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A set of Bell inequalities classifying the quantum entanglement of four-qubit states is presented. These inequalities involve only two
measurement settings per observer and can characterize fully separable, bi-separable and tri-separable quantum states. In addition, a
quadratic inequality of the Bell operators for four-qubit systems is derived.
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The Bell inequality [1] provided the first possibility to distin-
guish experimentally between quantum-mechanical predic-
tions and those of local realistic models. Derivations of new
and stronger Bell inequalities are one of the most important
and challenging subjects in quantum information processing.
Since Bell’s work, there were many important generalizations
such as [2-11] and references therein.

The Bell inequalities presented in [12] involve only two
measurement settings per observer and can detect perfectly
the quantum entanglement of the generalized GHZ states. By
using the idea in constructing Bell operators [12], a set of new
Bell inequalities are given in [13], which gives rise to a finer
classification of the entanglement for three-qubit systems.

The entanglement of four-qubit systems has been treated in
terms of Bell inequalities of Mermin-Klyshko type. In [14]
the quantum nonlocality of some four-qubit states, the GHZ
state, W state, cluster state and the state proposed in [15], has
been investigated, towards the optimal violations of the Bell
inequality for these states. The classification of entanglement
has been also studied in such as [16—19] with linear inequali-
ties for qubit systems and [20] with non-linear inequalities for
detecting bi-separable states in arbitrary dimensional quan-
tum systems.

In this work, we study the quantum entanglement of four-
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qubit systems by using the idea in constructing Bell oper-
ators in [12]. We generalize the results of three-qubit sys-
tems in [13] to four-qubit systems. It has been shown that
the standard Werner-Wolf-Zukowski-Brukner (WWZB) in-
equalities cannot detect the entanglement of the generalized
Greenberger-Horne-Zeilinger (GHZ) states given by |y) =
cosal0,...,0) + sinall, ..., 1) with O<a<n/4 [21,22]. How-
ever, the Bell operators constructed in the way provided in
[12] can detect the entanglement of the generalized GHZ state
wholly. Our Bell operators are constructed by using the idea
in [12]. The resulted Bell inequalities can distinguish fully
separable, bi-separable and tri-separable states of a four-qubit
system. Moreover, these linear Bell inequalities involve only
two measurement settings per observer. Analytical formu-
las of the average values of the Bell operators for four-qubit
systems are also derived. And a quadratic inequality of the
Bell operators for all four-qubit systems has been presented.
Explicit geometrical pictures show the relations between the
different types of quantum entanglement and the violations of
the inequalities.

We fix some notations used in this work. We use the
Dirac’s symbols throughout this paper. If a quantum system
is in one of a number of states |¢/);, where i is an index, with
respective probabilities p;, then {p;, [/);} is called an ensem-
ble of pure states, and the associated density operator for the
system is defined by p = 3; p;o;. The average value of the
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observable M is written (M) = (Y|M|y).

1 Classification of four qubits with Bell
inequalities

Consider N parties and allow each of them to choose inde-
pendently between two dichotomic observables A ; Aj Bj for the
j-th observer, where A; = d@; - &/ and B; = b - @/, with
& = (0D, 0D, 0'3(/)) the Pauli matrices on the j-th qubit,
andd; = (a(l) (2) (3)) b = (b(l) b(z) b(3))the real unit vec-
tors. The quantum mechamcal Bell operator on the N — 1
qubits except for the i-th qubit is defined as [12]

0 _ g0 ! 1 ~
D B ®2(Ai+Bi)+[N—l®2(Ai_Bi)» i=1,...,N,
where BX?_I is the Bell operator of WWZB inequalities on the
N — 1 qubits except for the i-th qubit,

B -

M= S(S1,...,

Swn-1)

SRS no BT e 04(K ),

where Iy_; denotes the corresponding identity matrix. For
S(S1h. s Sn-1) = V2cos(5(S1+- - +Sy—N)=7), 0,(1) =
Aj, O;(2) = B}, one recovers the Mermin-Ardehali-Belinskii-
Klyshko (MABK) inequalities [2].

