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1 Introduction
In this work, using variational methods and critical point theory, we study the fractional
difference boundary value problem

A A %) =fx(E+v -1)), €0, Ty,
x(v=2) = [(A)_x(0)],_r =0,

(1.1)

where v € (0,1), ;A)_; and r A} are, respectively, the left fractional difference and the right
fractional difference operators, ¢ € [0, Ty, := {0,1,2,..., T}, and f : R — R is continuous.

Fractional calculus has a long history, and there is renewed interest in the study of both
fractional calculus and fractional difference equations. In [1, 2], the authors discussed
properties of the generalized falling function, a corresponding power rule for fractional
delta-operators and the commutativity of fractional sums. A number of papers have ap-
peared which build the theoretical foundations of discrete fractional calculus (for more
details, we refer the reader to [3—8] and the references therein).

Atici and Eloe [3] considered the existence of positive solutions for the following two-
point boundary value problem for a nonlinear finite fractional difference equation:

“A'y(t)=f(t+v-Ly(t+v-1), t=12,....b+1,
y(v-2)=0, y(v+b+1)=0.

1.2)

In [4], the authors used the mountain pass theorem, a linking theorem, and Clark’s the-
orem to establish the existence of multiple solutions for a fractional difference boundary
value problem with a parameter. Under some suitable assumptions, they obtained some
results which ensure the existence of a precise interval of parameters for which the prob-
lem admits multiple solutions. We note that there are many papers in the literature [9-18]
which discuss discrete problems via variational and critical point theory.
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In [9], Tian and Henderson studied the 2xnth order nonlinear difference equation
A" (r(t —nm)A"x(t — n)) +f(t,x(t)) =0, teZ, (1.3)

and established some existence results for anti-periodic solutions under various assump-
tions on the nonlinearity. In [10], Ye and Tang considered the second-order discrete Hamil-

tonian system
A2u(t - 1) +d(e) |[u@)|""u(t) + VH(t,u()) =0, VieZ,

and obtained an existence theorem for a nonzero T-periodic solution.

In the literature on discrete problem via critical point theory, the authors are interested
in the existence of at least one solution or infinitely many solutions. The existence of a
unique solution is not usually studied. In this paper, using Browder’s theorem, first we
present a uniqueness result in Section 3. Then a linking theorem is used to establish exis-
tence. Finally, assuming an Ambrosetti-Rabinowitz type condition, we show that problem

(1.1) has many solutions if the nonlinearity is odd.

2 Preliminaries
For convenience, throughout this paper, we arrange ZZ; x(i) = 0 for m < j. We present
some definitions and lemmas for discrete fractional operators.

For any integer §, let Ng := {8, + 1,8 +2,...} and t™ =T (¢ +1)/T(t + 1 - v), where ¢
and v are determined by (1.1). We also appeal to the convention that if £ + 1 — v is a pole of

the gamma function and ¢ + 1 is not a pole, then ") = 0.

Definition 2.1 (see [2, 3]) The vth fractional sum of f for v > 0 is defined by

t—=v

Af(E) = ﬁ D (t-s-1)"f(s) forteN,.,. (2.1)

We also define the vth fractional difference for v > 0 by Af(¢) := AN AN (£), where t €
Ngn-v and N € Nis chosensothat 0 <N -1<v <N.

Definition 2.2 (see [2,3]) Letf beanyreal-valued functionand v € (0,1). The left discrete
fractional difference and the right discrete fractional difference operators are, respectively,
defined as

AL = DAV ()
1 t+v-1

= A Z(t—s—l)(_")f(s), t=a-v+1(modl),

ra-v)
(2.2)
pALF(0) =~ 57V (0)

b
= ﬁ(—ﬁ) Z (s—t-=1)""f(s), t=hb+v—1(modl).

s=t+1-v
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Definition 2.3 Suppose that X is a Banach space and /: X — R is a functional defined
on X. For given x,y € X, assume that
- 1(x+ey) - I(x)
m——

li

e—0 &€ (2'3)

exists. Then I is Gateaux differentiable at x, the limit in (2.3) is called the Gateaux differ-
ential of I at x in direction y, and is denoted by (I’(x),y), i.e.,

I(x +ey) — I(x)
—

(I'(x),y) = lim (2.4)
e—0

Definition 2.4 (see [19, p.303]) Let X be a reflexive real Banach space and X* its dual. The

operator L : X — X* is said to be demicontinuous if L maps strongly convergent sequences

in X to weakly convergent sequences in X*.

