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Zhuzhou,41200§,€hina ¥ predator population and prey population. The dynamics of the system is discussed

mainly from the point of view of persistence and extinction. To begin with, the global
positivity, stochastically boundedness and other asymptotic properties have been
derived. In addition, sufficient conditions for extinction, nonpersistence in the mean
and weak persistence are obtained. It is proved that the variation of Lévy jumps can
affect the asymptotic property of the system.
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1 Introduction

In mathematical ecology, the relationship between prey and predator is one of the most
intriguing and significant topics due to its universal existence. One significant compo-
nent of the predator-prey relationship is the predator’s functional response. It has long
been and will continue to be a dominant theme in ecosystem theory. The predator-prey
systems with different kinds of functional responses (see Hassell-Varley [1], Beddington-
DeAngelis [2, 3] and Crowley-Martin [4]) and references therein) have been investigated
by mathematicians and ecologists. However, due to many reasons (such as environmen-
tal pollution, over predation, over exploitation, extensive and unregulated harvesting),
the birth/death rates, carrying capacities, competition coefficients and other parameters
involved in this system perform random fluctuations. Then we need to take the envi-
ronmental noise into account, for example, consider the stochastic perturbation of the
death rate of the predator and birth rate of the prey. In some cases, the scholars prefer
the Beddington-DeAngelis type functional response because predator-prey model with
Beddington-DeAngelis functional response can describe the species and the ecological
systems more reasonably. It has desirable qualitative features of ratio dependent form and
overcomes some unexpected behaviors at low prey population level. Also, it has an extra
term in the denominator modeling mutual interference among predators. There is much
excellent work on the predator-prey system with Beddington-DeAngelis functional re-
sponse, for example, [5—8]. Liu-Wang [5] studied the global asymptotic stability, Qiu et al.
[6] investigated some dynamical properties, Liu-Wang [7] discussed stochastically asymp-
totic stability, ezc. Their work stimulated much of our work. Our consideration in this work
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is a generalization of the model in [7]. A basic problem concerning predator-prey model
is the existence and uniqueness of global positive solutions. One of the main approaches
in the literature to date is to construct different types of Lyapunov functions to investi-
gate how the solutions behave in R?. In our work, we proved the system (1.1) has a unique
global positive solution by the method of variable transformation. Moreover, we obtained
the result that almost all sample paths of any solution starting from a positive state will
never be nonpositive, which can ensure the precise mathematical form and bring about
more definite practical significance.

On the other hand, from the viewpoint of biology, large and sudden environmental dis-
turbance, such as earthquakes, tsunamis, hurricanes, floods, droughts may have impor-
tant consequences on the system. As a result, the systems become very complex and the
sample paths are discontinuous. These phenomena cannot be exactly described by Brow-
nian motion. To explain these phenomena, introducing a jump process into this system
is one of the important methods [9]. There is a large number of literature on this topic,
for example, [9-21], and the references therein. Especially, in [18] Liu-Wang investigated
stochastic logistic models with Lévy noise and gave sufficient and necessary conditions for
the stochastic permanence and extinction; Liu [19] established the sufficient conditions
for the stability in mean and extinction of stochastic predator-prey system with modified
Leslie-Gower and Holling-type II schemes with Lévy jumps. As a result of the mentioned
themes, this paper puts forward a predator-prey model of Beddington-DeAngelis type

functional response with Lévy jumps of the form

dx(t) = 2(t-)[(an (t) — an (O(t-) - 5 w4
+o1(t)dBi(8)] + [, (&, w)x(t-)N(dt, du),

dy(t) = y(t_)[(_ﬂﬂ(t) - ﬂzz(t)y(t—) + bl(t)+b;z?)3x((tt)f)(:7)3(t)y(t—) ) de
+ 03 (t)dBa ()] + [y, ha(t, u)y(t-)N(de, dus),

(1.1)

with x(0) = %9 > 0 and y(0) = yo > 0, where x(¢—) and y(¢—) denote the left limit of x(z)
and y(t), respectively. (B;(£)) and (B;(¢)) are Brownian motions, N is a Poisson counting
measure with characteristic measure A on a measurable subset Y of [0, 00) with A(Y) < co
and N(d¢, du) := N(d¢, du) — A(du) d¢, and the functions /; : Y x (0,00) — R (i = 1,2) are
bounded and continuous with respect to A and are B(Y) x .%; measurable. Through-
out this paper, the process (B;(£)) and (B,(t)) are defined on a complete probability space
(Q, Z,{F}ts0,P). The parameters a;(-) (i,j = 1,2,3), b(-) (k = 1,2,3), 0,(-) and A,,(-)
(m = 1,2) are all positive bounded function on R,.

Although there is much literature about predator-prey systems with Lévy noise, this
study is mainly involved in estimate to the sample Lyapunov exponents. On one hand, we
prove that the system (1.1) has a unique global positive solution. Our method is a little sim-
ilar to the one in [19]. But we do not use comparison theorem to prove the global solution,
instead came out with Lyapunov functions. On the other hand, we study the long-term

behaviors of solution to stochastic nonautonomous system (1.1). Moreover, we establish

Inx(¢)
t

plays an important role in this work and is different from that of [18] and [19] in the proof.

the result limsup,_,

< 0 by an exponential martingale inequality with jumps, which

In [18] and [19], they mainly showed the stability in the mean and extinction of the solu-

tions. Different from those results obtained in [18] and [19], by establishing the estimation
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to the sample Lyapunov exponents, we show more long behaviors such as weakly persis-
tence, nonpersistence in the mean and extinction of solution to system (1.1). Meanwhile,
it is important to point out that the proof of the properties of the solution is not a direct
generalization for systems without Lévy noise and some new techniques are devised to
deal with the difficulties due to Lévy noise.

We need the following technical result from Bao [10] for the jump-diffusion coefficient.

Assumption A Foranyt>0,ueYandi=1,2,
hi(t,u) > -1, (1.2)

when -1 < k;(t,u) < 0, the disturbance denotes decreasing of the community, while
hi(t,u) > 0, it respects increasing.

