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1 Introduction

The leptonic decays of C-even charmonium states into a lepton pair have a very small
branching ratio because they can only occur via a two-photon intermediate state y.; —
v*v* — ete”. However with the high-luminosity BEPC-II ete -accelerator operating
on the charmonium energy region such measurements of direct production cross section

et

e~ — Xeg become feasible. The study of the mechanism of the production of C-even
quarkonium states is especially interesting in view of the production of higher resonances
such as the exotic charmonium-like state X(3872).

The decays X.; — 71~ have already been studied long time ago in ref. [1]. The authors
considered the quarkonium description and a vector dominance model (VDM) in order to
describe the decay amplitudes of charmonium states with J = 1,2. It was found that a
naive quarkonium description is problematic because of infrared logarithmic divergencies
arising in the integrals describing the quark-photon annihilation loop. Such divergencies
indicate that the corresponding contribution is also sensitive to long distance physics. The
corresponding integrals in ref. [1] have been regularized by introducing the binding energy
M, —2mg ~ 500 MeV. The numerical estimates obtained in this way give very small value
of the widths, smaller than bounds derived from analyticity and unitarity in the same
work. Probably, a more realistic estimate was obtained using generalized VDM which
yields a larger numerical value for the widths, consistent with the unitarity constrains:
Ixe1 — eTe™] ~0.46eV and I'[xe — eTe™] ~ 0.014eV [1].

Recently the decay rate of the x.1 state was again estimated in [2] using the VDM
approach, with result '[y.; — eTe™| = 0.1eV. The short distance contributions describing
a configuration with highly virtual photons were considered in this framework as unknown
contact vertices giving rise to a theoretical uncertainty.



The aim of the present work is to provide a more systematic description of the de-
cay amplitudes for y.; — v*v* — eTe™ process using the NRQCD factorization frame-
work [4, 5], see also review [6] and references theirin. This technique allows one to perform a
systematic description of heavy quarkonium states using the small relative velocity of heavy
quarks and the small QCD running coupling at short distances. Within this framework
we associate the IR-divergencies found in [1] with a specific quark-photon operator which
describes a configuration with an ultrasoft photon. The matrix element of this operator de-
scribes the overlapping with the higher Fock state which consists of heavy quark-antiquark
and photon. This allows us to perform a systematic separation and description of the
different contributions relevant in a leading-order expansion in small velocity v.

Our paper is organized as follows. In section 2 we briefly describe our notation and
provide definitions of various quantities used in the following. Section 3 is devoted to the
investigation of the one-loop integral which describes the leading-order contribution. In
this section we establish the dominant regions and provide a description of the amplitude
within the NRQCD factorization framework. Section 4 is devoted to the calculation of
the ultrasoft photon matrix element in the heavy hadron chiral effective theory (HHxPT).
Furthermore, a estimate of the decay rates is given. In section 5 we briefly summarize
our results.

2 Kinematics and notation

Let us start from the description of the decay kinematics x.;(P) — eT(l1)e™(l2). The
initial state momentum can be written as

P=M, w w?=1, (2.1)

where w denotes the charmonium velocity. In the following, we consider the charmonium
rest frame which implies
w = (1,0). (2.2)
The small relative velocity of heavy quarks in the bound state is denoted as v. Neglecting
lepton masses, the lepton momenta can be written as
n n
ll :ng, ZZZMXE’

where n and 7 denote the light-like vectors which satisfy (n-n) = 2. Any 4-vector V# can

(2.3)

be expanded as

n# n#
VH# = (Von) o+ (Vo) o + VL, (2.4)

where V| denotes the components transverse to the light-like vectors: (V| -n) = (V| -n) =
0. Similarly, one can also write a decomposition

V= (V- w)wt+ VE, (2.5)

where V1 denotes the component which is orthogonal to the velocity w: (w- V1) = 0. In
the following we assume that in the rest frame

(2.6)



The momenta of the heavy quark and antiquark with mass m which form a quarkonium
state can be written as ) .

where the relative momentum A satisfies
(A-w)=0, A?2=_A2 (2.8)

The heavy quarks which create a bound state are non-relativistic, implying that the relative
velocity v ~ A/m is quite small: v < 1.

The power counting rules of NRQCD has been established in [3, 4]. Following these
arguments we assume that the mass m is large enough and that the most important scales
such as mass m, typical three-momentum of the heavy quark ~ mwv and its typical kinetic
energy ~ muv? satisfy

(m02)2 < (mw)? < m?. (2.9)

Integrating out the modes with hard momenta p;, ~ m,. one passes onto the effective
theory NRQCD which describes the modes with the soft momenta ps; ~ muv. If the scale
mv > Agcp then one can integrate over the soft region together with potential gluons
with momenta [5, 7-10]

po ~ mv?, P~ mi, (2.10)

After this one obtains a new effective theory which is known as potential NRQCD (pN-
RQCD). For a more detailed information about these effective theories see ref. [6] and
references therein.

The charm quark mass m. ~ 1.5 GeV is not large enough compared to Agcp therefore
in this case one can only factorize the effects at momentum scales of order m.. However,
in the QED sector one can also consider the possibility to integrate over the soft region
too. As we will show further on, such situation is relevant for the factorization of the
electromagnetic loop describing the transition cé — v*v* — eTe™.

