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1 Introduction
In the joint paper of Sturm and Liouville [3], they studied the problem

—i (pﬂ> +r(x)y(x) = Awy(x), x € [a,b], (1.1)
dx \" dx

with certain boundary conditions at @ and b. Here, the functions p, w are positive on [a, b]
and r is a real valued function on [a, b]. They proved the existence of non-zero solutions
(eigenfunctions) only for special values of the parameter A which are called eigenvalues.
For a comprehensive study of the contribution of Sturm and Liouville to the theory, see [4].
Recently, many mathematicians have become interested in a fractional version of (1.1), i.e.,
when the derivative is replaced by a fractional derivative like Riemann-Liouville deriva-
tive or Caputo derivative; see [5-10]. Iterative methods, variational method, and the fixed
point theory are three different approaches used in proving the existence and uniqueness
of solutions of Sturm-Liouville problems, cf. [4, 11, 12]. The calculus of variations has re-
cently been developed to calculate the extremum of a functional that contains fractional
derivatives, which is called the fractional calculus of variations; see for example [13-20].
In [5], Klimek et al. applied the methods of fractional variational calculus to prove the ex-
istence of a countable set of orthogonal solutions and corresponding eigenvalues. In [1, 2],
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Annaby and Mansour introduced a g-version of (1.1), i.e., when the derivative is replaced
by Jackson g-derivative. Their results are applied and developed in different respects; for
example, see [21-26]. Throughout this paper g is a positive number less than 1. The set of
non-negative integers is denoted by Ny, and the set of positive integers is denoted by N.
Fort>0,

Agri= {tq" ‘ne No}, Ay, =Ag:U{0}
and
Agy = {£tq" :n e No}.

When ¢ =1, we simply use A, A, and A, to denote A, Ary, and A, respectively. In
the following, we state the basic g-notations and notions we use in this article, ¢f [27, 28].
For n € Ny, the g-shifted factorial (a;¢q), of a € C is defined by

n

(@q)o:=1 and forneN, (a;q),:= 1_[(1 - aqk_l). 1.2)
k=1

The multiple g-shifted factorial for complex numbers 4;, ..., ay is defined by
k
(ﬂl,ﬂz,...,dk; Q)n = H(ﬂj; Q)n (13)
j=1

The limit lim,,_, »(4; ), exists and is denoted by (4; ). For o € R,

(@50 = EDx_

(aq*; @os”

The g-gamma function, [28, 29], is defined for z € C, z # —n, n € N by

(D)oo

1-9"% o0<|q/<l (1.4)
(7% @

[y(z) :=

Here we take the principal values of ¢* and (1-¢)' . Then I’ (z) is a meromorphic function
with poles at z=—-n, n € N.

Let i € R be fixed. A set A C R is called a p1-geometric setifforx € A, px e A. If f is a
function defined on a g-geometric set A C R, the g-difference operator, D, is defined by

D,f (x)

A Rt ACCTRYSY (1.5)
qx

x p—
If 0 € A, we say that f has g-derivative at zero if

i L6070 =1©)

n—00 xq

x€A, (1.6)

exists and does not depend on x. In this case, we shall denote this limit by D,f(0). In some
literature the g-derivative at zero is defined to be f'(0) if it exists, ¢f. [30, 31], but the above
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definition is more suitable for our approach. The non-symmetric Leibniz rule

D, (fg)(x) = g(x)Dgf (x) + f (qx)Dyg(x) L7)

holds. Equation (1.7) can be symmetrized using the relation f(gx) = f(x) — x(1 — q)D,f (x),
giving the additional term —x(1 — g)D,f (x)D,g(x). The g-integration of Jackson [32] is de-

fined for a function f defined on a g-geometric set A to be

b b a
/ f@® dqt::/ f@) dqt—/ f)dst, abeA, (1.8)
a 0 0
where
/o f@)dgt:= qu"(l -q)f (xq"), x€A, (1.9)
n=0

provided that the series converges. A function f defined on X is called g-regular at zero if
lim f(xq") =f(0) forallxeX.

Let C(X) denote the space of all g-regular at zero functions defined on X with values in R.

C(X) associated with the norm function
WFIl = sup{[f(xq")| xeX,ne No},
is a normed space. The g-integration by parts rule [33] is
b Y b
/ S(x)Dgg(x) =f(x)g(x)’a + / D,f(x)g(gx)dyx, a,beX, (1.10)

where f, g are g-regular at zero functions.
For p>0,and Y is A,; or AL the space L’,;(Y) is the normed space of all functions
defined on Y such that

t 1/p
Wllp == (/0 [f(u) |p dqu> < 00.

If p =2, then L;(Y) associated with the inner product

(f.g) = /0 Fgl) dyu 1)

is a Hilbert space. A weighted L[ZI(Y, w) space is the space of all functions f defined on Y,
such that

/0 If (u0) | wlws) dyus < 00,
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where w is a positive function defined on Y. L;(Y, w) associated with the inner product

(5= [ Sonignte dys

is a Hilbert space. The space of all g-absolutely functions on A7, is denoted by AC,(47 )
and defined as the space of all g-regular at zero functions f satisfying

oo

Z[f(uq/) —f(uq/+l)| <K forallue A;,t’
=0

and K is a constant depending on the function f, ¢f. [33], Definition 4.3.1. That is,
AC, (A7) < Co(A7,).

The space AC,(I")(A:‘M) (n € N) is the space of all functions defined on X such that
fiDyf ..., Dy 'f are g-regular at zero and D}j”'f € AC,(A; ), f. [33], Definition 4.3.2. Also
it has been proved in [33], Theorem 4.6, that a function f € .AC;") (47,) if and only if there

exists a function ¢ € L;(Aj;‘t) such that

i D’;f(O) P i}
f(x)=k2:0:rq(k+l)x + Fq(n)/o (qui%; Qnap(w)dgu, x€A;,.

In particular, f € AC(A7,) if and only if f is g-regular at zero such that D,f € L};(A:;,t)'
It is worth noting that in [33], all the definitions and results we have just mentioned are
defined and proved for functions defined on the interval [0,4] instead of A, In [34],
Mansour studied the problem

D‘;ﬂfp(x)CD;,wy(x) + (r(x) — AWqy (x))y(x) =0, xecA*

.4’

(1.12)

where p(x) # 0 and w, >0 forall x € A:‘m, p, 1, W, are real valued functions defined in A:;,a
and the associated boundary conditions are

ay(0) + o [1 2 p°D8 0+ 7](0) = O, (1.13)
a
(@) + 152 D] (5> ~o, (L14)

with ¢ +¢3 #0 and d? + d3 #0. it is proved that the eigenvalues are real and the eigenfunc-
tions associated to different eigenvalues are orthogonal in the Hilbert space L;(A;ﬂ, We).
A sufficient condition on the parameter A to guarantee the existence and uniqueness of
the solution is introduced by using the fixed point theorem, also a condition is imposed
on the domain of the problem in order to prove the existence and uniqueness of solution
for any A. This paper is organized as follows. Section 2 is on the g-fractional operators
and their properties which we need in the sequel. Cardoso [35] introduced basic Fourier
series for functions defined on a g-linear grid of the form {£4q" : n € Ny} U {0}. In Sec-
tion 3, we reformulate Cardoso’s results for functions defined on a g-linear grid of the
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form {£aq" : n € Ny} U {0}. In Section 4, we introduce a fractional g-analog for Euler-
Lagrange equations for functionals defined in terms of Jackson g-integration and the in-
tegrand contains the left-sided Caputo fractional g-derivative. We also introduce a frac-
tional g-isoperimetric problem. In Section 5, we use the variational g-calculus developed
in Section 4 to prove the existence of a countable number of eigenvalues and orthogonal
eigenfunctions for the fractional g-Sturm-Liouville problem with the boundary condition
9(0) = y(a) = 0. We also define the Rayleigh quotient and prove a criterion for the smallest
eigenvalue.

