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Abstract Let S be a semi direct product S = N x A where N is a connected and
simply connected, non-abelian, nilpotent meta-abelian Lie group and A is isomor-
phic with R*, k > 1. We consider a class of second order left-invariant differential
operators on S of the form £, = L* + A,, where @ € R¥, and for each a € R¥, L4 is
left-invariant second order differential operator on N and A, = A — (@, V), where
A is the usual Laplacian on R, Using some probabilistic techniques (skew-product
formulas for diffusions on S and N respectively, the concept of the derivative of a
measure, etc.) we obtain an upper bound for the derivatives of the Poisson kernel for
L,. During the course of the proof we also get an upper estimate for the derivatives
of the transition probabilities of the evolution on N generated by L°®, where o is a
continuous function from [0, o) to R*.

Keywords Poisson kernel - Evolution kernel - Harmonic functions - Left invariant
differential operators - Elliptic and parabolic equations - Evolution equation -
Meta-Abelian nilpotent Lie groups - Solvable Lie groups - Homogeneous groups -
Higher rank N A groups - Brownian motion - Exponential functionals

of Brownian motion

Mathematics Subject Classifications (2010) 58J05 - 35K10-43A85 - 31B05 - 22E25 -
22E30 - 60J25 - 60J60

R. Penney

Department of Mathematics, Purdue University, 150 N. University St,
West Lafayette, IN 47907, USA

e-mail: rcp@math.purdue.edu

R. Urban (X))

Institute of Mathematics, Wroclaw University, Plac Grunwaldzki 2/4,
50-384 Wroclaw, Poland

e-mail: urban@math.uni.wroc.pl

@ Springer



188 R. Penney, R. Urban

1 Introduction

Let S be a semi direct product §$ = N x A where N is a connected, simply con-
nected, non-abelian, nilpotent, meta-abelian, group and A is isomorphic with R¥.!
Specifically, we assume that

N=MxYV,

where M and V are abelian Lie groups with the corresponding Lie algebras m and
v. Then there are bases { X}, ..., X,,} and {Y,, ..., Y,} for m and v respectively such
that { Xy, ..., Xn, Y1, ..., Y,} forms a Jordan-Holder basis for the Lie algebra n of
N which diagonalizes the ad, action on n (a is the Lie algebra of A). We assume that
these bases are ordered so that the matrix of ad is strictly lower triangular for all
Z € n. We use these bases to identify m and v with R” and R” respectively and we
use the exponential map to identify M, V and A with the corresponding Lie algebras.

In what follows the Euclidean space R is endowed with the usual scalar product
(-, -) and the corresponding ¢2 norm | - ||. For the vector x € RF we write x> = x - x =
(x,x) = Zf-‘zl x7. By || - lloo, We denote the €% norm ||x||s = max;<;<x |X:|.

For g € S we let z(g) =z € N and a(g) = a € A denote the components of g in
N X A sothat g = (z, a). Similarly, for z € Nweletx(z) =xe Mand y(z) =y eV
denote the components of zin M x V. The dimension k of A is called the rank of S.

Let

E :{s]""sgnl}v
O ={9,...,0,)

be the roots of the ad, action on m and v respectively corresponding to the given
bases. Let

A=

o]

Uuo.

Hence, for all H € «a,
ady X =[H, X;] =&(H)X;, 1 <i<m, (L1
1.
ady Yj =[H, Y}'] = 19]‘(H)Yj, 1< jf n.

Letg=m+n.For1 <i < g weset

S L l<i<m,
B 7 m+1<i<gq.

The principal object of study in this work is the left-invariant differential operator
on S,

m n
Lo=Ag+ Y 5OX; 4+ MOV, (1.2)
j=1 j=1

IThe case where N is abelian can be analyzed by considerably simpler methods which we do not
consider here.
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Derivatives of the Poisson Kernel 189

where, for @ = (o, ..., o) € RK,

k

Ay =Y (0 — 206y,

i=1

and the Y; and X are considered as left invariant differential operators on N. We
assume that for all i,

Ai(e) > 0. (1.3)

In particular, none of the A; are identically 0. Hence the {};},<;<, span a* since their
joint nullspace consists of vectors annihilated by ad,.
We set

At =Int{a e R¥: Xj(a) = 0for 1 <i < g}.