Lemma 2.5 (Browder theorem, see [19, Theorem 5.3.22]) Let X be a reflexive real Banach
space. Moreover, let L : X — X* be an operator satisfying the conditions

(i) L is bounded and demicontinuous,
L&)») _ +00,
ll=ll

(iii) L is monotone on the space X, i.e., for all x,y € X, we have

(ii) L is coercive, i.e., limy— oo

(L(x) -L(y),x —y) > 0. (2.5)

Then the equation L(x) = f* has at least one solution x € X for every f* € X*. If, moreover,
the inequality (2.5) is strict for all x,y € X, x #y, then the equation L(x) = f* has precisely
one solution x € X for all f* € X*.

Definition 2.6 (see [20-22]) Let X be a real Banach space, I € C}(X,R) and ¢ € R. We
say that [ satisfies the (PS). condition if any sequence {x,} C X such that I(x,) — ¢ and
I'(x,) — 0 as n — oo has a convergent subsequence.

Lemma 2.7 (Linking theorem, Rabinowitz, see [20-22]) Let X = Y @& Z be a Banach space
with Z closed in X and dimY < co. Let p > r >0, and let z € Z be such that ||z| = r. Define

M= {u:y+)»z:||u||§,o,)»20,ye Y}, N = {ueZ:Hull:r},

My := {u:y+kz:ye Y, lull = pand A >0, or ||u| §,oamd)»=0}.
Let I € CH(X,R) be such that

b:= uienjgfl(u) >a:= urg/:a(o I(u).
If I satisfies the (PS). condition with

c:= ;rg Lr;aMxI(y(u)), where T := {y eCM,X):yim, = id},

then c is a critical point of I.
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Definition 2.8 (see [20—22]) Let X be a real Banach space and I € C!(X,R). We say that /
satisfies the Cerami condition ((C) condition for short) if any sequence {x,} C X such that
I(x,) is bounded and (1 + ||x, ||)|I'(x,,)|| — O as n — oo, there exists a subsequence of {x,}

which is convergent in X.

Lemma 2.9 (Mountain pass theorem, see [20-22]) Let X be a real Banach space, and let
I € CY(X,R) satisfy the (C) condition. If 1(6) = 0 and the following conditions hold:
(i) there are two positive constants p, n and a closed linear subspace X1 of X such that
codim X1 =1 and Ix,n08, = 1, where B, is an open ball of radius p with center 6;
(i) there is a subspace X, with dim X, = m, m > [, such that

I(x) > —00 as ||x|| = oo,x € X5.
Then I possesses at least m — | distinct pairs of nontrivial critical points.
In what follows, we establish the variational framework for (1.1). Let
X:= {xz (x(v -1),x(v),...,x(v+ T - 1))+ cx(v+i-1)eR,i=0,1,..., T}. (2.6)

Then X is the T + 1-dimensional Hilbert space with the usual inner product and the usual

norm
T+v-1 T+v-1
(x,2) = Z x(t)z(t), x|l = ( Z |lx(t)| ) , xzeX. (2.7)
t=v-1 t=v-1

_ 1. .
For a > 1, we define the «-norm on X: x|, = (ZtT;”_ll |x(£)|*)a. Since dim X < 00, we see

that there exist ¢j, > 0, ¢y, > 0 such that
cellxll < %lle < conll®ll (2.8)

for all x belonging to X (or its subspace).
In view of [4, (3.4)], we can define an energy functional on X by

T

I(x):%z 1x(t ZF t+v-1 x€X, (2.9)

t=—1 t=-1

where

x(t+v-1)
F(x(t+v—1)) =/ f(s)ds,
0

T+v

Z(T+s 1) Dy(s) = 0.

(v=-2)=0,  [A)x0)]. = m

Clearly, 1(6) = 0. Let

E:={x=(x(v-2),2(v-1),...,x(v+T))"

eR™:x(v-2)=0,[,AV_x(8)],. = 0}. (2.10)
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Then, from the boundary conditions of (1.1), it is easy to see that E is isomorphic to X. In
the following, when we say x € X, we always imply that x can be extended to x € E if it is
necessary. Now we claim that if x = (x(v —1),%(v),...,x(v + T —1))* € X is a critical point of
I, then x = (x(v-2),x(v-1),...,x(v+T))* € Eis precisely a solution of (1.1). Indeed, since /
can be viewed as a continuously differentiable functional defined on the finite dimensional
Hilbert space X, the Fréchet derivative I'(x) is zero if and only if 9(x)/9dx(i) = O for all
i=v—-1,v,...,v+ T —1. From the relation between the Fréchet derivative and the Gateaux
derivative, we obtain