2 Fractional g-calculus
This section includes the definitions and properties of the left-sided and right-sided
Riemann-Liouville g-fractional operators which we need in our investigations.

The left-sided Riemann-Liouville g-fractional operator is defined by

a-1

I f (%) = % fa (qt/%;q)af (t) dyt. (2.1)

This definition was introduced by Agarwal in [36] when a = 0 and by Rajkovi¢ et al. [37]

for a # 0. The right-sided Riemann-Liouville g-fractional operator is defined by

o 1 b
I f(x) = T, qxf Nl t; aaf (0) dyt; (2.2)

see [34]. The left-sided Riemann-Liouville g-fractional operator satisfies the semigroup
property

I8 00 f () = 1570 F ().

The case a = 0 is proved in [36], while the case a > 0 is proved in [37].
The right-sided Riemann-Liouville g-fractional operator satisfies the semigroup prop-
erty [34]

10, f@) =1 f ), xed, (2.3)

for any function defined on A, and for any values of & and f.
For o > 0 and "o ' = m, the left- and right-sided Riemann-Liouville fractional g-deriv-
atives of order « are defined by

Df ,+f (%) := DI f (), Df - f (%) = <;) D;”_ I (),

the left- and right-sided Caputo fractional g-derivatives of order « are defined by
c o m—a |y cha . _1mm—am
DS of (1) := I DYf (x), DY, = (;> Loy DL f();

see [34]. From now on, we shall consider left-sided Riemann-Liouville and Caputo frac-
tional g-derivatives when the lower point 4 = 0 and right-sided Riemann-Liouville and
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Caputo fractional g-derivatives when b = a. According to [33],pp.124, 148, Df o f(x) exists
if

feLy(A;,) suchthat I7Gef e ACY (A ),

and Dy . f exists if
feAC” (4 ).

The following proposition was proved in [34] but we add the proof here for convenience
of the reader.

Proposition 2.1 Let o € (0,1).
() Iffelt (A7) such that I ,.f € AC,(A} ) then

q f

10,£(0)

DY o Igorf () =f (%) - r0—a)
a

xe (2.4)
Moreover, if f is bounded on Ay , then

CDZ,OJZOJ(’C) =f(x). (2.5)

(ii) For any function f defined on Ay ,,

DY 8 f ) =) - Fq(“%a)m/a; 0)-a (1% f) (5) 2.6)
(ii)) Iff € L} (Aga) then

Do o f (%) = £ (). (2.7)
(iv) For any function f defined on AZ,,,

Dy Lga f () = f (). (2.8)
(v) Iff € AC,(Az,,) then

120D f (%) = f(%) = £ (0). (2.9)

(vi) Iff is a function defined on A , then

a-1

o o _ _ a
Iq,a‘Dq,a—f(x) =f(x) Fq(a)

a
(gl s @) (I 1 )(5) (2.10)
(vii) Iff is defined on [0,a)] such that Dyf is continuous on [0,a] then

D oof (x) = DY o [f (x) - £(0)]. (2.11)
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Proof The proof of (2.4) is a special case of [33], Eq. (5.7), but note that there is a misprint
in Eq. (5.7); the summation should start from i = 1. If f is bounded on 4,4, then Il'o‘f(O) =
0, and (2.5) follows at once from (2.4). Now we prove (2.6). We have

a

CcC N o 1 - o t
an_lqa f( ) = m /q\x t (qx/t;q)_aDq( q,ﬂ_f) (5) dqt,

where we used —iDq—l f (%) = Dyuf (g). Then applying the g-integration by parts formula
(1.10) and using

DyitP(qrit;q)p = - 1817 Mg/t q)p, B R [B]i= ——,

we obtain

—0[

Dy I - f (%) = )(qx/a;q)_w(lé;ﬁ )<q> — 1518 f ().

r,1-

Hence, the result follows from the semigroup property (2.3). Equation (2.7) was proved in
[33], Eq. (4.66). The proof of (2.8) follows from the fact that

DI, ) = 1; [ flx) = —éDq-uq,fﬂx) _ (),

where we used the semigroup property (2.3). The proof of (2.9) is a special case of [33], Eq.
(5.6). The proof of (2.10) is similar to the proof of (2.8) and is omitted. Finally, the proof
of (2.11) is a special case of [33], Eq. (5.8). O

Set X =A,, or A . Then
C(X) € L2(X) € LL(%).
Moreover, if f € C(X) then

If 1l < Vallfll2 < alfIl.

We also have the following inequalities:
L Iff € C(A7,) then I7o.f € C(A7 ) and

1220 f] < =———=IIfI. 2.12)

+1)

2. Iffe Ll(X) then I"‘O+f € L}I(X) and

a*(1—q)*

- @ (2.13)

120 f |y < Maalif il Moy o=
3. Iff € LX) then IZ,.f € L(X) and

1720:f ], < Maallf s (2.14)

Page 7 of 31
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where

o 1-g) 172
Mo | g ([, Wit

4, Ifa > % and f € LZ(X) then I¢.f € C(X) and

a_% 1 1/2
lilq(a) </0 (4&:9)5 dqé‘) . (2.15)

5. Since ||fll < +/al[f|l, we conclude that if f € C(X) then I .f € L3(X) and

| <Moz“f”» Ma =

” qO+

110 |, < Kallfll. Ko := v/aMap. (2.16)
6. Iffe C(A* ) then Iz ~f € C(A* ) and

a*(1-q)*

I wollflls a0 1= T
|Gt | = caollf1l can 1-q) (g 9)

7. Iff € LL(X) then I¢ -f € L}(X) and

o

eI, <]

(1-
e - =
|| q,a f”l - 1-9)*~ 1au 1||f||11 if >1

(1-9)
(339

8. Ifa# 5 and f € L2(X) then IZ - f € L(X) and

1
. \/(qu%Hbe ifa <3,
iz, 71, = { Vo e
Ifll2 ifor> 5.

