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Abstract The general form of the Bethe—Salpeter wave
functions for the bound states composed of two vector fields
of arbitrary spin and definite parity is corrected. Using
the revised general formalism, we investigate the observed
Y (3940) state, which is considered as a molecule state con-
sisting of D*YD*0. Though the attractive potential between
D*% and D*” including one light meson (o, 77, w, p) exchange
is considered, we find that in our approach the contribution
from one-7r exchange is equal to zero and consider SU(3)
symmetry breaking. The obtained mass of Y (3940) is con-
sistent with the experimental value.

1 Introduction

The exotic state Y (3940) was discovered by the Belle collab-
oration [1] and then confirmed by the BABAR collaboration
[2]. The investigation of the structure of Y is of great signifi-
cance, while the conventional cc charmonium interpretation
for this state is disfavored [3]. Then possible alternative inter-
pretations have been proposed, such as hadronic molecule
and tetraquark states. Following the experimental results, it is
suggested in Ref. [4] that the Y (3940) is a hadronic molecule
state of D*0D*0. However, in previous work [4], the numer-
ical result of the binding energy for the molecule state sensi-
tively depends on the value of typical cutoff in the effective
interaction potential between two heavy vector mesons, and
these two heavy mesons are considered as pointlike objects.
Furthermore, the spin—parity quantum numbers J© of the
Y(3940) are not unambiguously determined in experiment,
except for C = 4. The molecule state hypothesis implies
that the quantum numbers of Y(3940) are 0 or 2, but Ref.
[4] cannot deduce the definite quantum numbers in theory.
Though the general form of the Bethe—Salpeter (BS) wave
functions for the bound states consisting of two vector fields
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of arbitrary spin and definite parity has been given in Ref.
[5], we find that the derivation of this formalism has a seri-
ous defect. In this work, the general formalism is firstly cor-
rected. Then we assume that the Y(3940) state is a molecule
state composed of two heavy vector mesons D**D*” and
the revised general formalism is applied to the investigation
of this two-body system. To construct the interaction kernel
between two heavy mesons derived from one light meson (o,
7, w, p) exchange, we consider that the heavy meson is not
a pointlike particle but a bound state composed of u-quark
and c-quark and then investigate the light meson interaction
with the u-quark in the heavy meson. Through the form fac-
tor we can obtain the light meson interaction with heavy
meson and the potential between two heavy mesons with-
out an extra parameter [6,7]. Obviously, this potential in our
approach contains more inspiration of quantum chromody-
namics (QCD). Finally, numerically solving the relativistic
Schrodinger-like equation with this potential, we can obtain
the mass of the molecule state and then deduce the definite
quantum numbers of the Y(3940) system.

In this work, one-m exchange is considered in the interac-
tion kernel between two heavy mesons. When investigating
this pseudoscalar meson interaction with the u-quark in the
heavy meson, we find that the coupling & = igruysum
should have no contribution to this interaction and represent it
as the derivative coupling Lagrangian &7 = i frity, ysud, .
In this approach we find that one-7 exchange has no contri-
bution to the potential between two heavy vector mesons.
Besides, it should be noted that the flavor-SU(3) singlet and
octet states of vector mesons mix to form the physical w and ¢
mesons, so the exchange mesons between two heavy mesons
should not be the physical mesons but rather the singlet and
octet states. Then in the interaction kernel between two heavy
mesons SU(3) symmetry breaking should be considered.

This paper has the following structure. In Sect. 2 the
revised general form of BS wave functions for the bound
states composed of two vector fields with arbitrary spin and
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definite parity is given. In Sect. 3 we show the BS wave func-
tions for the molecule states of D*YD* with J¥ = 0% and
27F. After constructing the interaction kernel between two
heavy vector mesons, we obtain the Schrddinger type equa-
tions in instantaneous approximation. In Sect. 4 we show how
to calculate the form factors of the heavy meson D*. Then
the interaction potential and the mass of Y are calculated.
Sections 5 and 6 give our numerical result and conclusion.

2 Revised general form of the BS wave functions

If a bound state of spin j and parity 1 ps is composed of two
vector fields with masses M and M>, respectively, its BS
wave function is a 4 x 4 matrix

Koy @ 60 = (OIT A, (2D A () P, ), (1)

which can be written as

Xy 015 35) = X g G, 2)

where X' = nyx] + n2x5, x" = x| — x5 and n; > are two pos-
itive quantities such that n; » = M; 2/(M; + M>). Then one
has the BS wave function in the momentum representation

X){-[(Pl’ I’/) = /d4x/e_ip -+ X;,,()LT)()C/), 3)

where P’ is the momentum of the bound state, p’ is the rel-
ative momentum of two vector fields and we have P’ =
Py + p5. p' = map| — niph; pj and p; are the momenta of
two vector fields, respectively. This is shown in Fig. 1.