T
(1 0.9) = tim "D 3[3 S A (0 + £9(0) (41 0)’]

2
£ e|2—

Sl ente s v-)-Fse )

t=-1

T T
= D AL XAy (6) = f (e + v =)y +v - 1). (2.11)

t=—1 t=—1

Therefore, in order to obtain the existence of solutions for (1.1), we only need to study the
existence of critical points of the energy functional / on X.
Next, noting Definition 2.2, for t € [-1, Ty _,, we let

t—(1-v)
AV x(t) = Aﬁ Zl (t —s—1)x(s) := Az(t + v -1). (212)
Then we have
z(v-2)=0,
1 0-(1-v) )
zZv-1) = riov) S;I (=s=1)"Yx(s) =x(v =1),
1 1-(1-v)
2(v) = - 0 Zl 1-5-1)x(s) = (1 - v)x(v — 1) + x(v),
1 2—(1-v) .
zv+1) = T S;I (2-s=1)"x(s)
= W&c(y - +A-v)x)+x(v+1),
1 T-(1-v) )
zZw+T-1)= Ta—w sgl (T -5s-1)"x(s)
_ (T—v)(T—lT—! v)~~~(1—v)x(v_1)
(T-1-v)(T-2-v)---(1-v)
+ -1 x(v) +

+A=-v)x(w+T-2)+x(v+T-1),
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i.e., z=Bx,wherez=(z(v —1),z(v),...,z(v + T = 1))*, x = (x(v = 1),x(v),...,x(v + T = 1))*,

1-v 1 0 . 0
B W 1-v 1 .- 0
(T-v)(T-1-v)---(1-v) (T-1-v)(T=2—-v)---(1-v) . L. 1

T (T-1)! (T+1)x(T+1)

Clearly, (B™!)*B! is a positive definite matrix. All the eigenvalues of (B™1)*B™! are posi-
tive. Let Amin and Apmax denote respectively the minimum and the maximum eigenvalues

of (B"1)*BL. Since x = B!z, we have

AminllZl|? < %% = (25 (B™)",B7'2) < Amaxllzl*. (2.13)
Next, let
2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0
A= .
0 0 0 2 -1
0 0 0 -1 (T+1)x(T+1)

By direct verification, we see that A is a positive definite matrix. Let 1y, ..., 17,1 be the or-
thonormal eigenvectors corresponding to the eigenvalues As,...,Ar,; of A, where 0 < 1; <
-+ < Ary1. Clearly, X := span{ny,..., n7s1}. Let Y := span{ny,..., mi}, Z := span{ni1, ..., N1},
forle[1,T +1]ln,- Then X =Y & Z.

3 Main results
Now we state our main results and give their proof. For convenience, we list assumptions
on f and F:

(H1) f(0) # 0, and there is a constant ¢ such that |f(x) — f(y)| < c|x —y|, Vx,y € X.

(H2) There exist a constant d > 0 and p € (1,2) such that limsup,,,_, % <d.

(H3) zx? < [of(s)ds forall x € R.

(H4) There exist o« > 2 and R > 0 such that

0 <afxf(s)ds§xf(x) for |x| > R.
0

(H5) There is a constant « > 2 such that liminfj_, o % > 0.
(H6) There is y > 1 such that

liming/ ®* 2@
|| — 00 |x|V

> 0.

(H7) f(~x) +f(x) =0, ¥x € R.
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Theorem 3.1 Let (H1) hold. Then (1.1) has precisely one solution for c € (0, ﬁ).

Proof We shall apply Lemma 2.5 to prove the result. From (2.11), we define the operator

T

T
(Le),y) =Y oAy (@) =Y f(xt+v-D)y(t+v-1), VxyeX. (3.1

t=-1 t=-1

Clearly, if for all y € X, there exists xy € X such that (L(x),y) = 0, then xy is a solution of
(1.1). Let

T
(La®),9) = Y o0 yx(8): A, y(0),

t=-1
T

(Lz(x),y) = Zf(x(t +v- 1))y(t +v-1), VxyeX

t=-1

We sketch the properties of L; and L;. It is clear that L, is a linear operator, and further-
more, L; is bounded. Indeed, the Cauchy-Schwarz inequality enables us to obtain, notice
(2.12) and (2.13),

T
(Li@).9)] < D lety 12 @)][:2715(@)]

t=—1
1 1
T 2 T 2
2 2
< (Z!Az-lx(t)! ) (thAz_lyw» )
t=-1 t=-1
T
<7 Llxlllyll <00, %y €X. (3.2)
min