QQw«/lqmlll 2a

The following lemmas are needed in the remaining sections.

Lemma 2.2 Let o > 0. If

(@) fe Ll( ) and g is a bounded function on Ay,
or

(b) a3 andf, g are L;(X)functions,
then

f U)o f (x) dgx = f SOOI ,-g(x) dyx. (2.17)
0

Proof The condition (a) or (b) of the present lemma ensures the convergence of the

g-integrals in (2.17). Since

a 1 a X
/0 gy f(¥) dyx = /0 glx)x ! /0 (qt/%; @)af(t) dgt dyx,

Fyla)



Mansour Boundary Value Problems (2016) 2016:150 Page 9 of 31

from the conditions on the functions f and g, the double g-integral is absolutely conver-
gent, therefore we can interchange the order of the g-integrations to obtain

a ) B a 1 a vl .
/0g(x)]mf(x)dqx-/of(t)rq(a) /th (qt!x%; @)o1g(x) dyx dyt

:/0 SOOI -g(8) dgt. O

Lemma 2.3 Leta € (0,1).
(a) Ifg e Li(A%,) such that I7°g € ACy(A} ), and D,f € C(A} ) (i = 0,1) then

| sy = (2)4}@(@

x=0

+ /0 ag(x)“DZ,aff (%) dgx. (2.18)

b) Iff € ACq(AZ,a), and g is a bounded function on Ay , such that Dy ,-g € L;(A;}a) then

/0 (x)CDq0+f(x)dqx I1 ‘Zg( )f(x

Proof The conditions on the functions f and g guarantee the convergence of the g-inte-

(x)D" g(x) dgx. (2.19)

grals in (2.18) and (2.19), and their proofs follow from Lemma 2.2 and the g-integration by
parts rule (1.10). d

3 Basic Fourier series on g-linear grid and some properties
The purpose of this section is to reformulate Cardoso’s results of Fourier series expansions
for functions defined on the g-linear grid A, := {¢",n € Ny} to functions defined on g¢-
linear grids A, := {aq",n € N}, a > 0.

Cardoso in [35] defined the space of all g-linear Holder functions on the g-linear grid
Ag. We generalize his definition for functions defined on a g-linear grid of the form A,
a>0.

Definition 3.1 A function f defined on Ay, a > 0, is called a g-linear Holder of order A
if there exists a constant M > 0 such that

If (xaq"™") - f(xaq")| < Mq™ forallnmeN.

Definition 3.2 The g-trigonometric functions S,(z) and C,(z) are defined for z € C by
[35, 38]

qn 2n+1 32 2
= 1)" = 0;
Z) Z( ) (q,61)2n+1 1_ ld)l( q q 1 )
qn n-s ) 2n
z)—Z( V' 1006’ q 7).

One can verify that

D,.S,(wz) = —C L (Vqwz),
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w
D, .C,(wz) = - ESq(\/c—]wz),

where z € C and w € C is a fixed parameter. A modification of the orthogonality relation
given in [38], Theorem 4.1, is the following.

Theorem 3.3 Let w and w' be roots of S, (z), and ju(w) := (1 — q)C,(q""? w)S; (w). Then

a % % , 0, ifW #W/,
wx wx
/ Cq<qa )Cq(q )dqx: 2a, ifw=w =0,
- auw), ifw=w 70,

“ qwx qw'x 0, ifw#w,
/ Sq<—>5q(—) dgx = ~1/2 e
—a a a ag ' uw), ifw=w.

Cardoso introduced a sufficient condition for the uniform convergence of the basic
Fourier series

Sq(f): 2, ZakC qmwkx +kaq(qwkx),
where g = f_llf(t) dstand fork=1,2,...,

1
= —/ FOC,(q"*wit) d, by = i/. S(®)S(gqwit) dyt,
Mk J-1

1k = (1= q)Cq(q"wi) S, (wi)
on the g-linear grid A4, where {wy : k € N} is the set of positive zeros of S,(z). Cardoso
proved that uy = O(q‘2k2) as k — oo for any g € (0,1). In the following we give a modified

version of Cardoso’s result for any function defined on the g-linear grid A, 4, a > 0.

Theorem 3.4 Iff € C(A} ) is a q-linear Holder function of order . > 5 L then the q-Fourier
series

:_+Zakc ( 12 Wi )+ka< Wk") (3.1)

where ag =1 [ f(0)dyt and, fork=1,2,...,

ak<f>=aiuk f f(r)cq<q”2w7“> dt, bk<f>=£ / f(r)&(q%f) dt,

converges uniformly to the function f on the q-linear grid Ay ,.
Proof The proof is a modification of the proof of [35], Theorem 4.1, and is omitted. [

Remark 3.5 We replaced the condition

£(0*) =/ (07), (3.2)
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where
£0°) = Jim S (07 = lim 500,

in [35], Theorem 4.1, by the weakest condition that f is g-regular at zero because (3.2)
is only needed to guarantee that lim,,_, o f(g" %) = lim,_, o f (—~¢""V/?) and this holds if f
is g-regular at zero. See [33], Eq. (1.22), for a function which is g-regular at zero but not
continuous at zero.

A modified version of [35], Theorem 3.5, is the following.

Theorem 3.6 If there exists ¢ > 1 such that

Wit

a w, t a
/ f(t)Cq(\/ﬂ—I%) = O(qu) and / f(t)Sq<q7> = O(qck) as k — oo,
then the q-Fourier series (3.1) converges uniformly on Ag,.

A modified version of [35], Corollary 4.3, is the following.

Corollary 3.7 Iff is continuous and piecewise smooth on a neighborhood of the origin, then
the corresponding g-Fourier series Sy(f) converges uniformly to f on the g-linear grid Ay .

Theorem 3.8 Iff € C(A; ) is a g-linear Holder odd function of order ). > 3 and satisfying
f(0) =f(a) =0, then the q-Fourier series

it Wix
S,(f) = chSq(L)
k=1 a
where

converges uniformly to the function f on the q-linear grid Ay ,.

Proof The proof follows from (3.4) by considering the function g(x) := f(gx), x € Aga.
Since it is odd, we have a; = 0 for k = 0,1,..., and

bi(f) = Vi f g(t)Sq(%kt) dgt,

making the substitution u = gt and using the fact that g is an odd function, we obtain the
required result. d

Definition 3.9 Let (f,), be a sequence of functions in C(A7 ;). We say that f, converges
to a function f in g-mean if

lim \//a[f,,(x) —f)|*dyx=0.
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Proposition 3.10 If g € C(A7 ) is an odd function satisfying Df;g (k=0,1,2) is a con-
tinuous and piecewise smooth function in a neighborhood of zero, satisfying the boundary
condition

£(0) =g(a) =0, (3.3)

then g can be approximated in the q-mean by a linear combination

wyx
)
a

where at the same time D’; w (k =1,2) converges in q-mean to the D’;g. Moreover, the coef-

ficients " need not depend on n and can be written simply as c,.

g0 =) ci’”sq(

r=0

Proof We consider the g-sine Fourier transform of D2g. Hence

Dég(x) = ibk5q<qt—kx> = nll)rrolo (%), x €Ay (3.4)
k=1
where
Yo%) = ki;bksq@;kx), bi = a—ﬁ OaDZg(x)Sq(‘”Zk"> dyx.
Consequently,

lim /0 |D§g(x) - y,,(x)|2 dgx =0.

n—00

Hence

x _ o b 1/2
Dyet)-Dyg0) - [ et dye= Y (<, (T 1)
k=1

Applying the g-integration by parts rule (1.10) gives

a(l-q)

Vv

ar(Dyg) = — bi(D}g).

