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Abstract The fractional Laplacian (—A)”/? commutes with the primary co-
ordination transformations in the Euclidean space R?: dilation, translation
and rotation, and has tight link to splines, fractals and stable Levy processes.
For 0 < y < d, its inverse is the classical Riesz potential /,, which is dilation-
invariant and translation-invariant. In this work, we investigate the func-
tional properties (continuity, decay and invertibility) of an extended class of
differential operators that share those invariance properties. In particular,
we extend the definition of the classical Riesz potential /, to any non-
integer number y larger than d and show that it is the unique left-inverse of
the fractional Laplacian (—A)?/? which is dilation-invariant and translation-
invariant. We observe that, forany 1 < p < coand y > d(1 — 1/p), there exists
a Schwartz function f such that I, f is not p-integrable. We then introduce
the new unique left-inverse 1, , of the fractional Laplacian (—A)?/? with the
property that I, , is dilation-invariant (but not translation-invariant) and that
1, f is p-integrable for any Schwartz function f. We finally apply that linear
operator I, , with p =1 to solve the stochastic partial differential equation
(—A)"?® = w with white Poisson noise as its driving term w.
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1 Introduction

Define the Fourier transform Ff (or f for brevity) of an integrable function f
on the d-dimensional Euclidean space R? by

Ff&) ::/ e 18 f(x)dx, (1.1)
R4
and extend the above definition to all tempered distributions as usual. Here
we denote by (-,-) and | - | the standard inner product and norm on R¢
respectively.

Let S := S(RY) be the space of all Schwartz functions on R? and S’ :=
S'(RY) the space of all tempered distributions on R?. For y > 0, define the
fractional Laplacian (—A)?/? by

F(=D)f)E) = |lI” FfE), fed. (1.2)

The fractional Laplacian has the remarkable property of being dilation-
invariant. It plays a crucial role in the definition of thin plate splines [4], is
intimately tied to fractal stochastic processes (e.g., fractional Brownian fields)
[8, 12] and stable Levy processes [3], and has been used in the study of singular
obstacle problems [2, 10].

In this paper, we present a detailed mathematical investigation of the
functional properties of dilation-invariant differential operators together with
a characterization of their inverses. Our primary motivation is to provide
a rigorous operator framework for solving the stochastic partial differential
equation

(=A)Pd =w (1.3)
with white noise w as its driving term. We will show that this is feasible
via the specification of a novel family of dilation-invariant left-inverses of
the fractional Laplacian (—A)"/?> which have appropriate LP-boundedness
properties.

We say that a continuous linear operator / from S to §’ is dilation-invariant
if there exists a real number y such that

1, f)=1"8(f) forall feSandt >0, (1.4)
and translation-invariant if
I(tg, [) = 7, (If) forall f eSandxyeR?, (1.5)

where the dilation operator §;, t > 0 and the translation operator ty,, Xg € R? are
defined by (& f)(x) = f(rx) and 7y, f(X) = f(X — Xp), f € S, respectively. One
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Fractional Laplacian and sparse stochastic processes 401

may verify that the fractional Laplacian (—A)?/2,y > 0, is dilation-invariant
and translation-invariant, a central property used in the definition of thin plate
splines [4].

Next, we define the Riesz potential I, [9] by

7d/227y F((d - )/)/2)

b =n r(y/2)

/Rd Ix—ylI”~ fydy, feS,  (L6)

where 0 < y < d. Here the Gamma function I' is given by I'(z) = fooo e de
when the real part Re z is positive, and is extended analytically to a mero-
morphic function on the complex plane. For any Schwartz function f, I, f is
continuous and satisfies

1, fx)] < Cg( sup | F@)|(1 + ||z||)d+f)(1 Fx)’™ forallx e R, (1.7)

zeR4

where € > 0 and C, is a positive constant, see also Theorem 2.1. Then the
Riesz potential 7, is a continuous linear operator from S to S§’. Moreover one
may verify that /, is dilation-invariant and translation-invariant, and also that
I,,0 < y < d,is the inverse of the fractional Laplacian (—A)"/?; i.e.,

L (=AY f= (=02 f=f forall feS (1.8)
because

F, HE) =517 F fE), fesS. (1.9)

A natural question then is as follows:

Question 1 For any y > 0, is there a continuous linear operator / from S to &’
that is translation-invariant and dilation-invariant, and that is an inverse of the
fractional Laplacian (—A)7/2?

In the first result of this paper (Theorem 1.1), we give an affirmative answer
to the above existence question for all positive non-integer numbers y with the
invertibility replaced by the left-invertibility, and further prove the uniqueness
of such a continuous linear operator.

To state that result, we recall some notation and definitions. Denote the
dual pair between a Schwartz function and a tempered distribution using
angle bracket (-, -), which is given by (f, g) = [p f(X)g(X)dx when f, g€ S
(we remark that the dual pair between two complex-valued square-integrable
functions is different from their standard inner product). A tempered dis-
tribution f is said to be homogeneous of degree y if (f.8,g) =t7""¢(f. g
for all Schwartz functions g and all positive numbers . We notice that the
multiplier ||£]|” in the Riesz potential /,, see (1.9), is a homogenous function
of degree —y € (—d, 0). This observation inspires us to follow the definition of
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402 Q. Sun, M. Unser

homogeneous tempered distribution in [7] and then to extend the definition of
the Riesz potential /, to any non-integer number y > d as follows:

_ @m)” I'(d - )/) pho—y+d—1
b1 = k=) /s/ ’

0 . noA
x( - %) (e"“f ) f(ré’))drda(é/), fes,  (110)
where §" ' ={& e RY: ||&| =1} is the unit sphere in RY, do is the area
element on $"~!, and ko is a nonnegative integer larger than y — d. Integration
by parts shows that the above definition (1.10) of I, f is independent on the
nonnegative integer ko as long as it is larger than y — d, and also that it
coincides with the classical Riesz potential when 0 < y < d by letting kg =0
and recalling that the inverse Fourier transform F~! f of an integrable function
f is given by

F ) = @m) ™ / ™8 f(&)dé. (L.11)
Rd

Because of the above consistency of definition, we call the continuous linear
operator I,y € (0,00)\(Z, + d), in (1.10) the generalized Riesz potential,
where Z, is the set of all nonnegative integers.

Theorem 1.1 Let y be a positive number with y —d ¢ Z., and let I, be the
linear operator defined by (1.10). Then I, is the unique continuous linear
operator from S to S’ that is dilation-invariant and translation-invariant, and
that is a left inverse of the fractional Laplacian (—A)Y/2.

Let L? := LP(R%), 1 < p < oo, be the space of all p-integrable functions on
R? with the standard norm || - || p- The Hardy-Littlewood-Sobolev fractional
integration theorem [11] says that the Riesz potential 7, is a bounded linear op-
erator from L9 to L? when 1 < p <00,0 <y <d(1—1/p) and g = pd/(d +
yp). Hence I, f € L? for any Schwartz function f when 0 <y <d(1 —1/p).
We observe that for any non-integer number y larger than or equal to d(1 —
1/p), there exists a Schwartz function f such that I, f ¢ L?, see Corollary 2.16.
An implication of this negative result, which will become clearer in the sequel
(cf. Section 4), is that we cannot generally use the translation-invariant inverse
I, to solve the stochastic partial differential equation (1.3). What is required
instead is a special left-inverse of the fractional Laplacian that is dilation-
invariant and p-integrable. Square-integrability in particular (p = 2) is a strict
requirement when the driving noise is Gaussian and has been considered in
prior work [12]; it leads to a fractional Brownian field solution, which is the
multi-dimensional extension of Mandelbrot’s celebrated fractional Brownian
motion [1, 8]. Our desire to extend this method of solution for non-Gaussian
brands of noise leads to the second question.
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Fractional Laplacian and sparse stochastic processes 403

Question2 Let 1 < p <oo and y > 0. Is there a continuous linear operator
I from S to S’ that is dilation-invariant and a left-inverse of the fractional
Laplacian (—A)Y/? such that 1f € LP for all Schwartz functions f?

In the second result of this paper (Theorem 1.2), we give an affirmative
answer to the above question when both y and y — d(1 — 1/ p) are not integers,
and show the uniqueness of such a continuous linear operator.

To state that result, we introduce some additional multi-integer notation.
For x = (x1,...,xs) € R? and j= (ji,..., ja) € Z% (the d-copies of the set
Zy), we set [jl == il 4+ ljal, jl:= ji! - ja! with O1:=1, xJ :=x]" - x
and 3 f(x) :== 3} --- 3} f(x). For 1 < p < oo and y > 0, we define the linear
operator I, , from S to &’ with the help of the Fourier transform:

3 PFNH©)

Flyp 1) = (FF&) - =6 )lgl . fes. (L12)

[jl<y—d(1-1/p)

which is the natural L? extension of the fractional integral operator that was
introduced in [1, 12, 13] for p =2 and y ¢ Z/2.

We call I, , the p-integrable Riesz potential of degree y, or the integrable
Riesz potential for brevity. Indeed, when both y and y — d(1 — 1/p) are non-
integers, the linear operator I, , is the unique left-inverse of the fractional
Laplacian (—A)?/? that enjoys the following dilation-invariance and stability
properties.

Theorem 1.2 Let 1 < p < oo, and y is a positive number such that both y and
y —d+d/p are not nonnegative integers. Then I, , in (1.12) is the unique
dilation-invariant left-inverse of the fractional Laplacian (—A)"/? such that its
image of the Schwartz space S is contained in LP.

One of the primary application of the p-integrable Riesz potentials is the
construction of generalized random processes by suitable functional integra-
tion of white noise [12-14]. These processes are defined by the stochastic
partial differential equation (1.3), the motivation being that the solution should
essentially display the same invariance properties as the defining operator
(fractional Laplacian). In particular, these processes will exhibit some level
of self-similarity (fractality) because I, , is dilation-invariant. However, they
will in general not be stationary because the requirement for a stable inverse
excludes translation invariance. It is this last aspect that deviates from the
classical theory of stochastic processes and requires the type of mathematical
safeguards that are provided in this paper. While the case of a white Gaussian
noise excitation is fairly well understood [12], it is not yet so when the driving
term is impulsive Poisson noise which leads to the specification of sparse
stochastic processes with a finite rate of innovation. The current status has
been to use the operator I, to specify sparse processes with the restriction
that the impulse amplitude distribution must be symmetric [14, Theorem 2].
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404 Q. Sun, M. Unser

Our present contribution is to show that one can lift this restriction by
considering the operator [, ;, which is the proper inverse to handle general
impulsive Poisson noise.