Consequently, L; is continuous on X. Next, we show that L, is bounded and continuous.
Let y =6 in (H1) and |f(0)| = ¢; > 0. Then we have from (H1)

V(x)’ <clx|+c¢, VYxeX. (3.3)

From (3.3), the definition of L,, and the Cauchy-Schwarz inequality, we obtain
T
Lz(x) y | Z[f x(t+ v—l) ||y(t+v—1)|
t=0

T
Z |x t+v-1 +cl){y(t+v—1)|

t=0
<clxlliyll +av T +1llyl <oo, Vx,yeX, (3.4)
T
|(Lar) = La(@a), y) | < D |f (it +v = 1) = f (w2t + v = 1)) |[y(t + v = 1)
t=0
T
Z |x1(t+v— —x(t+v -1 Hyt+v—1)‘
t=0

<cllar=x2lllyll, Vx5 €X. (3.5)
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Therefore, L, is bounded and continuous, as required. Hence, L is bounded and continu-
ous, so demicontinuous.
From (3.3), notice (2.12) and (2.13), we see

T T
(Le),x) = Y (A0 42(0)) = D> f (e +v —1))a(t + v —1)
t=-1 t=-1
71 T
= Z(Az(t +v- 1))2 - Zf(x(t +v—1))x(t+v-1)
=1 =0
> L||x||2 - XT:(c|x(t+ v=1)|+c)|x(t +v-1)]
- )\'max =0 !

z( M —c>||x||2—c1¢T+1||x||. (3.6)

max

Therefore, lim,— % = +00, i.e,, L is coercive on X.

Finally, we prove that L is strictly monotone. Indeed, from (H1), we have

T
(L) —LO)x—y) = > (eAh_x(8) - AY_y(®)
=1
T
—ZV(x(t+ v=1)) —f(y(t+v-D)||alt +v—-1) -yt + v -1)]
=0
> )\L lx—y?—clle—y|*>>0, forx,yeXandxy. (3.7)

max

All the conditions of Lemma 2.5 are satisfied, as claimed. Hence, (1.1) has precisely one
solution. This completes the proof. d

Theorem 3.2 Let (H2)-(H4) hold. Then (1.1) has at least one solution.
Proof From (H2), there exists § > 0 with
F(x) <d|x|* for|x| <3. (3.8)

Thus, for x € Z with ||x|| <4, it follows from the Holder inequality that

T T
I(x) = % D (A @) = F(x(t+v-1)
t=-1 t=—1
= T
=5 Z(Az(t +v-— 1))2 - ZF(x(t +v— 1))
t=—1 t=0

T
> % llz]|® - Zd\x(t +v-1)["
t=0

N T , 5,1 \1%
Z%IIxIIZ—d<Z‘x(t+v—l)’ ) (Zl)
t=0

2
max t=0

2
o el = (T + 1) e (3.9)

2 max
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By virtue of the inequality 1 < u < 2, there exists r > 0 such that

b:= inf I(x)>0. (3.10)

||x||=rxeZ
From (H3), for x € Y, we see

T

I(x) = %Z( o 1ac(t) ZF x(t+v—1))
t=-1 t=-1
—%Z Azt+v—1) Z ((t+v—l))
t=-1 t=0
<o mm|| x|? —ZF (x(t+v-1))
N
:Z[m—lxz(t+v—l)—F(x(t+v—1))] <0. (3.11)
=0 min

From (H4), we see that there exist ¢y, c3 > 0 such that
X
/ fls)ds = co|x|* —¢3, VxeR. (3.12)
0

Hence, for x € X, we find

1< K
I(x):it; le(t) ;F t+v—1)
T-1 T
= —Z Az(t+v—1)) ZF(x(t+v—1))
t=—1 t=0
T
2)»mm ||x||2 -C §|x (t+v —1)| +c3(T +1). (3.13)

Setz:=r HZﬁII with r > 0 is given in (3.10). For Y @ R, C X, (2.8) holds true. This, together

with (3.13), implies

AT
I(x) < ——|l|I” = cac, II%l|* + c5(T + 1).
2)\min

Since o > 2, we obtain

I(x) = —o0. (3.14)

1m
|x]| =00, xe Y BR,

Define

Mi={x=y+rz:llxl <p,h=0,ye Y},

Mg = {x:y+kz:y€ Y,|x|l=pand A >0, or IIxIISpandA:O}.