The polarization tensor 7, ,,....; describing the spin of
the bound state can be separated,

X}{T(P/v P/) = 77M1/L2-~-ujX;u,uz-uuj)»r(Plv P/), 4)

and the polarization tensor is totally symmetric, transverse,
and traceless:

/
Mpipa— = Nuapr-= Py Mg =00 My, =0 (5)
p'=mP+p
D"
74 (P'.pY)
D"
py'=mP-p'

Fig. 1 Bethe—Salpeter wave function for the bound state composed of
two vector fields

@ Springer

Because of Eq. (5), xu.-- jrT is totally symmetric with
respect to the indices u1, ..., ;. It is necessary to note that
the polarization tensor 7, y,...; of the vector—vector bound
state should contain all contributions from the spins of two
vector fields and then ;... 1At should be independent of the
polarization vectors of two vector fields. Therefore, from the
BS wave function (1) and Lorentz covariance, we have

Xpp-pjrt = p;“ "'17//4_/- [gac f1 + (P)(.p‘/[ + P;P&)fz
+ (P py — PLp3) f3 + PP fa =+ Pl p f5]

+ (Pluy Pl 8 AP + Pl Py 8unye P fo

+ (Pl Py, 8uiyPe = Pluy " P, 8yt P 7

+ (Pl P//tjg/tl}kpz, + Pl P;l_,gm}f P) f3

+ (Pl P8 Pr = Py P 8uaye P fo

+ Py e Py rese P PLfio

+ Pl Ppuy€unlace P

+ Plyuy "+ Py €niniae P12

+ (Pl P,/t_,em}xggpéPép;

+ Plyuy Py €miese P PP f13

+ (Plyy Py €minge Pe P %

= Pl PluyGunyesc Pe P pi) fia

+ (Pl Py €miags P PPy

+ Plyy Py €miyese P PE P fis

+ (piuz ' "p;Ljfm})»E;péPéPr/

— Pluy P, €unyesc PEPLP) fro, ©6)
where {1, ..., u;} represents symmetrization of the indices

M1, ..., ;. There are only 16 scalar functions fi(P' -
P, pA) (G =1,...,16) in (6). In Ref. [5] the derivation of
Eqgs. (6, 7) has some errors, and they have been revised as (6)
in this paper. From the massive vector field commutators for
arbitrary times x/,, and x},

[Ax(x]), Ac(x))] =0 for My # M,

09,0
[A2(x)), Ac(xh)] = i (m - *—2) N (x} — x})
Mj
forM; = M,

where the right side of second equation is a c-number func-
tion; we may write

(01T Ay (xD AL (5P, j) = (01T A (x5) A (x| P, ).
(N
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So we see that in the momentum representation the BS wave
function of two equal or different vector fields is invariant
under the substitutions p| — p} and p) — p},ie.,

X (P, p) = xL(P, —p. ®)
This invariance is similar to crossing symmetry, which
implies that the scalar functions in Eq. (6) have the following

properties: for j =2n, n=0,1,2,3...,

fi(P - p PP =+fi(=P - p pP)

i=1,3,4,56,91012,14,15, (9a)
fi(P - p p?)=—f (=P - p. p?

i=2,7,8,11,13, 16, (9b)
and,forj=2n+1,n=0,1,2,3...,
fi(P/ . P/, p/z) — +fl_(_P/ . P,, p/2)

i=2,7,8,11,13, 16, (9¢)
fi(P - p p?) =—fi(—=P' - p p?)

i=1,3,4,56,91012,14,15. (9d)

Then we will reduce the general form without any assumption
and approximation.
For the interacting massive vector field A, (x), the true
equation of motion is
2 .
Ofy — MyA, = —2gju,

where the field strength tensor f,, is antisymmetric, M4 is
the vector field mass, and g is the coupling constant. Because
Juu 1s a conserved current, one can obtain that A,, with inter-
actions should satisfy the subsidiary condition 9, A, (x) =0
[8]. Using this subsidiary condition for the massive vector
field and the equal-time commutation relation, we get

T AL(XD A (x)) = 9 T Az (x]) Ar (xp) = 0.

The proof has been given by Ref. [5]. The BS wave function
in Eq. (1) obeys this relation:
(01T Ay (x) A ()| P, )

= 9 (01T Ay (x)) A7 (x5)| P, j) =0,

and in the momentum representation

Puxi (P, p) = phxi (P, p)=0. (10)

Substituting Egs. (4) and (6) into (10), we obtain a set of
independent equations, for j = 0,

A+ P?*+P - pY(fot+f)+mP - p'+pHfs =0,
mA+mP - p +pH(fr— )+ P*+P - p)fa =0,

mfi+mP - p' — PPt f5)+mP? = P - p) fs=0,
(11a)

and, for j # 0,

fimP*+ P - pY(fa+ f3)
+mP P+ P s+ il e+ jlf1 =0,
mf+mP - p +pH(H— 1)
+mP*+ P - pfa+jlfs+jlfo=0,
mfi+mP - p = pH(fa+ f3)
+(mP? =P - pfs—jlfs+ jlfo=0,
mP' - p' +p>)(fs — f1)
+(mP?+ P - p)(fs — fo) =0,
P p' = p)(fs+ f7)
+(mP* =P p)(fs+ fo) =0,
mfii— fi+ mP' - p' + p?(fiz — fia)
+mP?*+ P - p)(fis — fie) =0,
—mafit — fiz + (P - p' = P (fi3
+f1a) + (P — P"- p)(fis + fie) = 0.