To state our third result, we recall some concepts about generalized random
processes and Poisson noises. Let D be the space of all compactly supported
C* functions with standard topology. A generalized random process is a
random functional ® defined on D (i.e., a random variable ®( f) associated
with every f € D) which is linear, continuous and compatible [6].

The white Poisson noise

w(x) := Z apd (X — Xp) (1.13)

keZ

is a generalized random process such that the random variable associated with
a function f € D is given by

w(f) =Y ar f(x0), (1.14)

keZ

where the ai’s are i.i.d. random variables with probability distribution P(a),
and where the x;’s are random point locations in R” which are mutually
independent and follow a spatial Poisson distribution with Poisson parameter
A > 0. The random point locations x, in R” follow a spatial Poisson distribution
with Poisson parameter A > 0 meaning that for any measurable set £ with
finite Lebesgue measure | E|, the probability of observing n events in E (i.e.,
the cardinality of the set {k| x;, € E} is equal to n) is exp(—A|E|)(A| E])"/n!.
Thus, the Poisson parameter A represents the average number of random
impulses per unit.

As the white Poisson noise w is a generalized random process, the stochastic
partial differential equation (1.3) can be interpreted as the following:

(@, (=N f) = (w, f) forall feD. (1.15)
So if 1 is a left-inverse of the fractional Laplacian operator (—A)/2, then
d=T'w (1.16)
is literally the solution of the stochastic partial differential equation (1.3) as
(IF'w, (=AY fy = (w, [(=A)? f) = (w, f) forall feD, (1.17)

where I* is the conjugate operator of the continuous linear operator / from S
to S’ defined by

(I"f,g) .= (f, Ig) forall f,geS.

The above observation is usable only if we can specify a left-inverse (or
equivalently we can impose appropriate boundary condition) so that [*w
defines a bona fide generalized random process in the sense of Gelfand and
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Fractional Laplacian and sparse stochastic processes 405

Vilenkin; mathematically, the latter is equivalent to providing its characteristic
functional by the Minlos-Bochner Theorem (cf. Section 4). The following
result establishes that P,w := I7 jw is a proper solution of the stochastic
partial differential equation (1.3), where w is the Poisson noise defined by

(1.13).

Theorem 1.3 Let y be a positive non-integer number, A be a positive number,
P(a) be a probability distribution with fR lald P(a) < oo, and I, be defined as
in (1.12). For any f € D, define the random variable P, w associated with f by

Pyw(f) =Y arl, 1 (f)(xc) (1.18)
k

where the ay’s are i.i.d. random variables with probability distribution P(a), and
the xi’s are random point locations in R" which are mutually independent and
follow a spatial Poisson distribution with Poisson parameter A. Then P,w is the
generalized random process associated with the characteristic functional

Zp,u(f) =exp (A/ / (et DO l)dP(a)dx), feD. (1.19)
R4 JR

The organization of the paper is as follows. In Section 2, we first introduce
a linear operator Jq for any homogeneous function Q € C*(R%\{0}) of degree
—y,where y —d ¢ 7Z,. The linear operator Jg becomes the generalized Riesz
potential 7, in (1.10) when Q(§) = ||&]|7"; conversely, any derivative of the
generalized Riesz potential I, is a linear operator Jg associated with some
homogeneous function :

N, f=Jgf forall feSandjeZ,

where Qj(§) = (i£)1]|€]77. We then study various properties of the above
linear operator Jq, such as polynomial decay property, dilation-invariance,
translation-invariance, left-invertibility, and non-integrability in the spatial
domain and in the Fourier domain. The proof of Theorem 1.1 is given at the
end of Section 2.

In Section 3, we introduce a linear operator Ug , for any homogeneous
function Q € C*(R%\{0}) of degree —y, where 1 < p < oo. The above linear
operator Ug , becomes the operator I, , in (1.12) when Q(&) = ||§]|7", and
the operator Jq in (2.1) when 0 < ¥y < d(1 — 1/p). We show that the linear
operator Ug , is dilation-invariant, translation-variant and p-integrable, and
is a left-inverse of the fractional Laplacian (—A)”/?> when Q (&) = ||€[ 7. The
proof of Theorem 1.2 is given at the end of Section 3.

In Section 4, we give the proof of Theorem 1.3 and show that the generalized
random process P,w can be evaluated pointwise in the sense that we can
replace the function fin (1.18) by the delta functional 3.

@ Springer



406 Q. Sun, M. Unser

In this paper, the capital letter C denotes an absolute positive constant
which may vary depending on the occurrence.

2 Generalized Riesz potentials

Let ¥ be a real number such that y —d ¢ Z,, and let Q € C*(R4\{0}) be a
homogeneous function of degree —y . Following the definition of homogenous
tempered distributions in [7], we define the linear operator Jg from S to &’ by

_ o) rd-y) ko—y+d—1
Ja = oD [ [ e

x ( - %) “(e"<‘f’> f(rg/))drdo(g’), fes, @.1)

where §"! {5 eRY: ||g’| =1} is the unit sphere in RY, do is the area
element on $"~!, and ky is a nonnegative integer larger than y — d.

Note that the linear operator Jg in (2.1) becomes the generalized Riesz
potential 7, in (1.10) when Q(§) = ||£]|7” and y > 0. Therefore we call the
linear operator Jq in (2.1) the generalized Riesz potential associated with the
homogeneous function Q of degree —y, or the generalized Riesz potential for
brevity.

The above definition of the generalized Riesz potential Jg, is independent
on the nonnegative integer ko as long as it satisfies ky > y — d, that can be
shown by integration by parts. Then, for y € (—oo, d), we may take ky = 0 and
reformulate (2.1) as follows:

Jo f(x) = 2m)™¢ / FNEQE) f(E)de forall feS, (22)
Rd
or equivalently

Tof©) =@ f¢) forall fe, (2.3)

so that the role of the homogeneous function 2 (&) in (2.1) is essentially that of
the Fourier symbol for a conventional translation-invariant operator.

Let S, be the space of all Schwartz functions f such that 9! f(O) =0
for all i€ Z, or equivalently that [,x f(x)dx =0 for all je Z%. Given

a homogenous function Q € C®(R?\{0}), define the linear operator ig on
S by

inf(€) =QE) &), f€ S 24)
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Fractional Laplacian and sparse stochastic processes 407

Clearly ig is a continuous linear operator on the closed linear subspace
S of §. For any function f € Sy, applying the integration-by-parts technique
ko times and noticing that lim._,g e |3 f(e&')| = 0 for all ¢’ € §9~! andi € 74,
we obtain that

_ e rd-y) photd=y -1
ol = T k=) Ho/sw/e e

x (— %) O(e"’“‘f” f(rs/))drda(s;’)

=i [ [T a@ e fogardo €

=)™ /R ) e®EQ &) f(&)dE = iq f(X). (2.5)

Hence the generalized Riesz potential Jq, is the extension of the linear operator
io from the closed subspace S, to the whole space S.

In the sequel, we will study further properties of the generalized Riesz
potential Jq, such as the polynomial decay property (Theorem 2.1), the
continuity as a linear operator from S to &’ (Corollary 2.3), the translation-
invariance and dilation-invariance (Theorem 2.7), the composition and left-
inverse property (Theorem 2.8 and Corollary 2.9), the uniqueness of various
extensions of the linear operator ig from the closed subspace Sy, to the whole
space S (Theorems 2.11 and 2.14), the non-integrability in the spatial domain
(Theorem 2.15), and the non-integrability in the Fourier domain (Theorem
2.17). Some of those properties will be used to prove Theorem 1.1, which is
included at the end of this section.

2.1 Polynomial decay property and continuity

Theorem 2.1 Let y be a positive number with y —d & 7., ko be the smallest
nonnegative integer larger than y — d, and let Q € C®°([R\{0}) be a homoge-
neous function of degree —y. If there exist positive constants € and C, such that

| f®)] < Ce(1+ [|x[)) %74 for all x € RY, (2.6)

then there exists a positive constant C such that

o f@] < C(sup | F@I(1+ 2" ) (1 + Ix1)’ ™, x e R (27)
zeR?
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408 Q. Sun, M. Unser

Proof Noting that (£)’e"*¢) = S!(Zm:s %%"')ei’("f'> and (%)ko_sf(ré/) =

i!

(ko — 9)! Z|j|=krs % for all 0 < s < ko, we obtain from the Leibniz rule

that
()" (o) =2 ()G ) e

ko! . A P
= (X TR0 fgh ),
lil+ljl=ko
Substituting the above expression into (2.1) we get
Q)T —y)

ko! . .
Jofx) = (=D% > iu_;(ix)l{ T(d+ko—y)

lil+ljl=ko "
< [ @m0 eine) fde

I'(d—-vy)

ko!
T Tdtko—7y) ) %(—X)'Jsziﬂ(ﬁ)(x), (2.8)

lil+ljl=ko "

where Qi1j(§) = (i)™Q (&) and fj(x) = xI f(x). Denote the inverse Fourier
transform of Qy, |k| = ko, by Ki. Then Ky € C®(R?\{0}) is a homogeneous
function of degree y — ko — d [7, Theorems 7.1.16 and 7.1.18], and hence there
exists a positive constant C such that

|Kx(x)| < C|x]|” %~ for all x € R%\{0}. (2.9)
For any e > 0 and B8 € (0, d), we have

/ Ix — yI (1 + lyl)~*~<dy
Rd

=™ .
Iyll=dlixl+1)/2 (Ixl+1/2=<lyll=2(lIx]I+1) IylI=2dlx[1+1)

x [lx — ylI 7P (1 + lyl)~*“dy
< C(1+ [xIh~*. (2.10)
Combining (2.8), (2.9) and (2.10) yields
Jof@l<C Y |x|"

li|+1il=ko

/R Kigjx = yy f(y)‘dy

< C(1 + IxIy / I — yI7 L + Iyl | fp)idy
Rd

= C((sup [ F@IA + D) (1 + i .

zeRd

This proves the desired polynomial decay estimate (2.7). O
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Forany f € S and j € Z¢ with |j| = 1, it follows from (2.1) that

P(Ja H®) = Jo@ (%)

e rd-y) / / Koty
= Q i ko+d—y—
Tdih o b (&) EYr

x( - %) ("5 frgyr)drdo &'y

(277:) dr(d )/) jkot+d—y—1
T Td+ko—y) fs 1/ REEY

(RN

ko= DY (& frg) |rdo )

1
— ko y)JQ,. F) = Jo, fx),

where Q;(¢) = (i£)1Q(£). Applying the argument inductively leads to

Naf)=Jo@f)=Jgf forall feSandjeZl, (2.11)

where Q;(§) = (i£)IQ (£). This together with Theorem 2.1 shows that Jq, f is a
smooth function on R¢ for any Schwartz function f.