Thus inequality (1.3) means that o € A*.
We study the Poisson kernel for the operators (1.2). To describe this concept let
x be the modular function for left invariant Haar measure on S. Thus for all g € S,

[ seods = x@! [ sos
S s
where ds is left-invariant Haar measure on S. Then

x(g) = det(Ad(g)) = e”?, (1.4)

where
p=y A (1.5)

Assumption (1.3) together with [5] implies there exists a Poisson kernel v for L.
That is, there is a C* function v on N such that every bounded L,-harmonic function
F on S may be written as a Poisson integral against a bounded function f on the
quotient space A \ S = N,

F(g)=/ f(gz)V(z)dz=/ F@V(z7 " 20)dz, g = (20, 0,),
A\S N

where
V(2) = V(a"'za)x (@)~ and D(z) = v(z7"). (1.6)

Conversely the Poisson integral of any f e L*(N) is a bounded L,-harmonic
function.
For I = (iy,...,iy) €e (NU{Op™, let |I| =iy + ...+ i;, and

XI — ﬁ)(zl,
j=1

thought of as an element of the universal enveloping algebra 2((m) of m. Similarly,
for J = (ji, ..., j,) we define Y’ e A(v).
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190 R. Penney, R. Urban

Our goal in this work is to obtain growth estimates for the functions
X'Y'v(z), z€N,

for general multi-indices / and J in the rank S > 1 case. In the rank one case, the
growth estimates for both of v(z) and its derivatives are well understood, even for
general nilpotent N, due to a number of works such as [4, 6-8, 13]. However, virtually
nothing seems to be known about the growth estimates for the derivatives of the
Poisson kernel in higher rank. The techniques used in the above mentioned works
do not seem to generalize to higher rank groups, even for the / = J = 0 case.

In [11, 12] the authors introduced some new techniques for studying the growth
of the Poisson kernel in higher rank cases. At that time we had hoped that these
techniques could finally yield insights into the growth of the derivatives of the
Poisson kernel in the higher rank case. This hope is, in a sense, validated by the
current work. However, the analysis of the growth of the derivatives, even given
the work in [12], has forced the introduction of a host of new, and we feel exciting,
techniques. (See Section 2 for an outline of some of these techniques.)

To describe our main result, we identify (R¥)" with R. This allows us to write

A= ()»,"1, ey )‘i,k)' (17)

We say that positivity holds if all of the 1; ; are non-negative.
To state our main result we require some notation. If 7 C A is any set of roots
and a € R¥, let

_ gmax _ gmin
oF =migh@) = maxh@), @ = s
and
x>, J) =1+ pz(1+2]J]),
MLT) =Y deke + Doy Jeresm-
Let T = {1, ..., 7;} be an orthogonal family of vectors in R such that « - 7; > 0 for
all i. Let

v
lleell vl

d(T)=2’“3«f2min{ |v=ri]+-~-+ri,-,l§i,-52,l§j§€}.

We assume the positivity condition—i.e., the A; ; in Eq. 1.7 are non-negative. Let
di =d({rier, ... higer \ {0}, 1 <i<gq,
and define,

d = min d;/2.

I<i<q
We also assume that for 1 < ¢ < k,
oy > (e(1, ) /2 + [IDAig, 1 <i <m, and
ag > |J[hje, m+1=<j<q, (1.8)
leell > 4max{(Z, J), 2(11] + |J]), 4d}/d.
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Derivatives of the Poisson Kernel 191

Theorem 1.1 Let K C N= M xV be a compact set not containing the identity
element e € N. Suppose that the positivity condition below Eq. 1.7 holds for all X,
1 <i < q. Then, under the assumptions (1.3) and (1.8), there is a C > 0 such that for
all z € Kand foralla e AT,

|XIYJ\)(€ZZLI_I)| < Ce—a-(/)+)»(1,f))+tl%‘“x(l+Fa/2)(\1\+|1|),

where |I| + |J| # 0.

Forte Rt anda € A*, let
8¢ = Ad((logna)| .

