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1 Introduction

The Q-deformation [1, 2] has been a topic of intense research in the past years. While

it first appeared in the context of instanton sums [3], it has also received attention from

the topological string community [4-10] and more recently in connection with integrable

systems via the gauge/Bethe correspondence [11-14].

In this paper, we will present a generally applicable formulation of the 2-deformation

from string theory via a brane construction in the so-called fluztrap background, as first

presented in [15] and generalized further in [16, 17]. We will demonstrate the versatility of

the fluxtrap approach by connecting to topics discussed in the recent literature, such as the



(refined) topological string and the so-called Nekrasov-Shatashvili (NS) limit appearing in
the context of the four-dimensional gauge/Bethe correspondence [12]. As we will show,
also the M-theory lift of 2-deformed theories can be performed in our fluxtrap setup with
relative ease.

As an explicit application, we show how the non-commutative spectral curve of a
quantum integrable system emerges geometrically from the NS gauge theory via a 9-11
flip. A similar non-commutativity also appears in the related limit of the Q2-deformation
corresponding to the topological string [18, 19]. In our case the geometric interpretation
of the quantization is more direct, with the symplectic form on the curve realized as the
pullback of M-theory four-form flux to an Mb5-brane.

The fluxtrap background [15] is the T-dual of a fluzbrane or Melvin background. This
is an integrable string theory, for it is a free quotient that can be studied with the methods
of [20-25]. Depending on the configuration of branes which is placed in it, the fluxtrap
can give rise to both twisted masses in a two-dimensional gauge theory [15], or an -
deformed four-dimensional gauge theory (which is effectively dimensionally-reduced by the
deformation). The number of e-parameters by which the gauge theory is deformed is
restricted by the number of available isometries in the undeformed metric. Supersymmetry
moreover imposes a relation on the ¢;. The case €; = —e2 related to the topological string
and the case €; = 0 corresponding to the NS limit are both special limits of the general
construction discussed here.

The plan of the paper is as follows. In section 2, we introduce the construction of the
Nekrasov §2-deformation of an NV = 2 gauge theory as the Melvin compactification of a
(p,q) fivebrane web, whose T-dual description is the flux-trap of [15]; in this section we
also review the fluxtrap construction in its most general formulation on a generic Ricci-
flat space. In section 3, we introduce the brane setups which gives rise to a variety of
)-deformed gauge theories. In section 4, the M-theory lift of our brane setup in the
fluxtrap background is discussed. In section 5, we perform a 9-11 flip to realize the non-
commutative spectral curve of the quantum integrable systems associated to topological
strings and gauge theories in the NS limit. Conclusions and outlook are given in section 6.

In appendix A, some supersymmetry conventions which are used throughout the article
are collected, while in appendix B the Taub-Newman-Unti-Tamburino (Taub-NUT) space
is presented in different coordinate systems which become useful in different parts of this
article. While it is possible to deform by complex e-parameters [16], we restrict ourselves in
this article to € € R, partly for ease of exposition and partly because it is the more natural
choice under some circumstances. The general set-up for the complex fluxtrap background
is however formally appealing and is presented for completeness in appendix C.

2 Omega-deformation of Seiberg-Witten theory as a fivebrane web in
type IIB Melvin background

We wish to study the Q-deformation of a general N’ = 2 gauge theory in four dimensions
that has a realization in the manner of [26], as the low-energy dynamics of a set of NS5
and D4 branes of type IIA string theory, that can be deformed to a stack of M-fivebranes



wrapped on a Riemann surface in M-theory. The Q-deformation of a four-dimensional the-
ory does not have a simple, universal description in terms of the four-dimensional dynamics
itself, but can generally be understood most simply by lifting to a five-dimensional super-
symmetric theory on a circle, and then re-compactifying on a circle with certain twisted
boundary conditions [27]. The most direct way to realize the Q-deformed four-dimensional
gauge theory into string theory, then, is to lift this general prescription to string theory.
This will turn out to be quite straightforward, with the compactification from five to four
dimensions realized as a T-duality of the bulk string theory.

The class of gauge theories in [26] generally have lifts to five-dimensional theories that
can be realized as the dynamics of a web of NS5- and D5-branes [28, 29]. The compactifi-
cation on the S! produces a four-dimensional gauge theory realized on type IIA NS5- and
D4-branes by the usual T-duality rules that turn a longitudinally compactified D5-brane
into a D4-brane, and a longitudinally compactified NS5-brane into another NS5-brane.

While the T-duality of the branes works out in a completely obvious way, the T-duality
of the bulk itself does not, despite the simplicity of the initial background. The starting
point for our solution is a vacuum Einstein metric, identified by a simultaneous shift in one
direction and a rotation of some other directions (Melvin background). In the case where
the rotated coordinates are flat Minkowski space, these solutions are sometimes referred
to as “fluxbranes” and have long been studied, starting with [30] and continuing into the
modern era [20-24].

We will always be considering identifications of the product of a line with a four-
dimensional base £%123 which will either be flat R* or else a Taub-NUT geometry with
asymptotic radius A. The first case is a limit of the second as A — oo, and the distinction
between the two will affect nothing relevant to our consideration. This is because the
supersymmetrically invariant quantities counted by the Nekrasov partition function are
known [31, 32] not to depend on the radius A as an independent parameter.

0,1,2,3

The rotational identification of z is a rotation in two different planes by an-

gles 01 and 62, and the translational identification on the real line is a shift by an amount

R. The limit of interest to us is the limit where both R — 0 and 012 — 0 with 9172/§ =€12

01,23 gyver &Y is locally

0,1,2,3

are held fixed. The resulting spacetime, thought of as a fibration of
trivial, but it is not locally trivial when thought of as a fibration of & over x In
a gravitational theory on this spacetime, the local nontriviality of the fibration manifests
itself as a nonzero electromagnetic field strength of the Kaluza-Klein gauge connection.

In the low-energy effective quantum theory of gravity, the limit R—0isa singular one:
quantum effects are not under control when R becomes smaller than the scale of new states
and/or nonrenormalizable interactions. When the effective theory is embedded in type I1IB
string theory, as is the case for us, the scale of new states and nonrenormalizable interactions
is the string length £, = v/o/, below which light winding states dominate the spectrum and
the controlled description is in terms of a T-dual theory of branes in type IIA, rather than
type 1IB string theory. This T-duality turns the Kaluza-Klein electromagnetic flux into
curvature H of the Neveu-Schwarz B-field, meaning that a noncommutative deformation
of the brane dynamics enters the description as an essential part of the (2-deformation. We
now give the details of this solution and its description in various dual frames.



The deformation with general e-parameters rotates the two complex planes near the
core of the Taub-NUT geometry with arbitrary angles as one traverses the Melvin circle.
Generically, this would by itself break all supersymmetry, so one needs to extend the
deformation by a third rotation of the spacetime that also acts with a nontrivial phase
on spinors. Such a transverse rotational isometry always exists in the cases we consider:
For a generic N' = 2 (p,q) fivebrane web preserving eight supercharges, there are three
common transverse directions that rotate into one another under an SO(3) transverse
isometry. This isometry acts as SU(2) on the Killing spinors preserved by the fivebranes
and is thus an exact SU(2) R-symmetry, not only at low energies but exact in the full
ultraviolet-complete string dynamics. We shall return to this point later when we compare
our realization of the Q2-deformed gauge theory with its other well known realization as the
topological string [3, 33].

The background. Let us consider a type IIB background given by a (Euclidean) Ricci-
flat metric of the type ds? = g;; dz’ dz? 4+ d(2%)? and a constant dilaton ®j. The direction
7% = R describes a circle of radius R and the metric g has N < 4 (non-compact) rotational
isometries generated by Jg,. The Melvin identifications on this background are

S
{“ oA nu € 7 (2.1)

0 ~ 01 + 27T6kffnu ,

together with the standard identifications 6 ~ 6 + 2wn; for the angular variables. It is
convenient to pass to a set of disentangled variables

o = O — ex R, (2.2)
which are 2m-periodic. The change of variables modifies the boundary conditions from
(ﬂwﬁk)Au(ﬂ,@k)+—2ﬂnu<1,eh§) + 2n(0, 1) (2.3)

to
(U, ¢) ~ (@, pr) + 27y (1,0) + 2704 (0,1) . (2.4)

T-duality in @ leads to a background with a non-trivial dilaton and a B-field where all
the relevant degrees of freedom are local fields rather than winding strings. We call this
the fluxtrap background on g:

(dz?)? — €U;U; dat da?

ds® = g;; dz’ da? 2.
U; dz* A dz?