Corollary 2.2 Let y, ko and Q be as in Theorem 2.1. If f satisfies (2.6) for some
positive constants € and Ce, then forany j € Zi with |j| < y there exists a positive
constant Cj such that

912 AL = G sup | F@IA + D) (1 + x4, x e RE. (2.12)

zeR4

An easy consequence of the above smoothness result about Jg f is the
continuity of the generalized Riesz potential Jq from S to S'.

Corollary 2.3 Let y be a positive number with y —d € 7., and let Q €
C®([RN\{0}) be a homogeneous function of degree —y. Then the generalized
Riesz potential Jq associated with the homogeneous function Q is a continuous

linear operator from S to §'.

Now consider the generalized Riesz potential Jo when €2 is a homogeneous
function of positive degree «. In this case,

Jo f®) = @r)~ / ¢x9Q(E) fE)ds forall fes
Rd
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410 Q. Sun, M. Unser

by (2.2). Applying the integration-by-parts technique then gives

. i! . . N
Jofx) = @m)~(=ixh™" Y yl? /R ERIPQE) f(§)ds

k=i

for any i € Z<. This, together with the identity

(Tal =Dt B8 NV
1 = - ) = ’
|1|=§|j| I (IIEII2> 5, = el

leads to the following estimate of Jq, f(x):

o f®] < C(1 4+ [Ix]p~"] > | /R 6" fis)de

lil+Ik|<[el. M=[a]-jl

< C(1+ [Ix[)~"] > | Ioy, ik,

lil+Ik|<[aT. M+]jl=la]

where [a] is the smallest integer larger than o, Qj1(&) = I3QE)GE/IE]P),

and fix(€) = (—i&)'9% f(£). Note that Qj1 € C*°(R\{0}) is a homogeneous
function of degree o — [@] < 0 when [j| + [I] = [«], and also that functions
fikX), k|, 1] < [«] are linear combinations of x'34 f(x), i, |j| < [«]. We then
apply Theorem 2.1 to obtain the following polynomial decay estimate of Jq f
when Q is a homogeneous function of positive degree:

Proposition 2.4 Let a be a positive non-integer number, and Q € C*(R?\{0})
be a homogeneous function of degree «. If there exist positive constants € and
C. such that

3 191 F] < Ce(1+ [xI) 7174 for all x € RY,
lil<fa]
then there exists a positive constant C such that

e feol = C(1 Y sup @ F@I(1+ 12D ) a1 + = (2.13)

il<fa] 2R
for all x € RY.
The estimates in (2.7) and (2.13) indicate that the generalized Riesz po-
tential Jq f has faster polynomial decay at infinity when the degree of the
homogeneous function 2 becomes larger. Next, we show that the generalized

Riesz potential Jqg f has faster polynomial decay at infinity when f has
vanishing moments up to some order; i.e.,

/ X f(x)dx = 0, [i| < my (2.14)
R4
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Fractional Laplacian and sparse stochastic processes 411

where m > 0. In this case, 9} f (0) = O for all [i| < myg, and hence

n 1 /! n
for= 3 M [ e fuera o 2.15)

k!
[K|=mo+1

by the Taylor expansion to f at the origin. Now we assume that Q €
C>=(R4\{0}) is a homogeneous function of degree o € (—my — 1, 00)\Z. Then

1 A ~
ef@l<C Y fofng ]ISI"‘*""’“IB“f(tS)IdeHrC/ 1611 £ ()lde

k|=mo+1 1§11

=C Y sup ((+1ED™ 0" f)l) (2.16)

lil<mo+1 &R

for all x € R¢ with ||x|| < 1, and

1 A
vasmi=c 3 [ ][ e Ooaxioctaeit foeds|a

|k|=mp+1

1 ) A
+C ) /0 \ f de_l<x'$>(¢(§)—¢>(|IXII§))§kQ(S)akf(zg)dg‘dl

K|=mo+1
| [ o0 -s@)ae fed

=+ xp ey

Ik|=mo+1,[jI<Te]+mo+d
1 A~
X/O /Rd ‘3j(¢(|IX|I$)SkQ(EE)8"f(t,§)))dgdt}

+ O+ et >

|k|=mo+1,[jI<[a]+mo+d+1

1
x /O /R ot © - eaxiens @t fue)|dsar
+ C(1 + ||x|))~TeT—mo—d=1

X [ -eenee fe)e)

lil<Tal+mo+d+1

= C( Z sup (1 + ”$||)’—a]+d|3if,\(§)|)(1 + ”X”)fafmofdfl
lil<Tal+2my+d+2 5 ER?

(2.17)

for all x € RY with ||x|| > 1, where ¢ is a C* function such that ¢(£) = 1 for
all £ in the unit ball B(0, 1) centered at the origin, and ¢ (&) =0 for all &
not in the ball B(0,2) with radius 2 and center at the origin. This proves
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the following result about the generalized Riesz potential Jg f when f has
vanishing moments upto some order.

Proposition 2.5 Let my > 0,a € (—my — 1, 00)\Z, and Q € C*[RN\{0}) be a
homogeneous function of degree a. Then the following statements hold.

(1) If f satisfies (2.14) and

DT sup+IEDTHS )] < oo, (2.18)

li]<[a]+2mo+d+2 EER?

then there exists a positive constant C such that

Jefl=c( X s+ gD F)1)

li|<[er]+2mo+d+2 EER?

x (1 + x|y~ *~™~4=! for all x € R“. (2.19)
(ii) If f satisfies (2.14) and

DT sup ((1+ [zl 5l £(z)]) < oo (2.20)
li|<max([a]+d,0) 2R

for some € > 0, then

Jafeol=C( D0 sup(+ 2y 5 g )
lil<max(fa]+d.0) R

x (14 x|~ for all x € RY. (2.21)

The conclusions in Proposition 2.5 do not apply to the generalized Riesz
potential Jq f where Q € C®°(R?\{0}) is a homogeneous function of degree
zero. In this case, applying the argument used to establish (2.16) and (2.17), we
have that

o f(l < C Y sup ((1+ €D f(©)l) (2.22)

d
lil<mo+1 &R
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for all x € R¢ with ||x|| < 1, and
[Jo f)] < C( 4+ x|~
1 ~
x{ > /0 fR ) !aj(¢<||x||é>s"sz<s>a"f<rs))!der}

[kl=mo+1,]jl<mo+d

+CA + x|y >

[k|=mo+1, [jl+l|<mo+d+1,|j|<mo+d
l A
/0 A; 0@ @) - oxIENE* Q®)| x [0 f))|dédt

+C(1+ x|y >

|k|=mo+1,[j|+ 1| <mo+d+2,[1|<1
1 ~
/0 /R (3 (@®) — o UIxI§)E*2(®)| x [0 fuee)|dgar

+CA+ xhymem Ny / oa - PENQE) f(&))|de

lil<mo-+d+1
=c( X s+ DR F@I) A+ Ix T (223)
li<2mo+d+2 §€R!
for all x € R with ||x|| > 1, where € € (0, 1). Therefore
Proposition 2.6 Let Q € C®°(RY\{0}) be a homogeneous function of degree
zero. Then the following statements hold.

(1) If f satisfies (2.14) for some my > 0 and
> sup (I +[EDHISFE)] < oo

li <2mo+d+2 §ER?

for some € > 0, then there exists a positive constant C such that

Vefeol=C( Y sup(+ g™ 10 f(e)l)

lij<2mo+d+2 EER!
x (14 [Ix|p~™ =41 for all x € R,
(i) If f satisfies (2.14) for some my > 0 and

D7 sup ((1+ [z 22191 f(z)]) < oo
lij<d+1 zeR?

for some € > 0, then

o fool = (D7 sup ((1+ 222 £(a)))

lij<d+1 zeR?

x (1 4+ [Ix])™™~4=1  for all x € R’
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2.2 Translation-invariance and dilation-invariance

In this subsection, we show that the generalized Riesz potential J from S to
S’ is dilation-invariant and translation-invariant, and that its restriction on the
closed subspace S,, of S is the same as the linear operator ig on S...

Theorem 2.7 Let y e R with y —d ¢ 7., Q € C*R\{0}) be a homogeneous
function of degree —y, and let Jo be defined by (2.1). Then

(i) Jgq is dilation-invariant;
(i) Jgq is translation-invariant; and

(i) J/Q\f(é) = Q(é)f(é) for any function f € Sx.

Proof (i) For any f € S and any ¢ > 0,

2n)'T'(d
ot o) = o /Sf Qg+

x ( — %) ! (eif<xf’> fae' /t))drdo &) =t7"8UaHx),

where the first equality follows from S/I\f (&) = ¢ f(¢/1) and the second equal-
ity is obtained by change of variables. This leads to the dilation-invariance of
the generalized Riesz potential Jg.

(ii) For any f € S and a vector xy € R?, we obtain from (2.1) that

—d
Jo(rg H®) = Qm)~'rd-y) /S,,]/ pho=y =10y (g1

T(d+ko—y)
x(— %)ko (ei’(x_x°'5’> f(ré))drda (&) = Jao f(x —Xo),

where kj is a nonnegative integer larger than y — d. This shows that the
generalized Riesz potential Jg is translation-invariant.