After factorization of the hard contribution, the nonpertubative QCD dynamics is
described by the matrix elements of appropriate operators defined in an effective theory.
In the following, we will need the following set of NRQCD operators which describe the
matrix elements between the charmonium and the vacuum states:

00(351) _ XI;’Y%Q/JW? (211)
1 —i\ =
ocr) = -2 i (5 ) Pasu, (2.12)
1 — —1
03P = Vo X D% <2> [7%7—?} V5%, (2.13)
—1\ <= (a
0P (3Py) = x{, <2> D(T’Yﬁ)l/’w (2.14)

=
where the covariant derivative iD, = id, + gA,, DT = BT — g'r. Furthermore, we
use the covariant four-component fields ., x. to describe the soft quark and antiquarks



within the NRQCD framework. These fields satisfy

Xb g =—xbs @t =t (2.15)

Using eq. (2.2), one can show that the operators in eqs. (2.11)—(2.14) can be reduced to the
set of well-known non-relativistic operators constructed from two-component Pauli spinors.
The matrix elements of these operators are well known in the literature and can be

written as
Ol YiATxw [/0) = €] (O(51)), (2.16)
Ol i xw [¥') = €5 (O'(3S1)) (2.17)
(0l OCPRy) Ixe0) = i (OCRy)), (2.18)
0107 (*P1) [xer) = i€l (OCRy)) (2.19)
(0] O (*Py) Ixc2) = €2’ (O(*Py)) . (2.20)

The constants (O(*S1)) and (O(*Fy)) are related to the value of the charmonium wave
functions at the origin

(0(S1)) = \/2NC,/2Mw\/Z Ri0(0), (2.21)
(O'(*Sy)) = \/2Nc\/2M¢/\/g Ra0(0), (2.22)

(O(Py)) = V/2Ne\/2M,, \/ER’QI(O), (2.23)

where Ry (r) is the radial part of the Schrédinger wave function and R],(r) denotes its
derivative. The r.h.s. of egs. (2.18)~(2.20) depends on of the same constant (O(*Fy)) due
to the spin symmetry of the leading non-relativistic action [4]. The polarization vectors
e%()\), eﬁ()\) and e%ﬂ (M) correspond to spin-1 and spin-2 charmonium states, respectively.
They are normalized to satisfy

- % vy  P7PP
D &N N} =—g"" + Ve (2.24)
A X
with X = {J/¥, xa} and
afB o B * 1 1 1
3 {ex (/\)} = 3 Moot Mg+ 5Map Mpor = 5MasMarg, (2.25)
A
with Maﬁ = —0ap + P Pg/ Xc2
The decay amplitudes x.; — eTe™ are defined as
(eTe s out] in; xey) = i(2m)*5(ly + 1o — P) Ay, (2.26)
with
Ay =up,'jon Ty, (2.27)
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Figure 1. One-loop diagrams describing the annihilation of x.; into an eTe™ pair.

and where 4, and v5; denotes the spinors of the massles lepton and antilepton, respectively

n = u(ll)ﬁfl, Vj = 77TI’U(Z2), (2.28)

N

and
I =€7107 T2 =€npyvie. (2.29)

The leading-order contribution to these amplitudes arises from the annihilation of
heavy quarks into two photons which create the outgoing lepton pair, see figure 1. If the
one-loop integral is dominated by the hard region where both photons and heavy quark are
highly off-shell then one can expect that such process can be described within the NRQCD
approach and the amplitude can be factorized into hard and soft parts. In the next section
we consider this possibility in more detail.

3 Factorization of decay amplitudes in NRQCD

The leading-order in «y diagrams describing the ete™ decay of C-even charmonia are
shown in figure 1. These one-loop diagrams are constructed from the photon, lepton and
heavy quark (double lines). The diagrams in figure 1 can be computed in the heavy quark
mass limit m — oo, performing an expansion in the small parameter A/m ~ v. Let us
to start from a naive guess that the dominant contribution is only provided by the hard
region where the loop momentum k,, ~ m, and therefore all propagators are far of off-shell.
The leading-order contribution in 1/m is provided by projections onto the leading-order
operators O(3Py) described in eqs. (2.18)-(2.20). The technical details are well known in
the literature, see e.g. [1]. The resulting expressions can be presented as

v o UnYo(l1 — K)vsva 1 a
A= ¢ Z<(’)(3P0)>62\/§/dk: k—z:f] [1]{:2] [(Zﬁ_ Pﬂ ST [Pmyr W(k)} . (3.1)

o ; ¢ Un')’a(ll %)'YBUTL o )
Az = e 1(0CT) Q/dk [0 = 1)) [#2] [k P)} wlpee). 62)

where the square brackets for the propagators denote the standard Feynman prescription

[A]~' = [A 4 ie] ", The corresponding contribution to the amplitude y.o — e*e~ vanishes
and therefore is suppressed by a power of v and will not be considered it in this work.