Page 9 of 12
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Since z € Z and then I(z) > b > 0, (3.11) and (3.14) guarantee that there is p > r such that

a:= max I(x) <O0.
xeMy

It remains to prove that [/ satisfies the (PS), condition. This will be the case if we show

that any sequence {x,};2; C X such that
d :=supI(x,) < 00, I'(x,) = 0,
n

contains a convergent subsequence. Note that dim X < 0o, so we only need to show the
boundedness of {x,}°;. Take B > 0 such that 87! € (2,«) for 1 large enough, and (H4),
(3.12) and (2.8) enable us to obtain

d + 1%l = I(x) -

%(1’(xn),xn)

(1 1\« A (o)
- (3-5) Deemo)
T

+ Z(%f(xn(t+ v=1))a(t+v—1) = F(x,(t +v - 1))>

1 1\ A ' fa
= (575 )ttt (-1 st v )

li) " ”2+i(3—1>(c rate + v =D)[" - c5)
5 ﬂ n /3 2 |¥n 3

A'[1'121)( =0

> G - %) kil lall® + (% . 1)czc;;||xn||“ - (% —1>(T+ Des.

Since o > 2 and (% —1) > 0, we see that {x,}3°, is bounded.
Thus the functional I satisfies all the conditions of Lemma 2.7, and then I has a critical

point, and (1.1) has at least one solution. This completes the proof. (]
Theorem 3.3 Let (H2), (H5)-(H7) hold. Then (1.1) has at least m — [ solutions.

Proof We shall utilize Lemma 2.9 to prove the result. If X; = Z = span{n,1,..., 111}, we
1

see codim X; = /. From (H2), noting (3.9), we can take p = (ddiAmaAry (T + 1)) %7 s0

that p < 8, where d; > 2. Therefore,

A+l

M L v
Lo, = (ddydma ki (T +1)177) 25 [ Ay M ATL (T + 1) — d(T + 1)1%}

max

d M
= (51 - l)d(ddlkmaxkjjl(T PR (T )8

Thus (i) of Lemma 2.9 holds true.
Choose X, := span{ny, ..., 1,,}, where m > [, and dim X, = m. From (H5), we see that there

exist cq, cs5 > 0 such that

F(x) > cylx|* —c5, VYxeR.
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Therefore, from (3.13) and (2.8), we arrive at

—I(x)z— 1> +C4Z|x(t+v—1)| -c5(T+1)
ZAm pany
> — 5 [xl1* + cact, Il = e5(T +1).
Amin

Since a > 2, I(x) — —o0 as ||x]|| = 00, x € X,. Thus (ii) of Lemma 2.9 holds true.
Finally, we prove that I satisfies the (C) condition. Let {x,} C X be such that for some
M1 > 0,

[I(x)| < My, L+l | xn) | > 0 asm— oo.

We claim that ||x,|| is bounded. Otherwise, suppose that |x, || — oo as 1 — oo. It is easy
to see that for any # € N, there exists M, such that

20(x,) = (I' (%), %) < M.
On the other hand, from (H6), there exist cg,c; > 0 such that
flx)x —2F(x) > colx|” —¢c7, VxeR.

Consequently, from (2.8),

T

20(x,) = (I' (%), %) Z [f (n + v = 1))xu(t + v = 1) = 2F (x,(¢ + v = 1)) ]
=0

T
Z (co|xn(t +v —1)|V -¢7) > cocty lxall” — 7 (T +1).
=0

Let n — oo, and we get a contradiction.

It is easy to see that I is even and I(9) = 0. Thus all the conditions of Lemma 2.9 are

satisfied, and (1.1) has at least m — [ solutions. The proof is complete. d
Examples

L. Let f(x) = mx + 12, where n; € (0, 5 ’\1 ) and 7, # 0. Clearly, (H1) holds.

2. Letf(x) = M ~(x+x e 4 dad. Then F(x) = —xze" + % Thus, (H2) and (H3) hold

automatlcally For R > 1, a = 4, we see

21 A
0< 2ly2e? 4 axt < xf (x) = ! (¥* + x‘L)e"2 +4x* forall |x| > 1.
min min

Therefore, (H4) holds.
3. Let f(x) = 2x + 4x3. Then F(x) = x> + x* and (H2), (H7) hold. Choose a = 4, y = 4,

and we see
2 + 4 oF 4
fminf = 2150, Timint % 7 2E® _pine 2 Za 50,
4] —00 |JC|4 x\—>oo [ |4 ‘x‘_ﬂ,o | |4

Hence (H5) and (H6) hold.
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