(iii) The third conclusion follows by taking Fourier transform of the equation
(2.5) on both sides. o

2.3 Composition and left-inverse

In this subsection, we consider the composition and left-inverse properties of
generalized Riesz potentials.

Theorem 2.8 Let y, and y, € R satisfy y» <d,y1+y> <d and yy —d € Z,

and let Q;, Q; € C®(R\{0}) be homogeneous functions of degree —y, and —y»
respectively. Then

JQI(JQZ f) = JQIQZf for all f eSs. (224)
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As a consequence of Theorem 2.8, we have the following result about left-
invertibility of the generalized Riesz potential Jg.

Corollary 2.9 Let y € (—d, o) with y —d ¢ Z, and Q € C®(R4\{0}) be ho-
mogeneous of degree —y with Q&) #0 for all £ € S*'. Then JqJg1 is an
identity operator on S. If we further assume that y € (—d, d), then both Jg-1Jq
and JqJq-1 are identity operators on S.

Taking 2(¢) = ||&]|7” in the above corollary yields that the linear operator
I, in (1.10) is a left-inverse of the fractional Laplacian (—A)"/2.

Corollary 2.10 Let y be a positive number with y —d & Z. Then 1, is a left-
inverse of the fractional Laplacian (—A)Y/2.

Proof of Theorem 2.8 Let ky be the smallest nonnegative integer such that
ko —y1+d >0, and set Q(&) = Q(5)R2,(&). If kg =0, then the conclusion
(2.24) follows from (2.2). Now we assume that ky > 1. Then

_ @m)rd- @Qn)rd —y) o (g hotd—n-1
I, U, 00 = T ST [ [T ey

- Y e o)

—ko( - i)kvl (eir(x’§/> f(ré/)r_yz_l) }drda &)

dr
(2ﬂ)dF(d+1—V1) / / Ko-+d—yi—1
— Q 0 Yi—
r'd+ky—y1) e—>0 gd-1 &)r

X ( — %)ko_] (eir(x’él) f(ré’)r’”’l)drda &)

_ @2n)” dr(d+k0—)/1) / / ko-+d—yi—1
= Q 0 Yi—
I'(d+ko— ) 6%0 -1 €

x (750 fgyr Y drdo (€')

= Jg,q, f(x) forallx € RY,

where the second equality is obtained by applying the integration-by-
parts technique and using the fact that eko+d—n (%)ko_l (™80 Frghyrr) .
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converges to zero uniformly on & e S9! under the assumption that y; + y, <
d. The conclusion (2.24) then follows. O

2.4 Translation-invariant and dilation-invariant extensions of the linear
operator ig

In this subsection, we show that the generalized Riesz potential Jq in (2.1) is
the only continuous linear operator from S to &’ that is translation-invariant
and dilation-invariant, and that is an extension of the linear operator ig in (2.4)
from the closed subspace Sy to the whole space S.

Theorem 2.11 Let y be a positive number with y —d & Z,, Q € C®(R4\{0})
be a nonzero homogeneous function of degree —y, and let Jo be defined by
(2.1). Then 1 is a continuous linear operator from S to S’ such that 1 is dilation-
invariant and translation-invariant, and that the restriction of I on S, is the same
as the linear operator iq in (2.4) if and only if I = Jq.

To prove Theorem 2.11, we need two technical lemmas about extensions of
the linear operator ig on Su.

Lemma 2.12 Let y be a positive number with y —d & 7., Q@ € C*(R\{0}) be
a homogeneous function of degree —y, and let Jo be defined by (2.1). Then a
continuous linear operator I from S to S’ is an extension of the linear operator
ig on S, if and only if

If=Jaf+ Y. IO (2.25)

1!
lil<N
for some integer N and tempered distributions Hi, i € Z‘fr with |i| < N.

Proof The sufficiency follows from Theorem 2.7 and the assumption that
H;, li| < N, in (2.25) are tempered distributions. Now the necessity. By
Corollary 2.3 and Theorem 2.7, I — Jg is a continuous linear operator from
S to &’ that satisfies that (I — Jg) f =0 for all f € Sy. This implies that
the inverse Fourier transform of the tempered distribution (I — Jg)*g is
supported on the origin for any Schwartz function g. Hence there exist an
integer N and tempered distribution H;, |i| < N, such that 7' ((1 — Jg)*g) =
> i=n(g, Hi)d®/il, where the tempered distributions §%, i e 74, are defined
by (89, f) = 8% f(0) [7, Theorem 2.3.4]. Then ((I —Jo)f.g) = (f. F~'(I -
Jo)'g) = stN(Hi, g)aif(O)/i! for all Schwartz functions f and g, and hence
(2.25) is established. O
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Lemma 2.13 Let y be a positive number with y —d & 7., and consider the
continuous linear operator K from S to S':

3" £(0)
Kf=2. il

lil<N

H, feS (2.26)

where N € Z, and H;, |i| < N, are tempered distributions, Then the following
statements hold.

(i) The equation
K@ f) =t78(K[) (2.27)

holds for any f € S and t > 0 if and only if for everyi € Zi with |i] < N,
H;j is homogeneous of degree y — d — |i|.

(i) The linear operator K is translation-invariant if and only if there exists a
polynomial P of degree at most N such that H; = (—id)' P for all i € Zi
with [i| < N.

(iii) The linear operator K is translation-invariant and satisfies (2.27) if and
only if H; = 0 for alli € Z< with |i| < N.

Proof (i) The sufficiency follows from the homogeneous assumption on
H;, li| < N, and the observation that

318, £(0) = 13 f0) forall feSandiez. (2.28)
Now the necessity. Let ¢ be a C* function such that ¢ (&) = 1 forall ¢ € B(0, 1)
and ¢(£) = 0 for all £ & B(0, 2), where B(x, r) is the ball with center x € R?
and radius r > 0. Define ¢; € S,i € Z‘L with the help of the Fourier transform

by

%-i

Yi®) = 29 (2.29)

One may verify that
5 T0) — 1ifi =1, 530
v = 0if i’ #1i. (2:30)

For any i€ Z? with |i| < N, the homogeneous property of the tempered
distribution H; follows by replacing f in (2.27) by v; and using (2.30).
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(ii) (&<=) Given f € S and xy € R?,

3 F(0
Ko N =Y Z( )" f()( i9)' P(x)

[i|<N j+k=i
—Disi f(o 9itkp
_ Z (=1) . f( )( Z N (x) (—Xo)k>
i=v ¥ K<N-l

_ Z z)JaJ f(0) T i Pix — xg) = KF(x — x0), (2.31)

lil=N
where the first equality follows from
0, fO) =Y (J)( ixo)i 101 £(0), (2.32)
j=i

and the third equality is deducted from the Taylor expression of the polyno-
mial & P of degree at most N — |j|.
(=) By (2.32) and the translation-invariance of the linear operator K,

>y SR, s O 2.33)

[i|<N j+k=i ! lil<N

holds for any Schwartz function f and x, € RY. Replacing f in the above
equation by the function v in (2.29) and then using (2.30), we get

,Ho= Y ﬂH (2.34)

i!
[ij<N

This implies that (Hy, g(- + xo)) = ZW N ’l’,‘O) (H;, g) for any Schwartz func-
tion g. By taking partial derivatives 8%, k| = N + 1, with respect to xo of both
sides of the above equation, using the fact that 9¥x! = 0 for all k € Z, with
|k| = N + 1, and then letting X, = 0, we obtain that (Hy, 3¥g) = 0 holds for
any g € S and k € Z, with |k| = N + 1. Hence Hy = P for some polynomial
P of degree at most N. The desired conclusion about H;, |i| < N, then follows
from (2.34) and ©, Ho(x) = D _j; -y (*i’?“)l 3! P(x) by the Taylor expansion of the
polynomial P.

(iii) Clearly if H; =0 for all [il < N, then Kf =0 for all f €S and hence
K is translation-invariant and satisfies (2.27). Conversely, if K is translation-
invariant and satisfies (2.27), it follow from the conclusions (i) and (ii) that
for every i € Zi with [i| < N, H; is homogeneous of degree y —d — |i| ¢ Z
and also a polynomial of degree at most N — |i|. Then H; =0 for all i € Z4
with [i| < N because the homogeneous degree of any nonzero polynomial is a
nonnegative integer if it is homogeneous. O
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We now have all of ingredients to prove Theorem 2.11.

Proof of Theorem 2.11 The sufficiency follows from Corollary 2.3 and
Theorem 2.7. Now the necessity. By Lemma 2.12, there exist an integer N
and tempered distributions Hj, |i| < N, such that (2.25) holds. Define Kf =

Z\-|< N o f O H; for any f € §. Then Kf is a continuous linear operator from S
toS and

If=Jaf+Kf fes. (2.35)

Moreover the linear operator K satisfies (2.27) and is translation-invariant
by (2.35), Theorem 2.7 and the assumption on /. Then Kf =0 for all f e S
by Lemma 2.13. This together with (2.35) proves the desired conclusion that
I =Jg. O

2.5 Translation-invariant extensions of the linear operator iq, with additional
localization in the Fourier domain

Given a nonzero homogeneous function Q € C*(R4\{0}) of degree —y, we
recall from (2.2) and Theorem 2.7 that Jg is translation-invariant and the
Fourier transform of Jg f belongs to K; when y € (0, d), where

K = {h: / 1h(E)|(1 + €)~NdE < oo for some N > 1}. (2.36)
]Rd

In fact, the generalized Riesz potential Jq is the only extension of the linear
operator ig on Sy, to the whole space S with the above two properties.

Theorem 2.14 Let y > 0 with y —d & 7., Q € C®°(R4\{0}) be a nonzero ho-
mogeneous function of degree —y, and the continuous linear operator I from
S to 8" be an extension of the linear operator iq on Sy, such that the Fourier
transform of If belongs to K, for all f € S. Then I is translation-invariant if
and only if [ = Jq and y € (0, d).