That is,

o 1/2
Dyg(x) ~ Dygl(0) = Zak(Dq@(cq(" :k’“) - 1).

k=1
Hence
1/2

> Wix
Dyg(x) = Zak(Dqg)Cq<q - ) K AL, (3.5)
k=1
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Note that ao(D,g) = 0 because g(0) = g(a) = 0. Again by g-integrating the two sides of
(3.5), we obtain

> a(l- WX
glx) = Zak(Dqg)(qu)Sq<§>, x € A;a. (3.6)
k=1
One can verify that
a(l-gq)
bi(@) = =L ay(D,g).

Hence the right-hand sides of (3.5) and (3.6) are the g-Fourier series of D,g and g, respec-

tively. Hence the convergence is uniform in C(A47 ) and L2 (A7 ;) norms. d

7a

4 g-Fractional variational problems

The calculus of variations is as old as the calculus itself, and has many applications in
physics and mechanics. As the calculus has two forms, the continuous calculus with the
power concept of limits, and the discrete calculus which also is called the calculus of finite
differences, the calculus of variations has also both the discrete and the continuous forms.
For a brief history of the continuous calculus of variations, see [39]. The discrete calculus
of variations started in 1948 by Fort in his book [40] where he devoted a chapter to the
finite analog of the calculus of variations, and he introduced a necessary condition analog
to the Euler equation and also a sufficient condition. The paper of Cadzow [41], 1969, was
the first paper published in this field, then Logan developed the theory in his PhD thesis
[42], 1970, and in a series of papers [43—46]. See also the PhD thesis of Harmsen [47]
for a brief history for the discrete variational calculus; and for the developments in the
theory, see [48—-54]. In 2004, a g-version of the discrete variational calculus is introduced

by Bangerezako in [55] for functions defined in the form

7+
](y(x)) = /qa xF(x,y(x),qu(x), . ..,D/;y(x)) dgx,

where g% and ¢” are in the uniform lattice Aj , for some a > 0 such that o > B, provided

that the boundary conditions

Diy(q*) =Dpy(a"") = (=0,1,....k~1).
He introduced a g-analog of the Euler-Lagrange equation which he applied to solve certain
isoperimetric problem. Then, in 2005, Bangerezako [56] introduced certain g-variational
problems on a nonuniform lattice. In [57, 58], Malinowska, and Torres introduced the
Hahn quantum variational calculus. They derived the Euler-Lagrange equation associated

with the variational problem

b
J(y) = / F(t,y(qt + w), Dg,wy(t)) dgwts
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under the boundary condition y(a) = «, y(b) = B where « and 8 are constants and D, is
the Hahn difference operator defined by

a0 w
Dy f() =] @t ifr7 e
' £1(0), ifr =22

q

Problems of the classical calculus of variations with integrand depending on fractional
derivatives instead of ordinary derivatives are first introduced by Agrawal [17] in 2002.
Then he extended his result for variational problems including Riesz fractional derivatives
in [18]. Numerous works have been dedicated to the subject since Agrawal’s work. See for
example [5, 13-16, 59-61].

In this section, we shall derive Euler-Lagrange equation for a g-variational problem
when the integrand includes a left-sided g-Caputo fractional derivative and we also solve
a related isoperimetric problem. From now on, we fix @ € (0,1), and define a subspace of
cAg,) by

oEX={ye AC(A;a) 1“Dggey € C(A;‘ﬂ)},
and the space of variations € Var(0, ) for the Caputo g-derivative by
“Var(0,a) = {h € oEZ : h(0) = h(a) = 0}.

For a function f(x1,%,...,%,) (n € N) by 9;f we mean the partial derivative of f with re-
spect to the ith variable, i = 1,2,..., n. In the sequel, we shall need the following definition
from [62].

Definition 4.1 Let A CR and g: Ax]—6,0[ — R. We say that g(¢,-) is continuous at 6
uniformly in ¢, if and only if Ve > 0, 3§ > 0 such that

10 —60] <8 —> |g(t,0) —g(t,00)| <€ forallteA.

Furthermore, we say that g(, -) is differentiable at 6y uniformly in ¢ if and only if Ve > 0,
38 > 0 such that

g(t,@) _g(t’ 90)

90, —82g(t,00)| <€ forallzeA.

10— 6| <8 —> ‘
We now present first order necessary conditions of optimality for functionals, defined
on oEY, of the type

J(y) = / F(x,9,°Df g+y) dgx, 0<a<l, (4.1)
0

where F: A7, x R x R — R is a given function. We assume that:
1. The functions (i, v) — F(t,u,v) and (u,v) — 9;F(t,u,v) (i = 2,3) are continuous
functions uniformly on A, ,.
2. F(,9(), Dy 54 (1), 8iF (5 9(),°Dyg 5+ () (i = 2,3) are g-regular at zero.
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3. 83F has a right Riemann-Liouville fractional g-derivative of order & which is
q-regular at zero.

Definition 4.2 Let y, € oE. Then J has a local maximum at yj if

356 >0 suchthat J(y) <J(yo) forallyeoE; with |y-yoll <34,
and J has a local minimum at y, if

36 >0 suchthat J(y)>J(yo) forallye Swith ||y—yol <8.

J is said the have a local extremum at y, if it has either a local maximum or local minimum.

Lemma 4.3 Lety € L2(A; ).
@ I

/Oa vy (@)h(x)dgx =0 (4.2)
forevery h € L}(Ay,,) then
yx)=0 onAgy,. (4.3)
(ii) If (4.2) holds only for all functions h € L;(Aj;‘a) satisfying h(a) = 0 then
y®)=0 onAggu. (4.4)
Moreover, in the two cases, if y is q-regular at zero, then y(0) = 0.

Proof To prove (i), we fix k € No and set /i (x) = {¢ it:h?r];is .. Then hy € L2(0,a). Substi-
tuting in (4.2) yields

agk(1- q)y(aqk) =0, VkeN,.
Thus, y (ag*) = 0 for all k € Ny. Clearly if y is g-regular at zero, then
0):= li F=o.
y(0):= lim y(aq")
The proof of (ii) is similar and is omitted. O

Lemma 4.4 Ifa € C(Aj;ﬂ) and

/d ax)Dgh(x)dx =0
0

for any function h satisfying
1. hand Djh are g-regular at zero,
2. h(0)=h(a) =0,

then a(x) = c forall x € ALa where c is a constant.
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Proof Let ¢ be the constant defined by the relation ¢ = % foa a(x) dgx. Let

h(x)::/0 [ot(&)—c]dq“g‘, xeA;a.