B=e " 2.5b
“TreuR’ (2.5b)

/ —<I>()
e ? = XE{E“*\/l-%GQHUﬂz, (2.5¢)
R
is a circle of radius R = o/ /R,

i €k
[I&:EZ?G%, (2.6)
k

where 29



U; = g;;U J, and the norm is taken in the initial metric:
|U|1> = U,U" = U'gy; U7 . (2.7)

In the limit € — 0 the T-duality is performed on the @ circle alone and the background
remains undeformed.

The Killing vector U’ 0; generates the rotational isometries for both the initial and the
T-dual metrics. In presence of the fluxtrap the isometry is always bounded, by which we

mean that the generating vector field has bounded norm:!

Ul 1
Ull2.. = Hi < = 2.8
H Htrap 1+62HUH2 62 ( )
In this sense € acts as a regulator for the non-bounded rotational isometry.

If we set &9 = log R/ Vo!, which we will do for the rest of this article, we find that the
prefactor in the dilaton vo/ e~ ®0 /R = 1. This will result in the right normalization for the

four-dimensional gauge theories in section 3.

Supersymmetry. The Melvin identifications on non-bounded isometries break in general
all the supersymmetries of the initial Ricci-flat metric. Some of them can be preserved by
imposing conditions on the parameters € [22].

In an appropriate coordinate system one can write the Killing spinors g for the
metric g;; datda’ + (d7%)? in a form that isolates the dependence on the coordinates 0y
and w:

N
0 .
mie = (1+I'n) [ | exp[gkrpkek] (mo +im) , (2.9)
k=1

where py, 0}, are the cylindrical coordinates in the plane of the rotation generated by 9,
and 79 + in; is a spinor which does not depend on either @ or #;. The Killing spinor is
invariant under 6 — 0y + 2mng, but not under the Melvin identifications in eq. (2.3). To
isolate the source of the problem we pass to the disentangled coordinates ¢y,

N
o Ru
miB = kl:[:l exp[?rpkgk] eXp[TEkrkak]T]w , (210)
where 1, = (14+T'11) (no +1in1). While the first term is invariant under ¢ — ¢y + 27ny,
the second one is not invariant under @ — @ + 27n,. In order to respect the boundary

conditions we need to impose
N

> erlpom0 =0. (2.11)
k=1

This is in general not a projector and all supersymmetries are broken.
Consider now the case N > 1 and impose the condition

N
> sper =0, (2.12)
k=1

In equivariant cohomology, the norm 62HUH2 is related to the moment map for the rotation generated
by U.



where the s are signs. The boundary conditions become

N N-1

Z Sk
E Ekrpkgk’nw = €k (Fﬂkek — SFPN9N> Nw = 0. (2.13)
k=1 k=1 N

What we find is a generic linear combination of N — 1 commuting projectors. It is annihi-
lated by the product of all the corresponding orthogonal projectors

N-1

x S
Hﬂu = H <Fpk9k —+ S]]:[FPNGN> s (214)

k=1

so that the boundary conditions are satisfied by the Killing spinor

N
mis = (1+T') [ | eXp[%Fmﬁk] g, (2.15)
k=1
Depending on 7,,, the projector I can either break all supersymmetries or preserve some
of them. In the latter case, at least 1/2V~! of the original ones are preserved.
Since all dependence on u has disappeared from the expression, T-duality maps the
Killing spinors nyip into local type ITA Killing spinors ni1a. Using an appropriate vielbein
for the T-dual metric (see appendix A) they take the form nia = nk, + i, with

N
Pk
miia = (14+T0) [ ] exp[ 5 To0,] ™,

Sy i’ (2.16)
k X
nﬁA =(1-Tn) F“H exp[?rpkgk] i m,
k=1

where IT',, is the gamma matrix in the u direction normalized to unity. It is possible to
write an explicit expression for I';,, in terms of a rotation on the right-moving spinor that
depends on €. Observe that by construction

Yo + €U/

I'n=———, 2.17
RV e (2.17)
where
U =Uens’a: (2.18)
and egrg is the vielbein for the initial Ricci-flat metric. Introducing the angle 9 as
9
tan 5= ellU]], (2.19)
the gamma matrix becomes
9 Y Y
'y = cos =g + sin —l exp| Uwhg , (2.20)

2 2ol 2 0]

where we used the fact that {/,y9} = 0 and U’ = |U|? 1.

In conclusion we see that for generic values of € all supersymmetries are broken. If the
sum of the ¢ is zero, some supersymmetries can be preserved. If this is the case, a minimum
of 1/2N=1 of the original supersymmetries are present in the fluxtrap background.



3 D-branes and Omega-deformations of gauge theories

After having introduced the fluxbrane background in the bulk, we will now study D-brane
constructions in this background. Gauge theories encoding the fluctuations of D-branes
placed into a fluxtrap background receive deformations from it. The precise nature of the
deformation depends on the type of brane and the way it is placed into the background.
D2-branes suspended between NS5-branes which are not extended along the planes of
rotation for example receive twisted mass deformations [15]. In this article, we will be
concerned with D4-branes which are extended in the directions of (some of) the rotations.
This leads to an (2-deformation of the resulting gauge theory. Depending on whether one
or two planes of rotation lie in the worldvolume of the D4-branes, we reproduce either the
general case €1 # €9, or special limits such as the e = —ey limit which is related to the
topological string, or the limit €; = 0, also known as the Nekrasov-Shatashvili limit.

3.1 General €; # €5 case

Closed strings. Consider the general construction introduced in the last section for the

simplest case of flat space and identifications in three planes. Now U is the Killing vector

corresponding to the rotations in the (z% 2!), (22, 2%) and (z*, 2°) planes,

eU = ¢ (xo 01—x! 80) + €9 (a;2 O3—a3 82) + €3 (x4 O5—a® 84) , (3.1)
and the fluxtrap background takes the form

(dz®)? — (e1p% do1 + e2p3 dga + €33 d¢3)2

B I+ 30f + B3 + 308 | 1322
B_ (e1p7 A1 + e2p3 dgpy + e3p3 dgp3) A da? (3.20)
L+ eipt + €503 + €33 ’
e ® = \/1 + e2p% + €2p3 + €3p3. (3.2¢)
In order to preserve some supersymmetry we impose
€1 +e+e3=0, (3.3)

and using the general prescription introduced in the previous section it is immediate to see
that the background preserves 32/22 = 8 supercharges. The Killing spinors are

{nILIA = (L +T11) exp[ %701 exp[ R3] exp] L vas] (Y01 + Y23) (723 + Ya5) 70 » (3.4)
niiy = (1 —T11) T exp[ L y01] exp 223 explLyas] (Yor +723) (723 + Y45) 71
where

T, — Y1€1p1 + Yr€2P2 + V5€3P3 + Y9 (3.5)

V1+€ipt +e3p3 + €33
no and 7, are constant real spinors (each of the two projectors (v;; + ki) reduces super-

symmetry by 1/2), and

pre? =20 +izt, pre'® =% +iz?, psel® =zt +ia®. (3.6)



T o 1 2 3 4 5 6 7 8 9
fluxbrane €1 €9 €3 X

NS5 X X X X X X
D4 X X X X X

& o 1 2 3 4 v

Table 1. D4-branes suspended between NS5s with two independent e. The crosses x indicate
directions in which the branes are extended. The circle o is the direction of the T-duality. The
effective gauge theory describing the D4-brane is the (2-deformed four-dimensional gauge system of
Nekrasov. Remarkable limits are obtained for e5 = 0 (topological strings) and ¢; = 0 (the so-called
NS limit). Note that all directions have the same Euclidean signature.

Open strings. We want to study the embedding of a D4-brane extended between two
NS5-branes in our background. The NSbs are extended in the directions 012389, the D4
in 01236, which means that it is finite in the 2% direction). The Dirac-Born-Infeld (DBI)
action describes the fluctuations of the D4 in the directions z® and z°, which we collect in
a complex field v.

Consider the static embedding defined by

fr=a0 g=ul, @=2? @=2" =ab v=st+ia® =0 e ).
(3.7)

The Dirac-Born-Infeld action is given by

S=—m / a5 e \/— det(g + B + 27’ F), (3.8)

with p, = (2m)P (a’)_(p+1)/2. It is convenient to introduce the pullback of the vector
field U,
EU = Gf*U = GUi 8§i: €1 (5081 — 5180) + €2 (§283 — §382) . (3.9)

Expanding the square root of the determinant at second order in the fields, we can write

the Lagrangian as

2
Lrrer = 4;2 [1 + FyFi % (0rp + 10 i) 67 (030 = 1e0'F, ) = < (Uil + @))2] ,
! (3.10)
where we introduced the field ¢ = v/(7a’) and used the definition of the gauge coupling
for the p-brane effective action g7 = (2m)” 2 (o )(p ~3)/2 The indices are raised and lowered
with the (undeformed) flat metric and repeated indices are summed over. In a more
compact notation, the action can also be written as a sum of squares,

1 1 , € _
Zer = L7 (LHIFP +5ldp+ie FIP+ Shgde+9)?),  (311)
91 2 8
where 1 is the interior product and
VI =V AxV. (3.12)



This is the form of the action for the Q-background that was discussed in [12, 27]. Since U
depends explicitly on all the coordinates on the D4-brane, Poincaré invariance is completely
broken and the system is effectively zero-dimensional, but preserves two supersymmetries.
Some of the contributions to the brane action come from the B-field, some from the
bulk dilaton and metric. Let us point out the latter first, as they are larger at small
deformation, and additionally they are odd under a certain discrete symmetry.