For notational simplicity, we introduce the following symbols:

2
al(t) =an(t) - 012( 2 /Y [ (8 ) = In(1 + Iy (2, w)) |2.(du),
2
e (t) = —an(t) - Uzz(t) - /Y[hz(t, w) = In(1 + hy(t, u)) |1 (dw),
ar3(2)y(t) a3 (8)x(t)

f) =

g(t) =

bi(t) + ba()x(2) + b3(8)y(®)’ bi(2) + by(0)x(2) + b3 (£)y (1)’

9= infol) ¢= sup (8).

The organization of this paper is as follows. In Section 2 we study some properties of
the solution of model (1.1) with noise consisting of Brownian motion and jumps. On this
basis, in Section 3 we show the long-time behaviors of the model and reveal the effect of
the intensities of the noises on the model by means of theoretical derivation, which is the
core part of this paper. Finally, we introduce a numerical example to verify intuitively the

results in the rest of the paper.

2 Properties of the solution

Since the x(¢), y(¢) in (1.1) are the population sizes of the prey and predator at time ¢, respec-
tively, and they should be nonnegative. By the biological explanation of model, only posi-
tive solutions are meaningful, which will be proved theoretically in mathematics analysis
in Lemma 2.1. In the following, first we should ensure the existence of positive solutions.
Moreover, in order to guarantee that the model has a unique global solution (i.e., no explo-
sion in a finite time) for any given initial value, the coefficients of the model are generally
required to satisfy the linear growth condition and local Lipschitz condition (mentioned
in [22]). However, the coefficients of (1.1) neither fulfil the linear growth condition, nor
local Lipschitz continuity. It is therefore necessary to use another method to prove that the
solution of system (1.1) is not only positive but also will not explode to infinity at any finite

Y(® = y(t) result in the corresponding coeffi-

time. The transformations e*® = x(¢) and e
cients satisfying a local Lipschitz condition, which is motivated by [19]. In the following,
we shall prove the system (1.1) has a unique global positive global solution by the method

of variable transformation.
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Theorem 2.1 Under Assumption A, for any initial values (xo,yo) € R?, there is a unique
global positive solution (x(t), y(t)) for any t > 0 almost surely.

Proof The proof is divided into two steps.
Step 1: consider the following equations:

_ _ ar3(0)e’
dX(2) = (e(t) - an(t)e™ - T @b (0)eX® +b3(t Jerm ) d

+ o1(t) dBi(t) + fY In(1 + Ay (¢, u))N(ds, du),
dY (£) = (co(t) — an (D)’ ® + bl(t)mﬁf’fiﬁbg or) dt
+03() dBs () + [, In(1 + o (£, w))N(dt, dus),

2.1)

on t > 0 with initial value (X(0),Y(0)) = (Inxg,Inyp). It is easy to find that the coeffi-
cients of (2.1) satisfy the local Lipschitz condition, then there is a unique local solu-
tion (X(¢),Y(#)) for t € [0,7.), where 7, is the explosion time. Therefore, by Itd’s for-
mula, (x(£), y(t)) = (eX®, ¥®) is the unique positive local solution of (1.1) with initial value
(%0,y0) € R2.

Step 2: we shall show this solution is global, i.e. 7, = +00 a.s. Let ko > 0 be sufficiently
large for xy € (%, ko), yo € (%, ko). For each integer k > ko, define the stopping time

1 1
T = inf te[O,re):xté(—,k) ory, ¢ —,k> .
k k

Obviously, ¢ is increasing as k 1 +00 a.s. Set T, := limg_, ;o0 Tx, therefore 7,,, < 7, a.s.
If we can show that 7,4 = +00 is true, then 7, = +0o and (x(£),y(¢)) € R? for all ¢ > 0,
a.s. Consequently, we only need to show 7, = +00 a.s. To illustrate this statement, let us
define a C2-function by

V(x,y)=(x—-1-1Inx)+(y—1-1ny).

The nonnegativity of this function can be seen from the fact that f(u) =4 —v—-1In3 > 0,
for all u,v > 0. Using It6’s formula, we obtain

AV (x,y) = LV (x(t), 9(0)) dt + (x(6) = 1)or(6) dBy(8) + (y(6) - 1)ra(e) dBa(t)

+ / [/, w)x(e) = In(1 + I (8, ) + ha (8, u)y(2) — In(1 + o (2, ) ) |N(dt, du),
Y

where

2
LV(x(t),y(t)) < —ap() (x(t) B an(t) + 6112(¢)> N (an(t) + ar2(2))?

2a15(t) dayy(t)
s ai3(t) g (t)( ) - a3 (t) + ba()an(t) - 192(11‘)0121('5))2
bty ~ 265 (D)an(0)
(a3 () + by(t)ana(t) — ba(t)an ()
+ 4‘b2(t)ﬂ22(t) + ﬂ21(t) - ﬂll(t)

+ ;ol (t) + 02 (t)
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+ / [hl(t, u) — ln(l + I (¢, u)) + hy(t,u) — ln(l + hy(t, u))]k(du)
Y

(an(t) + an(®))?  (a23(t) + ba(t)ana(t) — by (t)an(t))?

aan() 453 (an(0)
+an(t) + ‘;133—&? —an(0) + %af(r) + %ag(t)

+ / [7(6,u) = In(1 + Iy (8, ) + ha(t, u) = In(1 + hp (2, ) | A(due)
Y

v v 2 v v Yy v [N 2
(an + aiz) a3 (a3 + badoy — badiny) v 1., MU
St + 0 +dy + =0] + =05 —an
dap bs 4blay, 2 2

+ / [hl(t, u) — ln(l + hy(t, u)) + hy(t, u) - ln(l + hy(t, u))]k(du).
Y

Here we have used the fact 0 < f(¢) < ‘213?’(%), 0=<g(t) < ‘2223((5) and the inequality x — In(x +