The total structure of the integrands in expressions (3.1) and (3.2) can be divided into
the lepton and heavy quark parts. The lepton part has u,...v; in the numerator and
includes the photon and lepton propagators in the denominators. The heavy quark part is
given by Tr [Pifo‘ﬁ“(k:)}. We introduced the projections P onto charmonium states

PL = S+ D) — e, (33)
Py = (14+¢)T. (3.4)

The expression for T (k) reads

[Pk (k) = % {fyub@(k) + f)Q(k)V”} n ﬁg(k), (3.5)
with
A i(ieeg)? . i
Dq = {kQ o) — 52] {vﬁ(mﬁ/l —kE+m)y* + Y (F—my + m)fyﬁ} ’ (3.6)
NI i(ieeQ)Q 3 o N 5
DY = B I
Q [k2—2m(kw)—&2] {7’77 +77’Y}
i(ieeq)?2kH

[k2 (k) — &2} 2 {Vﬂ(m‘/f — F4m)y® — Ak — m + m),yﬁ} . B3

where eg is the charge of the heavy quark (e, = 2/3). The small squared relative mo-
mentum A2 ~ (mv)? which appears in the heavy quark propagator provides an IR-
regularization and can be neglected if it is not required. With this regularization the
traces and loop integrals are computed in four dimensions with dk = d*k/(2m)*.

The expressions (3.1) and (3.2) have been obtained by expanding the heavy quark
fields in position space

, 1
cly) ~ e W 11 4y -0+ %in Y, (0) (3.8)

and projecting the soft quark fields XI, and 1), onto leading-order operators (2.12)—(2.14).
The terms ~ y-0,, (arising from the multipole expansion of the soft quark field arguments
) lead to the expansion of the integrand with respect to small relative momentum A giving
the contribution Dg;. The terms proportional to ~ ﬁJDT give the contribution with ﬁQ.
The evaluation of the integrals in egs. (3.1) and (3.2) gives

. 3 o2 ) m2
Al = Unrlvn ] <O< P0)> ﬁeQ 2\/§ln E, (39)
2 N 2
Az = @,Tav, i (O(Py)) b (2 I A /m® + 5 (n2 1+ m)) . (3.10)
m

These expressions are in agreement with the results obtained in ref. [1]. We obtain that
both amplitudes depend on the large logarithm ~ In A2 /m? which is sensitive to the soft



scale A2. This shows that the starting assumption about one dominant region k ~ m
is incorrect. There must be at least one more domain where some propagators in the
loop integral are soft. One can expect that the additional region is associated with the
configuration when one of the photons is soft. In this case the propagator of the heavy
quark is also soft and the hard configuration is described by the tree level subdiagram
describing the annihilation ¢¢ — e*e™ through one photon.

In order to get an idea about the explicit definition of this region it is useful to in-
vestigate the integrals of diagrams in figure 1 within the threshold expansion technique
worked out in ref. [5]. According to this analysis the threshold kinematics is described by
the following regions

hard : ky ~m, (3.11)
soft : ky ~ mu, (3.12)
potential : ko ~ mv?, k ~ mu, (3.13)
usoft : Ky ~ mo?. (3.14)

The same regions can also be considered for the photon with momentum P — k. These re-
gions can be associated with the fields appearing in the effective Lagrangians, see e.g. ref. [6].

According to the threshold expansion prescription an integrand is expanded in each
domain to a required accuracy and the resulting integral is computed in dimensional regu-
larization. A detailed analysis of the full expressions in egs. (3.1) and (3.2) is quite similar.
To be definite let us consider the integral which enters in eq. (3.1)

e Upva(li — k)yson € o
J = / dk [(k_ll)z] [;2] [(kjf P)ﬂ 1r [Pwr Bu (k)] . (3.15)

Keeping the denominators of the heavy quark propagators in I'®?* unexpanded

1 2 |
(p1 —k)? —m? = <2P+A—k> —m2:kQ—POkO—|—2(k-A)—A2+ZP02—m2, (3.16)

1 2 T |
(pgk)2m2:<2PAk‘> me:kaPOkon(hA)7A2+ZP027m2, (3.17)

where Py ~ m, P2/4 —m? ~ (mv)>, A ~ mo. In the hard region, the small scalar
products with A and the term P2/4 —m? < m? can be neglected resulting in

1PiA k2 2| ~ k%2 — (kP 3.18
(3 —)—mh_ - (kP). (3.18)

which appear in the expressions (3.6) and (3.7) (up to small regularization term A2). From
dimensional counting one immediately finds

Unl'vp

Jh ~ m3 ;

(3.19)



where I' denotes the Dirac structure. Computing the hard integral J, in dimensional
regularization one finds the IR poles 1/e. These singularities must cancel in the sum with
other contribution.

Expanding the integrand (3.15) in the soft region (3.12) yields

62 ﬂn’}/all’}//ﬂ}ﬁ €>V< aBu
Js _/dk I TR [731,“,1“8 &), (3.20)

where T2 (k) is given by (3.5) with

[Dgl, ~ [_2(1,M)] [F-1r 70 -e’}, (3.21)
/ 1 1 4« o 1 K+ o o
[Dg]sN%m{’YBW YTy 75}+2m[—(k:w)]2{76(¢+1)7 -7 (1—4/’)76}-

Calculating the trace and performing the contractions in the numerator results in

1 ﬂnflvﬁ

~ 3.22
k2] [~ (ko)) m? 522

1
Js ~ —= T, l'1vg / dk
m

As the integral in (3.22) is scaleless it therefore vanishes in the dimensional regularization,
ie Js=0.
In the potential region (3.13), the expansion of the heavy quark propagator reads

1 2 o on\2
<2PiA—k> —m? :P02/4—m2—P0k0—<kiA) . (3.23)

p

The computation of the corresponding integral then yields
1 vt

+(A = —A) ~ @, o5 —.
[—Ez}[P§/4—m2_Poko—<E+&)2r ( - ) o

1
Jp ~ munflvn/dk 3

(3.24)

However the poles in kg in the integrand of eq. (3.24) lie in the same imaginary half-plane
and therefore the integral over kg vanishes. This observation is also true for the higher
order contributions in v appearing from this domain. We can therefore conclude that the
potential region cannot contribute in this case.

