (R, A) € T,(I;(0,1]), we have
h(V) > -K. (5)
Then
h(V) > -MK (1 + o (dR)R"“P) ' (A),

where V € T,(I'), K is a constant, 0 < d <1, and M denotes a constant independent of R,
K, and the two functions h(V) and n(A).

Remark 1 By virtue of Theorem 1, we easily see that Theorem 1(I) is weaker than corre-
sponding condition in Theorem A in the case d = 1.

Theorem 2 The conclusion of Theorem 1 remains valid if Theorem 1(1) is replaced by
h(V) <KR*®, v =(R,A) e T,(T;(1,00)), (6)

where 0 <d <1.

Remark 2 In the case d =1, Theorem 2 reduces to Theorem A.

3 Lemmas
The following result is an augmented Riesz decomposition method, which was used to
study the boundary behaviors of Poisson integral. For similar results for solutions of the
equilibrium equations with angular velocity, we refer the reader to the paper by Wang et
al. (see [3]).

Lemmal For W' € 37,(") and € > 0, there exist a positive number R and a neighborhood
B(W’) of W' such that

1
S Jewlpre(v, )| dow <e )
Cn J$,(15(R,00))
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forany V =(r, A) € T,(T') N B(W'), where g is an upper semi-continuous function. Then
limsup  PlIr[g](V) §g(W/). (8)
VeTu(T),V—W'

Proof Let W' = (I, @) be any point of §7,(I") and € (> 0) be any number. There exists a
positive number R’ satisfying

1
— / IPLL(V, W) ||g(W)|dow < < 9)
Cn J s, (TR 00)) 4

forany V = (r, A) € T,(I') N B(W') from (7).
Let ¢ be continuous on 37,(I") such that 0 < ¢ <1and

b= 1 onS,(I(0,R) U{O},
o on S,(T; (2R, 00)).

Let G,ry0,) be a Green’s function on 7,(I"; (0,/)), where j is a positive integer. Since

iV, W) = G,y (V, W) — Gr,,ry0,)) (V, W) on T,,(T;(0,)) converges monotonically to 0
as j — 0o. Then we can find an integer j, j/ > 2R’ such that

1

Cn JS,(';(0,2R")) 371\)(/

AV, W) ‘\qs(w g(W)|dow < = (10)

forany V = (r, A) € T,(T") N B(W').
Then we have from (9) and (10)

1
— PIr(V, W)g(W) dow
oTn(I)
1 AGT(r0,)(V, W
== o0 o wre(w) do
Cn J5,(T3(0,2R") ony
1 (V,w)
+— |¢(W)g(W)|‘7 dow
Cn J$,(05(0,2
2
+ = |PIF(V, W)||g(W)|dow
i JSu(I(R 00)
1 IGT 0 (V. W 3
== O g ) dory + 2 ay
1 JS,(050,2R) onmy 4

forany V = (r, A) € T,(I') N B(W’).

Consider an upper semi-continuous function

vy [#(WeW) onS,(5(0,20D U (0),
1 0 on 97,(T;(0,7)) - $,(T; (0,2R’]) - {0},

on 87,(T;[0,/7)) and denote the PWB solution of the Dirichlet problem on 7,(I"; (0,/')) by
H,(P; T,(T;(0,)))) (see, e.g., [4]); we know that

1 0GT,(ry0,) (V, W)

— d(W)g(W)dow = H, (P; T(T; (0,/))) (12)
Cn Jsu(ri0,2r) 31’1W
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(see [5], Theorem 3). If 7,(I";(0,;')) is not a Lipschitz domain at O, we can prove (12)
by considering a sequence of the Lipschitz domains ﬂ(F;(%, 7)) which converges to
Tu(T;(0,))) as m — co. We also have

limsup  H,(P;7,(T;(0,/))) < limsup n(W)=g(W’)
VeT,(D),V—>Ww' QeSu(l),Q—>Ww’

(see, e.g, [4], Lemma 8.20). Hence we know that

1 IGT (0 (V, W
limsup — (W) 25T )g(W)da <g(W).
VeTuD) VoW’ Cn Js,(ri028) dnw
With (11) this gives (8). O

The following growth properties play important roles in our discussions.

Lemma 2 (see [6]) Let V = (r,A) € T,(T') and W = (¢, ®) € S,,(T"). Then we have

C t 4
PI-(V, W) < Mr° 2 "n(A) (0 <-< g)
r

and

=

PI-(V, W) < Mre¢ 2 'n(A) (0 <

o
[SARE

Let V =(r,A) € T,(I') and W = (t,®) € S,,(T; (%r, %r)). Then we have

PI-(V, W) §Mn(Al) YR
2 |P-Q|"

Let G7,(1y(,1)) be the Green’s function of T,(T; (t, t2)). Then we have

06T (8, ), (5 A) _ (8 ¢ p(@)n(A)
at - \r gt

’

—M( r )Q n(q;)li’]l(A) < aGﬂ(F;(tl,tg))E()(tt%CD):(;”A))
2

where 0 < 2t; <r < %tz < +00.