Then ¢+ §/ is a one parameter group of automorphisms of N for which the
corresponding eigenvalues on n are all positive. It is known [9] that then N has a
8¢-homogeneous norm: a non-negative continuous function |- |, on N such that
|z] = 0if and only if z = e and

|8?Z|a =124

Corollary 1.2 Let a € A" be given. Then, under the assumptions of Theorem 1.1, for
all |z]a = 1,

—a-(p+A(L, ) +ag™*(1+pz /2) (| |+|]
|XIY/U(Z)| < C|Z|aa(p (L) +ag™ (1+pg/2) (H]+] D'

1.1 Example

Consider N = H,,, the (2n + 1)-dimensional Heisenberg group, which we realize as
R” x R" x R with the Lie group multiplication given by

(X1, y1, 20 (X2, y2, 22) = (X1 + X2, y1 + Y2, 21 + 22 + X1 - y2),

where - denotes the scalar product in R”.
The corresponding Lie algebra b, is then spanned by the left invariant vector fields

Xj=0y, Yj=0y,+x0;, 1=<j=n,
and
X1 = 0;
which satisfy
[Xi, Y] =6ijXnt1, 1Zi<n+1,1<j<n

Leta=R"andlet {Ay,..., A,} be the standard basis for R” and let the correspond-
ing dual basis for (R")* be {ey, ..., e,}. We define an a action on §,,, the Lie algebra
of H,, by

[Ai,Xj]:(Si,]‘Xj, 1 <i j<n,
[A,Y;]1=6;Y; 1=ij<n,
[Ai, Xyl =2X041, 1=<i<n.
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192 R. Penney, R. Urban

Exponentiation yields a group action of A =R” on H, and a solvable Lie group
S ="H, x R". Then

ML) =1+
It is clear that the positivity condition below Eq. 1.7 holds.
Leto = (a1, ...,a,) where 0 < o) < ap--- < o [t is easily checked that
d, s
d=2"_ dey, . 2e,)) = 27 XL
2 lleell

(Note that for any positive increasing sequence 8;, v£8; < Zf Bi.)
Now let a = tp. Then pg = 0 and ag™ = 4¢. Hence

—a- (I, ) +az" (1 +pe/2)(1] + |J]) =0.
Thus Theorem 1.1 gives
I XY v(aha™")| < Ce™IPI” = 16 e K € H,,

for all « satisfying Eq. 1.8.
Corollary 1.2 states that under the same assumptions for all 4 € H,, with |A|, > 1,

| XY v(h)|, < Clh[,""".

We do not expect that this estimate is optimal since the rate of decay should
depend on «, I, and J.

2 Outline of the Proofs of the Main Results

In this section we introduce some notation and describe for the reader’s convenience
the main idea of the proofs of the results stated above.

Our proofs make use of a well known probabilistic formula for v* on a general N A
group. Specifically, the diffusion o (f) on R¥ generated by A,, is the k-dimensional
Brownian motion with drift —2a«, i.e., o (t) = b (t) — 2at.

Let

m n
Lo — ZeZEj(J(t)) X]Z + 26219j(0(t)) le,
pur =

thought of as a time dependent family of left invariant operators on N. This family
gives rise to a diffusion which is described by a family of convolution kernels P/ (z),
s <t, z € N, which satisfy the Chapman-Kolmogorov equations with respect to
convolution on N. (See [12, Section 2.3].) We let P7 = P7,. We also typically drop
the interval (0, f) in our notation so that, for example, the symbols Ay, j(O, t) and
A"(0, 1) introduced below will usually be denoted by Ay ; and A", respectively.
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Derivatives of the Poisson Kernel 193

It follows from formula (5.3) of [12] that
v(2) = lim E, PY (2), @2.1)

where the expectation is with respect to the Wiener measure W, on the set of
continuous paths in R¥ starting at a.
From Eqgs. 1.1 and 1.6, for z € Nanda € A,
(lefv)(a—lza) — ea‘k(L])(XIY]Va)(Z)X (a)
= I Jim B, XTY! P?(2). (2.2)

— 00

Corollary 2.1 Forz € Nanda € A™,

1 —a- A1 . 1 %
XY v(2)] < 1zl max lim (B gogzg0 XY P (20)].
{Izola=1} t—>00

Proof Let z, = 8% _,z. Then |z,|, = 1 and

1zla

XY v(@)| = 1XTY (L, (20)

1Z]a

— ¢~ Uoglzl)a-(p+A(LJ))) | X!yt —(og \z\,,)a(zo) |

—a-(p+ALD) 1 I3
= ||, PTHED [1_1)T{.IO|E7(1og|z\a)aX Y' P (20)l.