For the sake of simplicity, we introduce ¢ 2 and 1 to replace
fa5 and fio, respectively, for j = 0,

(11b)

/

fa=—mmeér + mmammP? —mP - p
+mP - p = p?) =iy P? = 2mP - p + p?)
— i P? +2m P - p'+ pP)lgn,

fs=¢1 —[mmP*—mP -p +mP - p' —p?
+ i P* 4+ 2mP - p'+ )
+ (i P? = 2mP" - p' + p)ga.

Sfio =1,

and introduce ¢ 23,4 and ¥ 2 34,5 to replace f4567 and
J10,13,14,15,16, Tespectively, for j # 0,

/

fa = —mme1+ImmmmP? —mP - p
+mP - p = p?) = i3 P —2mP - p'+p?)
— 3y PP+2m P p' 4+ p)o+m (mP' - p/
— 3 —m(m P p'+p)a,
fs = ¢1 — [mmP* —mP - p'+mP - p' —p?
+ @} PP+2m P - p +pH)+ WP — 2P
+ 02 — P = P pgs — P+ P pga,
fo = P?+2mP" - p'+p*(P? — P p)gs
+ M P* = 2mP - p'+ P PP+ P pgsl/ (250,
f1 =W} P?+2m P - p'+p®YP? — P - p)o3
— (B P* = 2mP - p'+pP 1 PP+ P pgsl/ 20,
Sfio=v1, fiz=v2, fuu=v¥3 fis=vs, fie= s,

@ Springer
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where ¢; (P’ - p’, p’*) and y; (P’ - p/, p'?) are independent
scalar functions. Solving the set of equations (11), we see
that f1.2,3,8,9,11,12 are the functions of ¢; and y;: for j = 0,

fi=mmP? =P -p' +mP - p —p

+ TP +2m P P+ p?)Y 3 P =2 P - '+ p)n.
fo=(m —m)1/2+ [z — n)(mmaP* —m P~ p/

+mP - p = p2—mP? —2mP' - p'+ p”?)

+ (i P+ 2m P - p + p)len.
f3=—¢1/2—(mmP*—m P'- p'+mP - p'—p?)$/2,

and, for j # 0,

fi = mmP? —mP - p'+mP - p — pHe
+ i PP 4+2m P '+ pY 3PP =2 P - P+ p )¢,
fo= (= m)$1/2+[(2 — n)um P> — i P’ - p/
+mP - p = p?)/2—mm3P? = 2P - p'+p')
+ma(f PP +2m P’ p'+p) g
+ 10 —n)mmP? = P - p'+mP' - p' — p?)/2
— i P? = 2mP' - p'+p)1gs
+ [ — n)(mmP? =m P - p'+mP - p' — p?))2
+ (i PP 420 P p'+p™)ga,
fr=—¢1/2— (mmP?* —mP - p'+mP - p
— P (@2+¢3+64)/2,
fs=[=MiP?+2n P p'+p) (P - p' — p"*)e3
— (I P? =2mP - p'+p Y P’ p'+p)hal/251),
fo=[=@iP*+201 P - p'+p?) P - p' — pHg3
+ 3 P = 2m P p'+pP )Y P’ p'+p)al/ (251,
fit=@mP - p —mP - p = 2p")n+(P - pYs
+ (mP? —mP* = 2P p'YYu+ P s,
fiz = QmmP - p'+mp —mp v — pys
+ @ P?+mP - p =P’ P — (P p)ys.

Then the BS wave function of the bound state becomes

=0
Xl (P, p)) = Tho + Tho + €nese P PV, (12)
j #0
X}{f (P/’ P/) = Nuy-pj [PZ;,I : "p:/.j (T)Llr(pl + T)\2r¢2)
3 4
+ T3 + Tiotba + Py, - Py €anse P PLYN

F T + T + T s + T 5], (13)

where

T = mmP? —mP - p +mP - p' — pHgir
— (mm Py P, + mP,p, —nip, P, — pipo).

@ Springer

TE = (i P +2m P - p'+pP 3P —2mP - p'+pP)gie
+ mmP? —mP - p' +mP - p —p?)
x (mmna Py P} — 01 Py py, 4+ nap; P, — pypy)
— (@mP? =2mP - p' + p* (i PP} + m P, p,
+ 1 p) P, + p5py)
— i P* +2mP - p' + p?)(m P, P]
— m P p, — mp; P+ P} py),

1
T = FPEM < Pl & (NP 20 P’ pl + p?)

x [P = 2mP" - p' + P P' + p')e

— (mmP?=m P p'+mP - p'—p?) (P —p)]
— Py P L P = 2m P p o+ p?)

x (1; PP, +m1 P py, + mp, P + pj.py)

— mmP? =P - p +mP - p —p?

x (mmP{ Py — m Py py +mpi Py — pipp)l,

Tfr B %piuz e P;t,-gul}r(nﬁP/z —2mP - p' + P/z)
x [(mmaP? —mP - p +mP' - p' —p?)
x (mP"+ p'
— P+ 20 P - p 4 p PP = p)il
=Py P L P2 20 P pl 4 )
x (15 PP, — m P} pl, — map} Py + p}p})
— mmP? —=mP - p +mP - p —p?
x (mn2 Py PL — 11 Py py +mpi Py — pipp)l,