So, i and Dyh are g-regular at zero functions such that /#(0) = /() = 0. We have

a

/Oa [a(x) - c]th(x) dgx = /0 a(x)Dgh(x) dgx + [a(x) - c]h(x)|z=0 =0,
on the other hand,
/ﬂ o (x)Dyh(x) dyx = /“[a(x) - c]2 dgx=0.
0 0

Therefore, a(x) = ¢ for all x € A ,. But « is g-regular at zero, hence «(0) = 0. This yields
the required result. d

Theorem 4.5 Let y € ¢ Var(0,a) be a local extremum of J. Then y satisfies the Euler-
Lagrange equation
0. F(x) + D‘;‘,‘r 03F(x) =0, VxcA (4.5)

q9.9a°

Proof Let y be a local extremum of J and let n be arbitrary but fixed variation function
of y. Define

D(e) =J(y + €n).

Since y is a local extremum for /, and J(y) = ®(0), it follows that 0 is a local extremum
for ¢. Hence ¢'(0) = 0. But

, . d “ C o
0=¢'(0)= 612% %4@ +e€n) = /0 (32Fn + 03F Dq,om) dgx.
Using (2.18), we obtain
“ a
0= /0 (0F + D - 9sF)ndyx + I, 2 05 F(x)n(%)|}_.-
Since 7 is a variation function, 7(0) = n(a) = 0, and we have

a
/ (02F + DS - 03F)ndyx =0
0

for any 1 € € Var(0, a). Consequently, from Lemma 4.3, we obtain (4.5) and this completes
the proof. d

4.1 A g-fractional isoperimetric problem
In the following, we shall solve the g-fractional isoperimetric problem: Given a functional
J asin (4.1), find which functions minimize (or maximize) /, when subject to the boundary
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conditions

¥(0) = yo, y(@) =y, (4.6)

and the g-integral constraint

a
I(y) = / G(x,y, CDZ,Oer) dx=1, (4.7)
0

where [/ is a fixed real number. Here, similarly to before:
1. The functions (&, v) — G(t,u,v) and (u,v) — 0;G(t,u,v) (i = 2,3) are continuous
functions uniformly on A, ,.
2. G(-,y(-),"’DZ}W(-)), SiG(-,y(~),cDg,O+(-)) (i = 2,3) are g-regular at zero.
3. 3G has a right Riemann-Liouville fractional g-derivative of order o which is
q-regular at zero.
A function y € E that satisfies (4.6) and (4.7) is called admissible.

Definition 4.6 An admissible function y is an extremal for I in (4.7) if it satisfies the
equation

0, G(x) + DZW 33G(x)=0, Vxe A:;’qa.

(4.8)

Theorem 4.7 Let y be a local extremum for ] given by (4.1), subject to the conditions (4.6)
and (4.7). If y is not an extremal of the function I, then there exists a constant ) such that
y satisfies

0o H (x) + D;,a- 0sH(x)=0, Vxe Az,qﬂ’

(4.9)
where H :=F — AG.

Proof Let 11,y € € Var(0, a) be two functions, and let €; and €, be two real numbers, and
consider the new function of two parameters

y=y+emn +en. (4.10)

The reason why we consider two parameters is that we can choose one of them as a func-
tion of the other in order for y to satisfy the g-integral constraint (4.7). Let

a
I(e1,€2) = / G(%,5,°D5 0+ 7) dgx — L.
0

It follows by the g-integration by parts rule (1.10) that

oI
362

= / (82 G(x) + D‘;‘ . BBG(x))ng dgx.
©00 Jo '

Since y is not an extremal of I, there exists a function 5, satisfying the condition

()"TIZ l0,0) # 0. Hence, from the fact that 1(0,0) = 0 and the implicit function theorem, there
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exists a C! function €,(-), defined in some neighborhood of zero, such that
i(EI:GZ(Gl)) =0.

Therefore, there exists a family of variations of type (4.10) satisfying the g-integral con-
straint. To prove the theorem, we define a new function J (€1, €3) = J (¥). Since (0, 0) is alocal
extremum of | subject to the constraint 1(0,0) = 0, and VI(0,0) #(0,0), by the Lagrange
multiplier rule, see [63], there exists a constant A for which the following holds:

VJ(0,0) #(0,0) — 21(0,0) = (0,0).

Simple calculation shows that

3] a )
— :/ (82F(x)+Dq,ﬂ733F(x))n1 dyx
861 (0’0) 0

and
ol a
o / (02G(x) + D,y 35G)) s .
861 (0,0) 0 !

Consequently,

/Oa [BZF(x) + Dg’af 93F(x) — A (82 G(x) + Dg‘,{r 03 G(x))]m dgx.
Since 7, is arbitrary, from Lemma 4.3, we obtain
9 F(x) + Dy - 93F(x) — 1(82G(x) + D ,-83G(x)) = 0
forallx € A7 .. This is equivalent to (4.9) and completes the proof. O

The functions

(o]

Zn
o 3 = E —; 1-9)° 1,
¢ap (%) — [y (an+1) |Z( 9 ‘ <
- Ly 2
Ea,ﬁ(Z;q):E qx"" m; zeC,
n=0

are g-analogs of the Mittag-Leffler function

o0 n
z
E z:E — zeG
«p(?) — [ (an+1)

see [33]. We have

Dyprear(zq) i=ea1(zq);  “DyoiEai(zq) = Ea(q79). (4.11)



Mansour Boundary Value Problems (2016) 2016:150 Page 19 of 31

Example 4.8 Consider the fractional g-isoperimetric problem:

100 = [ (D)’ dy,
I(y) = /Oa ea1 (x%39) DY g+ y(x) dgx = 1, (4.12)
y0)=1,  ya)=e(a%q),
where 0 <a(1 —¢g) <1. Then
H-= (CD‘;‘OJ)2 — )eq,1(%q)°Df oy
and
OH + Df - 03H = D - (2°D5 . y(x) — Aea,1(x: ).

Therefore a solution of the problem is A = 2 and y(x) = e,1(x%; ¢). Similarly a solution of
the problem

J(y) = /0 ”(CD;W y(x))’ dyx,
I(y) = /0 ’ Eu1((q%)%q) DS 0 y(%) dygx = 1, (4.13)
¥(0)=1,  y(@)=Eu1(a;q),

where a > 0 is y(x) = Ey1(x%; q).

