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1 Introduction

The derivation of four-dimensional low-energy effective actions arising from string theory
requires a detailed understanding of the geometries used as compactification spaces. Since
the early days of string theory much research has focused on the study of Calabi-Yau mani-
folds of complex dimension three. These threefolds were identified as valid compactification
backgrounds to four space-time dimensions and can yield to, for example when used in the
heterotic string theories, potentially phenomenologically interesting four-dimensional effec-
tive theories with the minimal amount of supersymmetry. In contrast, there is significantly
less known about the geometry of Calabi-Yau manifolds of complex dimension four. With
the advent of F-theory [1-3] it became clear that these fourfolds are relevant in obtaining
four-dimensional effective theories with the minimal amount of supersymmetry from Type
IIB string theory. It is therefore crucial to further our understanding of the geometry of
Calabi-Yau fourfolds and investigate the relation to couplings in the effective theories.



In contrast to Calabi-Yau threefolds one finds that Calabi-Yau fourfolds admit three
non-trivial independent Hodge numbers that count the number of harmonic forms of dif-
ferent degree. In full analogy to threefolds, two of them encode the number of complex
structure and Kahler structure deformations of the geometry. When compactifying string
theory or M-theory on a Calabi-Yau fourfold, these deformations will appear as massless
fields, so-called moduli, in the effective action. The moduli space geometry has been studied
in various works [4-11]. The additional Hodge number on Calabi-Yau fourfolds is associ-
ated to the number of harmonic three-forms. In this work we will discuss in detail how
the presence of these three-forms affects the effective theory when compactifying Type ITA
string theory and M-theory on Calabi-Yau fourfolds. The effective theory will then admit
new scalars N; with couplings non-trivially varying over both the complex structure and
Kahler structure moduli spaces. This was already observed for M-theory compactifications
in [12, 13], for Type ITA compactifications in [14], and for F-theory compactifications in [15].
We will show in this work that the moduli dependence at certain points in the moduli space
can actually be computed explicitly by using mirror symmetry for Calabi-Yau fourfolds.

Our first focus is on a refined understanding of the moduli variations of three-forms.
Therefore, we begin by introducing a basis of (2, 1)-forms on the fourfold that is convenient
when performing the dimensional reduction. The so-defined set of forms is adapted to the
underlying complex structure and it was pointed out in [15] that their variation with the
complex structure moduli can be captured by a holomorphic function fi;, with indices rang-
ing over the number of harmonic (2, 1)-forms. This holomorphic function can be used in the
compactification of Type ITA string theory, accessed via its low-energy supergravity theory,
on a Calabi-Yau fourfold. Such dimensional reductions of the Type ITA theory have already
been investigated in [14, 16, 17]. They are expected to yield two-dimensional effective the-
ories with N/ = (2,2) supersymmetry describing the dynamics of chiral and twisted-chiral
multiplets. Without including three-forms the supersymmetry properties of such Type ITA
effective theories were already discussed in [17] by extending earlier results [18-20]. We will
consider the generalization of this result including the three-form scalars NV; and suggest
that it leads to a more general class of supersymmetric dilaton supergravities.

The two-dimensional N = (2, 2) effective action is expected to be invariant under the
action of mirror symmetry. More precisely, considering Type ITA string theory on two
Calabi-Yau fourfolds that are mirror manifolds to each other, the resulting two effective
actions should admit an identification under an appropriate mirror map. This map identi-
fies complex coordinates and couplings at special points in moduli space. Mirror symmetry
exchanges complex structure and Kéhler structure deformations, but preserves the number
of non-trivial three-forms and thus the number of three-form scalars V;. It also maps chiral
to twisted-chiral multiplets. Therefore, we are forced to perform an appropriate duality
transformation for the three-form scalars appearing in pairs of effective actions arising from
mirror manifolds. In both effective actions the dynamics of the three-forms are described
by two holomorphic functions f; and hf. The former is holomorphic in the complex struc-
ture moduli, while the latter is holomorphic in the complexified Kahler moduli. These
functions are exchanged by mirror symmetry and we are able to derive the complex struc-
ture dependence of fi; in the large complex structure limit by using the results of a large

volume compactification on the mirror geometry.



Our results have several interesting applications, in particular, when using the Calabi-
Yau fourfolds with non-trivial three-forms as F-theory backgrounds. To determine the
four-dimensional F-theory effective actions for such configurations one uses the duality with
M-theory [1, 2, 15]. It was shown in [15] that the function f,, can either lift to a gauge
coupling function of R-R vector fields or to the metric of a special set of complex scalars.
In both cases it is desirable to explicitly compute the moduli dependence of their coupling
function. For example, the three-form scalars lifting to four-dimensional scalars naturally
admit real shift symmetries or even a generalized Heisenberg symmetry and might be of
profound phenomenological interest (see, for example, [21-23]). Furthermore, considering
the weak string coupling limit of the F-theory setting following [24, 25] the resulting effective
theory should match with the orientifold effective actions [26, 27]. In the case that such a
limit exists one can associate a Calabi-Yau threefold to the F-theory Calabi-Yau fourfold.
We are then able to show that our result for fi; obtained by fourfold mirror symmetry is
consistent with the weak coupling analog obtained from threefold mirror symmetry.

This paper is organized as follows. In section 2 we recall some basics about Calabi-
Yau fourfolds and discuss a convenient basis of (2, 1)-forms parametrized by a holomorphic
function fj;. We dimensionally reduce Type ITA supergravity on a Calabi-Yau fourfold in
section 3. This allows us to investigate the N’ = (2,2) supersymmetric structure of the
effective theory and perform a set of important dualizations to interchange chiral multiplets
and twisted-chiral multiplets. In section 4 we discuss mirror symmetry with a focus on the
(2,1)-form sector. This allows us to determine f,, in the large complex structure limit.
We use these results in an F-theory compactification on an elliptically fibered Calabi-Yau
fourfold in section 5. Moving to the weak string coupling limit, we find compatibility of
our result for fj,,, with the answers predicted by mirror symmetry of Calabi-Yau threefolds.
This work has two appendices with useful computational results. In appendix A we perform
the circle reduction of a general three-dimensional un-gauged N/ = 2 supergravity theory
with focus on the bosonic action. We find interesting conditions on the kinetic potential
to match the proposed N' = (2,2) action in two dimensions. The dualization of chiral
to twisted-chiral multiplets in the bosonic sector is performed in appendix B. We again
find conditions on the kinetic potential in order that this dualization can be performed.
The results of both appendices are immediately applicable to Calabi-Yau fourfold effective
actions of Type IIA string theory and M-theory.

2  On the geometry of Calabi-Yau fourfolds with three-form cohomology

In this section we introduce important facts about the geometry of Calabi-Yau fourfolds
Yy. A brief summary of some basics about their differential structure and topology will
be given in section 2.1. The focus of section 2.2 will be to introduce relevant properties of
the three-form cohomology of Y;. We argue that an appropriate definition of three-forms
of Hodge-type (2,1) can be given in terms of a function f,, holomorphic in the complex
structure moduli. This function will be of key interest throughout this work.



2.1 Some basic properties of Calabi-Yau fourfolds

We define a compact real eight-dimensional manifold Y, to be a Calabi-Yau fourfold if its
holonomy group is exactly SU(4). Such manifolds are Kéahler, i.e. admit a closed Kéhler
two-form J, and possess a unique Ricci-flat metric within the class of J. Furthermore,
one can introduce a non-trivial closed (4,0)-form © on Y that is unique up to constant
rescalings. Note that J and €2 can be used to form a top-form on Y; and one has

1 _ 1 _
fJ/\J/\J/\J:|Q|_2Q/\Q, |Q|2:/ QNQ, (2.1)
4! v Yy

where V is the total volume of Y;. The SU(4) holonomy also allows one to introduce one
complex covariantly constant and no-where vanishing spinor of definite chirality. The forms
J and € are obtained as bilinear contractions using this spinor.

With our definition of a Calabi-Yau fourfold, we can also constrain the Hodge numbers
hP4(Yy) = dim(HP4(Yy,C)). There are three independent Hodge numbers on Yy: A1 (Yy),
h31(Yy), and h?1(Yy). The significance of h''1(Yy) and h%1(Y}) in the dimensional reduction
are very similar to the case of a Calabi-Yau threefold (see e.g. [28]). On the one hand, the
number h!(Y}) counts the allowed Kihler structure deformations, which we will denote
by v, On the other hand, the number h%!(Y}) counts the complex structure deformations
denoted by 2%. Both turn out to become moduli fields in the effective theory obtained by
dimensional reduction on Y, and will be discussed in more detail in section 3.1. The Hodge
number h%! has no threefold analog and understanding the geometries with h%!(Yy) > 0
will be the main focus of this work. Having three independent Hodge numbers, the Hodge
diamond takes the form

o0 1
\ hl,O h(),l 0 0
hz,o hl’l hO,Q 0 hl,l 0
h3,0 h&’l h1’2 h0,3 0 h2,1 h2,1 0
h4,0 h3,1 hE,Q h1,3 h0’4 — 1 h3’1 h2,2 h?”l 1 ,
h4,1 h3’2 h\2’3 h1,4 0 h2,1 h2,1 0
h4,2 h3’3 h\2’4 0 hl,l 0
h4’3 h3’4 \ 0 0
htA 1

where we have indicated for later use the action of mirror symmetry on the Hodge numbers.
More precisely, mirror symmetry identifies two Calabi-Yau geometries with Hodge numbers
mirrored along the dashed line. A more detailed discussion of mirror symmetry will be
presented in section 4. In addition, one finds the formulas [6]

R22(Yy) = 2(22 + 2hbT 42031 — p21y) (Y1) = 6(8 4+ Al +p31 —p2h)  (2.2)

where x = Zp,q(—l)pﬂhp’q is the Euler characteristic of Yj.