In the ultasoft domain (3.14), the heavy quark propagators are expanded as

2
[(k — %P + A> - m2] ~ PZ/4 —m? — Pokog — A2, (3.25)

us

Performing the expansion of the integrand one gets
1 1

s~ @l (3.26)
[k2] [Pg /4 —m? — Pyko — A?] m

1
Jus ~ unl“lv,—l/dk
m



This integral has the same scaling behavior ~ m ™3 as the hard integral Jj, in eq. (3.19).
One can also see that the integral in eq. (3.26) is UV divergent. The similar analysis can
also be carried out for the second photon with momentum k& — P. Therefore we conclude
that the exact integral must be given by sum

J = Jp+ Jus, (3.27)

where J,s denotes the contributions from the both ultrasoft domains. This conclusion can
be checked by explicit calculations. A similar conclusion for the two-photon diagrams in
figure 1 has also been obtained in ref. [11].

Guided by this consideration we suggest that the additional relevant domain is de-
scribed by the ultrasoft region. In order to find the description of the appropriate operator
in the effective theory one has to integrate out hard and soft photons and leptons. After
that the description of QED sector includes only collinear leptons and ultrasoft photons.
The integration of the soft photon with the lepton and quark must be described in the
framework of the effective theory.

Within the above picture the factorization of the decay amplitudes can be described
as a sum of two contributions

Ay = u, I juz Cg‘é) i<O(3PQ)>

+Cy (et e | & (0) Y (0077 Y (0)£4(0) O (PSh) |xe) - (3.28)

The first term on r.h.s. of this equation corresponds to the hard domain with the hard
photons, C',(Y‘f;) denotes the corresponding hard coefficient function.

The second term on r.h.s. of eq. (3.28) corresponds to the domain with the ultrasoft
photon. The operator O7(3S7) is defined in eq. (2.11). The outgoing collinear leptons are
described by fields &, and &, which defined as

_ ,@7

&n(@) = vel2) 75, &= (). (3.29)

Z c
The photon Wilson lines YJ and Y; describe the interaction of the ultrasoft longitudinal
photons with the energetic lepton and antilepton and read

Y.1(0) = Pexp {ie/ooods n- B“S(sn)} ., Y7(0) = Pexp {—ie/gods i - B“S(sﬁ)} , (3.30)

where B,® denotes the ultrasoft photon field. The appearance of these Wilson lines is
related with the fact that in a general gauge the tree level diagram with attachments of
n - B" photon to the collinear field &, describing the outgoing lepton® are resummed to
the P-ordered exponents

" us 1 ~ . pus 1 ~ ¢ vi
¢C<1e$ Z,p)_§n<1+en B i(n-D)>_€nYn' (3.31)

'We assume electrical charge is measured in proton units (positron is particle and electron is antiparticle)

that allows to use the same notation for the covariant derivative and Wilson lines as in QCD.
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Figure 2. The hard one-photon exchange diagram.

The leading-order hard coefficient function C, is defined by the diagram in figure 2 and reads

a7

Cy = —5eq. (3.32)

The soft and collinear modes in the effective action describing the QED sector are decou-
pled. This property is well known in the soft-collinear effective theory, see e.g. refs. [12-14].
This allows us to contract the lepton fields in the second matrix element in eq. (3.28) and

rewrite it as
(et & (0)Y,(0)7] Y2 (0)6a(0) O7(3S1) |Xes) = WY Tvn (0]OJ(S1) xes),  (3.33)

with
07(351) = Y;1(0)Yn(0)07 (3S1). (3.34)

The presence of the soft scale A2 in egs. (3.9) and (3.10) can be explained by the
contribution with ultrasoft photon. Therefore in order to find the hard coefficient functions
C’,%) we have to perform the matching onto the configuration described by eq. (3.28). For
that purpose we need to compute the ultrasoft matrix element (3.33) in the effective theory.

The interaction of ultrasoft photons with quarks are described within the pNRQED.
The ultrasoft photons have momentum p ~ mv? so that photon field scales as

B~ mv®, (3.35)
The scaling of the quark fields reads
Yo ~ (mo)*2, Gy ~ ()b, Doty ~ (m®) (3.36)
Using this counting one finds
C\D 07 (3Py) ~ m ™3 (mw)*. (3.37)
At the same time
C,05(*S1) ~ CL07 (*S1) ~ m™?(mw)®. (3.38)

However the pure quark operator O7(3S;) is C-odd and therefore it cannot contribute to
the matrix element with a C-even charmonium state

(0] O7(*S1) [xes) = 0. (3.39)

~10 -
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Figure 3. The diagrams generated by the T-product (3.43) in pNRQED. The crossed circle denotes
the vertex of the operator 07(35'1), the dashed lines represent the Wilson lines associated with light-
like directions n and #. The small crosses on the dashed lines show all possible attachments of the
photon.