B-field couplings. The cross terms with a single gauge field strength and a single scalar
gradient are odd under the charge conjugation symmetry 4, — —A,. This symmetry
is the same symmetry under which the bulk Neveu-Schwarz B-field is odd, and indeed
these terms in the brane action are induced by the first-order couplings in the DBI
action to By,. These terms are leading order in the deformation parameter(s) e.

Dilaton and metric deformation. These deformations are of order €2 and smaller, and in-
variant under all global symmetries (other than the Poincaré group). These terms
control the classical properties of gauge field configurations, such as instanton and
multi-instanton configurations and thus contribute directly to the deformation of the
integrand on instanton moduli spaces.

It is instructive to see how the deformation lifts the zero modes of e.g. the one-
instanton solution. We can see this from two complementary points of view: the string-
theoretic description of the instanton as a D-instanton in the presence of a D3-brane;
and the field-theoretic description of the instanton as a low-energy object described as a
gauge-field profile.

At the string theoretic level, a single pointlike D—instanton couples only to the dila-
ton, not to the metric and B-field. The coupling to the latter two comes only through
the fundamental D3-D(—1) strings, whose condensation comprises a nonzero size for the
instanton. But the dilaton couples to the D(—1)-brane at any size, as one can see from
the full DBI action for the D—instanton:

SD(—l) =27 exp[—@] . (313)

The only critical point for the translational zero mode of the pointlike D—instanton is thus
a critical point of the dilaton profile ®(x). In the fluxtrap solution (3.2c), the only critical
point of @ is the fixed point p; = 0 of the U(1) action rotating the complex coordinates
of C?. The localization of the integral over instanton moduli space at fixed points of the
U(1) action is implemented simply by the effective potential induced by the dilaton.
Without referring directly to the string-theoretic origin of the action (3.10), we still in-
fer the effective potential for a small instanton from the spatial dependence of the quadratic
action for the gauge connection. Intuitively, an instanton should seek the maximum of the
gauge coupling, since its action goes as g4_2. For an action such as the one in eq. (3.10), that
is not Lorentz-invariant, there is not a uniquely defined “gauge coupling”, since the tensor
defining the gauge kinetic term is not diagonal. However a sufficiently small instanton —
smaller than the typical scale of variation e ! of the couplings — is a spherically symmetric



pointlike object, and cannot sense the symmetry breaking. Therefore it can only couple to
the trace of the gauge kinetic tensor, which in our case is

1 1
Tr (gauge kinetic tensor) = — (1 + %EQHUHQ) = — ,
g

4 4,scalar

(3.14)

which upon comparison with the string solution in eq. (2.5) does in fact turn out to equal
g3 2 exp[—®], up to terms of order O(e*||U||*).
3.2 The €1 = —eg limit

Closed strings. Let us now consider the case of two identifications in flat space by taking
the limit €3 = 0 in the expressions in eq. (3.2). Now U is the Killing vector corresponding
to the rotations in the (2°,2!) and (22, 23) planes,

eU =¢ (1:0 81—JI1 80) + €9 (.732 83—.733 82) s (3.15)
and the background reads

2
(dz?)? — (e1p] dor + e2p3 dpa)
L+ eipt + €303
(elp% doy + 62,0% d(bz) A dz?
L+ eipt + e5p3

e ® =/1+ep?+e3p3. (3.16¢)

In order to preserve supersymmetry we impose

ds® = dxgn_g +

, (3.16a)

B= , (3.16b)

€1 = —€2 =€, (3.17)

and we obtain 32/2 = 16 supercharges corresponding to the following Killing spinors:

nfia = (1+T11) exp[Gy01] exp[Gy23] exp[§7as] (o1 +723) Mo, (3.18)
ity = (1-T11) Ty exp[Zy01] exp[ L 723] exp[ S yas] (o1 + 723) 71 »
where 19 and 7; are constant real spinors and
20 +igt = p el 22 +ia® = pyel?2. (3.19)

This is the fluxtrap background introduced in [15].

Open strings. If we introduce an NS5-D4 system as in the previous case (see table 1),
we obtain a configuration that preserves four supersymmetries. The action is formally the
same as in eq. (3.10), but this time the pullback of the Killing vector U is

U=fU=¢e9 —€'dy— 03+ €30, (3.20)

Poincaré invariance is completely broken also in this case, but the system has four super-
charges.

~10 -



The instanton partition function for this four-dimensional theory is identified with the
field theory limit of the topological string partition function with coupling gop o € [3, 33].
In this context € is the coupling of the graviphoton field in the gauge theory obtained by
reducing M-theory on the Melvin circle [34]. The resulting Ramond-Ramond type ITA
background provides in this sense a different realization of the Q-deformation [35]. A more
detailed discussion of the relationship between our construction and topological strings is
presented in section 4.3.

3.3 The Nekrasov-Shatashvili limit e = 0

Another remarkable limit of the bulk fields in eq. (3.2), is given by €; = 0. This time we
impose € = ea = —e3 and the resulting background has 32/2 = 16 supercharges.

Once more we look at the effective theory for a D4-brane suspended between two NS5-
branes as in table 1. The configuration preserves four supercharges. The DBI action is still
formally the same:

L= — |1+ F;F¥ 1(a +ie0 P ) 67 (00 — 10"y ) - (00 + ‘))2
6_492 ij +2 iP T 1€ ki P — 1€ lj) — S AV 2" )
(3.21)
where the pullback of the vector U is
U= fU=-€08,+205. (3.22)

In this case, the Poincaré invariance is only broken in the directions 2 and &3 and the
system is effectively an N' = (2,2) two-dimensional gauge theory. This is precisely the
action discussed by Nekrasov and Shatashvili in [12].

This type of four dimensional gauge theory is related to the quantization of integrable
models [10, 12]. Starting from a four-dimensional N' = 2 Seiberg-Witten (SW) gauge
theory subjected to the Q-background with €; = 0 discussed in this section, one obtains
N = 2 super-Poincaré invariance in two dimensions. The crucial observation of [12] is
that the two-dimensional twisted superpotential derived from the prepotential in the four-
dimensional theory can be identified with the Yang-Yang counting function of a quantum
integrable system. The supersymmetric vacua are mapped to the eigenstates of a quantum
integrable system whose Planck constant is given by the deformation parameter e = h.
For €2 — 0 one recovers the classical integrable system whose spectral curve is given by
the SW curve.

We will show in the following (section 5.2) that Neveu-Schwarz B-field resulting from
the Melvin deformation of our background geometry give rise precisely to the type of non-
commutativity of the spectral curve that one expects from the corresponding quantum
integrable model.

4 M-theory lift

The theories that we are discussing can be understood in terms of deformations of four-
dimensional N’ = 2 SW theories. It is natural to describe them in an M-theory setting,
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following [26]. In this section we will show how the fluxtrap construction lifts to eleven
dimensions and how the ()-deformation affects the dynamics of the M5-branes that realize
the gauge theory.

4.1 The bulk

A type ITA background with metric g, Neveu-Schwarz field B, dilaton ®, one-form C; and
three-form Cj3 is oxidized on a circle 20 to M-theory with metric G' and three-form As as
follows [36]:

Grydz! dz’ = e_2¢/3gij dat da? + e1®/3 (dxlo + A1)2 , (4.1)
03:A3+B/\d:1:10.

Starting from the type ITA background in eq. (2.5) we find the general form of the M-theory
fluxtrap background:

(dz%)? + (dz'9)? — €2U,U; da’ da?
1+e||U]? ’
(4.3a)

Gryda! dz’ = (1 —|—€2HU||2)1/3 gi; Ao’ da? +

U;dz® A dz? A dz!©
1+ €2||U||?

Cs=c (4.3b)

It is interesting to remark that the directions z° and z'® which have completely different
origins (z” is the dual of the Melvin circle while z1? is the M-circle) enter the background
in a completely symmetric fashion.