T = P - p' = m P p = 2p)pl, - Pl €upice P
+ @mmP" - p'+mp?—mppl, Py €mipaee Py
+ Plyuy Py €unec P PLpy + Dl
P €nyeee Pe PP

TS = (P~ p)p{, -+ P €uniace P
_ p/2pilu2 . p[/ijeﬂl})tféf PS/
+ pi/tz T p;LjGMI})»SQ“péP{/p/r

/ / / ./
T Pluy " PuyCmiric PePepys

Tl = mP? = mP? =2P - p)pl,, Pl e P
+ @mmP? +mP - p =P ppl,,
C Py €unaee P Py o Py €unnec Pe PPy
+ Pluy - Py €miesc Pe PPy
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T =P /ZPEM PLjem}xrsPé

— (PP, P;LjEM}ug P

+ pEMZ T pILIEMI})L‘i:;péPQ{P;

/

= Pluy " Py €meec P P Py

This derivation makes use of the fact that P/, p’, and
Ny, are linearly independent. In Ref. [5] Eqs. (18-19)
are wrong, they are revised as (12) and (13) in this paper.

Now, under space reflection

x; = x] = —x{, x)=x(
one has
PA, (P! = 255 A (1),
-1 0 0 0
o |
0 0 0 1
P0) = 10), PIP', j) =npI|P", j),

with x” = (=X, x{)) and P” = (P, P)).
We obtain the properties of the BS wave function under
space reflection from Egs. (1) and (14):

Xy K15 X5) = 01 Pog P Koy (K15 X3) (15)
and in the momentum representation
X2 (P, p') = np Prg Pec xi (P, p). (16)

From (4), (6), (12), (13), and (16), it is easy to derive, for
npr = (=1)J,

X)\T (P )4 ) = T)Lrﬁbl + TAT¢2’ (17)
0
X){zé (P'.p) = nM]"'Mj[p/,Ll "'puj(T)»lrd)l + T)»2r¢2)
+ T3 .63 + Ty ¢al, (18)
and, for np = (—1)/H1,
X0y = rcer Pe PLN, (19)

0
KL P D) = Mgy (P, Pl e PEPLY
F T+ T s + T s + TS s).
(20)

The general form of the BS wave functions for the bound
states composed of two massive vector fields of arbitrary
spin and definite parity is obtained. No matter how high the
spin of the bound state is, its BS wave function should satisfy
Egs. (17), (18), (19) or (20). From (17) and (18), we conclude
that the BS wave function of a bound state composed of two

massive vector fields with spin j # 0 and parity (—1)/ has
only four independent components and that of a bound state
with J¥ = 0% has only two independent components. From
(19) and (20), we conclude that the BS wave function of
a bound state with spin j and parity (—1)/*! has only five
independent components except for j = 0 and one for j = 0.
Up to now, all the above analyses are model independent.
In the next section we will apply the general formalism to
investigate molecule states composed of two vector mesons.

3 The extended Bethe—Salpeter equation

Assuming that the Y(3940) is a S-wave molecule state con-
sisting of two heavy vector mesons D* and D*, one can
have JP = 0% or 2% for this system. [4] From Egs. (17)
and (18), we can obtain the BS wave function describing this
bound state, for J© = 0,

.
WP p) =T F 4+ TA R, 1)
or, for J¥ =27,

N
Xor (' p) = 0y [P}y, Py (TG + T Go)
+T7.G3 + T}, Gal. (22)

The BS wave function of this bound state satisfies the equa-
tion

x0.c (P, p)
d4q/
o )4AFAa(p1)Va0 g (P’ q's P xo (P, q")Apge (ph),

(23)

where Vyg g is the interaction kernel, we have the propaga—

tors for the spin 1 fields A py (p}) = (Sxa—kp“pl‘”) ,2+M2_16,

2 Pr
Arpe(py) = (e + 0 ) s

momentum is set as P’ = (0,0, 0,iM) in the rest frame.
In Ref. [5], we have considered that the effective interaction
between two heavy mesons is derived from one light meson
(0, w, p) exchange and obtained the result that the molecule
state D*0D*0 lies above the threshold. In this work, one-7
exchange is also considered and one-w exchange is recon-
sidered, shown as in Fig. 2.

Now, we construct the kernel between two heavy vector
mesons from one- exchange. The charmed meson D* is
composed of a heavy quark ¢ and a light antiquark . Owing
to the large mass of the c-quark, the Lagrangian representing
the interaction of -meson triplet with quarks should be

70 V27t 0 u
27~ 70 0 d],
0 0 c
(24)

and the bound state

ZLy=igz (a d )ys

@ Springer
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iy K
P Py
k
a' q,'
D D"

Fig. 2 The light meson exchange between two heavy mesons

or

L =ife (@ d ¢)yuys
auno ﬁ&ﬂr* 0 u
x| V23,7~ —3,7° o] |d]. (25)