1) > 0 (x > —-1). Therefore, we have

LV (x(2),5(8)) < Ky +2K; =: K,

v v 2 v v Y ov oA 2
(an +an)” a3 (doz + badoy — bran)” . 1., 2 A
— e  t— o tdn + S0 + 50, —adi,
4‘412 bg 4b2d22 2 2

K=
K, = max{f [hl(t, u)— ln(l + h (¢, u))]k(du), / [hz(t, u) — ln(l + hy(t, u))]k(du) }
Y Y
Then

dV (x(2),y(2)) < K de + (x(2) = 1)o1(£) dBy () + (y(2) — 1) 02(2) dBs (¢)
+ / [ (&, w(8) = In(1+ Iy (2, 1)) + b (2, )y (2)
Y

—In(1 + ha(t, ) |N(d, du). (2.2)

Integrating both sides of (2.2) from 0 to ©x A T, we deduce

AT
A AV (x(0), y(0))
yAT AT AT
< /0 Kdt+ /0 (x(5) =1)o1(2) dBy (2) + /0 (¥() = 1)o(2) dBs(2)

AT
+ / / [711(6, w)x(2) — In(1 + y (¢, ) + ha (8, w)y(2)
0 ¢
—In(1 + hy(t,u)) [N (de, du). (2.3)
Taking the expectation of both sides of (2.3), we obtain

EV (x(ti A T),y(ti A T)) < V(%0,%0) + KT. (2.4)
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Define a function, for each v>1,
. 1.
nw) = 1nf{ Vix,x0) i, >vora; < —,i= 1,2}.
v
Due to the property of the function g(x) =x — 1 —Inx, x > 0, we deduce that

lim g(x)=+o00 and lim g(x)=+00

X—> 400 x—0%

and hence

lim wu(v) = +oo. (2.5)

V—>+00

Set Qi = {tx < T}. Then we obtain from (2.4)

w(P(2%) < E[Ig, V (%(i), ¥(t0)) ]
<EV(x(te AT),y(tc A T))
S V(xOIyO) + 1<T)
where Iq, is the indicator function of Q. Recalling (2.5) and letting k — +o0 yield
P(t,00 < T) =0.Since T is arbitrary, we must have P(t,, = +00) = 1. The proof'is therefore

completed. O

Theorem 2.2 Under Assumption A, for any 0 < p <1, there is a constant K such that

sup E(x(2) + 5 (¢)) < K.

teRy

And assume further that there is a constant M(p) such that, for somep >1,t>0,i=1,2,

[ Il c < M), 26)
Y
then there is a K(p) such that

sup E(xp(t) + yp(t)) <K(p). (2.7)

teR,

Proof The following idea goes to back to that of [10].
Applying Itd’s formula for p > 1, we obtain

-1
defx?(t) < €’ [—p&lgx’“l(t) + (1 +p(5l11 + %63))96”@)] dt

+ pa? (t)o (£) dBy (£) + /Y e ()] (1+ m(w)’ -1

—pljzl(u)])»(du) dt + / etx”(t)[(l + I (¢, u))p - I]Kl(dt, du). (2.8)
Y
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By Assumption A and the condition (2.6), we deduce that there exists a constant Ki(p)
such that

pin(e) + (1 . p(zzu . ’%163))%)
+ / [+ (w)” =1 - phi(u) |1 (du)x (2)
Y
< Ki(p).

Taking the expectation on both sides of the (2.8) and rearranging yield
t
E(e?(0)) < + / Kip)e* ds = o + Ki(p) (e - 1),
0

From the above inequality, we deduce that there exists a constant K;(p) > 0 such that

sup E(#”(¢)) < Ki(p).

teRy

In the same way, we can deduce that there exists a constant K, (p) > 0 such that

sup E()* (1)) < Kx(p).

teRy

Hence sup,p, E(*(¢) +y7(¢)) < Ki(p) + Ky(p) =: K(p), which yields the desired assertion
(2.7). For 0 < p <1, utilizing the Young inequality yields

/[(1 +hi(t,u))” =1 - phi(t,u)]A(du) <0, i=1,2.
Y

Consequently,
~ +1 v p- 1, 2
—papx (@) + |1+ p| dn + ——o7 | |42 (2)

+/[(1+hi(t,u))p—l—phi(t,u)])»(du)xp(t)
Y

=" ? xp+1 ( (v p_lvz>>
< —pay, @&+ |1+p|an+ 5 or ) )42 (1),

which has an upper bound. Then the conclusion follows immediately. O

As an application of Theorem 2.2, together with Chebyshev’s inequality, we establish
the following result.

Theorem 2.3 Let the conditions of Theorem 2.2 hold. Then the solution z(t) = (x(t), y(t)) of
(1.1) is stochastically bounded, that is to say, for any € € (0,1), there is a constant H := H(g)
such that, for any zy = (x0,y0) € R?,

limsup]P’{|z(t)| §H} >1-¢.

t—+00
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The next results are instrumental for obtaining the long-time behaviors of the sys-
tem (1.1).

Lemma 2.1 Let Assumption A hold. Then, for all initial values (xo,y0) € R?,
IP’{x(t)>0,Vt>0} =1 and ]P{y(t)>O,Vt>0} =1 (2.9)

Proof We shall only prove the result for (x(¢)) since the result for (y(£)) can be done in the
same way. Denote

t=inf{t> 0;x() > K}, K>1 and py:={t>0x() <U}, U>0.

By Theorem 2.1, (x(¢)) is nonexplosive, that is, limg_, Tx = 00 with probability 1. By Itd’s

A a 1v
formula, for p > 0 such that —a;; + “gﬁ + ‘%012 >0, we deduce
3

v 2
0]

B EAPUNTK R . a +1
x_p(t/\,ou/\TK)Sxop+/ {p(—au +apkK + g)er(pz )
0

3

+ / [+ ) -1 +p511])»(du) }x‘p(s) ds
¥
EAPUNTK
+ /0 P (5)on(s) dBy 0)

ENPUNTK B
+/o /Yx_p(s)[(l + (s, u))_p - I]N(ds, du).