Proof The sufficiency follows from (2.2) and Theorem 2.7. Now we prove the
necessity. By the assumption on the linear operator I, applying an argument
similar to the proof of Lemma 2.12, we can find a family of functions g; €
K, |i| < N, such that

Feo=(fo- Y TOae+y MO0 e

lil<y—d r lil=N
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for any Schwartz function f. This together with (2.32) and the translation-
invariance of the linear operator [ implies that

( ix0)*gi(€)

_szu

li|l<y—d j+k=i [i|<N j+k=i
. A f 3 (0
zelx0§<_ Z f( )EQ(S)‘FZ f() 1(&))-
lij<y—d : lil<N il

As xp € R%in (2.38) is chosen arbitrarily, we conclude that

_Zaf

lil<y—d ’ lil=N

—g,(é;‘) =0 forall feS.

Substituting the above equation into (2.37), we then obtain 17 &) = fE)QE)

for all f € S. This, together with the observation that fQ € K, for all f € Sif

and only if y < d, leads to the desired conclusion that I = Jg and y € (0, d).
]

2.6 Non-integrability in the spatial domain

Let y >0 with y —d ¢ Z, and Q € C®(R%\{0}) be a nonzero homogeneous
function of degree —y. For any Schwartz function f, there exists a positive
constant C by Theorem 2.1 such that |Jq f(x)| < C(1 + ||x||)”~¢ for all x €
R4, Hence JofelLP,1<p<oo, when y <d(1 —1/p). In this subsection,
we show that the above p-integrability property for the generalized Riesz
potential Jq is no longer true when y > d(1 — 1/p).

Theorem 2.15 Let 1 < p < 00,0 <y € [d(1 —1/p), c0)\Z and Q € C®([R4\{0})
be a nonzero homogeneous function of degree —y. Then there exists a Schwartz
function f suchthat Jo f ¢ LP.

Letting (&) = ||£]|7” in Theorem 2.15 leads to the conclusion mentioned in
the abstract:

Corollary 2.16 Let 1 < p <ooand d(1 —1/p) <y & Z. Then I, f is not p-
integrable for some function f € S.

Proof of Theorem 2.15 Let the Schwartz functions ¢ and 5,1 € Zi, be as in
the proof of Lemma 2.13. We examine three cases to prove the theorem.
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Case I d(1—1/p) <y <min(d,d(1 —1/p)+1) In this case, 1 < p < o0
and

a0 = [ Kix=yawdy 238)

by (2.2), where K is the inverse Fourier transform of €. By [7, Theorems 7.1.16
and 7.1.18], K € C>®*(R\{0}) is a homogeneous function of order y —d e
(—d, 0), which implies that

19" K(x)| < ClIx||”~4 W foralli e 4 with Ji| < 1. (2.39)

Using (2.38) and (2.39), and noting that v € S satisfies [, Yo(y)dy = 1, we
obtain that for all x € R¢ with ||x|| > 1,

[Joo(x) — K(X)| < / i [K(x —y) — KX)||vo(y)ldy
yll=lx
([ #[ ke piveidy
Ix[l/2=<llyll=<2x]| 2|xlI=lyl
+|K(x)] [Yo(y)ldy
[lyll=1xll/2
< C(1 + ||x|)7~+ " (2.40)

We notice that [, (1 + Ix|)¥~4=DPdx < 0o and Sixj=1 1K®)|Pdx = oo be-
cause K is a nonzero homogenous function of degree y —d and d — p <
(d — y)p < d. The above two observations together with the estimate in (2.40)
prove that Jovy ¢ L?, the desired conclusion with f = .

Casell d<y <d(l—-1/p)+1. Inthiscase,d < p < oo and
1 1 .
Tav®) = 5= mZ_jl To, (@) + 5= ,i;(_x) Jagox)  (2.41)
by taking ko = 1 in (2.8), where Q;(&) = (i&)IQ(¢) and ¢;(x) = X'y (x). Let K;
be the inverse Fourier transform of the function €;, |i| = 1. Noticing that ; is

homogeneous of degree —y + 1 and that [, ¢;(x)dx = 0, we then apply similar
argument to the one used in establishing (2.40) and obtain

o, (e (X®)] + o o(x) — Kix)| < ClIx|" 47> if x| > 1.

Hence

/ o) — ﬁ S (0K dx < C / X174V dx < 00
[Ix][>1 -

lil=1 [Ix[I=1

(2.42)
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ifd < p <ooand

1 THRN | —d—
sup |Jayo(x) — i Y ='Ki)| < C sup x| <00 (243)
Ix)>1 — Y [Ix[I=1
lil=1

if p = 00. Set K(x) := Zli\=1 (—x)'K;(x). Then K is homogeneous of degree y —
d by the assumption on €2, and is not identically zero because

Koo = [ 2@ (X ese)a = [ (X oeae)aeud:

lil=1 lil=1

_ / / (dQ(ré”)+rdiQ(rE’))g(ré'/)r""drdo(E/)
sa-1 Jo r
—d-y) /R Q®REE £0

where g € So.. Thus fuxuzl |K(x)|Pdx = +00 when d < p < oo, and K(x) is
unbounded on R\ B(0, 1) when p = oo. This together with (2.42) and (2.43)
proves that Jovy ¢ L? and hence the desired conclusion with f = .

Case IIl y >d(1 —1/p)+1 Let ky be the integer such that d(1 —1/p) <
y—ko<d(1—1/p)+1, and set Q&) = (EYQ(&), |jl = ko. Noting that
Jayj(x) = Jo;¥o(x)/j! and € is homogeneous of degree —y + ko, we have
obtained from the conclusions in the first two cases that Jov; ¢ LP. Hence
the desired conclusion follows by letting f = v; with |j| = ko. O

2.7 Non-integrability in the Fourier domain

If y < d, it follows from (2.2) that for Schwartz functions f and g, (Jq f, g) can
be expressed as a weighted integral of g:

(Jaf. g) = fRdh(E)é’(S)dS, (2.44)

where h(&) = (Zn)*dQ(—E)f(—f) € K. In this subsection, we show that the
above reformulation (2.44) to define (Jq f, g) via a weighted integral of g
cannot be extended to y > d.

Theorem 2.17 Let y € (d, 0)\Z, Q € C®°(R4\{0}) be a nonzero homogeneous
function of degree —y, and let Jq be defined by (2.1). Then there exists a
Schwartz function f such that the Fourier transform of Jq f does not belong
to K;.

Proof Let ¢ and vy be the Schwartz functions in the proof of Lemma 2.13, and
let g € S be so chosen that its Fourier transform g is supported in B(0, 1) and
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satisfies fRd Q(&)g(—&)ds = 1. Now we prove that Jg% ¢ K;. Suppose on the
contrary that @) € K;. Then

ay o L @mTTd - y)/ / Jhody1
(Javo, n g(-/n)) = T ko) o ). Q&)

<(= DY (Fotrer—me") )drdor €'

Q)™ /R 8(=n6)Q(é)de

= @)y /R Q-5

— 400 asn— oo (2.45)

by (2.1) and (2.5). On the other hand,

(et - gtc/mh) = @) [ Tad(@)anede

< @) I8l / Tavo(®)lde — 0asn — oo, (2.46)

El<1/n

where we have used the hypothesis that .@ € K, to obtain the limit. The
limits in (2.45) and (2.46) contradict each other, and hence the Fourier
transform Jq 1y does not belong to K. m]

2.8 Proof of Theorem 1.1
Observe that Jo = I, when Q(£) = ||€]|7" and y > 0, and that

o= (072 ifQE) =517 andy <0. (247)
Then the necessity holds by Theorem 2.11, while the sufficiency follows from

Corollary 2.3, Theorem 2.7, and Corollary 2.9.

3 Integrable Riesz potentials

In Section 2, we have shown that the various attempts for defining a proper
(integrable) Riesz potential that is translation-invariant are doomed to failure
for y > d. We now proceed by providing a fix which is possible if we drop the
translation-invariance requirement.
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Let1 < p <oo,y €R,and Q € C*(R%\{0}) be a homogeneous function of
degree —y. We define the linear operator Ug , from S to S’ with the help of
the Fourier transform by

A 3 £(0
FWa,h® = (F&) - Y {())Q@> fes. (D)
lil<y—d(1-1/p) ’

We call the linear operator Ug , a p-integrable Riesz potential associated with
the homogenous function 2, or integrable Riesz potential for brevity, as

Uap=1,, it Q& =[EI. (3.2)

Define

« _ i(x, (ix)! ‘S;:l
Uspf =t [ (v F S )ecofed, fes

lil<y—d+d/p
(3.3)
Then Ug, , is the adjoint operator of the integrable Riesz potential Ug, p:
(Ua,pf.8) =(f.Ug,8) forall fges. (3.4)
If y satisfies0 < y < d(1 — 1/p), then
Ug,f=Jof forall feS. (3.5)

Hence in this case, it follows from Theorem 2.7 that Ug, , is dilation-invariant
and translation-invariant, and a continuous extension of the linear operator
io on the closed subspace S, to the whole space S. Moreover Ug , f €
LP and F(Uq,,f) € L1, 1 <q < p/(p—1), for any Schwartz function f by
Theorem 2.1 and the following estimate:

\F(Uq,p HE] < CIENTT A+ E7 " forall & € RY.

So from now on, we implicitly assume that y > d(1 — 1/p), except when
mentioned otherwise.

In the sequel, we investigate with the properties of the p-integrable Riesz
potential Ug , associated with a homogenous function €2, such as dilation-
invariance and translation-variance (Theorem 3.1), LP/P~D.integrability in
the Fourier domain (Corollary 3.2), LP-integrability in the spatial domain
(Theorem 3.5 and Corollary 3.6), composition and left-inverse property
(Theorem 3.3 and Corollary 3.4), the uniqueness of dilation-invariant exten-
sion of the linear operator i from the closed subspace Sy, to the whole
space S with additional integrability in the spatial domain and in the Fourier
domain (Theorems 3.7 and 3.8). The above properties of the p-integrable
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Riesz potential associated with a homogenous function will be used to prove
Theorem 1.2 in the last subsection.