0 0 0 c

where g, and f; are the w-meson—quark coupling constants,

gr = % [9]. Because the contribution of Fig. 2 is from the

term iitysmOu or iy, ysd,m u, we set fr = 2 and m,
is u-quark mass. Then the effective quark current is J~ =
iuysu or J;j‘ = iuy,ysu and the S-matrix element between

two heavy mesons is

1
Va = g2 (VDI TIV@D) gy (VPRI TIV (@),
(26)

or
2 / + ’ J—
Ve = f7(V(PDIJ, |V(611)>kuk2 +m2

x ky (V(POIITIV (gh)), (27)

where (V|J7|V)and (V|J lj‘ | V) represent the vertices of the
pseudoscalar meson interaction with the heavy vector meson,
respectively. The matrix elements of these quark currents can
be expressed as

R , 1
(VipplJ |V(ql)>_\/2E1(p,1)\/2El(tIi)
X 1 (k) eabed PLad1pEE (P)Ea(q)), (28)
VDI IV(g)) = — e
2,/ E2(py) E2(q3)
X h™ (kK*)earca Pha @y € (P (@), (29)

VDIV @)

1
P epaee (Db @) P+ e

2 JEN)E@))

(30)

@ Springer

(V(IPDILT IV (9h))
1 _
= —————iPE)esaeey ey (@) (Ph+a3)e
2,/Ep (PQ)EZ(L]z)

(3D

where p| = (p',ip|o). Py = (=P, ip). 41 = (', iq]p).
g5 = (—=q',ig5y), k = p} —q{ = g5 — p) is the momentum
of the light meson and k = p’ —q’; 1 (k?) and /i (k?) are scalar
functions, the four-vectore(p) = (e+#}3f+w, i %)
is the polarization vector of heavy vector meson with momen-
tum p, Eg(p) = /p*> + M?,, (&, 0) is the polarization vec-
tor in the heavy meson rest frame. In our approach, con-
sidering that the exchange meson is off the mass shell, we
calculate the meson—meson interaction when k> % —m? and
the heavy meson form factors h(k?) and h(k?) are neces-
sarily required. In Sect. 4, we will show that for the form
factors A~ (k?) = h~ (k%) = 0. Then the effective interac-
tion from one-m exchange should have the form given by Eq.
(27). Cutting the external lines containing the normalizations
and polarization vectors € (p}), €0(q}), 873‘ (P5), e (q), we
obtain the interaction kernel from one-w exchange

VI 5 q's P = f207 (D) epase (D) + a])cky
1 (P2
thl (k )Evﬂkc’
x(ph + qh)crky. (32)

Then we reconsider one-w exchange between two heavy
vector mesons. In hadronic physics, the physical @ and ¢
mesons are linear combinations of the SU(3) octet Vg =
(uit + dd — 255)/+/6 and singlet Vi = (uit +dd + 55)//3
as

¢ = —VgcosO + Visinf, w = Vgsind + Vicoso, (33)

where the mixing angle 6 = 38.58° was obtained by KLOE
[10]. Because of the SU(3) symmetry, we consider that
the exchange mesons are not the physical mesons and the
exchanged mesons should be the octet Vg and singlet V;
states. From Eq. (33), we can obtain the relations of the octet—
quark coupling constant gg and the singlet—quark coupling
constant g

8¢ = —gscost + gisinf, g, = ggsinf + gjcosh, (34)

where g, and g4 are the corresponding meson—quark cou-
pling constants, gZ) = 2.42 and gq% = 13.0 [11]. Since the
SU(3) is broken, the masses of the singlet V| and octet Vg
states are approximatively identified with the two physical
masses of w and ¢ mesons, respectively. The interaction ker-
nel derived from one scalar meson exchange and one vector
meson exchange has been given in Ref. [5], and the kernel
from one light meson (7, o, p, V1, and Vg) exchange becomes
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Vae,ﬁx(l?/, q/; P/)
= hip)(kz)é,mec(Pi + q;)ckp,

fz p(p) 2
k2 +ﬂm%hl (k )GU,BKC’(P/Q + qé)c/kv

2
+h (kz)kZi#h?) (k)840 85,
o

+ ( 5 + éi + & )
k2 4+my okt mg k24 mg
x (n (R KD () + 1) - (P + a5)5as8p1
— 1 (DS (k)saoldsp (P] + a]
+(Ph + aDpphd — B (DR (KD)glo (P + gh)e
+ (Ph + @)aPiolope + 15" kMRS (kD)) pdox
+ q14808 P + 8a Pgdap + Sap Do P} (35)

where k = (k, 0).

Firstly, we assume that the Y (3940) is amolecule state with
JP = 0%. Substituting its BS wave function given by Eq.
(21) and the kernel (35) into the BS equation (23), we find that
the integral of one term on the right-hand side of (21) has a
contribution to the one of itself and the other term. Moreover,
the cross terms contain the factors of 1/ M 12 and 1/M?2, which
are small for the masses of the heavy mesons are large. It is
difficult to strictly solve the BS equation, and in this paper
we use a simple approach to solve it as follows. Ignoring the
cross terms, one can obtain two individual equations:

id*q’

fxlf(P’-p’,p’z)=/(2ﬂc)]4
1 / r 2 /

X Foc (P -q',q)AFrgc(p3), (36)
-d4 /

td'q
FL(P'-p.p? = WAm(pa)vae,ﬁK(p’, q; P

x Fag (P -q' ¢ Apgc(ph),  (37)