In the following we will study the embedding of an M5-brane in this background. For
this purpose it is interesting to consider the physics close to the center of the fluxtrap, i.e.
the limit €2||U]|?> < 1. The fields become

Gryda’ da’ = gy da' da? + (dz®)? + (d2'%)2 + O (2| U||?), (4.4a)
C3 = eU;da' Adz® Adz™® + O EU|?).
The appropriate setting to discuss the gauge theories found in the previous section is
obtained by starting from a flat metric g;; = d;;. In this case, at this order the metric is
flat and there is a constant four-form flux Fy = dAs,
Gry =17+ O(EU|P), (4.5a)
Fy=2ewnds? Adz + O@EU|P), (4.5b)
where w is the linear combination of the volume forms of the planes in which the original
Melvin identifications have been performed,

N
d[eU; dz'] = 2ew = 2 Z €RWE - (4.6)
k=1

Note that w is the graviphoton field strength in [3].
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T 0 1 2 3 4 5 6 7T 8 9 10
fluxbrane €1 €9 €3 X X X o o
NS5 X X X X X X

D4 X X X X X X

I3 u w Re(s) v Im(s)

Table 2. The embedding of the M5-branes resulting from the lift of the NS5 and D4 in section 3.
The directions z? and x'® enter symmetrically in the background. The bottom line contains the
complex coordinates used for the description.

4.2 Mb5-brane embedding

Having constructed the M-theory background we are now ready to study the embedding of
Mb5-branes. It is known that a configuration of D4-branes suspended between NS5-branes
in flat space as in table 1 lifts to a single M5-brane wrapped on a Riemann surface [26].
We want to see how the presence of the fluxbrane modifies this picture.

The simplest approach consists in looking for the most general M5-brane preserving the
same supersymmetries as the NS5-D4 system [37]. The Bogomol'nyi-Prasad-Sommerfield
(BPS) condition can be expressed in terms of a projector [3§],

Y =3 (1+™) ny =0, (4.7)

where my is the generic Killing spinor preserved by the background and T™M® ig

1
61v/—g

and I' and g are respectively the pullbacks of the gamma matrices and the metric to the

1. .
M5 <_ 1 +§Fm1m2m3 hm1m2m3> F(0) ) 1—\(0) = n" Ol me (4.8)

brane.? The other degrees of freedom of the M5-brane are represented by a selfdual three-

form h,
h = xh, (4.9)
which is related in a non-linear way to the pullback of the bulk four-form flux Fy, viz.
- 1
dHB = —3/"F, (4.10)
ﬂig]np = mmqmnrhpqr ) mmn = 5mn - thpqhnpq : (411)
2The embedding is defined by a map
£ : M5 — bulk,
¢m e at (¢

For a given vielbein en?; for the bulk metric we define
et = frem® = 61, dC™ = em?; Oz’ ACT,
and the pullbacks § and I' are given by
G=F"9=GmndC™dC" = Gry Oma’ Opz” AC A" = %6504,

~AA A I
I = 74", =vyaem 1 Oma

where v4 are the flat gamma matrices in eleven dimensions.
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Since we want to describe the lift of the generic (2-deformed four-dimensional theory
with € # €2 we start from the type IIA background in eq. (3.2) and lift it to eleven
dimensions as in eq. (4.3). In our conventions the eleven-dimensional Killing spinors ny
are related to the ten-dimensional ones nia by

mi = e " Onua (4.12)

where @ is the type ITA dilaton in eq. (3.2c) and na are the Killing spinors in eq. (3.4)
(see appendix A).

As a first step let us find the supersymmetries preserved separately by the lifts of the
NS5 and D4-branes (see table 2).

The NS5-brane is lifted to an M5-brane extended in (20, ..., 2%, 2% 2%). The pullback of
the four-form flux vanishes f{q;F4 = 0 and the kappa symmetry projector is

15 = £ (1 +7012380) ; (4.13)

The D4-brane is lifted to an M5-brane extended in (2°,... 23 2% 21°). Also in this case
the pullback of the four-form flux vanishes, but we need to take into account the
deformed metric. The result is that the kappa symmetry projector reads

1 + €1 |u + €3 |w
HE“ =3 1 +’7026 (713 1] |7329 2 | |2719) 710 7 (4.14)
Vit P +é )
where u = ¥ +iz! and w = 2? +ix3.
The kappa symmetry projectors for the NS5 and D4 commute,
NS5 1D
[, ] = o, (4.15)

and each breaks half of the supersymmetries. As already observed in section 3.1 we are
looking for embeddings preserving one sixteenth of the thirty-two Killing spinors of elev-
en-dimensional supergravity (one quarter from the e-deformation in the bulk and one half
for each brane).

It is convenient to introduce complex coordinates in the bulk,

8 1 i .9
v=x"+127,
(4.16)
s=a% +i210,
and make the following ansatz for the embedding of the lifted NS5-D4 system:
20 +izt =,
2 .3
T4 +12° =W,
fM5 : (uasz) — (417)
s=s(z,2),
v=1v(z2),
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where (u,w, z) are complex local coordinates on the brane.
Since we are interested in the physics in a neighborhood of the fluxtrap we can expand
in powers of e. The embedding expanded at linear order is

{S(Z,Z) =s0(z,2) +esi(z,2) +... (4.18)

v(z,2) =vo(z,2) +evi(z,2) + ...

For ¢ = 0 we are back to the standard configuration of flat space without four-form flux.
In this case the BPS condition to solve is

Y NS5 P4y = 0. (4.19)
This is satisfied if both sy and vy are holomorphic functions of z,
s0 = s0(2),
vo = vp(2) .

In other words, the M5-brane is wrapped on a Riemann surface ¥ in the C? plane generated
by s and v.
At first order in € we want to discuss the embedding

{5(2,2) =s0(z) +es1(2,2) + ... (4.21)

v(z,2) = vo(z) +evi(z,2) + ...

in the background of eq. (4.5). The four-form flux has a non-vanishing pullback on the
brane coming from the (1,1) component in the s,v plane:

FrsFy = i (950 Dvy — s 0vp) dz A dz A (€1 du A dii + €3 dw A i) . (4.22)

Note that the pullback only depends on the embedding at the next-lowest order in €. The
expression can be suggestively recast in the form

fasFa = ews A (fisw) s (4.23)

where w is again the weighted sum over the planes of the Melvin identifications and wy is
the volume form of the Riemann surface 3 with Kéhler potential

K(72) = élm(vo(z)go(f)). (4.24)

The corresponding metric and volume form are:

B 5§0 dvg — Osg 51_}0
B 2

ds? = 400K (z,2)dzdz, ws dzAdz=8i00K dz Adz. (4.25)

Since fysF4 has only first-order terms in e, the selfdual three-form A on the brane
obeys a simple linear condition,

1
dh =~ fits i (4.26)
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Self-duality naturally breaks h into two pieces:

1
h = 5((eg —€1)0K(2,2)dz A (du A dii — dw A dw)

+ (€2 +€1) 0K (2,2)dz A (du Ada + dw A dw) ), (4.27)
and is more conveniently written in terms of €4 = €9 4 €1:
h=—i(e- 0K dz A (fysw—) + €4 OK dz A (fypswy)) - (4.28)
Having found h, one can now evaluate explicitly
i = (— 1 +§hm1m2m3fmlm2m3) T, (4.29)
and impose the kappa symmetry projection
e TINS5 124y = 0, (4.30)

which is greatly simplified by the fact that the contribution of the A field is projected out
by supersymmetry

hm1m2m3fwm1m2m3r(0) HljSS H]34 =0. (4‘31)

This means that we are back to
(1-T(q)) MY Py =0, (4.32)

which is precisely the same equation as in the ¢ = 0 case and is satisfied by the same
Cauchy-Riemann conditions

{81 =s1(2), (4.33)

vy =v1(2).

At this order, the embedding is thus still a Riemann surface, but this time a non-vanishing
self-dual three-form flux is turned on on the M5-brane.

At first order in €, the (2,0) theory on the worldvolume of the M5-brane can still
be decomposed into a product of a four dimensional part My and a Riemann surface .
Turning on the 2-deformation on M, automatically gives rise to a flux on the whole Mb5-
brane. In particular, the flux has also non-vanishing components on 3, where it acts as a
Kahler form.

It is an important task for the future to extend the above treatment to quadratic order
in € at which instanton localization takes place as we have seen in section 3.1. It is likely
that beyond linear order, the surface ¥ may no longer be holomorphic.