In order to obtain a nontrivial contribution one needs to consider at least one interaction
of an ultrasoft photon with the quark in pNRQED. We only need the two-particle sector
describing the electromagnetic interactions of quarks (in rest frame w = (1,0))

LM [BY] = /d4x U ()0 (iw -0+ W) Yo (x), (3.40)

LM BY] = /d4IL‘ Ul ()0 [f Ot eeq w- B (xg) + %eeQB“S(:EO) <107 | Yw(x), (3.41)

and analogous contributions with antiquark fields. The arguments of the ultrasoft photon
field are expanded because the space components of the quark fields varies at & ~ 1/mw,
the measure scales as drg ~ 1/mv?,  d3% ~ (mv)~3. With these rules one finds that
LE™ ~ 0¥ and L™ ~ vl. The leading-order term (3.40) provides the soft quark propagator

7

Au(k) = = : (3.42)

(wk) — k2/2m + ie
A nontrivial contribution to the matrix element (0| ... |x.s) can be obtained from T-product
T{OJ(*S1), LT [B™]} ~ mv*, (3.43)

which is of the same order as the hard contribution in eq. (3.37). Calculation of this T-
product gives diagrams shown in figure 3. The dashed lines can be associated with the
collinear leptons or equivalently with the ultrasoft Wilson lines (3.30). These diagrams
induce a mixing of the operators Og(gSl) and O(3Pj) due to electromagnetic interaction
in the framework of pNRQED.

In order to perform the matching onto operators according to formula (3.28) one has
also to compute the contribution of the diagrams in figure 3. The simplest way to proceed
is to follow the same technique as we used above for diagrams in figure 1.

Let us consider y.o as initial state. In this calculation we set Py = 2m and only keep
the relative momentum A. Then the sum of all four diagrams gives

2
(eTe™| CLT{OI(*51), LS [B™]} [Xe2) = unl2vr i (O(CRy)) 407% Jus-  (3.44)

- 11 -



Computing these diagrams we project the soft quarks fields on the operator O(3*P,) and
substitute the corresponding matrix element which gives the factor €}’ <(’)(3P0)>, the
coefficient 4 arises from the sum of the four diagrams shown in figure 3, the ultrasoft loop

integral reads o (_i)/dk; 1 1 ' (3.45)
[%2] [—(wk‘) _ &2/2m]2

This integral coincides with the ultrasoft integral of eq. (3.26) obtained within the threshold
expansion approach up to term PO2 /4 — m? which vanishes because we set Py = 2m. The
integral in eq. (3.45) is UV-divergent and we use dimension regularization D = 4 — 2¢ in
order to compute it. The result reads

- —2e
D/2 2
us = ——— 2\ (-2 , (3.46)
(2m) e) \ mpr

where u is the factorization scale. The 1/e pole is the UV-pole which describes UV-mixing
of the operators O§(3Sl) and O°(3Py), schematically

[0,(381)] = 0,(3S1) + Z; O(Py), (3.47)

where [O], on the Lh.s. of eq. (3.47) denotes the renormalized operator. Furthermore, Z; ~
e?/e is the corresponding renormalization constant. Assuming M S-subtraction scheme

one finds -
1 A
Juslp = —= ) 3.48
il = gl (3.15)
Hence we obtain
a? A2
<€+6_‘ C7T{Og(351), ﬁci,m[Bus]} ’X62>R = upl'ovs 1 <(’)(3P0)> ﬁeé 21n m (3.49)

The soft matrix element for the x.1 can be computed in the same way, resulting in

2
<€+6_’ C’yT{Og(gsl), E?m[Bus]} ‘X01>R = u,I'1vs i<0(3P0)> %eé 2\/5111 % (3.50)

The hard coefficients C%) are given by

) As = CytinySon (0] 07 (S1) [xe)

(J) — 1
O = T T o (007G xer) (8:51)

where the expressions for A4 ; are given by egs. (3.9) and (3.10). The important check of the
factorization formula (3.28) is the cancellation of the ultrasoft scale A in the expressions
for C%) obtained from eq. (3.51). Substituting the computed expressions in eq. (3.51)

we obtain
@ o2 2 /5 m2
C’Y’y = ﬁeQ 211’1 M, (352)
a2 #2 2 ‘
) = ﬁeé {m #; +5(m2—1+ m)} : (3.53)
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Figure 4. An example of the diagram in pNRQCD describing the ultrasoft matrix element of
eq. (3.33). The doted lines denote potential gluons with momenta given by eq. (3.13).

These expressions are the main result of this section. We observe that the soft scale cancel
in egs. (3.52) and (3.53) as it must be. Hence the factorization formula described by
eq. (3.28) describes properly the ultrasoft region of the one-loop diagram.

The coefficient function C'(y?y) has an imaginary part which originates from the two-
photon cut. Such mechanism can not work for x.; state, therefore C%) is real.

The hard coefficient functions depend on the factorization scale pp. Therefore
Ay =T yvs C(up) i(OCP)) + Cy 1y vm (01 O (*S1) [Xes) (1r), (3.54)

and the independence of the amplitude A on up yields the evolution equation

d d
il (C)! [ TR o(3
T O r) = ~Coiny o g2 (0] OFC81) xes) (ar). (3.55)

The solution of this equation depends on the initial condition defined at some scale pyg.