5 Existence of discrete spectrum for a fractional g-Sturm-Liouville problem

In this section, we use the g-calculus of variations we developed in Section 4 to investigate
the existence of solutions of the qgFSLP

D;,a_ p(x)CD‘;‘m y(x) + r(x)y(x) = Awyy(x), x€ A;vqa, (5.1)
under the boundary condition
(0) = y(a) = 0. (5.2)

The proof of the main result of this section depends on the Arzela-Ascoli theorem [64],
p-156. The setting of this theorem is a compact metric space X. Let C(X) denote the space
of all continuous functions on X with values in C or R. C(X) is associated with the metric

function

df,.g) = max{V(x) —g(x)| X eX}.

Theorem 5.1 (Arzela-Ascoli theorem) Ifa sequence {f,}, in C(X) is bounded and equicon-
tinuous then it has a uniformly convergent subsequence.
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In our g-setting, we take X = A7 ;. Hence f € C(A} ) if and only if f is g-regular at zero,

ie.,

£(0) := lim f(aq”).

n—00

Remark 5.2 A question may be raised as to why in (5.1) we have only x € A7 , in-
stead of A The reason for that is that the qFSLP (5.1)-(5.2) will be solved by using the
g-fractional isoperimetric problem developed in Theorem 4.7, and its g-Euler-Lagrange
equation (4.9) holds only for x € A,’;, - Also, in order for (5.1) to hold at x = 4, we should
have Dj - (p(-)CDg]m ¥(:))(a) = 0 and this holds only if p(a)CD‘;‘y0+ y(a) = 0, which may not

hold.

Theorem 5.3 Let % < a < 1. Assume that the functions p, r, w, are defined on A} , and
satisfying the conditions:
(i) wy is a positive continuous function on [0, a] such that D’;Wl—a (k=0,1,2) are
bounded functions on Ay,

(ii) r is a bounded function on Ay,

r(x)
We (%)
The q-fractional Sturm-Liouville problem (5.1)-(5.2) has an infinite number of eigenvalues

(iii) p e C(A;,a) such that infyea,, p(x) > 0, and SUDyea,, | | < 00.

AW A2 and to each eigenvalue M) there is a corresponding eigenfunction y™, which
is unique up to a constant factor. Furthermore, the eigenfunctions y" form an orthogonal
set of solutions in the Hilbert space L;(Aj;, 2 Wa)

Proof As we mentioned in Remark 5.2, the qFSLP (5.1)-(5.2) can be recast as the g-frac-
tional variational isoperimetric problem: Find the extremal of the functional

J0) = / [P (DL g.9) + r(w)y?] g (5.3)
0
subject to the boundary condition
¥(0) = y(a) = 0, (5.4)

and the isoperimetric constraint

I(y) = / We (x)y* dgx = 1. (5.5)
0
The g-fractional Euler-Lagrange equation for the functional ] is
2wy (X)y(x) =0 forallx e Ay,

which is satisfied only for the trivial solution y = 0, because w, is positive on A,,. So,
no extremals for I can satisfy the g-isoperimetric condition. If y is an extremal for the
q-fractional isoperimetric problem, then from Theorem 4.7, there exists a constant A such
that y satisfies the g-fractional Euler-Lagrange equation (4.9) in A%

2.qa DUt this is equivalent
to the qFSLP (5.1).
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In the following, we shall derive a method for approximating the eigenvalues and the
eigenfunctions at the same time similar to the technique in [5, 11]. The proof follows in six
steps.

Step 1. First let us point out that functional J defined in (5.3) is bounded from below.

Indeed, since p, w, are positive on A,

1@=L[ﬂmmﬁmnﬂwmﬁ]

> inf @)
xeAga Wy (%)

(KMMWm@x

.o r(x)
= inf =
x€Aga Wo (%)

According to the Ritz method [11], p.201, we approximate a solution of (5.3)-(5.4) using

the following g-trigonometric functions with the coefficients depending on w,:

ﬂk <ka). (5.6)

Observe that y,,(0) = y,,(a) = 0. By substituting (5.6) into (5.3) and (5.5) we obtain

Ym(x) =

]m(ﬁlr o ,,Bm) = ]m([ﬂ])

" Bibk [ wx&%mm Sa(“5)
T2 T o [P P P
r(x) WX wix
+%m%(79%0;ﬂ%x 57)

subject to the condition

E
=
=,
"

Im(ﬁl’ﬁb“'rﬁm) :I ([ﬂ]) (58)

The functions defined in (5.7) and (5.8) are functions of the m variables B, Ba,..., Bu.

Thus, in terms of the variables 8, ..., B, our problem is to minimize /,,,(81, B2, ..., Bm) on

the surface o, of the m dimensional sphere defined in (5.8). Since o, is a compact set and

Jn(B1s B2y ..., Bm) is continuous on oy, J,,.(B1, B2, ..., Bm) has a minimum Ain at some point
(1) (1)

( 1 ;"'yﬂm ) OfUm. Let

=)

If this procedure is carried out for m = 1,2,..., we obtain a sequence of numbers

)»il), A(21), ..., and a corresponding sequence of functions

Ww, W, W),
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Noting that o, is the subset of 0,,,,; obtained by setting 8,,,1 = 0, while
]m(ﬂl» ey ﬁm) = ]m+1(ﬁ1, ) ,er 0):
consequently,

2O

m+1

<Al (5.9)

Increasing the domain of definition of a function can only decrease its minimum. It follows
from (5.9) and the fact that J(y) is bounded from below that its limit

A® = lim A%

m—> 00

exists.
Step 2. We shall prove that the sequence (yE},))meN contains a uniformly convergent sub-
sequence. From now on, for simplicity, we shall write y,, instead of yﬁ,). Recall that

A = / [P@) (D m) + @)y ] e
0

is convergent, so it must be bounded, i.e., there exists a constant M, > 0 such that

/ [p(x) (CD’ZI“OQ/,,,)2 + r(x)yiq] dgx <My, meN,
0

Therefore, for all m € N we have the inequality

/ PO (D ym)” dgx < Mo +
0

/(; ‘ r(x)yfn (%) dyx
r(x)
We (%)

r(x)

W (%)

<My + sup
x€Aga

fo () () iy

= Mo + sup

x€Aga

=: 1.