In the following we study the characterization of entangle-
ment for four-qubit systems, N = 4.
Theorem 1. For fully separable states p, we have

KDy <1, i=1,2,3,4. (1)

Proof. A general pure four-qubit state can be written as
W) = Z,jkz o @ijkilijkl) with normalization Z”kl 0 |al,kl|

1. A mixed four-qubit state can be expressed as p = Y., PaPua>
where 0 < p, < 1, Xy Pa = 1, po = [Wa){¥,| are pure states.
Due to the linear property of the average values,

(DO = 11r(>” papa D) =1, patr(pa D
< D Patr(a D) < ) lir(pa DY),

it is sufficient to consider the pure states. The fully separable
pure states can be transformed into the form [/) = |0000) in
suitable bases. Therefore it is direct to verify that

1 3 3 3 3
1 3 3 3 3 3

1
3) 3).3 3).3) (3 3 3
+b(2)a(3)bfl)+b(2)b(3)afl))+ 2(a<l)—b(1 ))|<1

Similarly one can prove that (D4 < 1 fori=2,3,4. m]
Next we consider the cases of tri-separable states. We de-
note p;j—x—; a tri-separable state of the form p;; ® px ® py, in
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which qubits i and j are entangled, while qubits k and [ are
separable,i # j# k#1=1,2,3,4.

Theorem 2. For any tri-separable states p;j_x—;, i # j # k #
[=1,2,3,4, we have

3
1, KDs®Y = KDsMy| < ;@

KD4 D) = (D4 <
Proof. We consider the case of pj;-3-4. Every pure state in
P12-3-4 can be written in a Schmidt form,|y) = (cos @|01) —
sin @|10)) ® |0) ® |0). Therefore

—( aPa? +

(3) 3)
1 4 by”)

D4V | = ‘

2
(k) (k) (k) . (k) Y
—(Z:a1 ay +a, b1 )sta]

k=1

(3) ()

3),.3
X (a3 a + b9b))

1 3),.0)
+ 2[ - (aq, b2
2
(D alnd + b ) sin2a
k=1

(3),3)
+b,7by")

1
1
@B+ b))

+ (a(g) (13))cos2a < 1.

Similarly one can prove that |(D4(2))W>| < 1. For the Bell

operator Df), we have
1
KDsD)| =‘ {[_( —dPa? + 5D

2
—( > -aPaP+ b(k)bU‘))sin2a][(ag3)+b(33))af)]
k=1

(3) (3) 3) (3
+| - @ e
2
~ (Dl nd+b0ad ) sin2a i@ +561)
k=1
1

3
+ @ = b)) <

In a similar way, we have (D4s*)y| < 3. The cases of
P1-2-34> P13-2-4, P1-3-24, P14-2-3 and p1_4 3 can be similarly
proved. According to the linear property of average values,
for all tri-separable states we have (2). O

Finally we consider the cases of bi-separable states. There
are two classes of bi-separable ones. (i) Two entangled qubits
i and j are separable from other entangled qubits k and . For
example, we denote p|,-34 the bi-separable state of the form
P12 ® p34, Where the qubits 12 and 34 are entangled respec-
tively. (ii) A qubit i is separable from the rest genuine tripar-
tite entangled qubits j, k and /. For instance, pj_234 denotes a
bi-separable state of the form p; ® p»34, where qubits 234 are
genuine entangled.
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Theorem 3. For all bi-separable states p, we have

. 3
KD4®),| < S i=12.3.4, 3)
for p in class i), and
KDs™y, I < V3, i=1,2,3,4, (4)

for p in class ii).

Proof. We first consider bi-separable states in class i). A
pure state in pjp-34 has the following general form, |¢) =
(cosal01) — sin @|10)) ® (cos B|01) — sin 5]10)). Hence

—(@Pa® + a;Pb,®)

(DO =

2
- Z al(k)bz(k) + bl(k)bz(k))sin 20’]

x| = (@3Pbs® + a,Pby®)

2

_ (Z az®p,® 4 a4(">b3(’<>)sin 2/3]}

k=1

1 3
(3) (3)
+ -b 2a| <
(Cl] 1 )COS (07 P

Similarly one can get |(D4<i))‘¢>| < g fori = 2,3,4. For
the cases of pj3-24 and pj4-23, we can also similarly have
KD4s MYyl < 3 fori =1,2,3,4.