3 Algebraically this corresponds to the identification so(4) ~ su(2) @ su(2) under which ¢; and e are
mapped to €4 and e_.
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4.3 Relationship with the topological string

Much has been said about the relationship of the topological string to the {2-deforma-
tion of gauge theory (e.g. [19, 33, 39]). By realizing the four-dimensional gauge theory
as the dynamics of a geometrically engineered Calabi-Yau singularity in type IIA string
theory, the gauge theory can be lifted to a five-dimensional theory living on the same
singularity in M-theory, and then re-compactified with Melvin boundary conditions to
yield an 2-deformed gauge theory in four dimensions, which is ultraviolet-completed to the
topological string on the Calabi-Yau singularity. Here, the topological string coupling gop
is directly proportional to the parameter € = ¢; = —es of the Melvin twist. This logic has
been verified quantitatively in a number of examples [33].

It is interesting to compare our solution to the topological string realization of the same
deformation of the same N = 2 gauge theory. We have realized the Q-deformed N = 2
gauge dynamics as the dynamics of a (p, ¢) fivebrane web [28] compactified on a circle with
Melvin boundary conditions; the topological string realizes the deformed gauge theory via
the same construction, except with the replacement of the (p, ¢) fivebrane web with a local
Calabi-Yau geometry in eleven-dimensional M-theory as the origin of the five-dimensional
gauge theory.

In our realization, there exists a limit in which all degrees of freedom of the gauge the-
ory are realized as open strings on D—branes living in a spacetime with only Neveu-Schwarz
background fields turned on; this makes it possible write an explicit action deformed gauge
theory. In principle, the existence of a well-defined perturbative string realization makes it
possible to include string and five-dimensional Kaluza-Klein corrections to the renormaliz-
able four-dimensional action, if desired.

Prior to reduction on the Melvin circle, the two five-dimensional theories are not the
same and have different properties. In particular, the R-symmetry groups are different in
the two five-dimensional theories, beyond the low-energy level. In the (p, q) fivebrane web,
as noted earlier, there is an exact SU(2) R-symmetry rotating three common transverse
coordinates to all the branes. In the non-compact Calabi-Yau singularities of interest for
the study of the topological string, the R-symmetry is generically only a U(1).

Both our construction and that of the topological string can be followed through a set
of mutually equivalent dual frames, among which in each case is an M-theory solution with
Mb5-branes and four-form flux. In this last description, the R-symmetry of the solution
representing the topological string is enhanced from U(1) to SU(2) as a third noncompact
transverse direction decompactifies. This description realizes the gauge theory degrees of
freedom as coming from the six-dimensional (0,2) superconformal theory on a Riemann
surface as in [26], deformed by the presence of four-form M-theory flux with various numbers
of components longitudinal and transverse to the Mb5-branes. In both cases, the four-form
flux is proportional to the parameter € deforming the gauge theory. In the limit ¢ — 0,
both the Mb5-brane dual frame of our construction and the M5-brane dual frame of the
topological string theory are of exactly the same type: a set of fivebranes wrapping a
Riemann surface in a flat eleven-dimensional background.
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At leading order in € level the deformations are subtly different. In particular, the
type of four-form flux differs between the two solutions. In both configurations, the flux is
written as the product of two-forms (see eq. (4.5) and e.g. equation (3.19) of [19]):

Fy = wps ANwez . (4.34)

In both cases, the first factor is the same self-dual harmonic form describing the effec-
tive graviphoton flux in the directions 2%123 = R* (or Taub-NUT). The second factor
268910 = C2 has a complex structure with respect to which the Riemann surface is em-
bedded holomorphically. With respect to that complex structure, the flux we2 in [19]
has Hodge numbers (2,0) and (0,2) only, and consequently has vanishing integral on the
Riemann surface. In the solutions presented here, the flux w2 has a component with
Hodge numbers (1,1) and generically has a nonzero integral along the Riemann surface
(see eq. (4.23)).

The two types of flux deformation induce the same term in the deformation of the
gauge theory action at order O(e), except with a different linear combination of the scalars
appearing. In the NS5/D4 construction with weak g5, the D4-branes are parallel segments
pointing in the 28 direction between NS5-branes, with a gauge group and adjoint degrees of
freedom living on the stack of parallel branes in the segment between each pair of adjacent
NS5’s. Our Q-deformation of the background (3.2) affects each set of gauge and adjoint
degrees of freedom in the same way, proportionally to the inverse gauge coupling of each
gauge group: from (3.10) we see that at small € the deformation contributes

AY = 4%0’“ Tr (Fr VIm(p)) + O(2) . (4.35)
94
The Q-deformation implemented by four-form flux in the Mb5-brane duality frame of
the topological string induces a term of a similar form, through a different orientation of

the flux on the same type of Riemann surface. The four-form flux deformation there (see
e.g. [19]) is proportional to

AF, < wry Ads Adv +c.c. (4.36)

where wry is the U(1)-invariant two-form on the Taub-NUT space (see equation (5.22)).
Reducing on #'% = Im(s) to type IIA, the M-theory four-form flux contributes to the
NS/NS three-form flux as AH o« wpn A dz?, and to the Ramond-Ramond four-form flux as

AFM™ o wpn A daS A da® (4.37)

The NS flux contributes to the brane action exactly a term proportional to (4.35). Through
the Chern-Simons term on the D4-branes, the Ramond-Ramond flux induces a coupling

ASps = i/ wWTN N dzb A Tl"(d{L‘S A A) , (4.38)

where A is the gauge connection on the D4-brane. As a four-dimensional action, this
generates a term proportional to Ly = gi / g?]:

ASyy 2 % /wTN VAN Tr(d:cg A A) . (4.39)
9y
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Integrating by parts and exploiting the fact in the case e = —ey that
wrN = *wpN x d(U; d:ni) , (4.40)

we have

1 ~.
AZ 5 U T (VF(a®) «Fy) (4.41)
91

which we see is also proportional to (4.35), except involving the scalar Re(¢) « Re(v) = 2®

instead of Im(yp) o Im(v) = 27, and the dual gauge field. It is not yet known whether
our string embedding of the Nekrasov partition function agrees with the topological string
beyond the renormalizable level. If so, it is tempting to think that our embedding may
be related directly by some duality to the topological string. Whatever the duality, it
cannot be a duality that is realized as geometric in eleven dimensions, since the flux along
the Riemann surface is a geometric invariant. It is possible that the duality of [40] be-
tween five-dimensional theories on Calabi-Yau singularities and five-dimensional theories

n (p, q) fivebrane webs may point towards the correct relationship, after compactification
on a circle with Melvin-Nekrasov boundary conditions.

5 9/11 flip and non-commutativity

An equivalent realization for the gauge theory in the Q2-background is obtained when com-
pactifying the M-theory description on the circular orbits of the isometry 0. This will lead
naturally to a non-commutative structure which has already been associated to topological
strings and the Q-deformation in the NS limit [12, 18, 19]. While work has been done to
develop a SW map directly in M-theory (see e.g. [41]), we choose here to go the route of
performing the usual SW map in type ITA string theory after a 9-11 flip.

In this section, we will not start out from a flat geometry, but from a Taub-NUT space,
resulting in a Taub-trap geometry. As already noted this is equivalent from the point of
view of the quantities counted by Nekrasov’s partition function. On the other hand, it
is convenient in this situation because a @-centered Taub-NUT space corresponds to Q)
coincident D6-branes in flat space in the right duality frame and our argument is most
straightforward in the presence of a D—brane with B-field. Moreover, the supersymmetry
generators remain unchanged since this geometry preserves the very same supersymmetries
as the fluxtrap in flat space (which is recovered as the r — 0 limit of the Taub-trap).
Finally, in the limit » — oo this background is a string theory realization of the alternative
description of the Q-background proposed by Nekrasov and Witten [39].

5.1 The €] = —€2 limit

As a first example let us consider a fluxtrap on a space of the form TNg x § L% R5. It is con-
venient to choose a coordinate system such that the initial metric (prior to identifications)
is written as

o 1
gij dr' da? = V(r)dr? + Vi (df + Q cosw dip)® + dx3 ¢ + (di?)?, (5.1)
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where

dr? = dr? 4 72 dw? 4 7% sin® w dy?, (5.2)
and . 0
Vir)= — + = . )
(N =-3+- (5.3)
As shown in appendix B, applying the following shifts to the Killing vector dy corresponds
to the case €1 = —eg = €
U~ U+ 27Ny,
we e Ny € Z (5.4)
0 ~0-+4rRen,, .