[}

To bound the expectation in Corollary 2.1, we make use of a formula that
expresses P/ as a kind of skew product of kernels on M and V. Specifically, the
family of left-invariant, time dependent operators on V'

Vot — Z e y? (2.3)
j=1

gives rise to diffusion on V in the same manner as L% defines a diffusion on N. This
diffusion may be described by a process X, with state space R" and, for each starting
point a € R", a probability measure W)* on C([0, 00), R") which may be explicitly
computed since V is abelian (see Proposition 3.1). More generally, for each 7' > 0
we obtain a probability measure WY on C([0, T], R").

Similarly, for all n € C([0, o), R™), the family of time dependent operators

LMot = 37 20O (Ad(p(1) Y ;) 24)
=1
gives rise to a diffusion having transition probabilities described by convolution

kernels P%’"’“ (x) on M which again may be explicitly computed (see formula (4.2)).
Corollary 3.6 of [11] implies that for all € C.(V),t < T, and a.e. o,

/VP{’(L WY () dy =/wa'"’J(X)w(n(t))W(‘)/’"(dn)

= / P oy (n(e)Wy T (dn). (2.5)
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194 R. Penney, R. Urban

More generally let X; denote X; considered as a right-invariant differential
operator on N. Then for all multi-indices 7, and t < 7T,

/V X1P2(x, )y () dy = / X1 PMI oy ()WY T (. 26)

(Note that since M is abelian, on M, X! = X!)) We provide upper bounds on
X1PM " (x) in Section 4.

For the operators Y/ the situation is more complicated. Here we make use of
the concept of the derivative of a measure [2, 10]. Let V be a vector space with a
o-algebra F of subsets of V which is invariant with respect to the shifts along a given
vector i € V,i.e.,if A € F then A 4 th € F for every t € R. In this case we define

Opp = Tim ¢! (e, — 1)

provided this exists in the weak topology. It follows almost by definition that if fisa

C® function on V then
[ ontdn == [ rasin.

¢ () =¥ (@)

In Eq. 2.6, we are integrating

against the measure

k) = X P cowy T ().

Let
yit) = A7 0, DY, @7
where
Ay (s, 0) = / tez"*"("” du.
Since
8, (B(m) = AF,(0. (Y (n(1)
we see
| Y& Py == [ X7 Yy
=—(47,)" / 8,6 (M ()
= f ¢ () Dy i(dp(m)),
where

D= (A7) ",
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Derivatives of the Poisson Kernel 195

On the other hand

Dyt = (Do X' P20 ) Wy Ty + X7 P00 Dy (W ().
In Section 5.2 we show:

Proposition 2.2 Forall T > 0and 1 <i < n, the measure W(‘)/'”‘T(dn) is dif ferentiable
along y; and

3, Wy > (dn) = ni(TYWy " (dn).

From this point on we assume that T =t. To consider Y”’, let Q"(y, z) be the
rational function on R? defined by

d n
Q"y,2)=z" (zdf + y) (1.
y

It follows from Proposition 2.2 and induction that for any multi-index J = (iy, ..., i)
of length n,

D!W ' dn) = Q' (n(1), AZW ™",

where D/ and Q’(z, y) are defined by

n n

Q'v.a=[]0";zp. D/ =[](D.)", (2.8)

j=1 j=1
and Ay = (AJ ..., A ).
Then
fv Y/ X P (x, )y (y)dy = / ¢ (n) D] (du/(n))

= > Cus [ o0 (DEXTP ")

R+8=J

x QS(AG, n(e)W ' ().