3.1 Dilation-invariance, translation-variance and integrability
in the Fourier domain

Theorem 3.1 Let 1 < p <oo,y >d(1 —1/p), ki be the integral part of y —
d(1 — 1/p), @ € C*[R4\{0)) be a nonzero homogeneous function of degree —y,
and let Ug , be defined as in (3.1). Then the following statements hold.

(i) Ugq,p is dilation-invariant.
(ii) Ugq,p is not translation-invariant.
(iii)  If supgege | F®)] (1 + [x|)*r+aH1+e < 0o for some € > 0, then there exists a
positive constant C independent on f such that

|FWUa.p NEN = C((sup | F@ICL+ [2I)F 1) jg =41+ )

zeRd
(3.6)
forall € € RY.
(iv) Ugq,p is a continuous linear operator from S to S', and an extension of the
operator iq on the subspace Sy, to the whole space S.

As a consequence of Theorem 3.1, we have the following result about the
LP/P=D_integrability of the Fourier transform of Ug, ,, f for f € S.

Corollary 3.2 Let 1 < p < oo and y > d(1 — 1/p) satisfy either p=1or y —
d(1—=1/p) ¢ Z, and 1 < p < o0, k| be the integral part of y — d(1 — 1/p), Q €
C>®(R\{0}) be a homogeneous function of degree —y, and let Ug_, be defined
as in (3.1). Then the Fourier transform of Ugq , f belongs to LP/P=V for any
fes

Proof of Theorem 3.1 (i) Givenany ¢ > O and f € S,

FUap&: NE) = fd(f(%) - 2 81]:.(0) (s) )o@

lil<y—d+d/p

= fd*Vf(UQ_,,f)(%).

This proves the dilation-invariance of the linear operator Ug ;.
(ii) Suppose, on the contrary, that Ug , is translation-invariant. Then

i () itx 3£ (0
2@ Tlf()S—sz(@ w3 ’:.()s £ R

lii<y—d+d/p ' lii<y—d+d/p
(3.7)
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for all x, € R? and f € S. Note that the left-hand side of equation (3.7) is a
polynomial in xo by (2.32) while its right hand side is a trigonometric function
of xo. Hence both sides must be identically zero, which implies that

A F0) .
Q@ IOei_o, cerd (3.8)

il
lil<y—d+d/p

for all f € S. Replacing f in the above equation by the function v in (2.29)
and using (2.30) and the assumption y > d(1 — 1/p) leads to a contradiction.
(iii) By the assumption on the homogeneous function 2, [Q(£)| < C||&]7.
Then for & € RY with ||£] > 1,

FWUap NEI = C(I flloo + 3 10 FllclieN™ ) e~

lil<k:

=c( X 19 e lgn

il<ki+1

by (3.1), and for £ € R? with ||&]| < I,

|.7:(U§2pf)(§)| < C( Z ”ai]?”oo)”SHkI_VH

[i|<ki+1

by the Taylor’s expansion to the function f(é) at the origin. Combining the
above two estimates gives

FUap, O C( Y 10 fl)IEM7H A+ EDT, & R (39)

lil<ki+1

Note that

10" fllo < C | 1F®x]ldx < Csup | f@)|(1 + [z])f+d+!+e (3.10)
Rll

zeR4

for all i € Z4 with |i| < k; + 1. Then the desired estimate (3.6) follows from
(3.9) and (3.10).

(iv) By (3.1) and the first conclusion of this theorem, the Fourier transform of
Ugq,, f is continuous on R?\{0}, and satisfies

f IFUa,p NEIA + €1 ~41dg < Csup | FO0I(1 + [x])ATH72,
R zeR?
Hence Ug , is a continuous linear operator from S to §’. For any f € S,

Bif(O) =0 for alli e Zi. Then F(Ugq,, /) = F(ig f) for all f € Sy. This shows
that Ug p,, 1 < p < 00, is a continuous extension of the linear operator ig from
the subspace So, C S to the whole space S. O
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3.2 Composition and left-inverse of the fractional Laplacian

Direct calculation leads to

igk £ . i £(0) .
Z 9'(§ ffE))lg:oé, _ Z 0 ].C(O)E”k, kezd
. i! . j!
lil<y—d(1-1/p) lil<y—Ikl-d(1-1/p)
foranyy e R,1 < p < oo and f € S. This together with (3.1) implies that
Uq (3 f) =Uq, ,f forall feSandke Z%, (3.11)

where Q(€) = (i£)*Q (&) fork e Zi. In general, we have the following result
about composition of integrable Riesz potentials.

Theorem 3.3 Let 1 < p < oo, real numbers yy, y, satisfy y; > d(1 — 1/p) and
—y, is larger than the integral part of y, —d(1 —1/p), and let Q;,Q; €
C>®(R4\{0}) be homogenous of degree —y, and —y respectively. Then

UQI"D(JQZ f) = JQIQZf for all f eS. (312)

As a consequence of Theorems 2.8 and 3.3, we have the following result
about the left-inverse of the fractional Laplacian (—A)?/2,

Corollary 3.4 Let1 < p <ooandy > 0 satisfy either 1 < p <oocor p=1and
y & L, and the linear operator I, , be defined as in (1.12). Then I, , is a left-
inverse of the fractional Laplacian (—A)Y/?, i.e., I, ,(—=A)Y/? f = fforall f € S.

Proof of Theorem 3.3 Let k; be the integral part of y; —d(1 —1/p). Then
—y» > k; by the assumption. Then F(Jg,f)(§) = Qz(é)f(é) and
MNFUa, f) (£))|e=0 = O for any i € Z with |i| < k; and any Schwartz function
f. This implies that F(Ug, ,(Jq, /) (&) is equal to

)3 NF(Ja, HE)le=o

Jo, f(&) — : £)Q, (),
( 1! )

lil<y1—d(1-1/p)

which is the same as F(Jq,q, )(£). Hence the equation (3.12) is established.
O

3.3 LP-integrability in the spatial domain
If ¥y €(0,d(1—1/p)), then it follows from (3.1) and Theorem 2.1 that
Uq., f®)] < C(+ |Ix]D?~, xeR? (hence Uq ,f € LP) for any Schwartz

function f. In this subsection, we provide a similar estimate for Ug , f when
y zd(1—1/p).
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Theorem 3.5 Let 0 <e < 1,1 < p <oo,y €[d(l —1/p),c0)\Z, k, be the in-
tegral part of y — d(1 — 1/p), and Q@ € C*®(R\{0}) be a homogeneous function
of degree —y. If

|f@)] < CA + x|y~ x e RY (3.13)
then
[Uqp f(X)] < C( sup | f(@)|(1 + ||z||)k1+l+d+e>
zeRd
X ||X||min(yfk1—d,0)(1 + ”X”)max(y—k,—d,O)q (3.14)

orallx € R, and
fe

Usp (%) = Us,p F)] = C((sup | F@I(1 + )4 ) x = x|

zeRd
X ”X”min(y—kl—d—é,O)(l + ||X||)max(y—k1—d—5_o)_1
(3.15)

forallx,x' € R with ||x — X'|| < ||x||/4, where § < min(|y — k; — d|, €).
As an easy consequence of Theorem 3.5, we have

Corollary 3.6 Let 1 < p <oo,y >d(1 —1/p), and Q € C>®(R\{0}) be a ho-
mogeneous function of degree y. If both y and y — d(1 — 1/p) are not nonneg-
ative integers, then Ug, , f is Holder continuous on R\{0} and belong to L? for
any Schwartz function f.

Proof of Theorem 3.5 We investigate three cases to establish the estimates in
(3.14) and (3.15).

Casel ki+1—y <0 Seth:@) = f(té). Applying Taylor’s expansion to the
function h; gives

A ki po 1
f& =h=Y" PO, L/O hH (1 - nkdt

| |
—o S kl.

3 fO) g |
= — 5tk D > j_!/o ¥ fee)(1 —phdr. (3.16)

lil<k, ’ ljl=ki+1

Hence

. 3 f0) . 1 .
(Ffe - 2}; ];( )S')Q(S) - ; SR EFE), (3.17)
li|<ki lil=ki+1

where Qj(§) = (i£YIQ(¢) and

1
gj(x)z(kl—l—l)/ (1 -0k (—x/t) fx/Or %dte L', |jl=k +1. (3.18)
0
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Taking inverse Fourier transform at both sides of the equation (3.17) yields

1
Uapfo= ¥ 5 | Kix vy (3.19)

ljl=ki+1

where Kj, |j| = k; + 1, is the inverse Fourier transform of ;. Therefore

1
Uap ] < C / / = IRy oy ey
0 R
1
=C / / Ix — eyl =47y 5 £(y) I dydt
0 R4

1
= C(supIf(z)l(l+||z||)"‘+‘+d+f)/ (t+ [x)?~* " dr
0

zeR4

= C((sup | @1 + 2l e )

zeR4

% ||x||min(y—d—k1,0) (1 + ||X||)max(y—d—k| ,0)—1 , (320)

where the first inequality holds because Kj € C>(R4\{0}) is homogeneous
of degree y —d — k; — 1 € (—d, 0) [7, Theorems 7.1.16 and 7.1.18], and the
second inequality follows from (2.10). Similarly,

Ugq,p f(xX) — Uq,, f(X)]

= Z / Ix —x'|1°[Ix — y||V*d*k17175|gj(y)|dy
lil=ky +1 ¢ Ix=¥lI=2[x=x]

€ 2 / Ix — ylI7 = g (y)ldy
lil=ki 41 7 XYl =2lIx—x'|

+C Z / ”X/_y”yfd—k,q'gj(y)'dy
lil=ki 1 7 XYl =2lx—x|

= C((sup | F @11+ 2]+ fx = x|

zeR4

X ||X||min(]/—d—k1—5,0)(l + ||X||)max(y—d—k1—8,0)—1 (321)

for all x,x' € RY with |x — X/|| < ||x||/4, where 8 < min(e, |y — k; — d|). Then
the desired estimate (3.14) and (3.15) follow from (3.20) and (3.21) for the
case ki +1—y <0.
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Casell ki+1—y >0andk, > 1 Applying Taylor’s expansion to the func-
tion A (t) = f(t€), we have