Introducing the disentangled variable ¢ = 0 — 2J§eﬂ, we see that in this case,

- ;. do+ Qcoswdy 9 1
U'0; =0y, U;dz* = , Ul = 5.5
’ : e UIP= s 69)
Note that in this case Jy is a bounded isometry,
2 1 2
U1 = <AT, (5.6)

Vi(r)
which means that the fluxbrane does not break any additional supersymmetries.*

Using the formula in eq. (2.5) we find that the Taub-trap background is given by

1 Vv
ds* = V(r)dr? + Vi re (d¢ + Q cosw dep)? + v(r)(rr_zeg(dacg)2 +dx? 5, (5.7a)
B= m (dé + Q cosw dep) A da? (5.7b)
—® 62
e 1+ o) (5.7c)

The corresponding Killing spinors can be found by using the general prescription of sec-
tion 2 and the expression for the Killing spinors of the undeformed Taub-NUT in eq. (B.11).
As expected, we find that the fluxtrap does not break supersymmetry since the correspond-
ing projector is the same that appears in the undeformed Taub-NUT. More explicitly, the
Taub-trap background preserves a total of sixteen supersymmetries:

{WILIA = (L +T'11) exp[701] exp[$23] (Yo1 + 723) 0

nfty = (1 —T11) Ty exp[£701] eXp[%’Yz:a] (Y01 + Y23) M,

where

ro_ T + V'V (r)y9 59
e L (59)
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undeformed
Taub-NUT

[l YA,
N

fluxtrap

R3 x S x St plus

Taub-tra
P constant B field

Figure 1. The Taub-NUT interpolates between R* and R? x S!, while the corresponding Taub-trap
interpolates between the fluxtrap in flat space (tip of the cigar) and R® x S! with a constant B
field.

Adding a D4-brane wrapped on the Taub-NUT and bounded by two NS5s in 2% preserves
the Killing spinors that satisfy

nia = Tpanfia s (5.10)

where I'py is the pullback of 7,,,..m; onto the D4. In other words, the four preserved
supersymmetry generators are given by

V() +evsg

Ne = 1iia + 0fia = (1+Tpa) nffa = (L+Tpa) Tunfip = = Ne=o.  (5.11)
e+ V(r)
In this sense the Q-deformation can be understood as a rotation in the (z3,2°) plane by
the angle
€
tan — = 5.12
5 0 (5.12)
that acts on the spinors as
9
Ne = G‘Xp[g’)/gg]’r]e:(). (5.13)

The Taub-trap interpolates between two remarkable backgrounds:

e For r — 0, the potential is V() ~ Q/r and the solution becomes

Q r Q
ds? = = dr? + orer (d¢ + Q cosw dep)? + m(drvg)2 +dx? o, (5.14a)
B = Q—iﬁ—ire% (dp + Q cosw dep) A da?, (5.14b)
e P =/1+ er (5.14c)
0 .

“The fluxtrap construction on the isometry 04 is natural in these coordinates because it uses the same
U(1) fibration of the Taub-NUT seen as a hyperkdhler quotient.
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After the changes of variables

r=Q (pl+p3) .

=9 t P727 0 el 161 ,
w arctan - and r+1x P1 e. (5'15)
¢ =Q (02— 01), 2% +izT = pyei®?,
=01+ 02,
this is precisely the fluxtrap in flat space of eq. (3.16).
e For r — oo, the potential is V(r) ~ 1/A? and the background is given by
dr? A2 (da¥)?
2 2 2
ds* = BY3 + m do¢” + m +dxj g, (5.16a)
BN de A da? (5.16b)
14 €222 ’ ’

e ? =/1+e22, (5.16¢)

This is flat space (to be precise R® x T?) with a constant B field. Supersymmetry is re-
stored, in the sense that in this limit there are thirty-two supercharges corresponding
to the following Killing spinors:

nia = (L+T11) o,
R 1 +€eXvysg (5.17)

A = Ao (L —T11) yom ,

which means that the Q2-deformation acts on the supersymmetry generators for the
theory of a D4-brane as a rotation:

9
e = exp5739]7e=0 (5.18)

where

Y
tan§ =e€N. (5.19)

The Taub-NUT geometry interpolates between R* for  — 0 and R? x S* for r — oo
where the S! is a circle of radius A described by #. Adding a fluxtrap we obtain the Taub-
trap background that interpolates between the flat fluxtrap and flat space with a constant
B field. This is not surprising because in the large-r limit the identifications are done on
a decoupled S' and the fluxtrap is realized by T-duality on a torus with shear (generated
by (u, ¢)) which results in a constant Neveu-Schwarz field (see figure 1). In this sense our
construction relates the usual field-theory interpretation of the 2-deformation recovered in
section 3 (r — 0) and the alternative description of [39] (r — o0). In the latter limit, the
T-dual background in eq. (5.16) captures directly the deformations of metric and coupling
constant and explains the non-trivial transformations of the observables.

T-duality on a torus with shear is also the first clue for the non-commutativity that we
expect based on the observations in [18] and [12]. In order to turn this clue into a precise
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statement, valid for finite values of € and for all values of r, we need to pass to an equivalent
string-theoretical description of the fluxtrap. As a first step we lift it to M-theory:

9 N\ 1/3 . 2 912 102
_ € (d¢ + Q coswdyy)” + V(r) ((dz?)? + (dz'?)?)
ds? = (1 + V(?")) [V(T) dr? + V(r) = + dXAQL..S
(5.20a)
C3= —— (dp + Qcoswdip) A dz? A da'0. (5.20b)

V(r) + €
This picture becomes particularly clear in the ¢ — 0 limit. The metric is TNg X R” and

the four-form flux is
Fy = ewpn Adz? Adz!?, (5.21)

where wry is the unique two-form on the Taub-NUT that is invariant under the triholo-
morphic U(1) isometry:

(5.22)

[d(ﬁ + Qcoswd¢]
WTN — d .

Vi(r)
There are three natural circles that can be used to reduce the M-theory background to
type IIA. Reducing on x'° leads back to the fluxbrane on Taub-NUT. The same happens

9

when reducing on x”, as already observed in the previous section. The third alternative

consists in reducing along ¢. The resulting bulk contains a one-form and a three-form:
(dz?)? + (d=10)? B
1+ €2||U|? N

ds? = V(r)2dr? + V(r)~1/? {dximg +

V() (5.23a)
_ 1/2 3.2 —1/2 2 r 92 1042
=V (r) 12 dr? + Vi(r) / [dxﬁmg + W ((dx )* + (dz™) )] ,
€ €
B= da? Ada'’ = ————— da® Ada!? 5.23b
vy N T v e N (5230)
et =V 1+ U2 = Vi)V V() + €2, (5.23¢)
A; = Qcoswdp, (5.23d)
A3 =BAA;. (5.236)
This background is the -deformation of the theory of @ D6-branes extended in
(z4,...,210).

An equivalent description is obtained by applying the SW map [42] to the D6-brane
theory in order to turn the B-field into a non-commutativity parameter:

(g + B>_1 —ilte, (5.24)

where ¢ and B are the pullbacks of metric and B-field on the brane and g is the new
effective metric for a non-commutative space satisfying
(2%, 27] =10 . (5.25)
Applying this map to our case we find that the e-dependence of the metric is completely
dropped and the B-field is turned into a non-commutativity between z° and x'°:
Gij da’ da’ = V(r)il/z dxi.lo ) (5.26)
(2%, 219 = ie. (5.27)
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Maybe surprisingly, all dependence on € disappears from the D6-brane theory and is turned
into a constant non-commutativity parameter.’We would like to stress that this is an exact
result, valid for any finite value of € and 7.

At this point, it is interesting to follow the fate of the branes whose dynamics reproduce
the Q-deformed gauge theory. Start from the configuration of D4/NSbs given in table 1,
where the Taub-NUT space is extended in (z9,...,23). We have seen in the previous
section that in the M-theory lift this configuration turns into a single M5-brane extended
in the directions (z°,...,2%) and wrapped on a Riemann surface ¥ embedded in the (s,v)
plane. Reduction on ¢ turns the M5-brane into a D4-brane extended in r and wrapped
on Y, which is now embedded in the worldvolume of the D6-brane. This is strictly true
in the € = 0 limit. Our findings above point towards the fact that for finite e this picture
remains the same, but this time the Riemann surface ¥ is embedded in a non-commutative
complex plane where

[s,v] =1i€. (5.28)

As observed in section 3.2, this background is related to topological strings. In this
sense, our picture provides a geometric explanation for the fact that in this context the
Riemann surface behaves as a subspace of a quantum mechanical s,v phase space [18]. Our
setup should be contrasted with the one in [19], where a similar explanation was offered
for the non-commutativity. In this case the authors start from M-theory on TN x X x St
with Melvin identifications in the Taub-NUT and apply a sequence of dualities leading
eventually to M5-branes wrapped on a Riemann surface in TN x C? x R? x ! ()Z' is the
mirror of the Calabi-Yau defined by zy + F(s,v) = 0, where F(s,v) = 0 is the Riemann
surface ¥). As already stressed in section 4.3, even though the geometry is the same as
ours for € — 0, there are important differences. In particular the Melvin construction is
realized on a different circle so that in [19] the F; flux has no (1,1) components on the C?
where Y is embedded and its pullback on the Mb5-brane vanishes.