2.2 Non-trivial three-forms on Calabi-Yau fourfolds

Of key importance in this work is the inclusion of non-trivial three-forms in the dimensional
reduction and discussion of mirror symmetry. In this subsection we summarize some basic
properties of such three-forms that will be useful throughout the later sections.

To begin with, we comment on the moduli dependence of three-forms when choosing
them to represent elements of H?'(Y;). In order to do that, recall that the Hodge fil-
tration of the three-cohomology H3(Yy,C) is given by the holomorphic bundles FP(Y;) =
@;’:p H737J over the complex structure moduli space. Since H3Y(Y}) is trivial, this en-
ables us to find a basis v of F?(Y;) = H*!'(Y}), which varies holomorphically with the
complex structure moduli 2z, i.e. one has

G,
&711” =0, I1=1,...,h%(yy), (2.3)

where K = 1,...,h3(Y}) labels the complex structure moduli. Note that in the dimen-
sional reduction we can think of v; to be the harmonic representative in each class of
H?1(Y;). At a given point in the complex structure space we can write this basis in
the form

= +ifim(2)" € H'(Ya), (2.4)

1" Holomorphicity

where (ay, B™) comprise a real moduli-independent basis of H3(Yy,R).
of the forms 1); translates to the fact that fi,,(2) is a holomorphic function of the complex
structure moduli z%. Furthermore, we assume that (ay, B™) is chosen such that Ref, is
a positive definite and invertible matrix.?

After performing the dimensional reduction on Yj in section 3, we aim to find the
proper complex fields that are compatible with two-dimensional supersymmetry. For the
zero-modes arising from the ); it turns out that a further normalization is useful, i.e. we

introduce the (1,2)-forms
W = L (Ref) ™ = J(Ref) M — ifan()8") € HPYV) . (25)

In this expression we have multiplied by the inverse (Ref)™ of the real part of fi,, i.e.
(Ref)'™ (Ref)mr = 6L. This definition allows to give a simple expressions for Im ¥! and
the derivative of U with respect to the complex structure moduli:

Ol wl =gt 9 kU = —UF (Ref)!™ O,k (Ref)mk , (2.6)
and accordingly 9,x¥! = 0,xU!. Note that ¥! is a (1,2)-form and therefore satisfies
W= g AT (2.7)

where * is the Hodge-star for the Calabi-Yau metric on Yj.

Tt might be natural to chose (az, 3™) to be a basis of H3(Yy,Z), but quantization of the coefficients
will not be important in this work.

*While we have no complete proof that this is always possible, we note that H*'(Yy)/H?*(Ya,Z) is
actually a complex torus. fi., sets the complex structure on this torus.



To evaluate the integrals appearing in the dimensional reduction we impose one further
condition on the basis («y, /). More precisely, we demand

BEAB™ =0, Vim=1,...,h»(Yy), (2.8)

which is supposed to hold in cohomology.? Introducing a basis wa of H%'(Y}) we thus
find that

/wAw’/\ﬁm:o, VA=1,...,hb(Yy) . (2.9)
Yy

The remaining integrals are in general non-trivial and denoted by
CAmk—/ wa A am A B, C’Amk—/ wag N oy Aoy, . (2.10)
Yy Ya

Using a basis (ay,, 8%) satisfying (2.9) one checks that the metric [ W! A xUF is symmetric
in the indices [, k and real. This property will be crucial in determining a kinetic potential
for this metric.

3 Dimensional reduction of Type IIA supergravity

In this section we perform the dimensional reduction of Type IIA supergravity on a Calabi-
Yau fourfold Yj. Such reductions have already been performed in [12-14, 17]. Our analysis
follows [12—-14], but we will apply in addition the improved understanding about the three-
form cohomology of section 2.

3.1 The effective action from a Calabi-Yau fourfold reduction

The Kaluza-Klein reduction of Type IIA supergravity can be trusted in the limit in which
the typical length scale of the physical volumes of submanifolds of Y, are sufficiently large
compared to the string scale. This limit is referred to as the large volume limit. Fur-
thermore, these typical length scales set the Kaluza-Klein scale which we assume to be
sufficiently above the energy scale of the effective action. We therefore keep only the
massless Kaluza-Klein modes in the following reduction.

Our starting point will be the bosonic part of the ten-dimensional Type IIA action in
string-frame given by*

s (1 T T
51(1112) = /6 2¢ma (23*1+2d¢HA/\*d¢HA - ZHB /\*H3>
—4/<F2A>EF2+F4/\§<F4—|—B2/\F4/\F4). (3.1)

where gZ}HA is the ten-dimensional dilaton, Hs = dBs is the field strength of the NS-NS
two-form BQ, and Fp = dC'p are the field strengths of the R-R p-forms C; and C5. We also

3Considering hypersurfaces in toric varieties, this condition can be satisfied for non-trivial three-forms
arising from singular Riemann surfaces. This allows us to choose a symplectic basis with respect to a certain
divisor for the three-forms.

4Note that for convenience we have set x? = 1.



have used the modified field strength F, = F, — Cy A Hs. Here and in the following we will
use a check to indicate ten-dimensional fields.

The background solution around which we want to consider the effective theory is taken
to be of the form M ; x Yy, where M ; is the two-dimensional Minkowski space-time, and
Y, is a Calabi-Yau fourfold with properties introduced in section 2. As pointed out there
such a manifold admits one complex covariantly constant spinor of definite chirality. This
spinor can be used to dimensionally reduce the N' = (1,1) supersymmetry of Type ITA
supergravity to obtain a two-dimensional ' = (2, 2) supergravity theory. In particular, the
two ten-dimensional gravitinos of opposite chirality reduce to two pairs of two-dimensional
Majorana-Weyl gravitinos with opposite chirality. We will have more to say about the
supersymmetry properties of the two-dimensional action in section 3.2. Furthermore, recall

that Y; admits a Ricci-flat metric g,(s% and one can thus check that a metric of the form

ds® = N drt dz” + gﬁszldymdy" ) (3.2)
solves the ten-dimensional equations of motion in the absence of background fluxes.’? Note
that in (3.2) we denote by z* the two-dimensional coordinates of the space-time M p,
whereas the eight-dimensional real coordinates on the Calabi-Yau fourfold Y; are de-
noted by y™.

The massless perturbations around this background both consist of fluctuations of the
internal metric g,(ns,)1 that preserve the Calabi-Yau condition as well as the fluctuations of
the form fields Bg, C’l, C5 and the dilaton J’IIA- The metric fluctuations give rise to the
real Kihler structure moduli v, A = 1,..., hb1(Y}) that preserve the complex structure

and are given by
iz + 0gi; = —idiz = —iv? (wa) iz, (3.3)

where J is the Kéahler form on Y; and wy comprises a real basis of harmonic (1, 1)-forms
spanning H!(Y}). The Kéhler structure moduli appear also in the expression of the total
string-frame volume V of Y, given by

1
VE/*l:' JNININJT . (3.4)
Ya 4l Jy,

In addition to the Ké&hler structure moduli one finds a set of complex structure moduli
K K =1,...,h(Y)). These fields parameterize the change in the complex structure
of Y, preserving the class of its Kéahler form .J. Infinitesimally they are given by the
fluctuations 627 as

1 —imn

— =) mn‘(s K7 .
3’Q|2 7 (XK)I 7 0% (3 5)

59ij =

where (2 is the (4,0)-form, the yx form a basis of harmonic (3, 1)-forms spanning H31(Yy),
and |Q]? was already given in (2.1).

5The inclusion of background fluxes complicates the reduction further. In particular, it requires to
introduce a warp-factor. The M-theory reduction with warp-factor was recently performed in [29-31].



The Kaluza-Klein ansatz for the remaining fields takes the form

By =blwy, Cr=A, (3.6)
03 =y4 A wp —I—Nl\Ifl —|—Nl\I/l,

where ¥ is a basis of harmonic (1,2)-forms spanning H'?(Y}) as introduced in (2.5). A
discussion of the properties of U was already given in section 2. Finally, we dimensionally
reduce the Type ITA dilaton by dropping its dependence on the internal manifold Yy. It
turns out to be convenient to define a two-dimensional dilaton ¢ra in terms of the ten-
dimensional dilaton (5HA as )

e2¢1A
v
In summary, we find in the two-dimensional N = (2, 2) supergravity theory the 2h%!(Yy)+1
real scalar fields v4(z), b4 (z), ¢ra(z) as well as the h31(Yy) + k%1 (Yy) complex scalar fields
2K N;. In addition there are hY1(Yy) +1 vectors A, VA which carry, however, no physical

e?fua = (3.7)

degrees of freedom in a two-dimensional theory if they are not involved in any gauging.
Since the effective action considered here contains no gaugings, we will drop these in the
following analysis.

To perform the dimensional reduction one inserts the expansions (3.3), (3.5), (3.6),
and (3.7) into the Type IIA action (3.1). It reduces to the two-dimensional action

1 ,
S — /e_2¢IIA <2R * 1+ 2dora N x¢pra — Ggr dz5 A xdz" — Gap dtA A *dtB)
1 i _ _
—?ﬁ@ﬁDMA*DNh—%m%wﬁmeNk—DMNm. (3.8)

We note that the NS-NS part, which is summarized in the first line of (3.1), reduces to the
first line of (3.8), while the R-R part, i.e. the second line of (3.1), reduces to the second
line of (3.8).