For bi-separable states in class ii), we consider the case of
pP1-234. There are two inequivalent kinds of genuine three-
qubit entangled states, the GHZ-type and W-type [23]. For
simplicity in the following we denote ¢, = cosx and s, =
sin x. The GHZ-type state can be written as

Wanz) = VK(csl00)I0) + sse|ga)lgndlpe)),

where [pa) = col0) + soll),  1¢p) = c5l0) + spl1), loc) =
10 + 5,/1), 6 € (0,71, a.8,y € (0,71, ¢ € [0,27) and
K=+ ZC'5S5cacﬁcyc¢)’1 € (;, 00) is a normalization factor.
The W-type state can be written as

lWw) = Val001) + Vb|010) + Ve|100) + Vd|000),

where a,b,c > Oandd = 1 - (a + b + ¢) > 0. Therefore
every pure state in pj_p34 via a suitable choice of bases can
be written as [Yo-cuz) = 10) ® Wanz), or o-w) = [0) ® [rw).
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We calculate here the value [(A2A3A4)yqul- The other
items have similar expressions.

[{A2A3A0 16| =

K |a(23)a(33)ai3)(c§ + s§ - cos2a - cos2f3 - cos 2y)
+a(1)a(33)af)(sin 26 - CpSaCpCy + s§ -sin 2a - cos 23 - cos 2y)

2
+a(23)a(31)af)(sin 26 - CpCqSpCy + s§ - cos2a - sin 23 - cos 2y)

+a(23)a(33)ail)(sin 26 - cpCaCpSy + s§ - cos2a - cos 23 - sin 2y)

+a(21)a(31)ai3)(sin 20+ CpSqSpSy + s(zy -sin2a - sin 28 - cos 2y)

_a(zz)a(;)af) SIN 20 - CpSaSpey
+a;1>a(33)a§‘)(sin 26+ Cp5aCssy + Sg - sin2a - cos 23 - sin 27)
_af)a(f)aff) SIN26 - CpSaCpsy
+a;3)a(31)afll)(sin 25 - CyCaspSy + 53 - cOs 2a - sin 23 - sin 2y)
—af)a(;)af) sin 26
+a"aa"s? - sin2a - sin 26 - sin 2y)

+(a;1)a(31)afll) - a(22)a(32)a511) - a(zz)agl)af) - a(zl)agz)af)) sin 26

CpCaSBSy

chsasﬁsyl .

[{A2A3A4) 6| attains its maximumata ==y = 7,9 =0
and ¢ = 7 according to the value of K and the property of the
trigonometric functions. Hence we have

1
|<D4( )>W(]—GHZ)|

Loy oM 0 M @ @ W), 10
<1, (@ +b)lay (@Vdy) - dPa) = BB + bY6Y)

(2 1 2 2 (1 (1)7,(2) (2) 7, (D)
tay (-ay’a,” —ay a, +by’b,” +by'b,’)
I e 2,0 (1 ) @
50D 4+ @B~ pall 4 52
2, 12 2,1 e 2) (1
+ 0767 + aPb) + bV + b))
1
+ @ - < 1.
2
Using the similar method above, we have also [{Ds™)y, )l
< 1fori=2,3,4.
Next we compute [(A2A3A4) )l

[{A2A3A4) )]
=|d-a-b- c)a(;)a?)af) +2 \/cda(zl)a?)af)

+2Vbda¥aVaP +2 \/ada(23)a§3)ail)+2 \/bc(a(zl)aél)af)

2 43 4y
2) 2 3 1 _3) (1 2) 3) (2
+a;)ag)ai))+2\/ac(a;)a(3 )afl)+a(2)a(3 )afl))

+2 \/ab(a(;)agl)ail) + a(;)agz)af))l

L 3 3 3 ! 2 @ e 3 (1
< 2|a(2)(—a(3 )ai)+a(3 )ai)+a(3 )ai)+a§)ai)+a§)ai))

a

(3) 3)
3 74

@®» G, 3 (1) 2, 2 (3)
taya, a3 a, ) +a; (a5 a,

3) (2
¢ ()QEl ))|

1
+ a;)(a +a;

1 V3
< 2|a(23) + a(zl) + a(zz)l < 5
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where we have used the Cauchy-Schwarz inequality and the
relation Vabcd < atbrerd for which the equality holds if and
only if a = b = ¢ = d. Therefore we have

1 3
KDs DYyl <, X 2% ( Vi 4) = V3.
4 2
Similarly one can obtain |(D4(i))|¢(,_w>| < V3fori=2,3,4.
The cases for P2-134, P3-124 and P4—123 can be similarly
proved. O