Moreover, since infyey, , p(x) > 0 we have

a

( inf p(x))/ (CD‘;Wym)quxf/ p(x)(CD‘;‘mym)quxiMp
0 0

xeAq,a
and hence
a
M
D y) dx < —— = M (5.10)
/o (Do m) o infeeq,, p(x)

Since ¥,,(0) = 0, from (2.15) and (5.10)

1ymll = [ 1%+ D2 g ym || < Mo ||D%geym]
=< M(XMZ
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for a > 1/2. Hence, (y,,), is uniformly bounded on A7 .- Now we prove that the sequence
(¥m)m is equicontinuous. Let x;,x, € A, ,. Assume that x; < x,. Applying the Schwarz in-
equality and (2.9)

T () [y (%2) = Y (1)

= Tg(@)|I5 0+ “ DS 01 Yim (%2) = IS 01 DSy 01 Yim (%2) |

x2 x1
= ngl / (qt/xZ; q)a—ICD;'()erm(t) dqt - x(1x71/ (qt/xl; Q)a—chgvoerm(t) dqt
0 0

X2
< |y / (qt/%2; Qa1 Dfy g+ Y (t) Ayt

*1

+

x1
/ (%57 (qt/%2; Qa1 — 257 (qt/%2; D1 } D g1 Y (£) gt
0
1/2
§M2( 0= 2/ (qt/xz,q)a 19 t)

x 12
+ M, (/ (57 (qt/ %23 a1 — &7 (qtlx1; q)(,,,l)2 dqt) )
0

Since x; < x5, we have

MGt 1% Qa1 < %87 qt/x1; @) forall £ < xp < xy.
Using the inequality

h>6>0—> (-6 <-4,
we obtain

x
f (657 (gt /%25 Qa1 — 2N qtIx1; Qa1 ) dyt
0
M owa 2 M aue 2
5/ X (gt @)y dqt_/ x5 (qtl%g; q) 5y dgt
0 0

X2 *1
:/ 20! 2(qt/x2:4)a 1dg t+/ xf“’z(qt/xﬁq)?x—l dgt
0

*1

x2
—/ x%o‘_z(qt/xz;q)if1 dgt
0

x
f 2 gt )y gt + (2 - 2 /(qs D2 dy

*1

x2
5/ x%“‘Z(qt/xz;q)ifl dgt

*1

for o > % Hence, we have

1/2
- ( ) (/ (qt/xs; )% dg t)

2M. 2M.
2 X _la/xg —-x1 < 2

<—————&f 1< =
Iy(@)(q*; 9)% Ly(@)2(q% 9)%

[y (x2) = ym(21)| <

1
(%2 — )" 2.
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Hence {y,,} is equicontinuous. Therefore, from the Arzela-Ascoli theorem for metric
spaces, a uniformly convergent subsequence (y,,,)nen exists. It means that we can find
YW e C( j;'ﬂ) such that

YO = lim y,,,. (5.11)

n—00

Step 3. From the Lagrange multiplier at [3] = (,31(1), s ,3,(“1)), we have

—_ _@ P

8ﬁ][]m([/3]) )“mlm([ﬂ]):”[ﬂ]:[ﬂ(l)]! }—1,2,...,”’[
By multiplying each equation by an arbitrary constant ¢; and summing from 1 to m, we
obtain

0= Zc, % [ (181) = 251 (1B1) ] 51— 0 (512)

For m € N, set

1 W wix
Ny (x) = ; o (X) = E —~ (—/ )
@ N S j=1 VH \ a

According to Proposition 3.10, we can choose the coefficients c; such that there exists a
function g satisfying

hm Dqgm = Dkg (k=0,1,2)
and the convergence is in LZ(A* ) norm. Hence

lim | DSk, — Di|, =0 (k=0,1,2). (5.13)

m—0Q q

We can write (5.12) in the form
0= / [p(x)cDg,wymcD‘; o+ M + (r(x) - Aiﬂwa (x))ymhm] dgx. (5.14)
0
Since ¥,,(0) = 0, from (2.11)

c o _ N _ 1-«
Dq,O*.ym - Dq,0+ym - Dqlq,o*fym'

Then replacing “Df . yn by Dy o+ ym in (5.14) and applying the g-integration by parts rule
(1.10), we obtain

a
- / qu(x)CDg,(ﬁhm(x)(I;I,"iym)(qx) dgx
0

- / P(qxR)D D5 o (%) (I;fo‘i Vm)(qx) dgx
0
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+ /Oa [r(x) - )L(nlq)wa (x)]ymhm dgx
+ p()° D o B (X)L 5y ()]
In the following we shall prove that
I:= lim [,

m—0oQ

/(; —qu(x)cD"‘ o+ h(x) (I et or y )(qx) dgx

- / p(qr)D Dy 5 h(x)(1, ;0‘1 ) (gx) dyx
0

+p(x)CD°‘ o+ h(x) 0+y x)| /Ou[r(x) — 20w, (x)]y(l)h dgx. (5.15)

Indeed,

L — 1|

< f [Dap (6)[“Df g om0 (16 ym) (62) = “Df 00 ) (L) ()] | g
/ |p(qx) D DY o+ him (x)( q0+ym)(qx) D, DqOJl(x)(l1 0+y )(qx)]|dqx

+ P D o) ym(e) = p8) Dl B35y @[

+ /0 ’ |[7(0) = A% Wi () |yt — [r(x) = AP wg (x) ]y 1| dyga. (5.16)

For the first g-integral in (5.16), by adding and subtracting the term

Dyp(x)°Dy 1 hi(x) (1;,’0‘1 Vm)(gx)
to the integrand, we obtain

/ | Dyp(@)[“ DS g+ (%) (L ym) (q26) — Dl o ) (1357 9V (q0) ]| dye

< 1D Dyorh| || Lyt m) (@) = (T 6ty ) (@)
+ 1D | M3 Ky o || DSy - (i = H) |

ool a2 3m = Lty + MaKia|“Digr (i = )], .

D,
| ;pn ([Dyor

where Kj_, is the constant defined in (2.13) and Ms := sup,,. [|¥mlloo- From (5.11) and

(5.13)

lim |y, -y = hm |Dg#m — Dghll, =0

m— 00

then applying (2.12)-(2.14), we obtain

W}l_l’)IlOOHIOJrj/m—[lwyl)Hl r}gnoo||“qu+(h -h)|,=0
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and the first g-integral vanishes as m — oo. As for the second g-integral, we add and
subtract the term p(qx)DqCD;‘mh(x) (I;B’i ¥m)(gx). This gives

a
fo |p(qx)[Dge D . Fn () (L 5 ) (q26) — Dy DS g ) (I 3y (q0) | dgx

< 1PNy Dl b, | (Lt ym) (@) = (L5 9 ™) @) |
+ 1P M3Ky o | DD o (o — ) |,

< LDy

o2y = 15, + MsKi-a | Dy Do (i = |}

Since DqCD;’OJ,f(x) = I;“’D;f if D,f(0) = 0, and since lim,,_, oo ||Dflhm - Dflh||2 =0, from
(2.14), the second g-integral tends to zero as m tends to co. For the next two terms, we
have for x = 0, a,

(I;f()"i ym)(qx) = ql“"I;“m Ym(gx) — ql“"lg"O+ YO (gx)

resulting from the convergence of the sequence ||y,, — y|| — 0, and at the points x = 0,
x = a, we obtain

D g+ hm(0) — D 4. h(0), D g+ hm(a) — Do h(a).
Therefore,
X=a

DD g T (KL 3 () = PDE g BRIV ()[4 = 0.