Let us introduce the various objects appearing in the action (3.8). First, we have
defined the complex coordinates

th = b it (3.9)

which combine the Kéahler structure moduli with the B-field moduli. Furthermore, we have
introduced the metric®

Gap = wA/\*wB:_1<]CAB_1]CA]CB) R (3.10)

4V Jy, 8V 18V

where V, K4 and K4p are given in terms of the quadruple intersection numbers Kagcp as

Kagcp = / wa Nwp Nwe Nwp (3‘11)
Yy
1
V= E/CABCDUAUBUCUD, Ka = KapcpvPv9oP, Kap = Kapcpv©o®

5The second equality follows from the cohomological identity swa = —%wA ANINJT+ %VAICAJ/\ JNJ.



With these definitions at hand, we can further evaluate the metric G4p and show that it
can be obtained from a Ké&hler potential as

Gap = —0;a0log V. (3.12)

Also the metric G is actually a Kahler metric. It only depends on the complex structure
moduli 2% and takes the form

A% _
I XEAXL o e [ ana (3.13)

Gu7 = -
Kr fY4Q/\Q Y4

Note that both Gap and G are actually positive definite and therefore define physical
kinetic terms in (3.8). Both terms scale with the dilaton ¢ra and it is easy to check that
this dependence cannot be removed using a Weyl-rescaling of the two-dimensional metric.
We will show in section 3.2 that this is consistent with the form of the N' = (2,2) dilaton
supergravity.

Let us now turn to the R-R part of the action (3.1) and discuss the couplings appearing
in the second line of (3.8). First, we introduce the coupling function

_ 1
dAlmEi/ wA/\\Ifl/\\I/m:—/ wa ANTULA B = ——(Ref)Ca™, (3.14)
Y4 Y4 2

where we have used (2.6) to evaluate the second equality, and (2.9), (2.10) to show the
third equality. One also checks the relation

Hlm:/ \I’l/\*\Ilm:i/ JATEAT™ = pAq,m (3.15)
Y4 Y4

where we have used (2.7) for the (1,2)-forms W!. This contraction gives precisely the
positive definite metric of the complex scalars N; in (3.8). It turns out to be convenient

to write
1 1
H™ = pAd,m = —5(Re HIrAC,,™ = —5(Re )" Ren™, (3.16)
where h]' = —itAC 4. Note that H'™ thus depends non-trivially on the complex struc-

ture moduli 2% through the holomorphic functions fi; and on the Kéhler structure moduli
t4 through the holomorphic function h;*. Second, we note that the modified derivative
DN, appearing in (3.8) is a shorthand for

DN, = dN; — 2ReN,,(Ref)™,x (Refn)dz" . (3.17)

Using this expression one easily reads off the coefficient function in front of dN; A xdz®
and checks that it can be obtained by taking derivatives of a real function. In the next
subsection we show that this is true for all terms in (3.8) and discuss the connection with
two-dimensional supersymmetry.



3.2 Comments on two-dimensional N' = (2,2) supergravity

Having performed the dimensional reduction we next want to comment on the supersym-
metry properties of the action (3.8). As pointed out already in the previous subsection the
counting of covariantly constant spinors on the Calabi-Yau fourfold suggests that the two-
dimensional effective theory admits N' = (2,2) supersymmetry. It was pointed out in [17]
that, at least in the case of h?1(Yy) = 0 one expects to be able to bring the action (3.8)
into the standard form of an two-dimensional N’ = (2,2) dilaton supergravity. In this
work the dilaton supergravity action was constructed using superspace techniques. Earlier
works in this direction include [18-20]. In the following we comment on this matching for
h%1(Yy) = 0 and then discuss the general case in which h%!(Yy) > 0.

In order to display the supergravity actions we first have to introduce two sets of
multiplets containing scalars in two-dimensions: (1) a set of chiral multiplets with complex
scalars ¢", (2) a set of twisted-chiral multiplets with complex scalars o4, In a superspace
description these multiplets obey the two inequivalent linear spinor derivative constraints
leading to irreducible representations.

To discuss the actions we first focus on the case h?!(Yy) = 0 and follow the con-
structions of [17]. For simplicity we will not include gaugings or a scalar potential. The
superspace action used in [17] is given by

S@) = / Pad* 0B e 2K (3.18)

Here E~! is the superspace measure, V is a real superfield with V| = ¢ as lowest component,
and K is a function of the chiral and twisted-chiral multiplets with lowest components ¢*
and o4, respectively. To display the bosonic part of the action (3.18) we first set

e 2 = 2k (3.19)

where K(¢%, ", 04,54) is evaluated as a function of the bosonic scalars. With this defini-

tion at hand one finds the bosonic action
. 1 _
ngf — / e 2% <2R 14 2dp A #dp — Kyugr dp™ A xdd + Kyazn do? A xde®
— Kyron d¢™ Ade” — K, agn do™ A daA> , (3.20)

where Kyugn = Opx 050K, Kynza = 0pr054K with a similar notation for the other coef-
ficients. It is now straightforward to compare (3.20) with the action (3.8) for the case
h>(Yy) = 0, i.e. in the absence of any complex scalars N;. One first identifies

g=odua, o~ =2, ot=t (3.21)

and then infers that

K=—-log | QAQ+1logV . (3.22)
Yy

Note that we find here a positive sign in front of the logarithm of V. This is related
to the fact that there is an extra minus sign in the kinetic terms of the twisted-chiral

~10 -



fields o4 in (3.20). Clearly, the kinetic terms of the complex structure deformations 2/

and complexified Kihler structure deformations ¢4 in the action (3.8) have both positive
definite kinetic terms.”

Let us now include the complex scalars IV;. It is important to note that the action (3.8)
cannot be brought into the form (3.20). In fact, we see in (3.8) that the terms independent
of the two-dimensional metric do not contain an ¢ra-dependent pre-factor, while the terms
of this type in (3.20) do admit an ¢-dependence. Any field redefinition in (3.8) involving the
dilaton seems to introduce new undesired mixed terms that cannot be matched with (3.20)

either. However, we note that the action (3.8) actually can be brought to the form
S = / e 29 (;R 514 2d A #dp — K yegn dg™ A xd¢® + K,a,5 do A xdo”
— RKyngp Ao AdoB — K, azn d" A dUA> : (3.23)
where K is now allowed to be dependent on ¢ and given by
K=K +¢e*8, (3.24)

Similar to IC, the new function § is allowed to depend on the chiral and twisted-chiral
scalars ¢, 04, but is taken to be independent of ¢. The action (3.23) trivially reduces
to (3.20) for S = 0. Note that the new terms induced by S do not scale with e=2%.
Comparison with (3.8) reveals that one can identify

g=odua, ¢"=("N), ot=t1 (3.25)

and introduce the generating functions

IC:—log/ QAQ+logV, (3.26)
Yy
S = H"* Re N; ReN, , HY" = pAd % .

To show this, it is useful to note that d4'* can be evaluated as in (3.14) and depends on
the complex structure moduli through the holomorphic function f,,(z) only.

Let us close this subsection with two remarks. First, note that (3.23) is expected to be
compatible with N = (2,2) supersymmetry and gives an extension of the two-dimensional
dilaton supergravity action (3.18). A suggestive form of the extended superspace action is

S® = / dPzd'0E (VT + S), (3.27)

where S is now evaluated as a function of the chiral and twisted-chiral superfields. It would
be interesting to check that (3.27) indeed correctly reproduces the bosonic action (3.23)
with K as in (3.24).

Second, the action (3.23) with the identification (3.25) can also be straightforwardly
obtained by dimensionally reducing M-theory, or rather eleven-dimensional supergravity,

"Our discussion differs here from the one in [17], where the sign in front of logV was claimed to
be negative.
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first on Y4 and then on an extra circle of radius r. The reduction of M-theory on Y; was
carried out in [12, 13]. We give the resulting three-dimensional action in (5.5) and briefly
recall this reduction in section 5.1 when considering applications to F-theory. Using the
standard relation of eleven-dimensional supergravity on a circle and Type IIA supergravity,
one straightforwardly identifies

A
r=e 20uA e20ua A — M LA, (3.28)
Ym
where vf\‘}[ and Vy are the analogs of v and V used in the M-theory reduction. Note that
the scalars L? are the appropriate fields to appear in three-dimensional vector multiplets.
Inserting the identification (3.28) into (3.24) together with (3.25), (3.26) one finds

- _ 1
KM= _log / QAQ+ log <4'ICABCDLALBLCLD> + LA, ReN; ReNy,,  (3.29)
Yy :

where we have dropped the logarithm containing the circle radius. Indeed KM agrees
precisely with the result found in [12, 13, 15] from the M-theory reduction. The general
discussion of the circle reduction of a three-dimensional un-gauged A/ = 2 supergravity
theory to a two-dimensional N = (2, 2) supergravity theory can be found in appendix A.