Aria(PDVao, e (P’ q"s P)

where 7} (P’ - p', p?) = TL Fi(P'- p', p'*) and F} (P’ -
P, p? = TELF(P' - p', p?). Solving these two equa-
tions, respectively, one can obtain two series of eigenval-
ues and eigenfunctions. Because the cross terms are small,
we can take the ground state BS wave function to be a lin-
ear combination of two eigenstates f/\lg(P’ - p',p?) and
FH(P' - p', p”) corresponding to the lowest energy in
Egs. (36) and (37). Then in the basis provided by fxlg(P’ .
P p?) = TLFio(P - p'.p?) and FP' - p',p?) =
TAZTFQO(P/ - p', p’®), the BS wave function X;?: is consid-
ered as

.
Yow (P p) = el FZ(P1-pl p)+ea Fi2 (Pp', p). (38)

Substituting (38) into the BS equation (23) and comparing
the tensor structures in both sides, we obtain an eigenvalue
equation,

aFio(P - p', p* =

X

+

X

1 1

id'q' [ 2 & s
Ao - AN
(2n)4{ i )k2+mg &

{

2
( g, gt g

k% 4 m2 +k2+m§) +k2+m

(P4 aD) - (ph + b)) + 208 Y ()

P+ M} —ie p?+ M3 —ie

; ){hi“’ k" (k)
¢

X [(q] - gy — (g} - P1+ 20 &R (D[] - ¢3)

X

_|_

X

o Fa(P' - p',p

PP M} —ie pf 4 M3 —ie

(» 'fié)]}}clflo(P/ 4.9

+
Qm\k2+m3 k2 +m k4 m}
2n}" 6y (et ey — af (P - a))]
213" kA 6)afas — a5 (P} - 4D}

2 Fa(P' - ¢, q’2>},

/2)

. 2
ld4q/< 8 g’ g )

(39a)

1

1 1 { id*q’

X( g N g g2 )
k2 tmy k2 +mg k24 myg
V) 1.2v7(V) 1.2 ’ ’ / /
x {hy " (k5)hy " (k) [(py - )4 - q2)
— (P} -] - pOT+ RS (DAY (k)
x [pi - (P2 +92)as - (g1 — P
— (M + (P} - a5 - (Phy + g1}
idYq 1
Fio(P' - /’ 2 l__
xc1Fo(P -q,q97) + (2n)4M12p§2
2
$) .2 8 7(8) 1.2\ 27 ag2
x {hgﬂ(k T Y (g M

2

2 8p 8
+ (p1-q) — a1+ +
(Pr-q1) = qr] k2 +m2 k2 +m2

- ﬁ){h@ &R K3 (P + )
x (ph + @2 IME + (pl - q})

— g1+ )RS (k)

x [M{(q] - ) (P - 45) — Miq5 (ph - qf)
+4745 (pl - ph) — af (P} - qb)

X (P - )]+ hS DA ()

Qm)* M7 p?
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x g2 Ipy - (Ph + a5 - (q) — ph)
— (M} + (p} - aD)q) - (Ph + qé)]}}

x c2Fa0(P' - ¢, q’2>}, (39b)

where the eigenvalues are different from the eigenvalues in
(36) and (37). From this equation, we can obtain the eigenval-
ues and eigenfunctions which contain the contribution from
the cross terms.

Comparing the terms (17112 P P, + m2 P, py, — n1p; P} —
P, Py) in the left and right sides of Eq. (36), we obtain

1 1
PP+ M} —ie p + M3 —ic

Fi(P'-p,p* =

% id4q/v r R
a1 g POFi(P -q.q7), (40)
(2m)

where Vi(p', q’; P") contains all coefficients of the term
(mn2 Py P, + m P, p,. — mp; P} — p; p,) in the right side
of (36). In this paper, we set k = (k, 0). Then the fourth
components of momenta of two heavy mesons have no
change: piy = qjg = Ei1(py) = Ei(q)), pyy = 439 =
Ex(p) = Ex(gh). To simplify the potential, we replace
the heavy meson energies Ei(p)) = Ei(q)) — E| =
(M> — M3 + M})/2M), Ex(py) = Ea(g)) — Ex =
(M2—M12+M22) /(2M). The potential depends on the three-
vector momentum V(p’, ¢’; P') = V(p’, ¢/, M). Integrat-
ing both sides of Eq. (40) over p; and multiplying by
(M + w1 + @)(M? — (w1 — w2)?), we obtain the the
Schrédinger type equation

b2 M 2
D2 )
2R 2R

d3k
— mVlO*(p/, KW (p', k). (41)

and the potential between D** and D** up to the second
order of the p’ /My expansion

WE) g )
2E; kK2+mk 2E;
2

2 2

8 8 8

h(V) k2 |4 1 8
) k2+m%+k2+m2)+k2+mé

+
v, k) =

B 4 2 5k2
x i (k) [—1 - L] , 42)

4E\Ey

where W0 (p) = [ dp{Fi(P'-p, p'), uxr = E1E2/(E1+
Ey) = [M* — (M} — M3)?1/(4M?), B2(M) = [M?* —

(M +M2)*|[M? — (M) — M2)*]/(4M?), 01 = |/p? + M}
and w» = ,/p? + M3. Comparing the terms (n} P} P} +