UunI jogi <O(3P0)> WE

Performing numerical estimates one has to fix a value of this scale. By derivation this scale
separates the hard region (two hard photons) from the ultrasoft region (hard and ultrasoft
photons). Therefore it is natural to associate this scale with the virtuality of the ultrasoft
photon and to set pg to be of order 300 —500 MeV. Then the matrix element of the operator
o7 (351) on the r.h.s. of eq. (3.54) describes only the ultrasoft nonperturbative contribution
which can be only estimated within some low-energy effective theory or model. Similar to
the well known color octet mechanism, the operator OF (3S1) can also be associated with
the electromagnetic mechanism. The corresponding matrix element can be interpreted as
an overlap with the higher Fock state |QQ~) which includes a dynamical photon while the
matrix elements of the operators O(3P;) describe the coupling to the dominant quark-
antiquark state. Therefore the full description of the leptonic decay requires a knowledge
on the subleading structure of the quarkonium state.

In the large mass limit m — oo one can consider a specific situation known as the
Coulomb limit when the binding energy is larger then the typical hadronic scale E ~
mu? > Aqcp. In this case the strong coupling is quite small ag(mv) ~ v and ultrasoft
contribution can be estimated within the pPNRQCD. Then one has to compute the diagram
as in figure 4 resumming the interactions with Coulomb gluons. Such calculation has been
carried out for the radiation function in ref. [15]. Perhaps, such calculation might also be
interesting here in order to get an idea about the relative value of this matrix element in
the Coulomb limit. In present paper we will obtain an estimate of the ultrasoft matrix
element using the so-called heavy hadron chiral perturbation theory (HHYxPT) framework
in the next section.
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4 Phenomenology

4.1 Calculation of the ultrasoft matrix element in the heavy hadron chiral
perturbation theory

In order to provide a numerical estimate of the decay rate we need to estimate the ultrasoft
matrix elements

(01O (*S1) Ixer) (4.1)

which describes an overlap with the higher Fock component of the charmonium state y.j
in which a dynamical photon is present. One can expect that the soft photon has already
quite large wavelength and therefore it interacts with heavy charmonium as with a point-
like source. Then it is natural to expect that the relevant dynamical degrees of freedom in
this case are associated with mesonic fields and the corresponding low energy dynamics is
described by the most generic effective action compatible with the symmetries of NRQCD.
Such an approach is known as heavy hadron chiral perturbation theory in refs. [16, 17] for
the heavy-light mesons and then generalized on quarkonia in refs. [18-20]. This framework
can also be used for the calculation of the matrix element in eq. (4.1).

For our purpose we need only the electromagnetic sector of the HHyPT described by
the effective action which includes the kinetic terms for J/v¢ and ¢’ states and the vertices
describing the electromagnetic vertices x.7J/¢ v and xcj ¢’ 7.2 As before we assume the
rest frame for the initial state x.;. The kinetic Lagrangian reads
Lianl) = 52My, () {i(00) ~AMY 9 () + 220y, 91 (@) {iwd) - A M} 91 (1),

(4.2)
with the residual masses AM = (M% - Mi)/QMX and A'M = (Mi - Mi,)/2MX. The
fields 1/1,(:”) and w:fw) describes the residual motion of the heavy J/1 and 1)’ particles and
satisfy w”w,(f) (x) = w“zﬁ,’fw) (x) =0.

The leading-order in 1/m effective Lagrangian describing the radiative decays x.; —
J/1p +~ and ¢ — x.g + v reads [20]

| 1
L8h = secqf, Tr o Th0T5] B + L5+ Secofy Tr 0 Td0TB] B +hue. (4.3)

with
Js = 50+ ) {87 — s } 51~ 4, (@4
Ty = 504 ) {7 sl } 21— ), (15)
and

1 . 1 1 1
Tp=50+¢) {X‘é Yo + ﬁze“"ﬁ”vaxwwp LA G U hfi%} S(L—=¢). (4.6)

2We are grateful to Maxim Polyakov for discussion of the contribution with the virtual state '
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XeJ :::

Figure 5. The diagrams which describe the matrix element (4.12) in HHYPT. The crossed box de-
notes the operator (4.11), dashes lines describe the Wilson lines Y, and Y;;, black circle corresponds
to the interaction vertices generated by Lgp (4.3).

The currents Jg, Jg and J. }ﬁ describe particles from S- and P-wave multiplets, respectively.
In eq. (4.3) we introduced the dimensionless couplings f, and fé The fields x s describe
charmonium states y.;. Computing the trace in eq. (4.3) one finds

ee
LYp = eeq fy Xgang{w)FWwV + %ia“aﬂqu&w)xlgwpﬁ’ww” (4.7)
1 pe g (w) v ele"/7~ aBp, ) H(w) v
+eeq fv Xo Vo Fluw +725“ Pa x1pwpFuw” + ... (4.8)

where we show only the relevant terms.
Our calculations involve operators O(*Py) and O(3S;) which have also to be matched
onto physical quarkonium fields. The spin symmetry in the heavy quark limit yields

[07(*181)] 15 = (OCS1)) []ag +(O'CS1)) [T] 4 (4.9)

(041 P))],, = (OCR)) [J]5. (4.10)

where a3 are spinor indices. Taking the matrix element and computing the traces one can
see that egs. (4.9) and (4.10) reproduce correctly the matrix elements (2.16)—(2.20). Using
these results one finds

05(81) = {(OC$1)) )7 (0) + (O'(*$1)) w7 (0) } V;fYa. (4.11)

Hence
(0] 07(381) xes) = (0 T { ((OC51)) 7 (0) + (O'(381)) 4“7 (0)) Y, Vi, £33 } Ixe) -
(4.12)