Taking the expectations of both sides and utilizing Gronwall’s inequality yield

_ N . a +1,
ExP(t A puy A 1K) < xop exp{ [p(—au + appK + f + %(ff)
3

+ f [@+7)7 -1 +pill]x(du)]t}.
Y

Let po = inf{t > 0;x(£) = 0}, then py 1 po as U | 0. If the statement (2.9) is false, that is,
P(po < 00) > 0, we can choose a pair of constants ¢ and K large enough such that P(pg <
t A tk) > 0. Then, for any U > 0,

0 < P(og <tAtr) <Plpy <tAtg)
=< UpE[xip(t A pu N TK)I{pu<tArK}]
< UPE[xP(t A pu A Ti)]

B . . a +1,
< UPxf exp{ |:p <—an +apK + f + %af)
3

+ / [@+h)? -1+ pizl]k(du)}t}.
Y

Letting U |, 0, we get a contradiction. Therefore, it implies P(py < 00) = 0. We complete
the proof. O
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Lemma 2.2 Let Assumption A hold. Assume in addition that there exists a constant ¢ > 0
such that

In(1 + (¢, 1)) *A(du) < c. (2.10)
[ [+ e, 0)]

Then, for any initial value (xo,y,) € R?, the solution of (x(¢),y(t)) of (1.1) has the property

Inx(t Iny(t
lim sup nx() <0 and limsup n};()

t—00 t—00

<0

Proof In this section we use the transform Inx(¢). By Lemma 2.1, this transform make
sense for all £ > 0. Then, for any ¢ > 0, applying It6’s formula we deduce

e’ lnx(t) = Inxg + /t e’ [lnx(s) + ¢1(8) — a1 (s)x(s) —f(s)] ds
0

+ /:esal(s) dBi(s) + /:/Yes ln(l + hy (s, u))N(ds, du).

It follows from the inequality Inx < x — 1 that

ol(t)
2

e’ lnx(t) <Inxy + ft e’ |:lnx(s) +an(t) - — aqa(s)x(s) —f(s)i| ds
0

+ /Otesol(s) dB(s) +/OtA{es ln(1+h1(s, u))N(ds, du).

Due to the property of the function Inx — ¢x (¢, x > 0) that it has maximum value -1 —Inc

1

onx=_,we deduce that

2

012(5) —f(s)] ds

e’ lnx(t) <Inxy + /t e’ |:—1 —Inay(s) + an(s) —
0
+/tes<71(s) dB(s) +/t/ e’ ln(1+h1(s, u))N(ds, du). (2.11)
0 0o Jy

Let My(¢) = [, €01(s)dBi(s), Ma(t) = [y [, € In(1 + hi(s,u))N(ds, du), then the quadratic
variation of M (¢) and M,(¢) are

¢ v
(Ml(t))(t) = / e¥ol(s)ds < % (e2t -1)<oo as.
0
and
(Mr(0))®) = v/ot/;{ezs“n(l + (s, u))‘zk(du) ds < @ <00  as.

In view of Lemma 4.3 in [10], for any positive number «, g, T,

IP’{ sup [Ml(n - @) + Moo - /0 t /Y [ M1 @A®) _ )

0<t<T

—ae’ ln(l + Iy (s, u))])u(du)dsi| > ,3} <e,
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genyl

Choose T =ny,a=ce™™ ,and 8 =
Borel-Cantelli lemma, we see that there exists an 2; € Q with P(2;) = 1 such that, for any

“——,whereneN,0<e<1,y>0,and 0 > 1. By the

o € ;, there is an integer 1y = ng(w) such that

0 ny ln £ —ny SN
Mi(t) + My(t) < e + e2 / ezscf2 Yds + —/ / l + (s, u !
& 0

—1-¢ge" In(1 + hy(s, u)) |A(du) ds,

where n > ng, 0 <t < ny. Furthermore, from the inequality #” <1+ p(x-1) (x> 0,0 <
p <1), we get

- /0 t /Y [+ s,0) ™" —1— ee In(1+ hy(s,10) |1 (du) ds
(s, u) =1 hy (s, du) ds.
5/0 /;{e( 108, 1) n(1+ 1(s u)))k( u)ds

Substituting the above inequality into (2.11) yields

(S)

0e™ Inn

&

e’ Inx(f) < Inxo + /0th |:—1 —Ina(s) + an(s) - ~f(s )]

ge™
2

9 1Y ] t
Slnx0+ﬂ+/ es<—1—ln&12+éll—o—l (S))ds
£ 0 2
ge t Y .
+ 5 / ezscrl2 s)ds+/ /es(‘hl(u)’+ ’ln(1+h1(u))’)k(du)ds
0 0o Jy

0e™ Inn ¢ R . 1—ges)62
slnxo+7+/ es<—1—lna12+au—%> ds
& 0

+

/(;e o; (s)ds+// hl(s, —1n(1+h1(s,u)))k(du)ds

+/0 /Ye (|h1(u)| + ‘ln(1+h1(u))|)k(du)ds.

Then, for any w € Q; and (n - 1)y <t < ny with n > ny + 1, we have

Inxg 6e’lnn [* . 1-ges)62
lnx(t) =< _tO + + /. es_t(—l - 111[112 +d — %) dS
€ 0

/ / (17| + |In(2 + () |) 2(dus) ds.

By Assumption A, it is readily seen that, for any 0 < s < ny, there exists a constant K
which is independent of # such that

Inx(¢) _ Inxg 0Oe’lnn K(l 1 )
+ +

t — tet te t tet

Setting n 1 00,11,y | 0and 6 | 1leads to

lims pi
t

t—>00
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On the other hand, the result for (y(¢)) can be proved in the same way and so we omit
it. d

3 Persistence and extinction
In the previous section, we have discussed some properties of the solution to the system
(1.1). In this section we will investigate how jump process affects the persistence and ex-

tinction of the system (1.1).