3.3 Legendre transforms from chiral and twisted-chiral scalars

In this subsection we want to introduce an operation that allows to translate the dynamics
of certain chiral multiplets to twisted-chiral multiplets and vice versa. More precisely, we
will assume that some of the scalars, say the scalars )\;, in the N' = (2,2) supergravity
action have continuous shift symmetries, i.e. A\; — A; + ¢; for constant ¢;. These scalars
therefore only appear with derivatives d\' in the action. By the standard duality of massless
p-forms to (D — p — 2)-forms in D dimensions, one can then replace the scalars A\; by dual
scalars \'!. Accordingly, one has to adjust the complex structure on the scalar field space
by performing a Legendre transform. In the following we will give representative examples
of how this works in detail. We will see that this duality, in particular as described in the
first example, becomes crucial in the discussion of mirror symmetry of section 4.

As a first example, let us consider the above theory with complex scalars 2z, N; in
chiral multiplets and complex scalars ¢ in twisted-chiral multiplets. The kinetic potential
for these fields K was given in (3.24) with (3.26). Two facts about this example are crucial
for the following discussion. First, the fields N; admit a shift symmetry N; — N;+i¢ in the
action, i.e. the kinetic potential K given in (3.26) is independent of N; — N;. Second, the
N only appear in the term S of the kinetic potential and thus carry no dilaton pre-factor
in the action. One can thus straightforwardly dualize N; — N; into real scalars A'!. The
new complex scalars N’! are then given by

1 oS
N/l I -\ /1 .
2 9Re N, + 3\, (3.30)

where we have included a factor of 1/2 for later convenience. Furthermore, the new kinetic

potential K’ is now a function of z&, ¢4, N’! and given by the Legendre transform

K'= K —2¢**Re N''Re Ny, (3.31)
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where Re N} has to be evaluated as a function of Re N’! and the other complex fields by
solving (3.30) for Re N;. One now checks that the scalars N’! actually reside in twisted-
chiral multiplets. Using the transformation (3.30) and (3.31) in the action (3.23) simply
yields a dual description in which certain chiral multiplets are consistently replaced by
twisted-chiral multiplets. It is simple to evaluate (3.30), (3.31) for S given in (3.26) to find

N’ = H'™ Re N,,, +iX'?, (3.32)
K' =K —¢e*aH, ReN'F ReN'!, (3.33)

where H'™ is the inverse of the matrix Hj,, introduced in (3.15), (3.16). It is interesting
to realize that upon inserting (3.32) into (3.33) one finds that K’ evaluated as a function
of Nj, only differs by a minus sign in front of the term linear in 2?14 from the original K.
This simple transformation arises from the fact that K is only quadratic in the Nj. This
observation will be crucial again in the discussion of mirror symmetry in section 4.

As a second example, we briefly want to discuss a dualization that transforms all
multiplets containing scalars to become chiral. The detailed computation for a general
N = (2,2) setting can be found in appendix B. For the example of section 3.2 we focus
on the twisted-chiral multiplets with complex scalars t4. These admit a shift symmetry
t4 — t4 + ¢4 for constant ¢, such that Ret only appears with derivatives in the action.
Accordingly, the kinetic potential K is independent of t4 44 as seen in (3.24) with (3.26).
Due to the shift symmetry we can dualize the scalars t4 + ¢4 to scalars p4. However, note
that by using the kinetic potential (3.24), (3.26) there are couplings of t4 in (3.23) that
have a dilaton factor e?, and others that are independent of e?. This seemingly prevents us
from performing a straightforward Legendre transform to bring the resulting action to the
form (3.23) with only chiral multiplets. Remarkably, the special properties of the kinetic
potential (3.24), (3.26), however, allow us to nevertheless achieve this goal as we will see
in the following.

The action (3.23) for a setting with only chiral multiplets with complex scalars M’
takes the form

- /1 ~
S@ — /6—2%’ <2R* 14 2d3 A *dp — K o0 dMT A *dMJ> ; (3.34)

where K17 = 0y105;7K. In other words, the potential K is in this case actually
a Kihler potential on the field space spanned by the complex coordinates M!. For our
example (3.24), (3.26) the scalars M' consist of 2, N;, and T4, where T4 are the duals
of the complex fields t4. We make the following Ansatz for the dual coordinates T4

oK n oS
OImtA  OlmtA

. 0K B
Ty=e 2% +ipy =e 2%

ST (A +ipa, (3.35)

and the dual potential K
K = K — e?’ReTyImt* . (3.36)

These expressions describe the standard Legendre transform for Im ¢#, but crucially contain
dilaton factors e??. This latter fact allows to factor out e~2% as required in (3.34), but

~13 -



requires to perform a two-dimensional Weyl rescaling as we will discuss below. Using (3.24)
with (3.26) one straightforwardly evaluates
14

Ty = 6_2¢HA§7 + da* Re Ny Re N, +ipa , (3.37)

K :—log/ QAQ+logV . (3.38)
Yy

Clearly, upon using the map (3.28) this result is familiar from the study of M-theory
compactifications on Calabi-Yau fourfolds [12, 13, 15]. Also note that the contribution
S present in the kinetic potential (3.24) is removed by the Legendre transform in K and
reappears in a more involved definition of the coordinates Ty4.

At first it appears that (3.35) induces new mixed terms involving one d@ due to the
dilaton dependence in front of the derivatives of IC. Interestingly, these can be removed by
a two-dimensional Weyl rescaling if K satisfies the conditions

tALB

Kia K'YV Kis =k, Kya dlmt? = df (3.39)

for some constant k£ and some real field dependent function f. In this expression Kt is the
inverse of K;azs and K,a = Oy, 44 K. In fact, one can perform the rescaling g, = g,
which transforms the Einstein-Hilbert action as

51 - 5 (1
/62#’23 1 = /62“’ (23 %1 — 2dw A *d¢> : (3.40)
while leaving all other terms invariant. Using (3.40) to absorb the mixed terms one needs
to chose L F
=——p—=. 3.41
w=-—5%-73 (3.41)

The details of this computation can be found in appendix B. Indeed, for the example (3.26)
one finds f = log V and k = —4. Remarkably, the condition (3.39) essentially states that
K has to satisfy a no-scale like condition. A recent discussion and further references on
the subject of studying four-dimensional supergravities satisfying such conditions can be
found in [32].

4 Mirror symmetry at large volume/large complex structure

In section 3 we have determined the two-dimensional action obtained from Type ITA super-
gravity compactified on a Calabi-Yau fourfold. We commented on its ' = (2, 2) supersym-
metry structure which relies on the proper identification of chiral and twisted-chiral mul-
tiplets in two dimensions. In this section we are exploring the action of mirror symmetry.
More precisely, we consider pairs of geometries Y; and Yy that are mirror manifolds [4-6].
From a string theory world-sheet perspective one expects the two theories obtained from
string theory on Y, and Y4 to be dual. This implies that after finding the appropriate iden-
tification of coordinates the two-dimensional effective theories should be identical when
considered at dual points in moduli space. We will make this more precise for the large
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volume and large complex structure point in this section. Note that in contrast to mirror
symmetry for Calabi-Yau threefolds the mirror theories encountered here are both arising
in Type IIA string theory.®

4.1 Mirror symmetry for complex and Kéahler structure

Mirror symmetry arises from the observation that the conformal field theories associated
with Yy and Yy are equivalent. It describes the identification of Calabi-Yau fourfolds Yy,
Yy with Hodge numbers

WPA(Yy) = hAPa(Yy) . (4.1)

Note that this particularly includes the non-trivial conditions

WYL = BRNYD),  BRA(YD) = hUL(YD), (4.2)
h2’1(Y4) _ h2,1(Y4) )

The first identification (4.2) together with the observations made in section 3 implies that
mirror symmetry exchanges Kéhler structure deformations of Yy (Y4) with complex struc-
ture deformations of Y (Yy). Accordingly one needs to exchange chiral multiplets and
twisted-chiral multiplets in the effective N' = (2, 2) supergravity theory. The second iden-
tification (4.3) seems to suggest that for the fields N; the mirror map is trivial. However,
as we will see in section 4.2 this is not the case and one has to equally change from a chiral
to a twisted-chiral description.

To present a more in-depth discussion of mirror symmetry we first need to introduce
some notation. All fields and couplings obtained by compactification on Yy are denoted as
in section 3. To destinguish them from the quantities obtained in the Yy reduction we will
dress the latter with a hat. In particular for the fields we write

Y4: ¢IIA7 tA7 ZK) Nl7 (44)
?;1: QASHAafKaéAaNl'

Note that we have exchanged the indices on ¥ and 24 in accordance with the fact that
complex structure and Kéhler structure deformations are interchanged by mirror symmetry.
In other words, K =1, ... ,hlvl(fﬁ) and A=1,..., h3’1(Y4) is compatible with the previous
notation due to (4.2). Similarly we will adjust the notation for the couplings. For example,
the functions introduced in (3.26) and (2.4), (2.5) are

Yi:  fon(2), H™(v,2), (4.5)
YVi: fan(2), H™(5,3). (4.6)

The functional form of the various couplings will in general differ for Y; and Yi. A match of
the two mirror-symmetric effective theories should, however, be possible when identifying
the mirror map, which we denote formally by M[-].