@ Springer

mP;, p; + nip;, P, + p, p,) in both sides of Eq. (37), we
obtain

1 1
PEF(P - p', p?) =

P+ M} —ie pi? + M3? —ic

id*q’
(2m)*

x Va(p', q's PR Fo(P -4, q'). (43)

Setting \IJSJr (@) = [dpypF2(P" - p’, p'?), we obtain the
Schrodinger type equation

BOD 2% ) o )
2R 2ur ) ?

d3k
= WVZ‘“ @, 0w (@, k) (44)

and the potential between D** and D*O up to the second
order of the p’/ My expansion

hOE?) g2

() 2
VO (p k) = hy ) 1 — K
S 2E; K2+m2 2E, M}
2 2 2
8 81 83
+h ) [ s+ +
! k2mg kK +mg, K2 4mg

_ 2 2 2k2 2 2 2k2
x B () [—1— p r A

4M? 4E\E>
(45)
In instantaneous approximation the eigenfunctions in Egs.

(36) and (37) can be calculated and the eigenvalue equation
(39) becomes

by (M)
2 —h Ho ) =0 46
b%O(M) C/ — Y ( )
H21 ZM—R - )\, 2

where we have the matrix elements

3
.
Hip = Hy = /d3p/‘lj?o (P’)*/

k
A ()

(27)3
2
N . g g
k2 tmy k2 +mg k24 my
x E(V)(kZ)k—2\y°+ @, k) (47)
1 E1E2 20 ’ ’

and b7,(M)/(211g) and b3, (M)/(2ug) are the eigenvalues
corresponding to lowest energy in Egs. (41) and (44), respec-
tively; \IJ?J and \I'gg are the corresponding eigenfunctions.
In (42), (45), and (47) the contribution from one-7 exchange
to the potential between two heavy vector mesons has van-
ished, but we still give the heavy meson form factors 4P (k%)
and 7P) (k) in Sect. 4. Then applying the method above, we
can investigate the alternative J© = 2% assignment for the
Y state.
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4 Form factors of heavy vector mesons

To calculate these heavy vector meson form factors h(k?)
describing the heavy meson structure, we have to know the
wave function of the heavy vector meson in instantaneous
approximation. The heavy vector meson D*" is regarded as
a resonance and its three-vector wave function in the rest
frame has been given [5]:

q;V( ) = 27i 1
p)= NV docwy,
—2p2—Mlz—m%+2M1wC+l"2/4+(M1—wc)ir
exp "
D*0

|:—M1 + we —wy —il'/2
X

M| —we —wy +iT/2 j|
(M) —wc+wy)? + T2 /4

(M) — wc _wu)z + F2/4
p’ 2, 2 (M T
X ?—l—wal —w; +T7/4+memy +i T—wcl"

—op2 — m2 2
— exp <p2“> ([)3 — w% + Miwy, + memy

wD*O
M| —we —wy +i/2
X
(M) — we — o) +T2/4

} V3p, (48)
where p is the relative momentum between quark and anti-
quark in the heavy meson, P is the unit momentum, NV is
the normalization, wp«0=1.81GeV [12], I' is the full width
of resonance, and w, , = /p? + m,, and m,, are the con-
stituent quark masses.

In this paper, we emphatically introduce the form factors
h~ (k%) and AP (k?) derived from one-7 exchange, while
h®) (k%) and h") (k?) have been calculated [5]. Firstly, the
matrix element of the quark current J~ = iuysu between
the heavy meson states (H) has the form [13,14]

(H()IJ~(0)|H(P))
B d3qd3p

= | Gy Yo @I @ 0¥ ®),

(49)

where I"(p, q) is the two-particle vertex function and W g is
the heavy vector meson wave function boosted to the mov-
ing reference frame with momentum Q. In Fig. 3 the vertex
function I"(p, q) in the impulse approximation is shown. The
corresponding vertex function of the meson—quark interac-
tion is given by

O (q1)iysva(p)m)*8(qa —p2)  for D,

iy (q)iysuy (p1)(2m)38(qa — p2)  for DO,
(50)

D (p, q>={

where u, (p) and v;(p) are the spinors of the quark u and
antiquark u, respectively,

i (p) = €u(p) +my < 1 ) 0
= e —— o ’
26"‘ (p) Gu(p):)‘mu

i n,c,p,V1,Ve i K,G,P,VVVS

U @ u u @ u
DO D"O 50 50
c c c c

Fig. 3 The vertex function I in the impulse approximation. The light
meson interaction with u-antiquark in D* and u-quark in D*° is shown

_ Eu(p) + my Eu(;)—‘:’_mu
v(p) = | 20 () <1 Ko
with €, o(p) = ,/p? +m2 . and [13,14]

3
P .
pr2= eu,c<p)M—HiZn°><P)p,-, My =eu(p)+ec(p),

i=1

D

3

Q12 = 6u,c(q)M£HiZ n(Q)qi, Mp=eu(q)+ec(q),
i=1

and n® are three four-vectors defined by
. P P; P
n(P) = {5,‘,‘ + ! R },
MulEn(P)+ Mul My

En(P) = /P2 + M3,

In Eq. (50) the first term represents the light pseudoscalar
meson interaction with the u-antiquark in D*0, while the
second term represents its interaction with the u-quark in
D*0. Substituting the vertex function 'V given by Eq. (50)
into the matrix element (49) and then comparing the resulting
expressions with the form factor decompositions (28) and
(29), we find

h~ (k%) =h~(k*) = 0.