2 The quadratic inequality of Bell operator for
four qubits

We derive now an analytical quadratic inequality of the Bell
operator for four qubits. The four-qubit states p can be writ-
ten as [24],

3
1
p= Uelelel+)y Olrlelelsl

=1

3 3
+ Y 0180 0lel+ ) 0Ielsc ol
=1 i=1
4
s> oP1elielory + -
ia=1
3
+ > eV er?eo el (5)
i1,i2,13,i4=1

Set

@ =V, 00,01, B =0?,02,0%),
2

We have the following lemma.
Lemma. For four qubits pure states, we have the following
equality,

2 =2 2 2 =2 52 2 2 2
(@1 +B + [V +[E[ +IST +IT| +|Ul +[V] +IQ| =9.
(6)
Proof. A four-qubit pure state |if) can be also written as
[25],

) = 1610000} + 1;]0011) + L]0101) + 15]0110) + L4]1100)
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7 =005, 0, % =@, 0. o),

§ =@ 0" O 05, 0657 04,

7= @ 0 O 05 04 065D

U= 00 0 06 05 05D
V=@ 0 O 05, 0657 04,

0= @ O O OG5 O3 O35

2337

+15]1001) + []1010) + 5[1011) + igJ0111) + Lo 1101)
+ 110|1110> + l]]lllll),

where [; withi =7, 8,9, 10, 11, are non-negative real numbers
and [lo| > |l;] fori = 1,2,...,11. Comparing p = [ ){¢| with
(5), we have the relation (6) by straightforward calculation.
) =2 2 2 52 52 52 52 2
Here [@[, 181, [YI &1 IST,ITI,1UI L IV], Q] areall
invariants under local unitary transformations, and equality
(6) holds for all pure states. The minimum of |_Q>| is attained

for fully separable states and the maximum of |_Q>| is obtained
for maximally entangled states.

Theorem 4. Any four-qubit mixed state p satisfies the fol-
lowing inequality,

2 2 2 2
@ = (DY), + (D4, + (D4, + (D4 Py, <4 (D)

Proof. Due to that the quadratic function is a convex func-
tion,

(DY =111} papa DI = 1) patripa DY)
<3 paltrpu DT < 3 110 DT,

it is sufficient to consider only pure states. Set

1 1
Ci= _(Ai+B), Di= _(Bi—A),

L . ®)
S= i d@). = (=),

2 —>2 —
We have [5;] + 7| = 1,5, -1 =0, and

2
Dy, =1 8B O Q1 1507 +5©5, + 13 ®5)

— — - - —
+OHOM®Su—-HBOSi—1 Ol -5 13)]
-
0-7 2P,
2 = — - -5 -
(D4<2)>p HH®HO®3® 05— 5301 —1301)

- - —  — N
+5®9®(A®1 —®h ®1s + 53 @54

- -2 5 =
+105)]- 0 -1 - B,
2 -
(DY), ={[1 8 @ (RO -8 1) +51 81 ® (5 ®5

— —
~ BRI+ ®H (3 ®5, + 53 ® 1)

l

= -
-Henemen-neml-0-1 VP,
2
(DY), =1 8@ (RO -1 ®5) +51 81 ® (3 ®5
~BEW+S OB OB e, + 1 05)

=2 -
—HeLemes-nes)] 0 -1 - 8Y

N

where 3 ® 7 ®79) ®_q) - Q denotes ¥,y Sit jpeqnQijkn- w at-

tains its maximum at either |_Q>| =1lor |_Q>| = 3. For the case
ﬁ

of |Q| = 1, |¢) is fully separable and the inequality is satisfied

by using Theorem 1. For the case of |_Q)| = 3, |¢) is maxi-
mally entangled. Without losing generality, we consider the
maximally entangled state [i) = \}Z(IOOOO) + [1111)). Since
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Ouit = Q22 = 03333 = 1, Q2 = Qe = 02112 S
02121 = Qi1 = O = —1, the rest Qi = 0 and [5]]
N NN . .
+t;| =1, s; - t; = 0, thus to attain the maximum of w,
. - .

the third components of ?f and ¢; should be zero, and either
[Eﬂ = |7[)| or one of the [Eﬂ and |7i>| is zero and the other one is
1. Leti# j# k+#1€e({l,2,3,4}, we can obtain the following
classifications:

(Dﬁzl@xé)@=@hmbl@m
1

Q) sl=[51=0,[sl=ls1= ,
V2

G =Fl =1, FI==0 or

1
\/2)’

,)
2/
1
GE==1[l=0 5=, 9)
V2
1
G EI=61=0,=1T[s1= .,
V2
1
©[sEi=61=  ,sl=0, [5]=1
V2
For the case I?fl = |?2>| = |?3>| = |?4>| = 1, we have

—)2
Ww=4G®5H®53851 - 0) = 4YICICC3Calp)* < 4.