8This can be seen immediately when employing the SYZ-understanding of mirror symmetry as T-
duality [33]. Mirror symmetry is thereby understood as T-duality along half of the compactified dimensions,
i.e. Y is argued to contain real four-dimensional tori along which T-duality can be performed. Clearly, this
inverts an even number of dimensions for Calabi-Yau fourfolds.
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We want to focus on the sector of the theory independent of the three-forms. Recall
that in the two-dimensional effective theory obtained from Y, the kinetic terms of the
complex structure moduli 2% and Kihler structure moduli t* are obtained from the kinetic
potential (3.22), (3.26) as

1 _
K(Yy) = log <4!ICABCD Im ¢ Tm tZ Tm t¢ ImtD> — log/Y QAQ (4.7)
: 4

when used in the action (3.20). Mirror symmetry exchanges the Kihler moduli t of
Y, with the complex structure moduli 25 of Yj. The expression (4.7) was computed at
the large volume point in Kéhler moduli space, i.e. with the assumption that Im ¢4 > 1 in
string units. Accordingly one has to evaluate IC(Y4) at the large complex structure point as

L= 1
QNQ = @ICABCDIm,%AIm,%BIm,%CIm;?D, (4.8)
Yy :

where now Im 24 > 1. Similarly, one has to proceed for the Kihler moduli part of the
kinetic potential K(Y}) and evaluate K(Y;) at the large complex structure point

I T
/ QNQ = EICKLMNImzKImzLIszImzN, (4.9)
Ya .

where K KLMN are now the quadruple intersection numbers on the geometry Y4. Therefore,
at the large volume and large complex structure point the two effective theories obtained
from Y, and 174 are identified under the mirror map

Mt =24, M[R] =18, (4.10)

and
MIK(YD] = -K(Y1),  M[éua] = dua - (4.11)

It is important to stress that a sign change occurs when applying the mirror map to K.
This can be traced back to the fact that scalars in chiral and twisted-chiral multiplets
have different sign kinetic terms in the actions (3.20), (3.23). The quantum corrections
to K were discussed using mirror symmetry in [4-7] and localization in [8, 9] (using and
extending the results of [34-36]).

4.2 Mirror symmetry for non-trivial three-forms

Let us next include the moduli N; arising for Calabi-Yau fourfolds Y, with non-vanishing
h?>1(Y}). In section 3 we have seen that these complex scalars are part of chiral multiplets.
Their dynamics was described by the real function S in the kinetic potential K given
in (3.24) and (3.26). For completeness we recall that

S(Y1) = H" ReN; Re Ny, H"™ =vtd ™, (4.12)

where d4' is a function of the complex structure moduli of Y;. Mirror symmetry should
map the fields N; to scalars N, arising in the reduction on the mirror Calabi-Yau fourfold
Y4, i.e. one should have

M[N] = Qu(N, 2,1), (4.13)
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where we have allowed the image of IN; to be a non-trivial function that will be determined
in the following. In fact, note that the map cannot be as simple as M(N;) = N;. As
already pointed out in [17] the mirror duals M(N;) need to be, in contrast to the Nj, parts
of twisted-chiral multiplets. To achieve this we need to use the results of section 3.3.

Let us therefore consider the reduction on Y4 using the same notation as in section 3
but with hatted symbols. The two-dimensional theory will contain a set of complex scalars
N; that reside in chiral multiplets. We can transform them to scalars in twisted-chiral
multiplets using (3.32) and (3.33). In other words, we find a dual description with scalars
N defined as

N'' = H™Re N, + i)', (4.14)

where H'™ is a function of the mirror complex structure moduli 24 and Kéhler moduli 9.
The dual kinetic potential takes the form

K'(Yy) = K(Ya) — XA f Re N'F Re N'! (4.15)

The mirror map (4.10), (4.11) and (4.13) exchanges chiral and twisted-chiral states and
therefore has to take the form

M[N] = N'Y(N, 2,1), M[t4] = 24, M) =5 (4.16)
MIE(Yy)] = — K'(Ya), M bna] = dua - (4.17)

and is evaluated as a function of N;, 24 and ¥ by using (4.14).

Using these insights we are now able to infer the mirror image of the function H,,,
appearing in K (Yy). To do that, we apply the mirror map to the kinetic potential K.
Note that

M[K(Yy)] = —K(Va) + 21 M[S(Yy)] (4.18)

where we have used (4.11). Furthermore, we insert (4.17) into (4.12) to find

M[S(Yy)] =Y M[H*Re N"* Re N . (4.19)
k,l

We next apply (4.17) together with (4.15) which requires

> M[H"]Re N*Re N" L Ay ReN'F Re N'! (4.20)
k,l

and thus enforces
1

M[HM] = Ay (4.21)
We therefore find that the mirror map actually identifies H* with the inverse Hy, of H.
This inversion is crucial and stems from the exchange of chiral an twisted-chiral multiplets
under mirror symmetry. In the final part of this section we evaluate the condition (4.21) at
the large complex structure point, since H* given in (4.12) was computed at large volume.

17 -



Using the mirror map we are now able to determine the holomorphic function f;
appearing in the definition of Hj; at the large complex structure point. Note that (3.16)
translates on Y; and Y4 to

1
H'™ = —2(Ref)™ Rehl!, b= —it"Ca"™, (4.22)

N 1 ~ N o Apr A
HIm = —5(Re H Reh™, A" = —itKCx,™,

n

where on the mirror geometry we introduced the intersection numbers
éKnm:/ CDK/\@n/\Bm . (4.23)
Yy

Using (4.16), (4.17), (4.21), and (4.22) in the mirror map one infers that a possible identi-
fication is”

Refrm = ImzXCpey™ . (4.24)
By holomorphicity of f,,, we finally conclude

fnm = _izKéKnm (4.25)

Having determined the function f,,, at the large complex structure point we have estab-
lished a complete match of the two two-dimensional effective theories obtained from Yy
and Y} under the mirror map M]-]. The result (4.25) is not unexpected. In fact, from the
variation of Hodge-structures one could have expected a leading linear dependence on zX.
Furthermore, we will find agreement with a dual Calabi-Yau threefold result when using
the geometry Y, as F-theory background and performing the orientifold limit. This will be

the task of the final section of this work.

5 Applications for F-theory and Type IIB orientifolds

In this section we want to apply the result obtained by using mirror symmetry to compacti-
fications of F-theory and their orientifold limit. The F-theory effective action is studied via
the M-theory to F-theory limit. Therefore, we will briefly review in section 5.1 the dimen-
sional reduction of M-theory on a smooth Calabi-Yau fourfold including three-form moduli.
This reduction was already performed in [13], but we will use the insights we have gained in
the previous sections to include the three-form moduli more conveniently. In section 5.2 we
will then restrict to a certain class of elliptically fibered Calabi-Yau fourfolds and perform
the M-theory to F-theory limit. This allows us to identify the characteristic data deter-
mining the four-dimensional N' = 1 F-theory effective action in terms of the geometric
quantities of the internal space [15]. We note that for certain fourfolds the holomorphic
function fx; lifts to a four-dimensional gauge coupling function. Starting from these F-
theroy settings we will then perform the weak string coupling limit in section 5.3. In this
limit fx; can be partially computed by using mirror symmetry for Calabi-Yau threefolds
and we show compatibility with the fourfold result of section 4.

%Note that in general the basis (ay, 8¥) might not directly map to (éj, ﬁk) on the mirror geometry Yi.
In this expression we have assumed that there is no non-trivial base change under mirror symmetry.
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5.1 M-theory on Calabi-Yau fourfolds

In this subsection we review the dimensional reduction of M-theory on a Calabi-Yau fourfold
Y, in the large volume limit without fluxes. The ansatz here is similar to the one used for
Type IIA supergravity in section 3.1.

We start with eleven-dimensional supergravity as the low-energy limit of M-theory. Its
bosonic two-derivative action is given by

1. 1. . 1. . .
S — /2R L= By AFy = 5 Cs NFyAFy (5.1)

with Fy = dC3 the eleven-dimensional three-form field strength. This will be dimensionally
reduced on the background

ds? = n(?’y)d;r“da:” + g(S) dy™dy™ , 5.2
o mn

where n(®) is the metric of three-dimensional Minkowski space-time My 1 and ¢(® the metric
of the Calabi-Yau fourfold Y. This is the analog to (3.2) and, as we briefly discussed at the
end of section 3.2, the Type IIA supergravity vacuum can be obtained by a circle-reduction
of this Ansatz.

To perform the dimensional reduction one inserts similar expansions of (3.3), (3.5)
and (3.6) into the eleven-dimensional action (5.1). For the metric deformations consisting
of Kéhler and complex structure deformations, this is exactly the same as (3.3) and (3.5),
hence we obtain h'!(Y}) real scalars Uf}[ by expanding the M-theory Kéahler form .Jy; as

JM = vf/‘[wA (5.3)

K

and h*1(Y}) complex scalars 2% in three dimensions. Since the eleven-dimensional three-

form Cj is the common origin of the Type IIA fields By, C5, we expand
C3=VANws+ NU + NI (5.4)

This yields h*!(Yy) three-dimensional complex scalars N; and h'!(Yj) vectors V4.
The latter combine with the real scalars vf/‘[ into three-dimensional vector multiplets,
whereas 2, N; give rise to three-dimensional chiral multiplets. Combining the expan-
sions (3.3), (3.5) and (5.4) with the action (5.1) by using the notation of section 3.1 and

section 3.2 we thus obtain the three-dimensional effective action®

1 1
S — /2R *1— GdezK A xdzl — §dlog Y A sdlog Vi — GNgdugs A xdvl

1 _
- ivﬁ ds"" DNy A *DNy, — VEGNRdVA A xdVE

+ %dA”“dVA A (N,DNy — NyDN)) . (5.5)

Note the G%B takes the same functional form as (3.10), but uses the M-theory Kéhler

structure deformations vﬁ.

new __

0The action has been Weyl-rescaled to the three-dimensional Einstein frame by introducing v

2 old
Vg5
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The three-dimensional action given in (5.5) is an N' = 2 supergravity theory. The
proper scalars in the vector multiplets are denoted by L# and are expressed in terms of the
viy as LA = %, as already given in (3.28). The complex scalars in the chiral multiplets
are collectively denoted by ¢ = (2, N;). The action (5.5) can then be written using a

kinetic potential K™ as
SICU= / %R(?’) « 1+ %R}JAALB dLA A +dLP + if%wdvz“ A xdV'E
— Kk g d"™ A xdd® + dVA N Tm(K ) . dg") (5.6)
where IN(gIALB = 8LA8LBK', qu\s/i& = 8¢~6@K’M, and K’%Ad)ﬁ = 8LA8¢»:K'M. Compar-

ing (5.5) with (5.6) the kinetic potential obtained for this M-theory reduction there-
fore reads

_ _ 1
KM= —log/ QA Q+log <4'ICABCDLALBLCLD> + LA, ReN; Re Ny,  (5.7)
Ya :

and was already given in (3.29). Recalling the discussion at the end of section 3.2 it is not
hard to check that (5.5) reduces to the Type ITA result found in section 3.1 upon a circle
compactification. The detailed circle reduction is performed for a general three-dimensional
un-gauged N = 2 theory in appendix A.