Theorem 3.1 Let Assumption A and (2.10) hold, for any initial value (xo,y0) € R?, the
solution of (x(t), y(t)) of (1.1) has the property

Inax(z 1 [t
limsup%() < limsupz / c(s)ds and
0

t—00 t—00
Iny(t 1t
lim sup ny(®) <lim sup—/ (cz(s) + a23(5)> ds.
—>00 t tsoo L 0 bZ(S)

Proof According to Lemma 2.1, it suffices to show that x(z) > 0 for all £ > 0 almost every-

where. Then using Itd’s formula we have

Inx(¢) <lInxg +/tcl(s) ds+/t01(s) dBl(s)+‘/.t‘/ 1n(1+h1(s, u))N(ds,du).
0 o Jy

0

This further shows

lnt(t) < ln% + %/0 ci(s)ds + %/o o1(s) dB; (s)
+%/0 Aln(1+h1(s,u))]([(ds,du), )

Let M5(t) = fot o1(s) dBi(s), Mu(t) = f(; [y In(1 + 1 (s, u))N(ds, du), then the quadratic varia-
tions of M3(t) and My (t) are

(M) =/0 ol (s)ds < &it
and

(Ma(0))(®) = ‘/Ot</y|ln(1 + (s, u))‘2)»(du) ds < ct.
We have

I | t
f—ds=—<oo,
o (1+5s)? 1+¢

and utilizing the strong law of large numbers for local martingales (see [23]), we get

. M;(t)
lim

t—00 t

=0 a.s.,i=3,4. (3.2)
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Combining the above equalities with (3.1), we obtain

Inx(t | 1 [t
lim sup Inx(2) <limsup %0 fim sup - / c1(s) ds.
t—00 t t—00 t t—00 0

Hence the result for (y(£)) can be proved in the same way and so we omit it. d

If the jump noise intensities are sufficiently large, all the species will become extinct with

probability one. The following conclusion illustrates this point.

Theorem 3.2 Assume the conditions of Theorem 3.1. If

1 t
lim sup E/ a(s)ds<0
0

t—00

and

limsup%/Ot/Y[hl(s, u) —1n(1+h1(s, u))]k(du)ds

t—>00

1 t 2
> limsup - / (an (s) - a (S)> ds,
t—00 t 0 2

then all the species go to extinction, namely, lim;_, o, x(¢) = 0 and lim;_, » y(¢) = 0.

Inx(t)
t

Proof In the light of Theorem 3.1, we have limsup,_, ., < 0 a.s. This further implies
that lim;_, o x(£) = 0 a.s.
From the view point of biological significance, when the prey dies out, the predator must

die out too. Using It6’s formula we have

t
timsup "7 < fim sup[lnﬂ S NCCRSETR —“”(S)x(s)> ds
t—>00 L t—00 t tJo bi(s)

+ %/0 o(s) dBs(s) + %/0 /Yln(1+h2(s,u))]§[(ds,du)]

1 t
< limsup 2/ c(s)ds<0 as.
0

t—>00

This also implies that lim;_, o, (£) = 0 a.s. O

Theorem 3.3 Let Assumption A and (2.10) hold.
(1) Iflimsup,_, o, % fot c1(s)ds = 0, then the prey (x(t)) is nonpersistent in the mean,
namely, limsup,_, . & [ x(s)ds = 0.
(2) Iflimsup,_, o, % fot[cz(s) + ”b%(g)] ds = 0, then the predator (y(t)) is nonpersistent in the

mean, namely, limsup,_, % fot y(s)ds = 0.

Proof Our proof is motivated by the work of Liu and Wang [24]. In view of the fact that

lim; o0 % fot c1(s)ds < limsup,_, o, % fot ci(s)ds and (3.2), for Ve > 0, there exists a constant

t . t M M.
T such that %fo c1(s)ds < limsup,_, ., %fo a()ds+5 =5, # <5, # <&t>T.
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Consequently, for any ¢ > 0 and sufficiently large ¢ > T we deduce that

Inx(¢) <Inxg + /t[cl(s) - au(s)x(s)] ds + M3(t) + My(t)
0

t
<Inxg + &t — 2112/ x(s) ds.
0
Define, for t > 0, p(t) = fotx(s) ds. Then it is easy to see that, for any ¢ > T,

d .
ln<—(p> <lInxg + &t — appp(t).
dt
This further shows, forany ¢ > T,
. de
20 2 o8t
e =7°
Integrating the inequality from T to ¢ results in
&1—21 (efllw(t) _ eﬁlzw(T)) <xpe”! (e” _ eST),
which yields immediately
eM120() < ganne(T) Aroxoe ! (est _ esT).
Taking the logarithm on both sides yields
‘p(t) = &1_21 1n[e?l12¢’(T) + &1296()8_1 (e‘” - eeT)]‘
Then using L'Hospital’s rule yields

1 ~—1

t
. 1 alye 1 et
limsup - [ x(s)ds < aj, limsup p Inapxoe™ e =ape  as.
0

t—>00 t—00
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Letting ¢ tend to 0 in the previous inequality, we obtain limsup,_, ., % fot x(s)ds < 0. The

corresponding result for (y(¢)) can be proved with the same technique and we omit it. The

proof is completed.

Theorem 3.4 Let Assumption A and (2.10) hold.

ai

(1) Iflimsup,_, % fot[cl (s) - #((f))] ds > 0, then the prey (x(t)) is weakly persistent,

namely, limsup,_, ., x(£) > 0.
(2) Iflimsup,_, % fot ci(s)ds>0,

O

limsup,_, o 1 7 ca(s)ds + ﬁ% > ﬁ% limsup, o, 1 f7 ﬁ ds, then the predator (y(t)) is

weakly persistent, namely, limsup,_, ., y(£) > 0, where b = max({by, by} and ﬁ is

defined by (3.3).