5.2 The NS limit and gauge/Bethe correspondence

In this section, we want to study a different fluxtrap background on the same TNg x S IxR?
space with only a single € on the Taub-NUT part. This corresponds to taking the NS limit
€1 = 0 on the D4-brane gauge theory as discussed in section 3.3.

In order to impose the Melvin identifications we need to choose a different coordinate
system for the Taub-NUT space in which its nature as a complex two-dimensional manifold
is manifest (see appendix B for details):

V(p) 2 Q [p3dé — p}dhs]
ds? = —22 | p2p3 (d6y + dba)* + (p? + p2) (dp? + dp3) | + 1 2
o AP0 +d02 + (o + 8) (A5 +a)| + o0 | BN
+dp3 + p3d03 + (di°) + dxg 75, (5.29)
where

1 Q

V(p) = 5 + 5.
V=%t 72

(5.30)

5Non-commutative gauge theories in Melvin backgrounds have already been discussed in [43], albeit with
a different brane configuration.
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We impose the identifications

i~ T+ 2.,
0, ~ 01 + €127 Rn,, , n, €7 (5.31)
O3 ~ 05 + 6327Ténu ,

where €] = —e3 = € in order to preserve supersymmetry. We introduce the disentangled
variables
¢1 =01 — e Ru,
¢2 = 02, (5.32)
¢3 = 93 — 63§fL .

The corresponding rotational isometry generator is given by

U 0i = 09y~ g5 (5.33a)
: IV (p) (dp1 +doa) | Q (—pTde1 +p3 d@)] )
Updat = p2 | 22 n ~ 2des, (5.33b)
i Q (02 +03)*V(p) 2
sz P2V(P) 2
1U|1* = p5 [ : i + 3. (5.33¢)
L) v @ ’

In the p — 0 limit we find
U1 = 3+ 03 (5.34)

consistently with the fact that the Taub-NUT space is asymptotically R* and we are back
to the fluxtrap solution in section 3.3.

Now the chosen isometry acts as a linear rotation of a noncompact space, the fluxtrap
breaks some of the supersymmetry and only preserves eight supercharges.® This can be
verified directly by starting from the expression of the 16 Killing spinors prior to the

identifications:
= m th 02 03
mis = L(5,) 73 exp[v01] exp[r2s] exp[Z-756] (01 + 723) 1 (5.35)
where
T P2 P1
F(&) = +1 Yo — ")/2> . (536)

5The same eight Killing spinors are preserved under the more general identifications

i~ i+ 27T
01 ~ 01 + 2me1 R,
0y ~ 01 + 2mea Ry, ,
03 ~ 05 + 2mes Rny, ,

Nu €E7Z

with the condition €; + €2 + €3 = 0.
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Introducing the disentangled variables ¢; we can isolate the terms that depend explicitly
on % and do not satisfy the Melvin boundary conditions:
o1 ®2 o3 eRQ
nus =T'(5)ys eXP[?%ﬂ eXP[jW:&] exp[?%;g,] eXP[T (Y01 — v45)] (o1 + 723) M -
(5.37)
The @-dependent part is projected out via (yo1 + 745). The final result is that 1/2 of the

supersymmetries are broken and after T-duality the eight Killing spinors are

{WILIA = (L4+T1) T(5)vs eXp[%'VOl] eXP[%VQ?)] eXP[%’Y%] (701 + va5) (Vo1 +723) M0 »

mia = (1-T11) Dl (8) 3 exp|9y01] exp[ L 23] exp[ L vs6] (o1 + 745) (Yor + 23) 71
(5.38)
where I';, is the gamma matrix in the direction of the T-duality.
At this point we can proceed as in the previous section. Write down the type ITA fields
after T-duality and the corresponding M-theory lift which we reduce, this time on ¢2. The
final result after the flip can be expressed in terms of two functions:

filps) =1+ €3, (5.39)
falpr, p2) = VV(p)\/IUI? = o3 - (5.40)

The Neveu-Schwarz sector is given by

ds® = fi(ps) f2(p1, p2)

4Q%p3p? d@ﬁ)
fa(p1, p2)?

p3des  (dz?)* + (dxlo)Q)

f1(p3)? L+ e2||U]2 7

4V (p)'/? <(pf +p3) (dpf + dp3) +

+V(p)~/? (dp% +dxgr g+

(5.41a)

2
B=¢ f3(p1. p2) dz® A dz'? (5.41b)

Vip) (1 +€(|UJ]?)

o VT PO 1)

(§] = .
f1(p3)3/2 f2(p1, p2)/?

The structure of the solution is precisely the same as in the previous case, and we can

recognize the terms corresponding to Q D6-branes extended in (p3, ¢3, 2%, ..., 2'?). We can
now apply the SW map. Once more the B-field is traded for a constant non-commutativity
parameter between z° and z'0:

p3 de3 + (da?)? + (dz'0)?
f1(ps3) ’

(22,210 = ie. (5.43)

fa(p1, p2)
V(p)/2

(5.42)

Gij da' da? = Fi(ps) (dp3 + dxg 78) +

Even though the in this case the dependence on € is not completely dropped from the metric
(which is flat around p — 0, where the partition functions are evaluated), remarkably we
still find that the non-commutativity parameter is constant and equal to e, without need
for approximations.
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The study of the brane dynamics in this background follows closely the discussion in
the previous section. Following the dualities, the D4/NS5 system that corresponds to the
gauge theory in the NS limit described in section 3.3 is lifted to a single M5-brane wrapping
a Riemann surface % and is then reduced to a D4-brane wrapped on a Riemann surface
embedded on the D6-brane. After the SW map, this can be understood as a Riemann
surface on a non-commutative two-dimensional manifold satisfying

[s,v] =1ie. (5.44)

This provides a geometrical interpretation for the fact that (2-deformed four-dimen-
sional gauge theories in the NS limit are associated to quantum integrable models with
h=e[12, 44].

6 Conclusions

In this article, we have presented a string theory realization of the {2-deformation of gauge
theory. Our framework has the virtue of capturing general e-deformations which include
the various special cases discussed in the literature such as the topological string and
the Nekrasov-Shatashvili limit. It provides moreover a geometric interpretation for the
properties of 2-deformed gauge theories. Given the stringy nature of the construction, the
methods of string theory are applicable, which in this case are often more powerful and
transparent than their gauge theory equivalents.

T-duality plays a key role in our construction by making the effects of the underlying
Melvin background evident. It is possible to lift the fluxtrap background to M-theory, re-
lating it thus to the famous and elusive (2, 0) gauge theory in six dimensions. The M-theory
lift is also instrumental for the 9-11 flip via which we can connect the fluxtrap background
to non-commutative gauge theory. We find in particular that the Riemann surface ¥ on
which the Mb-brane is wrapped is now embedded in a non-commutative complex plane
with non-commutativity parameter ¢ = A, matching up neatly with the quantum spectral
curve of the integrable system discussed in [12] which also plays a prominent role in topo-
logical string theory. Again, the fluxtrap construction gives a geometrical interpretation
also to the quantum integrable system.

A question that can maybe be attacked from here is whether our string picture can be
used to shed some light also on the AGT conjecture [45]. In one respect this is surely the
case, in that our realization gives an algorithmic construction of the modified couplings
realizing the general Q-deformation of an N = 2 theory.

In principle these couplings can be inferred on general grounds through considerations
of self-consistency, by requiring the preservation of certain supersymmetries that of gauge
theory dynamics after the deformation, a method used for instance in [46, 47] to derive
the modified geometry of 2-deformed three-dimensional theories and defect theories. The
application of this abstract method to four-dimensional theories has not yet produced
a derivation for the deformed geometry and twisted couplings corresponding to the §2-
deformation of general four-dimensional N' = 2 gauge theories with general e-parameters.
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The string solutions written down here allow the deformed couplings to be read off from
the branes’ coupling to the modified spacetime metric and other supergravity background
fields in (2.5), giving a physical realization to the method of [48]. For the gauge and adjoint
degrees of freedom, our solution gives a straightforward prescription for the 2-deformation
of the action, through the Born-Infeld and Chern-Simons action of the D4-branes on which
the gauge theory degrees of freedom propagate. In particular, for the refined case €2 # —¢;
the DBI action generates explicit terms of order higher than |e|? that would be at best
cumbersome to deduce abstractly by demanding the preservation of a conserved twisted
supercharge. The deformation of the action of the fundamental and bifundamental degrees
of freedom of the NS5/D4 system, while not manifest in the DBI action, is determined
by open string worldsheet physics in the fluxtrap background; a useful direction would
be to learn to extract those deformed couplings to the deformed closed string fields in
an efficient manner.
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A Supersymmetry conventions

The condition for preserving supersymmetry in eleven-dimensional supergravity is the van-
ishing of the variation of the gravitino W:
1 ,
Wy = | Vim + 5o (D™ = 88,279 Foy oy | i = 0, (A1)
where Fy = dAjz is the flux of the three-form field, and the covariant derivative acts on
spinors as Vy,n = 0mn + %wm“b%b.