5.2 M-theory to F-theory lift

Let us now lift the result (5.6) of the M-theory reduction on a general smooth Calabi-Yau
fourfold Yy to a four-dimensional effective F-theory compactification. To do so, we need
to restrict Y4 to be an elliptic fibration 7 : Y4 — Bs over a base manifold B3 which is a
three-dimensional complex Kahler manifold. This four-dimensional theory exhibits N' =1
supersymmetry. In the following we will not need to consider the full four-dimensional
theory, but will rather focus on the kinetic terms of the complex scalars and vectors without
including gaugings or a scalar potential. Supersymmetry ensures that these can be written
in the form [37]

1 ;1 1
SW = / g Rx 1= Ky dM' A M7 — “Re fAn N A +F> — Sl fAsFAAF . (5.8)

In this expression we denoted by M7 the bosonic degrees of freedom in chiral multiplets,
and by F the field strengths of vectors A*. The metric Kﬂ 10 1s Kéhler and thus can
be obtained from a Kéhler potential KF via K]T/NMJ = Oy10;70KY. The gauge-kinetic
coupling function fyyx; is holomorphic in the complex scalars M.

In order to determine the Kihler potential KF and the gauge coupling function fix
via M-theory one next would have to compactify (5.8) on a circle. The resulting three-
dimensional theory then has to be pushed to the Coulomb branch and all massive modes,
including the excited Kaluza-Klein modes of all four-dimensional fields, have to be inte-
grated out. The resulting three-dimensional effective theory can then, after a number of
dualizations, be compared with the M-theory effective action (5.5). Performing all these
steps is in general complicated. However, a relevant special case has been considered in [15]
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and will be the focus in the following discussion. Despite the fact that we could refer to [15]
we will try to keep the derivation of K F and foy in this subsection self-contained.

Let us therefore assume that Yy is an elliptically fibered Calabi-Yau fourfold that
satisfies the conditions

h*1(Ya) = h*1(Bs), hbH(Yy) = hb(B) + 1. (5.9)

It is not hard to use toric geometry to construct examples that satisfy these conditions
(see, for example, refs. [38, 39]). From the point of view of F-theory, or Type IIB string
theory, the first condition in (5.9) implies that all scalars N; in (5.5) lift to R-R vectors
Al in four dimensions. In other words, one can compactify Type IIB on the base Bz and
obtain vectors A! by expanding the R-R four-form as

C4:Al/\a1—f~ll/\ﬁl—l—.... (5.10)

The vectors A; are the magnetic duals of the A’ and can be eliminated by using the self-
duality of the field-strength of Cy.

The second condition in (5.9) implies that there are no further vectors in the four-
dimensional theory, i.e. there are no massless vector degrees of freedom arising from seven-
branes. The two-forms used in (5.3) and (5.4) split simply as

wa = (wo,wq) , (5.11)

where wp is the Poincaré-dual of the base divisor B3 and w, is the Poincaré-dual of the
vertical divisors D® = 771(D{) stemming from divisors DY of Bs. Accordingly one splits
the three-dimensional vector multiplets in (5.6) as

LA = (R, LY, VA=(4%4%). (5.12)

One can now evaluate the kinetic potential (5.7) for the special case (5.9). The only relevant
non-vanishing quadruple intersection numbers are given by

Koasy = / wo Awa Awg Awy = Kagy (5.13)
Yy
which are simply the triple intersections K,g, of the base B3. Crucially, for an elliptic

fibration one has Knsy5 = 0. Furthermore, note that due to (5.9) all non-trivial three-
forms come from the base B3 and we can chose the basis (a7, ) such that

COmk - / wo N ag A IBk = 5lkv Camk = Camk =0, (514)
Yy
with Camn® and C gy introduced in (2.10). Inserting (5.13) and (5.14) into (5.7) one finds
- _ 1 1
KM= _ log/ QAQ+log (mlCamLaLﬂL7> +log(R) - SR Ref* Re Ny Re Ny, (5.15)
Y4 !

where we have used that LAds% = —%LACilmRefmk = —%R Ref'*, and we have dropped
terms in the logarithm that are higher order in R.
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In order to compare this kinetic potential with the result of the circle reduction of (5.8)
we next have to dualize (L%, A%) into three-dimensional complex scalars Ty, and Ny into
three-dimensional vectors (£%, A¥). Due to our assumption (5.9) leading to (5.14) we can
perform these dualizations independently. The change from (L%, A%) to ReT, = dpa KM
is similar to (3.37). It is conveniently parameterized by the base Kéhler deformations vf
and the base volume V4, defined as [15, 26]

_ Y% 1

=P Wy = —Kaﬁvvgvgvg : (5.16)
b

Lo
3!

The dualization of the complex scalars Nj into three-dimensional vectors is similar to the
dualization yielding (3.30), (3.31) and (3.32), (3.33). First, one introduces

& = Open, KM, KM7F = KM — ¢FRe Ny, (5.17)

and then dualizes the field ImN, with a shift symmetry into the vector A¥. Together both
Legendre transforms yield

- _ 1
KM=F — —log/ QAQ—2log Vy, +log R+ ﬁReflk gler (5.18)
Yy
which has to be evaluated as a function of 2%, &*¥ and
- . 1 .
T, = 8LQKM +ipe = 51Caﬁyv€vg + ipq - (5.19)

The kinetic potential (5.18) is now in the correct frame to be lifted to four space-time
dimensions.

To derive K¥, f}; one reduces (5.8) on a circle of radius » with the usual Kaluza-Klein
ansatz the four-dimensional metric and vectors as

(3) 240 40 .2 40
gpg +1T°AA, reA

g = = P T, AR = (AR ARy, (5.20)
TZAS r?

where we introduced the three-dimensional indices p,q = 0,1,2 and the Kaluza-Klein
vector AY. Note that we use for three-dimensional vectors the same symbol A* as in four
dimensions. Furthermore, we introduced the new three-dimensional real scalars r, ¥ into
the theory. We next define

R=r2, ¢ =(RRC), AF=(A%4"). (5.21)

The three-dimensional theory obtained by reducing (5.8) has thus the field content: chiral
multiplets with complex scalars M’ and vector multiplets (§k,Ak). Its action can be
written in the form (5.6) with a kinetic potential

K(M,M,¢) = KF(M, M) +1log(R) — %Re £ (M)EREL | (5.22)
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when replacing L4 — 51;, VA A’%, and ¢* — M. Finally, comparing (5.22) with (5.18)
implies that one finds M! = {T,,, 2}

KF:—log</ Q/\Q>—2logvb, (5.23)
Yy

1
i = §sz : (5.24)

In the next section, we want to derive the orientifold limit of this result relating the data
of F-theory on Yj to Type IIB supergravity with O7/03-planes on the closely related
Calabi-Yau three-fold Y3, a double cover of Bs.

5.3 Orientifold limit of F-theory and mirror symmetry

In this final subsection we investigate the orientifold limit of the F-theory effective action
introduced above. More precisely, we assume that the F-theory compactification on the
elliptically fibered geometry Y, admits a weak string coupling limit as introduced by Sen [24,
25]. This limit takes one to a special region in the complex structure moduli space of Yy in
which the dilaton-axion 7 = Cy + ie~?11B, given by the complex structure of the two-torus
fiber of Yy, is almost everywhere constant along the base Bs. The locations where 7 is not
constant are precisely the orientifold seven-planes (O7-planes). In the weak string coupling
limit the geometry Y, can be approximated by

Yy (Y3 xT?%)/6 (5.25)

where we introduced the involution & = (0,—1,—1) with o being a holomorphic and
isometric orientifold involution such that Y3/o = Bs. The two one-cycles of the torus are
both odd under the involution, but its volume form is even. It was shown in [24, 25] that
the double cover Y3 of Bj is actually a Calabi-Yau threefold. The location of the O7-planes
in Y3 is simply the fixed-point set of o.