Proof To complete the proof, we first show that the prey (x(£)) is weakly persistent, that

is to say, limsup,_, ., x(¢) > 0. If P(lim;_, » x(¢) = 0) > 0, there exists a measurable subset Q'
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of Q such that P(Q’) > 0 and lim;_, o, x(¢, w) = O for any w € Q'. Then, by It6’s formula,

Inx(¢) ~ Inxg 1

- / [e1(s) - ara(s)x(s) - £(5)] ds +
0

t t t

Ms(¢) . Ma()
—

Combining this with (3.2), for all w € " we obtain

lim sup @ = limsup % /t[cl(s) M} ds
0

00 150 ~ bi(s) + bs(s)y(s)
> lifnsup % /0t|:c1(s) - 6;133((;)} ds > 0.

Inx(¢)
t

This contradicts the fact that limsup,_, < 0 in Lemma 2.2. So (x(¢)) is weakly per-

sistent.
In the following, we need to show that the predator (y(t)) is weakly persistent. Now

consider the following auxiliary process with jumps:

do(t) = ¢(t-)[(an(0) — a2 (O)p(¢-)) dt + 01(£) dBy(9)]
+ / I (t, u)¢(t-)N(dt, du),
Y

#(0) = xo.

Then by the comparison theorem [25], ¢(£) > x(¢) a.s. for all £ > 0, hence ¢(¢) will never

reach 0. Then applying It&’s formula, we have

dﬁ = [(—ﬂll(t) + Ulz(t) + L(m -1+ hl(t; M)))\,(dl/l)) ﬁ + 6112(t)i| dt

1 1 1 _
- Mol(t) dBi(2) + /Y M(—l AT - I)N(dt,du).

By Lemma 4.1 in [10], we have

1 t t t -
m :exp(/o —cl(s)ds—/o 01(8)(131(5)—/0 /Yln(1+h1(s,u))N(ds,du)>

X [%+/0 eXp(/J) 01(7)d7+f0 o1(r) dBy(r)

+/0 /Yln(l+hl(r,u))]([(dr,du))alz(s)ds}. (3.3)

Furthermore, in view of the condition limsup,_, % fot ci(s)ds > 0, together with Theo-
rem 4.4 in [10], there exists a constant T such that, forany ¢t > T, % has an upper bound.

On the other hand, applying It6’s formula, we obtain

d(Ing(r) - Inx(t)) = (—am(t) (6(6) - 2(0)) + @3(O)(0) > d@.

bi(2) + by (2)x(2) + b3 (£)y(t)
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This further shows

0 <In¢(t) —Inx(t) < -ai /Ot(tb(s) —x(s)) ds + /t ?y(s) ds,
1

0
that is,

/ (6(5) - x(5) ds / »(s)ds. (3.4)
6112 1

For the process (y(t)), together with (3.4), we have

Iny(#) Iny, 1

i E/(; agn(s)y(s)ds + %/0 (cz(s) + M) ds

bi(s) + ba(s)p(s)
_}/“( ax($)p(s)  an(s)x(s) )ds
t Jo \bi(s) + ba(s)p(s)  bi(s) + ba(s)x(s)
1 (Y aas(s)x(s)
o (=2 _g(s) ) ds
¢ fo (bl(s) Fhy(s)a(s) & (s))
+ %/0 o5(s) dBsy(s) + %/0 /Yln(1+h2(s,u))]<f(ds,du)
Iny, 1 (¢ as3(s)bs(s)
=7 E/o (“22(5) MXBTNE )y (5)ds

L a3 (s) 1 [ an(s)(6(s) - #(6)
* E/o (62(5“ bl(s)+b2<s)¢(s)>ds"/o ds

t by(s) + by(s)p(s)
- % / taz(s)de(s)+ ! f t f In(1 + ha (s, ) )N (ds, due)
0
Iny, 1 (¢ as3bs ! a1l [* ¢ls)
ZT_E/O (“2” blb2> s+ /CZ(S)d“ bl Tro0®
a(¢p(s) - x(S)) 1 [
-o ] 2 T s+ - dB
Ry e Ry LI
/ /ln 1+h2(s, u) N (ds, du)
lnyo 1 . ﬂngg 61136123 1 ¢
27_?/0 <a22+ bibs | anb? ) Wb /o e
51231 Logls)

1 t
| s / 3(5) dBs s)

f ] ln 1+ hy(s, u) N (ds, du),

from which it follows that

1 (1), dmby nsa
liminf - / (ﬂgz + ABA 3 + - A23 >J’(S) ds
t—00 0 b ~

2
1D2 ﬂlzbl

1 [ sl [* () Iny(2)
> i - d - ds ) -1 —_—,
iman(; [ oo 54 [ o) -t

where b = max{l;h 132}.
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Here we have used the facts that

1 t
lim —/ oy(s)dBy(s) =0 a.s. (3.5)
t—oo t 0
and
thm t/ /ln 1+h2(s,u))N(d3,du) 0 as, (3.6)

which are obtained in the same way for (3.2). By Lemma 2.2, we get

1 [ dyshy 3
liminf - / (zz22+ %, alg—“ff)y(s) ds

t>oo 0 b1b2 &12b1
) 1 4231 Logls)
1
= l?lii}p(t/ OB T ©

. 1 ¢ 6123 d231/t 1 )
> limsup| - cs)ds + — — — - ds
. t—>oop<t/0 WE T ) 96

1 ¢ 2[23 as3 1 1
=limsu —/ cy(s)ds + — —limsu ——/ ——ds
Hoopt 0 ? b Hoop b tJy ¢(s)

And furthermore

.1t Ggsbs  dusdns\ (. 1t da3
liminf= [ y(s)ds > ( ag + + —— lim sup / c(s)ds + —
0

t=oo £ biby  anb? t—>00 b
— limsup 2 1 / )
t—00 ¢(S)
> 0,
which implies that we must have limsup,_, ., y(t) > 0 a.s. The proof is completed. d

Theorem 3.5 Let Assumption A and (2.10) hold. Iflimsup,_, ., % fot[cl (s)— 13(5) ] ds > 0 and