Many previous studies (see [7, 8]) focused on the following lemma with respect to the

half space and its applications.

Lemma 3 (see [2], Lemma 2) If h is a function harmonic in a domain containing
T.(; A, R)), where R > 1, then we have

_ _ . d
x/ hnR® ~'dSk +f h(te — " R™*)an/ondow +dy + — =0,
Su(T3R) Sa(T(LR)) R
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where
di = / o hn—n(dh/dn)dS;
Su(I51)
and

dg = f T)(ah/al’l) - Q+h77 dSl
Sn(I31)

4 Proof of Theorem 1
By Lemma 1 we have

~h(V) = / (=h(W)) PIr(V, W) doy
Sn(TH(0.R)

aGrr(V, W
+ / (—h(W))%dSR
Sn(T3R)

forany V = (I, A) € T,(T'; (0, R)).
Casel. V =(l,A) € T,(T; (%:00)) and R = %l‘
From (13) we know that

where
W0(v) = f (H(W)) PIr(V, W) do,
Sa(r3(0,1])
= / s (=h(W)) PI(V, W) dow,
41
f (W) PIr(V, W) dow,
and
Uy (V) = / (=h(W)) PI-(V, W) do.
Sa(T'R)
We obtain from Lemma 2
(V) < MKn(A)
and
(V) < MKo (dR)R°“Ry(A).
Put

Uz (V) < U1 (V) + Uz (V),

Page 6 of 10

(14)

(15)

(16)

17)
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where
(V) = M / (h)e=n(n) A g,
(Ti(21,R) no
and
$n(V) = Mrn(A) / ()Y - wiin() 2 g,
Su(T(2LR) no
From (3) we obtain
U1 (V) < MKo (dR)R“Py(A). (18)

To estimate {35( V). There exists a sufficiently small number d satisfying d > 0 and
4 l
S/ \ T =LR B\V, -
(r(55)) <#(3)
for V = (I, A) € TI(d), where
= {Q =(r,A) € T,(I'); inf |(1,A) - (1,z)| <d,0<l< oo}.
(L2)edr

We divide 7,(I") into the two sets I1(d) and 7,(I") — T1(d).
Forany V = ([, A) € T,(I") — I1(d), we can find a number d’ satisfying d’ > 0 and

di<|V-Ww|
for W € S,(I"), and hence
Uz (V) < MKo (dR)R°“Py(A). (19)

If V = (I, A) € TI1(d), then we have
H(V) = {Wesn(r; (gz,k»;zi%(w <IV-Wi< 2l‘s(V)},

where

V)= inf |V-W|.
E(V) Welar’lTn(F)' |

Since {W e R": |V - W|<&(V)}NS,(T) = &, we get

0
Uz (V) = MZ/ |V 1;15, ) g}ij:) dow,

where [(P) is an integer such that 2/P£ (V) < r < 2/P*1g(V),
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Since
n(A) < MIT'E(V),
where V = (I, A) € 7,(I'), we have

)
f (=h(W)) |V - W|’”rn(A)w dow < MKo (dR)R°“Pyi="(A),
Hi(V) ong

where [=0,1,2,...,/(P).

Thus

g9 (V) < MKo (dR)R*“Bpl="(A). (20)
We see that

U3 (V) < MKo (dR)R“Rpi="(A) (21)

from (17), (18), (19), and (20).
On the other hand, we have from (4)

g (V) < MKR®“WPy(A). (22)
We thus obtain (15), (16), (21), and (22) that
~h(V) < MK (L + o (dR)R*“P)n*"(A). (23)

Case2. V=(,A) € E(F;(%, %]) and R = %l.
It follows from (13) that

-h =111+Ll5 +il4,

where 4, (V) and 4(V) were defined in the former case and
Us(V) = / (=h(W)) PI(V, W) doy.
Sn([3(LR)
Similarly, we have
8U5(V) < MKo (dR)R”“®n' " (A),
which, together with (15) and (22), gives (23).
Case 3.V = (I, A) € T,(T; (0, £]).
It is evident from (5) that we have

-h <K,

from which one also obtains (23).
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We finally have
h(V) = —KM(1 + o (dR)R°“®) ' (A)
from (23), which is required.

5 Proof of Theorem 2
By applying Lemma 3 to & = h* — hi~, we obtain

)\/ B R 'ndSg + / A tQ+R_A)3n/8n dow +dy + dyR™
Sn(I3R) Sn(T3(LR))
= Af W R ndSg + / (e - tQ+R_A)3n/8n do. (24)
Sn(I5R) Su(I5(LR)
From (6) we see that
A / KR 'ndSp < MKR? @R (25)
Su(T5R)

and

/ B (0~ R™)an/dndoy < MKR® @R (26)
Su(5(LR))
Notice that
dy + dyR™ < MKR“WR-¢" (27)
We have from (24), (25), (26), and (27)
/ W (£ -t RM)an/ondow < MKR@R=", (28)
Su(T5(LR))

Hence (28) gives (6), which, together Theorem 1, gives the conclusion of Theorem 2.
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