A a1 £(0
GEDY f” WY S / (3 Ft6) — 31 F0) (1 — 0/ ~ar,

lil<k ’ ljl= kl

Multiplying by € (&) both sides of the above equation and then taking the
inverse Fourier transform, we obtain

Ug,, f(x) = / Kj(x — y)gj(y)dy — K;(x) f g,(y)dy) (3.22)

i
ka

where
1
gi(x) = k1/ (1 =kl (—x/0) f(x/O)t4dt e L, |j| = k. (3.23)
0

Recalling that Kj € C=(R4\{0}), |j| = k, are homogeneous of degree y —d —
kl [S (_da 0)7

19T K;(x)| < ClIx||7 =R i) < 1. (3.24)

Combining (2.10), (3.22), (3.23) and (3.24), we get

IUpr(X)I<CZ/ / |Kj(x — ty) — Kiolllyll '] £(y)ldy

lil=k

= C(sup | F@I(1 + zip*r+1)

zeR4

1
x{ f / Ly IIxI ===+ (ly )~ < dydt
yli=lxll/2
1
(14 Xl / / Ix — ey 7451 (1 4yl dyds
yli=lx[l/2

1
x|~ f / (1+ [yl dydr}
0 Jllyli=lix]l/2

< C(sup | F@)I(1 + i)

zeRd

X ”X”min(y—kl —d,())(l + ”x”)max(y—kl—d,O)—l , (325)
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and

|UQ,pf(X) - UQ.pf(X/)|

1
<C / ( f n / + / )
;l 0 lleyll <lIx||/4 [ley | =411x]| [IxIl/4=<lleyll <41x]

|Kj(x —1y) = Kj(x) = Kj(x' = 1y) + K IyI“ | F)ldy
= C((sup | F@IA + 2 ) 3 {x =X

d .
2eR lil=k,

1
x / / X ]?=2  qyD~ dyde + x - x|
0 Jleyl=Ixl/4
1
X/ / (||X||y7kl,d,5 + ”y”yfklfdfts)(l + ||y||)7d7176dydt
0 Jrllyll=4lx

1
[ (1K~ 1) = Kyx' = 1yl + 1K) — K1)
0 Jxll/4=lleyll<4llx]|
(1 + ||x||/t)-d-'—€dydz}

= C((sup [ F@IA + [z ) e =X 1P =21 4 iy~

zeR4
(3.26)

Then the desired estimates (3.14) and (3.15) are proved in the case that k| +
11—y >0andk; > 1.

Caselll ki+1—y >0andk, =0 Inthiscase,y € (0, 1) and

Uap f0 = [ (K(x=) = K0) Fdy (327)

where K is the inverse Fourier transform of Q(§). Then, by applying the
argument used in establishing (3.25), we have

|UQ,pf(X)| < C( sup |f(z)|(] + ||z||)d+1+e>

zeR4

< f ey X7~y D™ dy
ylli=<ixi/2

(1 + ! / Ix = yI7 =41+ Iyl ~<dy
llyll=11x|l/2

X[y
Iyli=lxIl/2

= C((sup [ F@IA + 2™ ) IxI7 =11+ Ix) !, (3:28)

zeR4
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and

[Uq.p f(x) — Ua,p f(x/)|

= L)
lyli=lixl/4 lyli=41xI Ixll74<lyll=4lxI

IKx—y) — K(x) — KX —y) + K&)[| f(y)|dy
< C((sup | F@)I(1+ 21 ) = X I~ (1 1xD ™ (3.29)

zeR?

which yields the desired estimates (3.14) and (3.15) for k; +1—y > 0 and
ki =0. O

3.4 Unique dilation-invariant extension of the linear operator iq
with additional integrability in the spatial domain

We now show that Ug_, is the only dilation-invariant extension of the linear
operator ig from the subspace S, to the whole space S such that its image is
contained in L7.

Theorem 3.7 Let 1 < p < oo, y > 0 have the property that both y and y —
d(1 —1/p) are not nonnegative integers, Q2 € C>®(RI\{0}) be a nonzero ho-
mogeneous function of degree —y, and the linear map I from S to S’ be a
homogeneous extension of the linear operator iq on Sx. Then If belongs to
L? for any Schwartz function f if and only if I = Ug .

Proof The sufficiency follows from (3.1) and Theorems 1.1 and 2.1 for y <
d(1 — 1/p), and from (3.1), Theorem 3.1 and Corollary 3.6 for y > d(1 — 1/p).
Now the necessity. By the assumption on the linear operator / from S to &',
similar to the argument used in Lemma 2.12, we can find an integer N and
tempered distributions H;, [i| < N, such that

3 (0)

il

If =Uq,,f+ Z

lil<N

H; forall feS. (3.30)

Replacing f in (3.30) by v; in (2.29) and using (2.30) gives that H;/j! = I; —
Uq,p V. Hence

Hje L” (3.31)

by Corollary 3.6 and the assumption on the linear map /. By (3.30),
Theorem 3.1 and the assumption on the linear operator I, (I — Ug ,)(8;: f) =
t778,((I = Ug,p) f) forall f € S. Hence Hjis homogeneous of order y — d — |j|
by Lemma 2.13. This together with (3.31) implies that H; = O for all j € Z4 with
[jl < N. The desired conclusion I = Ug_, then follows. O
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3.5 Unique dilation-invariant extension of the linear operator iq
with additional integrability in the Fourier domain

In this subsection, we characterize all those dilation-invariant extensions / of
the linear operator i on the subspace S, to the whole space S such that If is
g-integrable for any Schwartz function f.

Theorem 3.8 Let 1 <g <oo,y €ld/q,c0)\Z and Qe C*RN\{0})) be a
nonzero homogeneous function of degree —y, and the linear map I from S to
S’ be a dilation-invariant extension of the linear operator iq on Sy. Then the
following statements hold.

(1) If 1 <q < oo, then the Fourier transform of If belongs to LY for any
Schwartz function fifand onlyify —d/q € Z, and I = Ugq 4/4-1).-
(i) Ifg=ooandy & Z., then the Fourier transform of 1f belongs to L™ for
any Schwartz function f if and only if I = Ugq ;.
(ili) Ifg =ooandy € Z,, then the Fourier transform of I f belongs to L™ for
any Schwartz function f if and only if

~ — 3 f(0
If(€) =Uq1f()+ Z {( ) gi(§) (3.32)
li=—y
for some bounded homogeneous functions g, |i| = —y, of degree 0.

Proof (i) The sufficiency follows from Theorem 3.1 and Corollary 3.2. Now we
prove the necessity. As every g-integrable function belong to K, similar to the
argument used in the proof of Lemma 2.12, we can find functions g; € K|, [i| <
N, such that

3" (0)

If(&) = FUa.gjq-n HE + Y gi(6). (3.33)

lil<N

Let 5, j € Z< be defined as in (2.29). Replacing f by v; with [j| < N and using
(2.30) gives

— —~ 3y (0
i@ = (o - Y ’/”( 0w +g©

lil<—y—d/q
3l _ ' if 13 _
_ g.' (@) — DQE) + g6) %f |J.| <y -—d/q, (334)
T E)Q(E) +gi(6) if |jl >y —d/q.

Note that ‘ff (&) — DQ(E) € LY when |j| <y —d/q, and E,qb(E)Q(E) e LP

when [j| > y — d/q. This, together with (3.34) and the assumption that 1v; Y €
L1, proves that

gie L7 foralljeZ? withy —d/q+#ljl <N. (3.35)
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By the homogeneous property of the linear map /, the functions g;, |i| < N, are
homogeneous of degree —y + |il, i.e.,

gi(te) =7 gg),  forallr > 0. (3.36)

Combining (3.35) and (3.36) proves that gj = 0 for all j € Z¢ with y —d/q #
ljl < N, and the desired conclusion 17(5) =FUgqq/q-1»nHE) forall feS
wheny —d/q & Z,.

Now it suffices to prove that y —d/q &€ 7Z,. Suppose on the contrary that
y —d/qeZ,. Thenl < g < ooasy ¢ Z. By (3.34) and the assumption on the
linear map 7, we have

/ 18(8) — E1QE)/j117dE = T3 14dE < 0o
Edsuppg & ¢suppg

for all j € Z¢ with |j| = y — d/q. This, together with (3.36) and the fact that
the support supp¢ of the function ¢ is a bounded set, implies that gj(&) —
E1Q(&)/j! =0 for all jeZ9 with |j| =y —d/q. By substituting the above
equality for gj into (3.34) we obtain

I;(6) = ¢(5)EIQ (&) /j! (3.37)

for allj € Zi with |j| = y — d/q. This leads to a coptradiction, as 1/1/7j(.§) e L4
by the assumption on the linear map 1, and ¢(§)&3Q2(¢)/j! ¢ L4 by direction

computation.
(ii) and (iii) The necessity is true by (3.32) and Theorem 3.1, while the
sufficiency follows from (3.33)-(3.36). o

3.6 Proof of Theorem 1.2

The conclusions in Theorem 1.2 follow easily from (2.47), (3.2), Theorem 3.7
and Corollary 3.4.

4 Sparse stochastic processes

In this section, we will prove Theorem 1.3 and fully characterize the gen-
eralized random process P,w, which is a solution of the stochastic partial
differential equation (1.3). In particular, we provide its characteristic func-
tional and its pointwise evaluation.

4.1 Proof of Theorem 1.3
To prove Theorem 1.3, we recall the Levy continuity theorem, and a funda-
mental theorem about the characteristic functional of a generalized random

process.

Lemma 4.1 [5] Let &, k > 1, be a sequence of random variables whose char-
acteristic functions are denoted by i(t). If limg_, o (i (t) = poo(t) for some
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continuous function . (t) on the real line, then & converges to a random
variable &, in distribution whose characteristic function E(e™"~) is j1o(1).