)
limsup,_, ., ; fo [ca(s) + ”23(3

b (s
]ds <0, then lim;_, » ¥(£) = 0 and limsup,_, ., x(¢) >

Proof First we show that (y(¢)) goes to extinction. By Itd’s formula we have

Iny(e) < Inyo + /0 t<cz(s) . ‘:j&?) ds + fo ' a() dB(S)

+‘/0 /Yln(1+h2(s,u))N(dS,dM)

and, by (3.5) and (3.6),

In y(t 1t
lim sup n};( ) flimsupzf <cz(s)+ azs(s)>d5<0.
0

t—00 t—00 by(s)

Hence lim;—, o y(t) = 0 a.s.
Next, under the condition that lim;_, y(¢) = 0 a.s., we shall show that we must have
limsup,_, o, x(£) > 0 a.s. If this is not true, then P(lim;_, o x(¢) = 0) > 0 and there exists a
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measurable subset €y of € such that P(€2¢) > 0 and lim;_, o, (¢, w) = 0 for any w € 4. On
the flip side, for all w € Qy,

Inx(t 1 [t
lim sup %() = limsup p / (cl () — ara(s)x(s) — f (s)) ds
t—00 t—00 0
. 1t 6113(S)>
= limsup - als) - ds >0,
t—)oop t/() < 1( ) bB(S)
which implies that we must have limsup,_, ., x(¢) > 0 a.s. The proof is completed. g

Remark 3.1 Theorems 3.2-3.5 have some interesting biological interpretations. It is read-
ily to see that the extinction and persistence of the predator and prey have close relations
with the jumps noise. The limsup,_, ., % f(f c1(s) ds is the threshold between extinction and
persistence for the predator-prey models. If limsup,_, . % fot c1(s)ds < 0, i.e. the jump is
relatively large

(im0 -1 e ) ot ano - 22,
Y

the prey population goes to extinction, and then the predator population goes to extinc-
tion. That is to say, if the prey population goes to extinction, the predator will also go to
extinction, which is consistent with biological significance. If limsup,_, ., 1 fot c(s)ds =0,
i.e. the jump is relatively small,

(/ [/t w) = In(1 + I (&, w)) |A(du) = an (2) - sz(t)),
Y

the prey population is nonpersistent in the mean. On the other hand, since ¢,(£) < 0, in
order to see that the predator population is nonpersistent in the mean, the jump noise is
required to satisfy

lifn sup % /(; t (cz(s) + 6;223((;))) ds=0

Remark 3.2 When limsup,_, ., 1 fot (c1(s) - ‘2133((:))) ds > 0, the prey population is weakly per-

sistent. This shows that when the jump noise is smaller than the above, the prey population

will not go extinct. The weak persistence of predator has close ties to the process (¢(t))
expected for the jump noise. In fact, from a viewpoint of biology, this is reasonable. If
the predator population is weakly persistent, the prey population is weakly persistent. In
Theorem 3.4, note the following facts:

1 l t t
n};(t) = % + % /0 [c2(s) — ana(s)y(s) + g(s)] ds + %/0 02(s) dB(s)

1 [t -
+Z/0 /Yln(1+h2(s,u))N(ds,du),

t

1
lim - | o,5(s)dB(s) =0 a.s.,

t—oo [ 0
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and

1 [t -
lim sup ; / / ln(l + My (s, u))N(ds, du)=0 as.
o Jy

t—00

If P(lim;_, o x(¢) = 0) > 0, then we must have P(limsup,_, ., lnyt(t) < 0) > 0. Therefore, the

predator (y(t)) is weakly persistent implies that the prey (x(£)) is weakly persistent.

Remark 3.3 When

li?l sup % /0 (cl(s) - 62??) ds>0

and

t
lim sup % / (cz(s) + ﬂzs(s)) ds <0,
0

t—00 bZ(S)

the predator population goes to extinction, and then the prey population will be weakly
persistent. In real life, when one or more predator animals become extinct, there is an
increase of the animals that they use for food.

Remark 3.4 There is another definition of persistence for stochastic population mod-
els, which has attracted a lot of authors. Liu-Bai [26] proposed the concept of stochasti-
cally persistent in probability: there is a unique invariant probability measure u such that
1(Ap) = 0 and the distribution of X(£) converges to  as ¢ — oo whenever X(0) € R7,
where Ag = {a € R%|a; = 0 for some i,1 < i < n}. We can refer to Tong et al. [27] with
regard to the stochastically persistent in probability of (1.1). For any initial value Z(0) =
(%0,70) € R?, let p(t, Z(0), -) be the transition probability of X(£). According to Chebyshev’s
inequality, Theorem 2.2, and the Krylov-Bogoliubov theorem [28], there exists an invari-
ant probability measure p for the solution Z(t) = (x(¢), Y(¢)) of Eq. (1.1) such that

p(62(0),") > u(), ast— oo.

On the other hand, under the conditions of Theorem 2.2, using the truncation technique
as [27] and Theorem 5.1 in [29], the model (1.1) has the Feller property. Moreover, by the
same discussion as that of Theorem 3.1 in Tong et al. [27], one can easily infer that u is
unique. Consequently, the model (1.1) is also stochastically persistent in probability.

4 Numerical simulations

In this section, in order to testify the validity of the main results, the following example
and simulations are introduced. Let xo = 2.5, yo = 2.2, a1 (£) = 0.81, a1(¢) = ax(£) = 0.45 +
0.2sin(¢), a13(¢) = 0.06, bi(t) = 0.1, by(t) = 0.2, b3(t) = 1, 01(f) = 1.2, 05(¢) = 0.8, axn(t) =
0.21, ay3(t) = 0.1876, A(Y) =1, and the step size At = 0.01. The only difference between
Figures 1-4 is that the values of /; (i = 1,2) are different. In Figure 1, we choose /;(¢, u) =
e —1, then by a simple calculation, we have

/ [hl(t, u) — ln(l + (¢, u))]k(du) =e—2
Y
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3
X(t)
y(t)
2.5} E
2 .
=15 ,
3
1 i
0.5 i
0 : : ‘
0 10 20 30 40 50
t
Figure 1 Solutions of system (1.1) for xp = 2.5, yo = 2.2, a11(t) = 0.81, a12(t) = ax(t) = 0.45 + 0.2 sin(t),
aq3(t) =0.06, b (t) = 0.1, by (t) =0.2, b3(t) = 1, 01 (t) = 1.2, 2 (t) = 0.8, a1 (t) = 0.21, a3(t) = 0.1876,
hi(t,u) =e-1,A(Y) =1, and the step size At=0.01.