In the limit (5.25) we can check compatibility of the mirror symmetry results of sec-
tion 4 with the mirror symmetry of the Calabi-Yau threefold Y3. By using the mirror
fourfold Y, of Y we have found that the function fir is linear in the large complex struc-
ture limit of Y;. Here we recall that the weak string coupling expression gives a compatible
result. Using the mirror }73 of Y3 one shows that the function fj; is linear in the large
complex structure limit of Y3. This can be depicted as

weak coupling

F-theory on Yy

Type IIB orientifolds Y3/o
1 physical mirror duality — (5.26)
Type IIA orientifolds Y3/&
Note that mirror symmetry of Y3 and Ys gives a physical map between Type IIB and Type
ITA orientifolds. The mirror map between Y; and Y, has no apparent physical meaning

in F-theory. Nevertheless, using the geometry Y; in Type IIA compactifications it can be
used to calculate fj; as we explained in section 4.
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Let us now introduce the function f,, for the geometry (5.25). In the orientifold
setting one splits the cohomologies of Y3 as H™4(Y3) = HY(Y3) & H??(Y3), which are the
two eigenspaces of o*. We denote their dimensions as h5?(Y3). As reviewed, for example,
in [2] the complex structure moduli 2% of Y} split into three sets of fields at weak string
coupling. First, there is the dilaton-axion 7, which is now a modulus of the effective
theory. Second, there are R complex structure moduli z* of the quotient Y3/c. Third,
the remaining number of complex structure deformations of Yy correspond to D7-brane
position moduli. The last set are open string degrees of freedom and are not captured by
the geometry of Y3. For simplicity, we will not include them in the following discussion.
With this simplifying assumption one finds that the pure complex structure part of the
F-theory Kéhler potential (5.23) splits as

—10g(/y4§2/\§2> =—log[—i(r —7)] —log [z YSQg/\Q3] +..., (5.27)

where Q3 is the (3,0)-form on Y3 that varies holomorphically in the complex structure
moduli z®. The dots indicate that further corrections arise that are suppressed at weak
string coupling —i(7 — 7) > 1. Taking the weak coupling limit for the Kéahler poten-
tial (5.23) of the K&hler structure deformations is more straightforward. The deformations
are counted by h},_’l(Yg) and identified with the Kéhler structure deformations vy of the
base Bs introduced in (5.16). The orientifold Kéhler potential for this set of deformations
is then simply the second term in (5.23) and the Ké&hler coordinates are given by (5.19).

Turning to the gauge theory sector, we note that the number of R-R vectors A! arising
from Cy as in (5.10) are counted by hi’l(Y},) in the orientifold setting. The gauge coupling
function for these vectors is determined as function of the complex structure moduli z* of
Y3 in [26].1! Tt is given by

fr(2") = —iFul|(z") = 0,104 F[(2"), (5.28)

where F is the pre-potential determining the moduli-dependence of the Q3 of the geometry
Y3. To evaluate (5.28) one first splits the complex structure moduli of Y3 into A% (Y3) fields
2" and hi’l(Yg) fields z*. The pre-potential F (2", z¥) of Y3 at first depends on both sets of
fields. Then one has to take derivatives of F with respect to z* and afterwards set these
fields to constant background values compatible with the orientifold involution o. This
freezing of the z* is indicated by the symbol | in (5.28). Using mirror symmetry for Calabi-
Yau threefolds it is well-known that the pre-potential at the large complex structure point
of Y3 is a cubic function of the complex structure moduli z* and z*. Taking derivatives
and evaluating the expression on the orientifold moduli space one thus finds

fra(2%) = —iz"Kyop » (5.29)

where Iﬁnkl = ff/s W, AWy Ay are the triple intersection numbers of the mirror threefold Ys.
This result agrees with the one for Type ITA orientifolds, which have been studied at large

"Note that we have slightly changed the index conventions with respect to [26] in order to match the
F-theory discussion.
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volume in [27]. Hence, we find consistency with the F-theory result (4.25) obtained by using
mirror symmetry for Yy at the large complex structure point. To obtain a complete match
of the results the intersection matrix C’Hkl of Y4 is identified with the triple intersection
Kt of Ya.

To close this section we stress again that we have only discussed the matching with the
orientifold limit for special geometries satisfying (5.9). Furthermore, we have not included
the open string degrees of freedom on the orientifold side. Clearly, our result for fi;, obtained
in section 4 can be more generally applied. For example, a simple generalization is the
inclusion of h"'(Y3) moduli G® into the orientifold setting, which arise in the expansion
of the complex two-form Co — 7B5. In F-theory the same degrees of freedom appear from
the expansion (5.4) into non-trivial three-forms ¥, that have two legs in the base Bz and
one leg in the torus fiber, i.e. are not present in the geometries satisfying (5.9). In the
orientifold setting one finds that the fields G® correct the complex coordinates (5.19). We
read off the result from [26] to find'?

1

To = *Kaﬁvvgvg +

o Kaap Im GIm G° + ip, . (5.30)

1
2Imr
Comparing this expression with (3.37) we read off that

11
aab = 2Imr

N =4iG*, d Kaab fab(T) = 170ap , (5.31)
in order to match the F-theory result as already done in [40]. Again we find that the result
is linear in one of the complex structure moduli, namely the field 7, of the Calabi-Yau
fourfold Y4 in the orientifold limit (5.25). It would be interesting to generalize these results
even further and also include the open string moduli into the orientifold setting.

6 Conclusions

In this paper we first studied the two-dimensional low-energy effective action obtained from
Type IIA string theory on a Calabi-Yau fourfold with non-trivial three-form cohomology.
The couplings of the three-forms were shown to be encoded by two holomorphic functions
frr and hi;, where the former depends on the complex structure moduli and the latter on the
complexified Kéhler structure moduli. Performing a large volume dimensional reduction of
Type IIA supergravity, we were able to derive hﬁc explicitly as a linear function. We argued
that fi; and hﬁc computed on mirror pairs of Calabi-Yau manifolds will be exchanged, at
least, if one considers the theories at large volume and large complex structure. In order
to show this, we investigated the non-trivial map between the three-form moduli arising
from mirror geometries and argued that it involves a scalar field dualization together with
a Legendre transformation. This can be also motivated by the fact that chiral and twisted-
chiral multiplets are expected to be exchanged by mirror symmetry. We thus established
a linear dependence of the function fj; on the complex structure moduli near the large
complex structure point and determined the constant topological pre-factor.

2Note that compared with [26] we have redefined p, to make the terms in T, involving the G® real.
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In this work we also included a discussion of the superymmetry properties of the
two-dimensional low-energy effective action. This action is expected to be an N = (2,2)
supergravity theory, which we showed to extend the dilaton supergravity action of [17].
The bosonic action was brought to an elegant form with all kinetic and topological terms
determined by derivatives of a single function K = K + €2¢S, where K and S can de-
pend on the scalars in chiral and twisted-chiral multiplets, but are independent of the
two-dimensional dilaton ¢. In the Type ITA supergravity reduction the three-form scalars
only appeared in the function S and are thus suppressed by e*? = €2?11a | In this analysis
the complex structure moduli and the three-form moduli were argued to fall into chiral
multiplets, while the complexified Kéhler moduli are in twisted-chiral multiplets. How-
ever, due to apparent shift symmetries of the three-form moduli and complexified Kéhler
moduli a scalar dualization accompanied by a Legendre transformation can be performed
in two dimensions. This lead to dual descriptions in which certain chiral multiplets are
replaced by twisted-chiral multiplets and vice versa. Remarkably, if one dualizes a subset
of scalars appearing in K, we found that the requirement to bring the dual action back to
the standard N' = (2, 2) dilaton supergravity form imposes conditions on viable K. These
constraints include a no-scale type condition on . The emergence of such restrictions arose
from general arguments about two-dimensional theories coupled to an overall e~2% factor.
For Calabi-Yau fourfold reductions we checked that these conditions are indeed satisfied.
It would be interesting to investigate this further and to get a deeper understanding of
this result.

Having shown that in the large complex structure limit the function fi; is linear in
the complex structure moduli, we discussed the application of this result in an F-theory
compactification. By assuming that the Calabi-Yau fourfold is elliptically fibered and
that the three-forms exclusively arise from the base of this fibration, we recalled that
frr 1s actually the gauge-coupling function of four-dimensional R-R vector fields. This
gauge-coupling function was already evaluated in the weak string coupling limit in the
orientifold literature. In this orientifold limit one can double-cover the base with a Calabi-
Yau threefold. We found compatibility of the fourfold result with the expectation from
mirror symmetry for Calabi-Yau threefold orientifolds. In this analysis we only included
closed string moduli in the orientifold setting. Clearly, the results obtained from the Calabi-
Yau fourfold analysis are more powerful and it would be interesting to further investigate
the open string dependence in orientifolds using our results. Additionally we commented
briefly on the case in which the three-forms have legs in the fiber of the elliptic fibration.
In this situation the inverse of Re fj; sets the value of decay constants of four-dimensional
axions [22]. Again we found compatibility in the closed string sector at weak string coupling
in which fj; oc i7. It would be interesting to include the open string moduli in the orientifold
setting and derive corrections to fj, without restricting to the weak string coupling limit.
The latter task requires to compute f;; away from the large complex structure limit for
elliptically fibered Calabi-Yau fourfolds.

In order to derive the complete moduli dependence of f;; at various points in complex
structure moduli space it would be desirable to obtain differential equations obeyed by the
(2,1)-forms. This should be possible by investigating the variations of Hodge structures
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and is expected to yield equations of second order in derivatives. The linear solutions found
in this work can then provide the boundary conditions for the complete solutions. It would
be important to develop the necessary tools for such an analysis and we hope to return to
this issue in a future publication.
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A Three-dimensional A/ = 2 supergravity on a circle

In this appendix we consider N = 2 supergravity compactified on a circle of radius r. Our
goal is to derive the resulting N/ = (2,2) action. We also briefly discuss the dualization of
vector multiplets in three dimensions and point out the relation to appendix B.