In the study of generalized random processes, the characteristic functional
plays a similar role to the characteristic function of a random variable [6]. The
idea is to formally specify a generalized random process & by its characteristic
functional Z4 given by

Zo(f) =E(e ) = / e "dP(x), feD, (4.1)
R

where P(x) denotes the probability that ®( f) < x. For instance, we can show
[14] that the characteristic functional Z,, of the white Poisson noise (1.13) is
given by

Zo(f) = exp ()\ / / (emie/™ — 1)dP(a)dx), feD. (4.2)
R4 JR

The characteristic functional Z¢ of a generalized random process ® is a
functional from D to C that is continuous and positive-definite, and satisfies
Z5(0) = 1. Here the continuity of a functional L from D to C means that
limg_ oo L(fi) = L(f) if fr € D tends to f € D in the topology of the space
D, while a functional L from D to C is said to be positive-definite if

n
> L(fi— fiocidk =0 (43)
k=1
for any fi,..., f, € D and any complex numbers cy, ..., ¢,. The remarkable

aspect of the theory of generalized random processes is that specification of
Z4 is sufficient to define a process in a consistent and unambiguous way. This
is stated in the fundamental Minlos—Bochner theorem.

Theorem 4.2 [6] Let L be a positive-definite continuous functional on D
such that L(0) = 1. Then there exists a generalized random process ® whose
characteristic functional is L. Moreover for any fi,..., f, € D, we may take
the positive measure P(xy,...,x,) as the distribution function of the random
variable ®(f)), ..., ©(f,), where the Fourier transform of the positive measure
P(xy, ..., xp)is L(y1 fi + -+ ya fo), Le,

L(y1f1+---+Ynfn)=/

exp(—i(x1y1 + ... + X, yn))dP(xy, ..., Xp).
Rn

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3 Let N > 1 and ¢ be a C* function supported in B(0, 2)
and taking the value one in B(0, 1). For any f € D, define a sequence of
random variables @, y(f) associated with f by

O, N(f) =Y arp(xic/N) Ty f (%), (4.4)
k
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where the a;’s are i.i.d. random variables with probability distribution P(a),
and where the x;’s are random point locations in R” which are mutually
independent and follow a spatial Poisson distribution with Poisson parameter
A > 0. We will show that &, 5, N > 1, define a sequence of generalized
random processes, whose limit P, w( f) := )", arl, 1(f)(Xx) is a solution of the
stochastic partial differential equation (1.3).

As ¢ is a continuous function supported on B(0, 2),

QNN = D ap®xi/N)L f(x). (4.5)

xc€B(0,2N)

Recall that 7, ; f is continuous on R\ {0} by Corollary 3.6. Then the summation
of the right-hand side of (4.5) is well-defined whenever there are finitely many
X, in B(0,2N) with none of them belonging to B(0, €), ¢ > 0. Note that the
probability that at least one of x lies in the small neighbor B(0, ¢€) is equal to

(o]
Ze*“B(O’f”()"B(O—’E)Dn =1—eMBOI 0 ase — 0.

n!
n=1

We then conclude that @, y(f) is well-defined and @, y(f) < oo with proba-
bility one.
Denote the characteristic function of the random variable ®, x(f) by
EV,N, f(t)Z
Ey N (1) = E(e "N D) = E(e PV,

Applying the same technique as in [12, Appendix B], we can show that

Ey,N,f([) = exp (/;{d /R (e—ial</7(X/N)1y,1f(X) _ l)dP(a)dx). (4.6)

Moreover, the functional E, y ¢(¢) is continuous about ¢ by the dominated
convergence theorem, because

e OIS _ 1] < Jal el 1 £

and
/ /|a||ly1f(x)|dP(a)dx_ f|a|dP(a) / |Iy1f(x)|dx)

by Corollary 3.6 and the assumption on the distribution P.
Clearly the random variable ®, y(f) is linear about f € D;i.e.,

o, n(af +Bg) =a®, n(f)+BP, n(g) forall f,geDanda,p cR. (4.7)

@ Springer



Fractional Laplacian and sparse stochastic processes 437

For any sequence of functions f; in D that converges to f in the topology
of D, it follows from Theorem 3.5 and Corollary 3.6 that lim_.o ||, 1 fx —
I, 1 fxlli = 0. Therefore

‘ [ / (7N BB _ 1) P(a)dx
R4 JR
_f / (e*iatw(X/N)ly,lfoc(x) _ l)dP(a)dx’
R4 JR

< 1ri( /R laldP(@) ( /R PO/ N)I Lyt fi0) = Iy () ldx)

— 0 ask — oo, (4.8)

which implies that the characteristic function of &, y(fi) converges to the
continuous characteristic function of ®, y(f). Hence the random variable
®,, n( fi) converges to &, y( fx) by Lemma 4.1, which in turn implies that ®,, y
is continuous on D.

Set

Ly N(f) = E, N ¢(D). (4.9)

For any sequence ¢;,1 </ <n, of complex numbers and f;,1 </ <n, of
functions in D,

n
Y Lon(fi— fed = E( ) e#dn,w(ﬁ*ﬁ/)clc_l,)

1<l,l'<sn Li=1

n
— E(’ 3 e
=1

2) >0, (4.10)

which implies that L, y is positive-definite. By Theorem 4.2, we conclude that
&, y defines a generalized random process with characteristic functional L, y.

Now we consider the limit of the above family of generalized random
processes @, v, N > 1. By Corollary 3.6, [, f is integrable for all f e D.
Then

lim E, .y, f(t)zexp( f / (e‘l"’”wf“‘)—1)dP(a)dx) = E, ;). (4.11)
N—+o0 T R JR .

Clearly E, (0) =1 and E, ;(¢) is continuous as I, 1( f) is integrable. There-
fore by Lemma 4.1, ®, n(f) converges to a random variable, which is denoted
by P,(f) :== >, arl, 1 f(Xx), in distribution.
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As I,,f is a continuous map from D to L', then limy_c|lZ1 fk —
I, 1 fxlli = 0 whenever fi converges to fin D. Hence

‘/ / (e—iatlydfk(x) — l)dP((,l)dX
RY JR
[
R4 JR

< 11 /R laldP@)( /R Ly fu) = Lt fro()ldx)
— 0 ask — oo, (4.12)

which implies that the characteristic function of P, (f;) converges to the
characteristic function of P, ( fo) (which is also continuous), and hence P, ( fi)
converges to P, ( fs) in distribution by Lemma 4.1. From the above argument,
we see that P, (f) is continuous about f € D.

Define L, (f) = E, s(1). From (4.10) and (4.11), we see that

> Ly(fi= feics = lim Y7 Lyn(fi= flecr =0 (4.13)

1<ll'<n 1<l,l'<n

for any sequence ¢, | <!/ < n, of complex numbers and f;, 1 </ < n, of func-
tions in D. Therefore by Theorem 4.2, P,w defines a generalized random
process with its characteristic functional given by

Zpw(f) =exp ( / / (el [0 _ l)dP(a)dx). (4.14)
R4 JR
O
4.2 Pointwise evaluation

In this section, we consider the pointwise characterization of the generalized
random process P, w.

Theorem 4.3 Let y, A, P(a), P,w be as in Theorem 1.3, and I, | be defined as
in (1.12). Then

wa()’o) = ]\}1_{1100 P;/w(gN,yg) (4'15)
is a random variable for every y, € R? whose characteristic function is given by
E(e Prv00) — exp (x / / (eiartsy _ 1)dde(a)), teR, (4.16)

R JR

where g € D satisfies fRd gx)dx =1, gny,(X) = Nig(N(x —yo)), and

&) = (0009 = Y0 0 g, (417)

4 il
lil<y
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An interpretation is that the random variable P,w(yo) in (4.15) and its
characteristic function E(e~#»*00)) in (4.16) correspond formally to setting
f =38(- —yo) (the delta distribution) in (1.18) and (1.19), respectively.

To prove Theorem 4.3, we need a technical lemma.

Lemma 4.4 Let y be a positive non-integer number, g € D satisfy [p, g(X)dx =
1, and Hy, be defined in (4.17). Then

Jim 1118, — Hylli =0 (4.18)

forally, € R4 where 8Ny, (X) = Nig(N(x — Y0))-

Proof Let Kj be the inverse Fourier transform of GEV|E)7Y and k; be the
integral part of the positive non-integer number y. Then from the argument in
the proof of Theorem 3.5,

H,(x) = > ik, 5t [ (Kjx — ty) — Kj))(—=yl (1 =¥ ~dr itk > 1
' Ko(x —y) — Ko(x) if ky = 0.
(4.19)

Therefore for yy # 0,

1y 1gna — Hil
1
ey [ ] - m - Ky
=k, RS0 IR

—(Kj(x — tyo0) — Kj(X)y)|1gn.y, (¥)|dydrdx

1
< [ [ [ IKix =) - Kix = ol1y1* g, ) dydia
il=ky VRO

1 .
+C Yy |Kj(x — ty0) — Kl — ypllgn.y, (¥)|dydrdx
R JO JRA

ljl=ki

IA

1
C [ [ty = yolb ol ly = Yol gy (Vldye
0 JIRA

1
+C / / @yl ol Iy = oll + 1y = Yol g, (1) dyde
0 R

—-0 asN —>
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if k;, > 1, and

”Iy,lgN,yo - Hyo ”1

< / / Ko(x — ¥) — Ko(X — Yo)l1g .30 (¥)dydx
Rd JRd

=[(f |Ko(x — y) — Kotx — yo)ldx
RS Jlx=y=2lly=yol

+f | Ko(x = )l + | Ko(x = yo)ldx) [gn.y, (1) Idy
IIx=ylI=2lly=yoll

< CN / ly = Yol I8CNGy — o) ldy
R
= CN’V/ lz||” |g(z)|dz — O as N — 0,
RY

if k; = 0. This shows that (4.18) for y, # 0.
The limit in (4.18) for yo = 0 can be proved by using a similar argument, the
detail of which are omitted here. ]

Proof of Theorem 4.3 By Lemma 4.4 and the dominated convergence
theorem,

lim / / (e 18Ny ™ _ 1) d P(a)dx = / f (e ™ _ 1)d P(a)dx
N—oo Jra Jr R¢JR
(4.20)

for all7 € R. Moreover as Hy, is integrable from Corollary 3.6 and Lemma 4.4,
the function [, [ (e7“!H#%® — 1)d P(a)dx is continuous about ¢. Therefore
(4.15) and (4.16) follows from Lemma 4.1. O
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