Computing the T-product in eq. (4.12) gives the diagrams in figure 5. These diagrams
are UV-divergent and we use in our calculation the dimensional regularization and MS
subtraction scheme. The results read

(0] O7(3S1) [xer) = —iEL[aa]e;i%eQ \}ih(,u,x), (4.13)

e
0] 09(3S1) Ixe2) = €87nq i—eq hipy), (4.14)

where ic| [0a] = ie7*Pngn,/2 and

/

h(px) = I <0(351)>ﬁi‘f (ln2—1—ln A%_”) + 1 <O/(351)>AMJ)\<4 <1n2_1_1n —ZZM) ‘
(4.15)
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From these results one sees that the spin symmetry of NRQCD relates the soft photon
matrix elements for J = 1 and J = 2 which are defined by the same nonperturbative
couplings f, (O(*S1)) and £y (O'(381)). The imaginary part in eq. (4.15) corresponds to
the photon-quarkonium (J/%) cut in the diagrams in figure 5. Hence we conclude that the
two-photon cut appears only in the hard photon contribution. The contribution with 1’
has no physical cut and in the diagram this is provided by the negative value of A’ M.
The UV-poles in the HHYPT diagrams appear due to the mixing of the operators
4 (3S1) and x.s. Therefore this UV-pole can be absorbed into renormalization of the

3

chiral constant in front of the operators x.;.° The expression for the total amplitude

now reads
. ~ « 1
Al = Zunrl’Uﬁ {Cl (MX) + C’YTreQ\/ih(Mx)} y (416)
Ay = i Tava { Caliy) + C Seq by | (4.17)

We set the value of the chiral scale 1, = o, defining the chiral couplings C 7(110) as product
of the two-photon hard coefficient functions CA%) and constant (O(*Fy))

C(po) = () (OCR)). (4.18)

This defines the expressions for the amplitudes which will be used for our numerical esti-

mates.

4.2 Numerical estimates

In order to perform numerical estimates we need the values of the nonperturbative param-
eters (O(*S1)), (O(*Py)) and f,. Two of them are related to the values of quarkonium
wave function at the origin, see egs. (2.21) and (2.23). Their absolute values have been
estimated in ref. [21] using different models for the potential. In our numerical calculations
we use the values obtained for Buchmiiller-Tye potential [23]

IR, (0)]* ~ 0.075GeV?, (4.19)
IR10(0)|* ~ 0.81GeV3,  |R0(0)]* ~ 0.530GeV? (4.20)

We also assume that they correspond to positive values:
Rlo(O) > 0, RQQ(O) > 0, R/ﬂ(()) > 0. (4.21)

The absolute values of the electromagnetic couplings f, and f; can be estimated from
the decays x.; — J/1y and ¥/ — x.jv. Using for widths T'[x.] = 0.84 x 1073GeV,
[[xe2] = 1.93 x 1073GeV and branching fractions Brx. — J/¢7] = 0.340 , Br[xes —
J/1py] = 0.192 from [22] we obtain

5.87 (Xe0)
FXCJ BTXCJ_>J ¢7
|fw\=\/ [ 1] 2[k3 M2 LAl 6.05 (xe1) ¢ = 6.0, (422
Q€5 0/ XeJ 6.03 (xc2)

30r equivalently one can say that this pole renormalizes the contact vertex describing the y.; — eTe”
decay.
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Lo, MeV [[xa — e ef], eV C[xe2 — e et], eV
300 0.0605 4+ 0.00945 + 0.0235 = 0.091 | 0.0365 + 0.02055 + 0.016;, = 0.072
400 0.0635 + 0.013,5 + 0.011;, = 0.087 | 0.0385 + 0.017;5 + 0.013;, = 0.068
500 0.0665 + 0.011 + 0.004;, = 0.082 | 0.0404 + 0.0154¢ + 0.0105, = 0.065

Table 1. Numerical results for the decay widths for different values of the factorization scale uyg.

where kg = (M)%CJ — Mi)/QMXCJ is the photon energy. Similarly, using widths I'[¢/] =
0.299 x 1073GeV and branching fractions Br[¢)’ — xc17] = 0.096 , Br[y — x2y] = 0.091
from [22] we obtain
6.5 (Xc07)
1] =14 7.0(xa7) ¢ =72 (4.23)
8.1 (xe27)

We also need to know the sign of this coupling which can only be defined by a specific
nonperturbative calculation. It turns out that this coupling can be represented as an over-
lap integral of the radial wave functions. Comparing our results for the decay amplitudes
Xes — J/¢y with the ones computed in ref. [24] we find

fry = \/2MX«/2M¢\}§ /0 b drr3 Ro1 (r) Rio(1), (4.24)

where factors v/2M appear due to relativistic normalizations of the hadronic states. The

analogous expression also holds for the coupling f,’y. The overlap integral has been computed

in the framework of potential models, see e.g. refs. [25, 26]. Its value is found to be positive

for f, and negative for ff/. Therefore we assume in the following that f, > 0 and f; < 0.
The expressions for the decay width read

Lixes — e+e_] =

{ My O (10) (OCPy)) + Oy 2eqhlpuo)/v/2 2 , (4.25)

1M, 1O (10) (O Po)) + € 2eqh(po) 2

where C, is given by eq. (3.32). We use m. = 1.5GeV for the mass of the charm quark
and compute h(ug) by substituting M, = (M,,, + M,,)/2 in the expression (4.15).