For the case |?1>| = |?2>| = |?3>| = 1and |E)1| = ‘}2, we get

H
w=3G18%en e +5)- 0)

2
+Gl RN e o5 0)
= 3(Y|C,C2C3(Dy + Ca)lh)?
+ (YIC1C2C3Calp)* < 4.

1

V2
. — — RN —

orthogonal relation of 's; and #;, we can express s; and ¢#; as

For the case |F1>| =1 and |?2)| = |?3)| = |F4>| =, using the

—

s1 = (sin 0] cos ¢, sin 6 sin ¢y, cos 6),

—_ . . .

s; = ‘}2 (sin ; cos g;, sin 6; sin ¢;, cos 6;),

e d . .

ti = ‘}2 (cos 6; cos p;, cos §; sin ¢;, — sin 6;),

where i = 2, 3, 4. After straightforward calculations, we have

1
w = sin(91+cp1+92+902+93+g03+94+<p4)

22

—cos(01+ @1+ 02+ @2+ 03+ @3+ 04+ 1)

4
+ cos 1 cos G4[cos (6, + 03) — sin (6, + 93)]2

22

<4

1

V2 one can set

For the case [ = [53] = [53] = [s4] =

= \1/2 (sin 6; cos ;, sin 6; sin ¢;, cos 6;),
b d . .
1= \1/2 (cos §; cos ;, cos b; sin ¢;, — sin 6;)
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fori=1,2,3,4, and obtain w < 4. For other cases inequality
(7) can be similarly proved. 0O

The inequalities in Theorems 1 to 4 give rise to an ex-
plicit geometric picture. Taking the average of D", Df), Df)
and Df) as the four coordinates of a four dimensional space,
from Theorem 4 we have that (D4(i)), i = 1,...,4, constitute
a 3-dimensional sphere. All fully separable states are con-
fined in the center, in a 4-dimensional rectangular with size
1 x1x1x1,see Figure 1. While from the Theorem 2, the
tri-separable state, for example, p12-3-4, is in a 4-dimensional
rectangular with the size 1 X 1x3/2x3/2. From the Theorem
3, the bi-separable state in class i), for example pj>_34, is in a
4-dimensional rectangular with size 3/2x3/2x3/2x3/2. For
the bi-separable state in class ii), for example p;_»34, we have
a 4-dimensional rectangular with size V3 x V3 x V3 x V3.

3 Conclusions and discussion

We have investigated the classification of four-qubit entan-
glement in terms of Bell inequalities that involving only two
measurement settings per observer. And a quadratic inequal-
ity of Bell operator for four-qubit systems has been obtained.
The Bell inequalities satisfied by fully separable, bi-separable
and tri-separable states of four-qubit systems are analytically
derived. Our approach and some of the obtained formulas can
be directly generalized to multipartite qubit systems.

However, our inequalities are not both sufficient and nec-
essary for separability of general four-qubit states. The sepa-
rability problem in terms of Bell inequalities has been solved
only for two-qubit case, any pure entangled two-qubit states
violate the CHSH inequality [26], as well as the three-qubit
case where Chen et al. [27] showed that all pure entangled
three-qubit states violate a Bell inequality. For mixed four-
qubit systems, the separability problem remains open. En-
drejat et al. [28] discussed the relations between optimization
operators and combination of the global entanglement mea-
sures. One may conjecture that to make the inequalities suf-
ficient conditions for separability of a four-qubit mixed state,

Figure 1 Projection of the state space onto the plane constituted by (Dgl))
and (Df)). The fully separable states are in the black region. The tri-
separable states pj2-3-4 and pj4—2-3 are located inside the white areas re-
spectively between black and gray areas. The bi-separable states p12-34,

P14-23, P1-234 and p3_124 are inside the gray area. The genuine entangled
states are located in the designated slash regions.

277077 T
= =

- il
Ll L




Zhao H, et al.  Chin Sci Bull

in addition to our Bell operators, some new Bell operators are
needed.
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