We start with a three-dimensional N' = 2 supergravity theory coupled to chiral multi-
plets with complex scalars ¢* and vector multiplets with bosonic fields (L4, A4). HereL”
is a real scalar and A% a vector of an U(1) gauge theory. The bosonic part of the ungauged
N = 2 action takes the form

1 _ 1
SB) = / 5RC"’) 1= Kyepndg™ A xd™ + 1K 1 sdLA A «dLP
1- _
+ Kpaps dA* A xd AP + dAY NIm(K aged”) (A1)

where the kinetic terms of the vectors and scalars are determined by the single real kinetic
potential K.
We want to put this on a circle of radius r and period one, i.e. the background metric
is of the form
ds?z,)) = g datda” + r2dz? (A.2)

where we already drop vectors, since in an un-gauged theory they do not carry degrees
of freedom in two dimensions. Similarly, the vectors A4 are only reduced to real scalars
dA% = db* A dz. The resulting two-dimensional action thus reads

1 - _ 1 -
9@ _ / SR 1= 1R g A 5dg® + rRpagndL A <dLP
1

+4r

Kpappdb® Axdb? — db® ATm(Kpagedg™), (A.3)
with a two-dimensional R and Hodge star *. Note that the last term is topological and
does not couple to the radius r of the circle. We can perform Weyl rescaling of the two-
dimensional metric setting g,, = 62‘”9!“,. This transforms the Einstein-Hilbert term as

N —

~ 1
/R%I:/QTR * 14 dw A *dr, (A4)
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while leaving all other terms in the action (A.3) invariant. We then find the action

1 - _ 1 -~
S@ — /7‘ <2R 14 dlogr A xdw — Ky gndg”™ A xdd™ + ZKLALBdLA A xdLP

1

+ 4r2

Kpappdb™ A xdb? > — db* ANTm(K 4 4xd¢") (A.5)

To make contact with the N/ = (2,2) dilaton supergravity action (3.23) we set

LA = 1A, r=e %, (A.6)
ot = b it A7)
Inserted into (A.5) we then obtain
@) 95 (1 . 1~ A, B 1z A B~
S\W=[e ¥ §R x 1 —2dp A *(dw - iKvAUBU dv® — iKvA,UBU v d(p) (A.8)

— Ky ppd¢™ A xd? + Kyazedo™ A xde® — dRe o A Im(f(UAwdgb")) .
In order to match the action (3.23) one therefore has to find an w such that
1~ 1~
dw = —dp + §K,UAUB’UAdUB + §KUAvaAde<,5 (A.9)

To solve this condition, we first notice that any term in K that is linear v4 drops out from
this relation, i.e. K can take the form

K=K +v184, (A.10)

with an arbitrary function S4(¢,¢). Furthermore, we can solve (A.9) by assuming that
K = K1 + Ko splits into a vA-independent term Ki(¢, ) and a term K(v) that only
depends on v“. Then (A.9) is satisfied if

v =k, w=-p+ (A.11)

It is easy to check that the conditions (A.10) and (A.11) are actually satisfied for the
M-theory example (3.29) of K. One finds

Ki(z) = —log/ QAQ, Ka(v) =logV, Sa = e*?d4" ReN; ReNy,, (A.12)
Yy

such that & = —4. Finally, in order to show that (A.8) is indeed identical to the ac-
tion (3.23), we still have to complete the last term in (A.8) to Im(do? A Kyapndg™). In
order to do that we use

. 1 -

dIm o ARe(K,a4:do") = S dm oA NdK (A.13)
which follows from the fact that dK,1 = 2Re(K’vA¢N d¢*) + K,a,sdv?. This implies that
these terms simply yield a total derivative and shows that the reduction of N' = 2 super-
gravity of the form (A.1) indeed yields the extended form of N' = (2, 2) dilaton supergravity
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suggested in (3.23) coupled to the chiral multiplets with scalars ¢" and twisted-chiral mul-
tiplets with scalars 0. Interestingly, we had to employ the conditions (A.10) and (A.11),
which hints to the fact that the action (3.23) might admit further interesting extensions.

Let us end this appendix by pointing out that we could also have first dualized the
vectors A4 to real scalars in three dimensions and then performed the circle reduction. The
dual multiplets to the vector multiplets (LA, AA) are three-dimensional chiral multiplets
with bosonic parts being complex scalars T4 given by

Ta= 04K +ipa . (A.14)
The metric is determined now from a proper Kéhler potential given by
K(T +T,M)=K —ReTy L*, (A.15)
such that the final action reads

SB) — /23(3) x 1 — KyrgrdM!T A xdM? (A.16)

with M! = (T4, #"). We can again reduce this theory on a circle (A.2) and perform a
Weyl-rescaling (A.4) to find

5 :/;TR*1—|—dr/\>kdw—rKM1MJdMl/\>deJ . (A.17)

With the choices r = e72? and w = —¢ this reads
S = / e"20 @R %14 2d@ A *dp — Ky s dME A *dMJ> : (A.18)
This result should also be obtainable from (A.8) by dualizing the chiral multiplets with

scalars o4, This is possible since b appears only with its field-strength db. The details
of this dualization in two dimensions will be discussed in appendix B.

B Twisted-chiral to chiral dualization in two dimensions

In this appendix we present the details of the dualization discussed in section 3.3 of a
twisted-chiral multiplet to a chiral multiplet in two dimensions. The starting point is the
action

al - _ -
S = / e %P <2R 14 2dg N #dp — K yegn dg™ A xd® + Kyags do A xde”

— K yepn d¢™ NdoP — K agn di™ A daA) : (B.1)

where K is given by
K=K +¢*S. (B.2)
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In the following we use sub-scripts to indicate derivatives with respect to fields, e.g. IN{M =
8¢~I~( . K depends on a number of chiral multiplets with complex scalars ¢™ and a number
of twisted-chiral multiplets with complex scalars o4.

In order to perform a dualization, we assume that Reo? has a shift symmetry and
only appears via dReo? in (B.1). This implies that Reo® can be dualized into a scalar
pa by the standard procedure. One first replaces dReo? — F4 in (B.1) and then adds a
Lagrange multiplier term promotional to F4Adp4. Then F4 can be consistently eliminated

from (B.1). Denoting the imaginary part of 0 by v4 = Im o4 the resulting action reads
2 9z (1 N L 1=~
S’é) = /e i <2R * 14 2dp A xdp — Kyngr do™ A «dd™ + EKQJAUB dv A xdv®  (B.3)
~ A B ~ ~ ~ ~
+ K" (e*Pdpa — Im (K yagedd”™)) A #(e*?dpp — Im (Kv%xdqb’\)))

To compute the dualized action we make the following ansatz for the Legendre trans-
formed variables T4

. 0K SOk 9S
_ -2 L9 ,
TA—@ ¢W+ZPA_6 ww""m'ﬁ"bﬂA, (B4)
and the dual potential K
K=K —e*ReTyv. (B.5)

We want to derive the conditions on K under which the action (B.3) can be brought to
the form

. /1 -
S&) = /6-290 <2R*1+2dc,5/\*d95—KM1MJ deA*dMJ> : (B.6)

with M1 = (¢, Ty).
We first determine from (B.4) and (B.5) that

v 1 5-~ 4B oA - A B~

7T = 562%(” v 55 = —K"""" K, gn , (B.7)
1 55 -

KTA = —*629011"4, Kd)m = K¢n s

2

where Kv"*” is the inverse of Kyayp = 0,a0,8 K = 4K _as5. Crucially, one also derives
from (B.4) that

dReTq = e 2% (K a,ndv® + 2Re( K yndg™) — 2KC,ad3) . (B.8)

Note that there is the additional d@-term, which is absent in the standard dualization
procedure. The conditions on K arise from demanding that the dual action can be brought
to the form (B.1) and no additional mixed terms involving d¢ appear. To evaluate (B.1)
one uses (B.7) to derive the identities

1 45 2pAyB 1 55 = piyB
Krur = =3¢ 7K Ky = 5€ K Kynge (B.9)

Kqﬁf@(gk == Kgi)“(z))‘ _K(bn,uAKv v K’UBQ_S/\ .
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Inserting (B.8), (B.9) into (B.6) one finds the following terms involving d@
s = / e 2 ((2 F KCya K VB, 5 )dG A #d @ + Kyadv™ A *d¢) . (B.10)

These terms can be removed by a Weyl rescaling of the three-dimensional metric if certain
conditions on K are satisfied. To see this, we perform a Weil rescaling

g;w = €2wgw/ (B.ll)

which transforms the Einstein-Hilbert term as
_opl = a5 (1 -
e wiR xl= [ e =¥ QR 1 —2dw A\ *dp |, (B.12)

while leaving all other terms invariant. Hence we can absorb the extra terms in (B.10) by
a Weyl rescaling iff
— 2dw = Kya K" "B, 5dp + Kyadv™ . (B.13)

Clearly, a simple solution to this equation is found if K satisfies
KAk "B, s =k,  K=Ki(b )+ Ka(v), (B.14)

for a constant k, a function K1(¢, ¢) independent of v, and a function KCa(v) independent
of ¢”. In this case one can chose

k. 1
W= —5¢- QICQ(’U) . (B.15)

Note that (B.14) is satisfied for the result found in a Calabi-Yau fourfold reduction (3.26),
ie. k=—4and K2 =log V.
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