Our numerical results are presented in table 1 for different values of ug. The subscripts
s and h denote contributions from the soft and hard photon terms and hs corresponds to
the interference of these contributions. In all cases the largest numerical contribution is
provided by the ultrasoft matrix element. This contribution is relatively large and it weakly
depends on the factorization scale pg. Our estimates for [y, — e~ e'] is approximately
factor 5 smaller then the estimate in ref. [1] and in a good agreement with the estimate in
ref. [2]. For I'[x.2 — e~ e™] our result is five times larger than one obtained in ref. [1].

From table 1 one can observe that the interference of the hard and ultrasoft contribu-
tions is numerically large for .2 width and relatively small for x.;. This can be explained
as following. The imaginary part of h(up) is numerically much larger than the real one, see
eq. (4.15). Further, the hard coefficient function Cv}y is real and therefore corresponding
interference in the width depends only from the real part of h(u). The imaginary part of
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C’,(ﬁy) is not zero and therefore in this case the interference depends on the large imaginary
part h(up) and turns out numerically large. This observation allows one to conclude that
the decay width x.2 is quite sensitive to the relative sign of parameters Rig and Rj;. In
our estimate we used that these parameters has the same sign, see eq. (4.21). However if
they have opposite sign then the interference contribution is negative and this reduces the
numerical value of the I'[x. — e~ e™] by factor 2.

In ref. [1] it was shown that unitarity and analyticity allows one to constrain the
minimal values of decay widths

3
Tlxer — e~ et] > §§F[J/w — e et|T[xer — 7/ ~ 0.046 eV, (4.26)
0
2
-+ 042 90{2 -+
X2 —> e €] > ?F[XQ — ] + QOkOF[m — ST T/ — e~eT]
~ 0.037 V. (4.27)

In the presented formalism these constrains are always satisfied because the soft contribu-
tion has a cut which yields the imaginary part required for the saturation of the bounds
in egs. (4.26) and (4.27). Therefore all our estimates shown in table I are in agreement
with these inequalities. As one can see from table I the hard two-photon contribution is
always smaller than the limiting value in both cases. The same observation was also made
in ref. [1]. This clearly indicates that the soft photon configuration provides a critically
important contribution to these decay amplitudes.

The derived approach can also be used for a description of leptonic decays of bottonium
states xps. These particles have almost the same branching fractions for x,; — Y(15)y de-
cay, see e.g. [22], but at present the widths of these states are not yet measured. Therefore,
we cannot extract the decay coupling fa(yb) using experimental data. Instead, we use the
estimates for the corresponding widths obtained in the model with a Cornell potential [25].
The corresponding values can be found in ref. [26] and read

[[xp1] = 27.8keV, T'[xp2] = 31.6keV. (4.28)
This gives for the dimensionless coupling in the HHxPT Lagrangian
O ~9.4. (4.29)

On the other hand, the width of Y(2S) and branching fractions Y(2S) — x;y are
known [22]:

IT[Y(2S)] =32keV, Br[Y(2S)] = x»ny] =0.06, Br[Y(2S)] = x| =0.07. (4.30)
Using this values we obtain

£ ~ —16. (4.31)
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The sign of the couplings féb) and ffy(b) in egs. (4.29) and (4.31) is again defined with the
help of of the overlap representation as in eq. (4.24) and corresponding estimates given in
ref. [26]. The corresponding radial wave functions at the origin read [21]

|R), (0)]? ~ 2.067 GeV?, (4.32)

|R10(0)|* =~ 14.05 GeV®,  |Ryo(0)* ~ 5.7 GeV?. (4.33)

With these values and taking po = 400MeV we obtain

Tlxpr — e et] = (2.05 4 0.9, +1.1;) x 1073 ~ 4.0 x 1073 eV, (4.34)
Tlxpe — e €] = (1.25 + 0.1555 + 0.4) x 1073 ~ 1.7 x 1072 eV. (4.35)

We observe that in this case the contribution of the ultrasoft configuration also remains
larger than the hard one.

5 Conclusions

The decay width I'[x.; — e~ e™] was computed using a factorization NRQCD approach.
The dominant partonic subprocess was described by the annihilation of the heavy quark-
antiquark pair into two photons: c¢ — y*v* — ete™ . The corresponding contribution is
given by the one-loop diagram with two photons in the intermediate state. The dominant
regions in the loop integral are associated with two configurations: hard photons and
one ultrasoft and hard photons. The soft part of the contribution with ultrasoft photon
overlaps with the higher Fock state |QQ~) of the heavy meson, while the hard contribution
overlaps with the leading two quark state. We have demonstrated that these contributions
can be factorized and described by two different operators in NRQCD effective theory.
The ultrasoft photon contribution is estimated using framework of the heavy hadron chiral
perturbation theory. This allows us to obtain numerical estimates using a minimal set of
the known nonperturbative parameters. Our estimates for charmonia x. and . show
that the ultrasoft photon configurations provide the numerically dominant contribution.
This explains why the obtained numerical results for I'[x.1 — e~ e™| are in good agreement
with the estimates obtained in ref. [2] where only the usoft contribution was considered.
We also expect that the developed formalism can be helpful to perform a more systemic
analysis of decays if charmonium-like state such as X (3872) — e~ et.
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