12

X(t)
y(t)
10 k

x(t).y(t)

0 10 20 30 40 50
t

Figure 2 Solutions of system (1.1) for xp = 2.5, yo = 2.2, a11(t) = 0.81, a12(t) = ax(t) = 0.45 + 0.2 sin(t),
aq3(t) =0.06, b (t) = 0.1, by(t) =0.2, b3(t) = 1, 01 (t) = 1.2, 2(t) = 0.8, a1 (t) = 0.21, a,3(t) = 0.1876,
A(Y) =1, and the step size At =0.01, hq(t,u) = 0.4863 and hy(t,u) = 1.1935.
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16
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0 10 20 30 40 50
t

Figure 3 Solutions of system (1.1) for xp = 2.5, yo = 2.2, a11(t) = 0.81, a12(t) = ax(t) = 0.45 + 0.2 sin(t),
aq3(t) =0.06, b (t) = 0.1, by (t) =0.2, b3(t) = 1, 01 (t) = 1.2, 2 (t) = 0.8, a1 (t) = 0.21, a3(t) = 0.1876,
A(Y) =1, and the step size At =0.01, hq(t,u) = h,(t, u) = 0.2406.

3.5

x(t)
y(t) |

25 b

x(),y(t)

1.5 b

0.5

0 i L L L
0 10 20 30 40 50

t

Figure 4 Solutions of system (1.1) for xp = 2.5, yo = 2.2, a11(t) = 0.81, a12(t) = ax(t) = 0.45 + 0.2 sin(t),
aq3(t) =0.06, b (t) = 0.1, by(t) =0.2, b3(t) = 1, 01 (t) = 1.2, 2(t) = 0.8, a1 (t) = 0.21, a,3(t) = 0.1876,
A(Y) =1, and the step size At =0.01, h(t,u) =0.2406, hy(t,u)=e-1.
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and

o (t)

a(t) =an(t) - - /Y[hl(t, u)— ln(l + (¢, u))]k(du) =-0.61<0.

Then in virtue of Theorem 3.2, all the species go to extinction, and Figure 1 confirms this.

In Figure 2, we choose /1 (¢, ) = 0.4863 and 5, (¢, ) = 1.1935, then by a simple calculation,

we have
f [71(¢,u) — In(1 + 7y (£, ) | A(dwe) = 0.09,
Y

/ [h12(t, ) — In(1 + ha (£, u)) | A(du) = 0.408,
Y

and
a(®) = an() - 20 / [ (t,0) = In(L + By (2, ) J(dls) = 0,
Y
2
¢ (t) = ax(t) - () - / [hz(t, u) — ln(l + hy(t, u))]k(du) =0.
2 Y

In view of Theorem 3.3, it is readily seen that the prey (x(¢)) and the predator (y(¢)) will
be nonpersistent in the mean. In Figure 3, we choose (¢, u) = h(t, u) = 0.2406, then by

a simple calculation, we have

f [Ai(t, u) = In(1 + hy(t, ) |A(du) = 0.025, i=1,2,
Y

and
ai3(t) ol (t) ar3(8)
)= G20 = an() - 70 - /Y [ (610 = In(1-+ 1, 00) ) = 5205
=0.005>0,
2
er(t) + “Zz(t) = an() - "22(” - /Y [a(t 1)~ In(1 + (1, 10)) |1 (du) “zz(t) - 0383,

ass . 1 /%1
— limsup - ——ds <0.938 x 0.4 =0.3752.
b i tJo $(s)

Then it confirms the conditions of Theorem 3.4. And it is easy to see that the prey (x(¢))
and the predator (y(¢)) will be weakly persistent from Figure 3. In Figure 4, we choose
hy(t,u) = 0.2406, hy(t, u) = e — 1, by a simple calculation, we have

f [Ai(t, u) —In(1 + k¢, w)) |A(du) = 0.025, i=1,2,
Y

and

a13(t)
bs(t)

2
ar(t) - ‘;133—&? = an(t) - "17(” - /Y 26, 4) — In(1 + Fy (2, ) | 2(das) -

=0.005>0,
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)) an(t) - ()

=2.408 —e<0.

ass(t)

o(t) + bs()

/ (ot ) = n(1+ ha(t, ) J1(cls)

Then by Theorem 3.5, it is easy to see that the prey (x(£)) will be weakly persistent and the
predator (y(¢)) will be extinctive from Figure 4.

5 Conclusion

In this work we propose a predator-prey model of a Beddington-DeAngelis type func-
tional response with Lévy jumps. We show that the model admits a unique global positive
solution, and we study the stochastically boundedness and other asymptotic properties of
solutions. Moreover, we provide the sufficient conditions for extinction, nonpersistence
in the mean and weak persistence of this models. The results confirm that the intensity
of jump noise has a grave impact on the properties of this model. In the future, we will
propose some more practical and complex models such as considering the hybrid system
driven by continuous time Markov chains into the system (see e.g. [16]). More specifically,
consider the following regime-switching predator-prey model of Beddington-DeAngelis

type functional response with Lévy jumps:

dx(t) = 2(t-) (@ (M) ~ an(AOW(E-) = 5rrgrm oy asame) 4
+01(A@))dB1 ()] + [ (A1), u)x(t )N(dt, du),
dy(t) =J’(t—)[(—ﬂ21( (t)) _ﬂZZ( ( ))y(t )+ bi( ét))+b2723((t))( ()t)x§+b)3( )dt
+ 02 (A(E)dBy (O] + [, ha(A(®), w)y(t-)N(dt, du).
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