(52)

Then the quark current becomes J /j = iuyy,ysu and the
matrix element between heavy meson states has the form

d3qd3p -
Gy Vo @lu. Qv (p).

(53)

(HQIJ O)|H(P))=

and the corresponding vertex function is
0. q) {13,;(q1)iyuy5vg(p1)(2n)38(qz —pa) for D,
P.O=1 _ , ]
g uu(ql)ZVMVSMM(I)I)(ZN)38(Q2 — p2) for D*0.
(54)

The form factors corresponding to one light pseudoscalar
meson exchange are obtained,

hP (k) = h'P (k*) = F3(k%),

@ Springer
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0.08 4

0.06

F, (k%)

0.04

0.02 4

00—
o 1 2 3 4 5 8

K’(GeV?)

Fig. 4 The form factor for the vertex of heavy vector meson D* cou-
pling to 7 meson

VEgM dp - 2
F3(k2): HMH p oV p+ e(p) Kk
Eyg + Mg (27‘[)3 Eyg + Mg

% €(p+k)+my [€(p)+my
2e,(p + k) 2e,(p)

pk

v (p), (55
G+ L ea(p) tmy PO

where W is the wave function of the heavy vector meson
expressed as Eq. (48). The function F3 (k2) is shown in Fig. 4.

Finally, we obtain the potentials between two heavy vector
mesons for J¥ = 0F,

2

VO (' k) = —F1(K2) =27 F (k>
P00 = A0 5 R

— B (k%) s + il + %
k2mp k2 +mg, k2 4mj

vyt k) = —Fl(kz)ﬁmkz) [1 ) 11;_212]
— P (k%) (kz i%m% + K2 f-]zmi - k2 f'gm%ﬁ)
) [1 . 2p’: ;;221(2 212;;;221(2] :
(56)

where F)(k?) and F»(k?) represent the form factors cor-
responding to one light scalar and vector meson exchange,
respectively, which have been given in our previous work [5].

@ Springer

Table 1 Masses of charmed and bottom meson molecule states (in
GeV)

Composite  State J©  This work
D*0p*0 ot 3.947 3.970

2+ 4.142 4.147 4.147 4.152
B*0p*0 ot 10.459  10.476

2+ 10.697 10.699 10.699 10.701
5 Numerical result
We have the constituent quark masses m, = 1.55GeV,

m, = 0.33GeV, the meson masses m, = 0.46GeV, m, =
0.775GeV, m, = 0.782GeV, my = 1.019GeV, mp«w =
mps0 = 2.007GeV, and the full width of the heavy vector
meson "'« = 0.002GeV [15]. Equations (41) and (44) can
be solved numerically with these potentials in Eq. (56), and
then the eigenvalue equation (46) can be solved. Using the
same method, we investigate the molecule state D*9 D*0 with
JP = 2% Additionally, we investigate the molecule states
consisting of two heavy vector mesons B**B*, which are
composed of bottom quark and d-quark. Then we have the
constituent quark masses m;, = 4.88GeV, mg = 0.33GeV,
the meson masses mp«w = mpg«o = 5.325GeV, the width
g0 = 0.015keV, and wg«o = w0 = 1.81GeV [12]. Table
1 shows our results for the masses of these molecule states.

Varying the constituent quark masses m,,, m., mq, mp,
and the full widths of the heavy vector mesons I' p«0, I'gs0
within 5% simultaneously, we find that the ratio of the numer-
ical result difference dependent on these parameters and the
binding energy is at most 5%. Then in our approach the cal-
culated molecule state masses depend on these parameters,
but not sensitively.

For the molecule state D*D*0 with J¥ = 0T, we obtain
two solutions from Eq. (46). The lower energy should be
the ground state mass of this molecule state, which lies
below the threshold, and the calculated mass is consistent
with the experimental data, while in the experiment the mass
of Y (3940) is 3.943GeV [1]. This result is different from
Ref. [5]; this is because in this paper we consider the SU(3)
symmetry. At the same time, the molecule state D*0D*0
with J = 2% lies above the threshold. Therefore, we can
draw the conclusion that if the Y(3940) state is a molecule
state composed of D*0D*0_its quantum numbers should be
JP = 0t. Besides, we can predict that two bottom mesons
B*9B*Y can be bound by one light meson exchange as a
molecule state with J© = 07,

6 Conclusion

In this work, we assume that the exotic state Y (3940) is a
D*0D*0 molecule state and calculate its mass. The revised
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general formalism of the BS wave functions for the bound
states composed of two vector fields is applied to investigate
this issue. Considering one-m exchange and SU(3) symme-
try breaking, we construct the interaction potential between
D*" and D*¥ through the heavy vector meson form factors
describing the heavy meson structure. The calculated mass
of the molecule state with J” = 0% is consistent with the
mass of the Y state in experiment, so we conclude that if
the Y(3940) state is a molecule state composed of D*0D*0,
its quantum numbers should be J¥ = 0F. Adopting this
method, we investigate the molecule states composed of two
bottom mesons.
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