10

In order to reduce on x*” we write the metric as

ds?, = e 223452 4 &4/3 (a0 4 4;)7, (A.2)

and the three-form field as
A3 =C3+ B Ada!?. (A.3)

_ 98 —



The vielbein ey is written in terms of the ten-dimensional ea as

em® = e~ /3¢ fora=0,...,9; (AA)
eng10 = e2®/3 (dxlo + A1) 7
and the gravitino is decomposed into a dilatino A and a ten-dimensional gravitino :
U, = e®/6 (¢, — LT,0) '
Then the variation 6W¥,,, becomes:
SA = [P0 — 5 HT 11 — 5e®(3FoT11 — 15%)] mua (A.6)
0y = [vm - %HmmlmgrmlmQFH - %ecp(%FQFmFH - %@Tm)] miIA

where H = dB, G = dAs — H A Ay and the ten-dimensional Killing spinor is related to the
eleven-dimensional one by:

ma = e®/5ny. (A.7)

T-duality in the direction u turns the type IIA background into a type IIB one. In
absence of Ramond-Ramond fields the variation of the type IIB dilatino and gravitino take
the same form as in type IIA. If we choose the type IIA Vielbein as

Juu (A.8)

Jou+B, m o
— "“gw""eHA w for x% # u,

!
{BHB“a = “ena’y,,

enp’y = ena’y,
if ni7a does not depend on u, the type IIB Killing spinor is [15, 16]:
B = [(1+T11) +iTy (1 —=T11)] mi1a (A.9)

where I';, is the gamma matrix in the direction v normalized to one.

B Taub-NUT spaces

Coordinate systems. We use two coordinate systems for the Taub-NUT space. In the
Gibbons-Hawking (GH) system the space is seen as a singular circle fibration over R? and
in the second (cylindrical) system, the space is seen as a two-dimensional complex manifold.
They are, respectively

1 1
ds? = V(r) (dr® + r* dw® + r’sinw dy) + T0) (A0 + Qeoswdy)®, V(r) = =t %
(B.1)
and
V(U) Q (Im(El dz1 — Z9 d22)>2 1 Q
ds? = —Zdu-du+ V) = — 4 ————
1Q 4V (u) 212 + |22 =5 Vi +u

(B.2)
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where
u; = 2Re(z122), up = 2Im(z122), ug = |z1]* — |z . (B.3)

In order to find the transformations between the two metrics, it is convenient to introduce
polar coordinates on the complex plane

21 = P1 ei'g1 s Z9 = P2 6162 y (B.4)

then the metric in eq. (B.2) becomes

Vip) ( 22 2 2, 2 2 2 Q [pidf —p3do, ’
ds? = —=2 (p2p2 (d0y + d62)* + (p2 + p3) (dp? + dp2) )+ B.5
Q (vie? P+ (74 03) (a0t + 4o Vi) L pi+r3 (B2)
and ) 0
Vip) = 33 T (B.6)
The coordinates are changed according to:
p1 = /T cos ¥ r=pi+p3
p2 = /Tsing w = 2arctan % B.7)
01 = # 0 =0, — 0,
o = # =01 +0s.

From this explicit form it is clear that Melvin identifications in 61 and 6y with coefficient
€1 = —€9 = € are equivalent to a single Melvin identification in 8 with coefficient e.
The (near-horizon) limit » — 0 is transparent in the cylindrical coordinate system.
We find that V(p) ~ Q (p] + pg)_l and the metric becomes the flat metric in cylindrical
coordinates,
ds® ~ dp? + dp3 + p3 d6? + p3 do3 . (B.8)

The large 7 limit 7 — oo is more clear in the GH coordinates, where we have V(r) ~ A\ =2
and the metric is asymptotically the cartesian product of R3 with a circle or radius .

Supersymmetry. Consider a Taub-NUT metric in GH coordinates. Choose the vielbein

e’ = VV(r)dr, et = ry/V(r)dw,

1 B.9
eng® = rsinwy/V(r)dy, enp® = 0 (df + Q coswdyp) . (B-9)
r
The Killing spinors solve the equation
1 ab
Omn + q&m’ Yabl] = 0, (B.10)
and take the form s
w
n= eXP[g’YOl] exp[g’m] (Y01 + 723) Nw (B.11)
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where 7),, is constant Weyl spinor. Note the projector (1 —yp123) and the fact that 7 does
not depend on the fiber direction 6.
In cylindrical coordinates a possible vielbein is:

V(p)

v
ens’ = 1/ (p? + p2) 0 dp1, ens' = pip2 é)p) (d6y + dbs) ,
; ; (B.12)
%4 V@ (py dby — p3 db;
ers” = [ (01 + 3) Vie) dpz, ens® = (2 ! 5 3 46:) :
Q 2 (P1 + P2) Vi(p)
The corresponding Killing spinors read:
n= |—2_ 41 (m% - 72) V3 eXp[ﬁ’Ym] eXp[@w:),] (o1 +723)
N p2 + /Pt + P 2 2
(B.13)

Note that n only depends on 6; + 62 and py/p1. The projector remains the same. This is
not surprising given that the change of coordinates is 6, + 03 = ¢ and py/p; = tan(w/2).

C General fluxtrap action for complex epsilon

In this note, we have concentrated on {2-deformations involving real e-parameters. The
construction with complex € is similar to the one in section 2, with the difference that
we now have to perform two T-dualities (in the 28 and 2 directions) with two associated
sets of identifications in the same directions 0, but with two independent deformation
parameters mg ;, and mg ; which combine to form the now complex deformation parameter
€. For the details, we refer the reader to [16].

As in section 3.1, the general action can now be written down. The complex counter-
part of the action in eq. (3.10) is given by

1 1
Zaea = (LHIFI? + 5llde+ awF +elel? g F)UI
4
€ P
+ ol de =10 dBIP + - (g F)? (3+ 1eUIP) ). (C.1)

or, in components (double indices are summed over):

1 g
e%sl,ez = 4792 [1 + EjFU
4

+ % (8,~<p +€ Ukai +e€ ‘6‘2 UkUlele) 5 (aj@ + EUkaj - 6‘6‘2 UkUlelUj>

| i =)2 ’5’4 k7l 2 2 r7i 7

— 5 (€U0 — cU0p)" + 1 (U UFM> (3+ 2 U Ui> } (C.2)

Here, U is the pullback of the Killing vector as in eq. (3.9), where we have in an abuse of
notation used U for the pullback instead of U.

These actions contain more terms than the ones in section 3.1. In the special case of
€1/€2 € R, corresponding to 1717 F = 0 however, the action simplifies and is formally the
same that we had found for a real e (which is the same as in [12]).

It should be stressed that all expressions given in the main text of this article are

formally correct in the case of complex e with 2725 = 0.
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x 0o 1 2 3 4 5 6 7 8 9
fluxbrane €1 €9 €3 X X X

D3 X X

13 0o 1 2 3 w z %

Table 3. D3 brane realizing the Q-deformation of N' = 4 super-Yang-Mills.

D Omega deformation of N' =4 SYM

Another straightforward generalization of our construction is obtained by removing the

NS5-branes from the setup in section 3 and compactifying the theory in the direction z°.
The effective description for the dynamics of the resulting D3-branes is the (2-deformed

Lagrangian of A' = 4 super Yang-Mills:

1 1 A _ . _ _ _
L=1s [FUF” +5 (azgo FVER 4 VleFle’) (a@ FVRF + V’“VZFMV;) n

1 . 1, )
— (V0o = V' 9,0)? + S (VFV'Fy)? (3 + v’“vk) +

1 .. .y 1 .. .y
(69 +V'V7) (02057 + c.c.) + 1 (69 +V*V7) (05w 95w + c.c.) +

_l’_

W~ |

+ % (63‘7i + €3Vi) (U_J o;w — C.C.) + % ’63‘2’[1)11_}] , (D.l)
where V = eU = ¢ (§0 01 —¢€! 80) + €2 (52 03—&3 82) and the fields w and z describe the
oscillations of the D3-brane respectively in 2% +iz® and 2% +iz7 (see table 3). The effect of
the deformation on these two fields consists in a modification of the kinetic term. Moreover,
the field w acquires a mass term (much like the twisted mass terms in [15, 16]) and a one-
derivative term, which is allowed by the broken Poincaré invariance. The action and its
properties deserve further study, but this goes beyond the scope of the present work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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