Similarly, the last term in the estimation (5.16) vanishes as m — oo.
Step 4. We have

I= /0 p(x)“DZ,wy(x)“Dg,wh(x) + (r(x) - Awa)y(x)h(x) dyx=0. (5.17)

Set

1) := p(x)°Df . y(x),

(5.18)
Y2 (®) = (r(x) — Awe ) y(x).
Thus, since 4(0) = k(a) =0,
1= [ 1020 = oo )@y s =0,
Hence, from Lemma 4.4 there is a constant ¢ such that
(n) &) = Ugorya)(qx) =¢c, Vxe A, (5.19)

Acting on the two sides of (5.19) by —%qul, we obtain

D, nx) +ax) =0, xe€A .

Hence, y is a solution of the qFSLP.
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Step 5. In the following, we show that (yS))meN itself converges to yV). First, from Theo-
rem 3.12 of [34], for a given A the solution of

(D2 - p(x)°DE gy + r(2) [y (%) = Awe (%)y(x), (5.20)

subject to the boundary conditions
¥(0) =y(a) =0 (5.21)

and the normalization condition
a
| @ -1, (5:22)
0

is unique except for a sign. Let us assume that y) solves (5.20) and the corresponding
eigenvalue is A = AV, Suppose that ¥V is nontrivial, i.e., there exists x, € Aj 4o such that
¥(x0) # 0 and choose the sign so that ¥V (xy) > 0. Similarly, for all m € N, let yg,) solve (5.20)
with corresponding eigenvalue A = A%, and let us choose the sign so that yg,) (x0) = 0. Now,
suppose that (y(,,lq)) does not converge to y. It means that we can find another subsequence
of yg,) such that it converges to another solution 3. But for A = A, the solution of (5.20)-

(5.22) is unique except for a sign, hence

and we must have y(xo) < 0. However, this is impossible because for all m € N,
yﬁ,lq) (o) = 0. This is a contradiction, hence the solution is unique.

Step 6. In order to find the eigenfunction y® and the corresponding eigenvalue A?, we
minimize the functional (5.3) subject to (5.4) and (5.5) but now with an extra orthogonality

condition,
/ Y@y (X)we (%) dgx = 0.
0

If we approximate the solution by

1 B (e L
Y (%) = szl W_ksq( a ) Ym(0) = yu(a) = 0,

then we again obtain the quadratic form (5.7). However, admissible solutions are satisfying
(5.8) together with

aTﬁZﬁkﬁi” =0, (5.23)
k=1

i.e., they lie in the (m — 1)-dimensional sphere. As before, we find that the function 7( 8D
has a minimum k%) and there exists A2 such that

A? = 1im 22,

m— 00
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because /() is bounded from below. Moreover, it is clear that
AW <@, (5.24)

The function yg) defined by

achieves its minimum )»55), where g®@ = (ﬁl(z),...,ﬂ,(,%) ) is the point satisfying (5.8) and

(5.23). By the same argument as before, we can prove that the sequence (yff,)) converges
uniformly to a limit function ¥, which satisfies the qFSLP (5.1) with »?), boundary con-
ditions (5.4) and orthogonality condition (5.5). Therefore, the solution y® of the qFSLP
corresponding to the eigenvalue A exists. Furthermore, because orthogonal functions
cannot be linearly dependent, and since only one eigenfunction corresponds to each eigen-

value (except for a constant factor) we have the strict inequality
A 2@

instead of (5.24). Finally, if we repeat the above procedure with similar modifications, we
can obtain the eigenvalues A3),A™¥, ... and the corresponding eigenvectors y®,y®, ...
O

5.1 The first eigenvalue
Definition 5.4 The Rayleigh quotient for the g-fractional Sturm-Liouville problem (5.1)-

(5.2) is defined by
10
R(y):= 10)’

where J(y) and I(y) are given by (5.3) and (5.5), respectively.

Theorem 5.5 Let y be a non-zero function satisfying y and “Dg .y be in C(Aga%) and
¥(0) = y(a) = 0. Then y is a minimizer of R(y) and R(y) = A ifand only if y is an eigenfunction
of problem (5.1)-(5.2) associated with . That is, the minimum value of R at y is the first

eigenvalue 1V,

Proof First, we prove the necessity. Assume that y is a non-zero minimizer of R(y) and

R(y) = A. Consider the one parameter family of curves
y=y+hn, |hl<e

where n and CD;W are C (A:‘M) functions and 7(0) = n(a) = 0 and n # 0. Define functions
#, ¥, & on [—€,€] by

W ()

M’ he [—6,6].

() =1y +hmn),  ¥(h):=]y+hn), &) =R(y+hn)=
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Hence & is C! function on [—¢, €]. Since £(0) = R(y), 0 is a minimum value of £. Conse-
quently, £/(0) = 0. But

£'() = @ (w%h) - %cp/(m)
and
¥'(0) =2 /0 a[p(x)“DZ,mchZ,w n +r(x)yn)] dgx,
$(0)=2 fo Y dy,
% ~RG) =
Therefore,

2 a
£'0)= ) (/0 [p()°Df 0 y°DS g + (r(x)y — Awe )] dqx)

Using (2.19), we obtain

/o [Dg, . p(x)CDZ‘0+ y(x) + (r(x) - A) Wo (x)y(x)]n(x) dyx=0.
Applying Lemma 4.3, we obtain

D2 px)DE e y(®) + F(x)y(®) = Mwe (R)y(®), X € AL,

This proves the necessity. Now we prove the sufficiency. Assume that y is an eigenfunction
of (5.1)-(5.2) associated with an eigenvalue A. Then

Dg - P(X)°D 5. y(x) + r(x)y(x) = Awa (x)y(x), % € AL . (5.25)

Multiplying (5.25) by y and calculating the g-integration from 0 to 4, we obtain
a a
[ D0 pe D00 + 1P 0) = [ o) )y
0 0

Since y #0, [; wa(x)y*(x) dgx > 0 and

Jo @)D - p()°Df . y(x) + r(x)y* ()] dgxe

A
o Wa (%)y2(x) dygx

That is, R(y) = A. Therefore, any minimum value of J is an eigenvalue and it is attained
at the associated eigenfunction. Therefore the minimum value of / is the smallest eigen-

value. O
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6 Conclusion and future work

This paper is the first paper that deals with variational problems of functionals defined in
terms of Jackson g-integral on a finite domain and where the left-sided Caputo g-derivative
appears in the integrand. We give a fractional g-analog of the Euler-Lagrange equation
and a g-isoperimetric problem is defined and solved. We use these results in recasting
the qFSLP under consideration as a g-isoperimetric problem, and then we solve it by a
technique similar to the one used in solving regular Sturm-Liouville problems in [11] and
fractional Sturm-Liouville problems in [5]. This completes the work started by the au-
thor in [34], and it generalizes the study of integer Sturm-Liouville problem introduced
by Annaby and Mansour in [1, 2]. A similar study for the fractional Sturm-Liouville prob-

lem

Dga-p %) D7 5+ y(x) + r(x)y(x) = Awg (x)y(x)

is in progress.
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