We bound the integrands in Section 5.2 and then obtain an upper bound
(Theorem 6.1) for

XY PP (x, y)l (2.9)
by estimating the expectations (with respect to the distribution of 7).
Finally, in Section 7, we use Eq. 2.1, to get the estimate for derivatives of the

Poisson kernel v, that is we take the limit (as t — 00) of the expectation (with respect
to o) of the upper bound of the quantity in Eq. 2.9.
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196 R. Penney, R. Urban

3 The Diffusion on V

Let
1 n
L'= 3 Zl a;j(1)9;0; (3.1)
i, j=

be a differential operator on C*°(R"), where 9; = 9, and a(?) = [a;;(¢)] is a symmetric,
positive definite matrix with entries belonging to C([0, co), R). Proposition 2.9 of
[12] states that for such an operator the transition functions are given by convolution
against

P.y(x) = D(A(s, 1))e” 7AG w0, (32)

where
t
A(s, 1) =/ a(u) du, (3.3)

and, for an n x n invertible matrix A we set
D(A) = 27) "% (det A) 2.

Specifically, if we choose a basis of R” so that Y; corresponds with 9;, then for the
operator (2.3) the functions corresponding to a and A are, respectively,

ay(t) = 2diag [ ., @O
AG(s, 1) = 2 diag [A{},l(s, D, ..., AY (s, n)] ,
where
t
Ay (s, 1) = / 2010w gy,
N
Hence, by Eq. 3.2 the corresponding transition probabilities PX;” (x, dy) satisfy

(xj—yj)?

V.o _ -5 o 7% _ . .
Py (xdy) = ()" [ (A7, 65,007 exp Z4A€5,;(s,t) Y

j=1 j=1
n

= l_[ pag so(Xj, dyj),
j=1

where p;(x, y) is a classical Gaussian kernel,

_a=p?
e 4t

1
(x,y) =
P Y=

The kernel p;(x, y) is the transition function for the one dimensional Brownian
process.”

20ur normalization of the Brownian motion b (s) is different than that typically used by probabilists
who tend to assume that Var b (s) = s.
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Derivatives of the Poisson Kernel 197

Thus the process 7(t) generated by LY has coordinates 7;() which are indepen-
dent Brownian motions with time changed according to the clock governed by o.
We may use this observation to realize our process. Let T > 0 and o be fixed. Let

Tj=Ay 0,7),1<j=<n
Let W/ be the product Wiener measure on the space

Vi =T]cao, ). R), (3.4)

=1
ie.,
Wi =W ®... W~
where WOT"']R is the Wiener measure on C([0, 7], R), and let
V) = (C(l0, T), R))" = C([0, T]. R").
Consider the linear map
709 -V,

given by formula,

T @) = (m (A7, 0. w), ..., M (AY,0,w)), uel0,T], (3.5)

The following proposition is clear:

Proposition 3.1 The diffusion defined by LV starting at 0, 0 <t < T is realizable
as the process b, on VI with the probability measure

Wy ol =TT (Wy).

We may of course apply the same ideas with the intervals [0, T'] and [0, T}]
replaced by [0, oo) and [0, T;) respectively. In this case we omit the superscript 7.

4 The Diffusion on M

From Section 3.1 of [12], the matrix [a;;] from Eq. 3.1 for the operator defined in
Eq.241is

[a% (O] = 2[Ad(n(6))S° (H[Ad(n (1)) S (DT, (4.1)
where
57 (1) = diag [e9 D, ... e,

and the adjoint is in the y; coordinates.
Then from Eq. 3.2 the transition kernel P/"*" for the operator (2.4) satisfies

PM(x) = D (A5) exp (—% (A7) x- x) : “42)

where A7 = A%/(0, 1) is defined by Eq. 3.3. Recall that P;"">" denotes P%’“"’.
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198 R. Penney, R. Urban

Let

A'(s, 1) = sup [[n() o,

S<u<t

where || - || is the £*°-norm on R”. We typically denote A"(0, t) by A".
We set

Clo) =C(o)(0) = (AT, 0) " A5 (0, 1)l

Let || - || be any norm on the set of m x m matrices. We need an estimate
describing how || (A‘,T‘;I”)*l | depends on A”.

Proposition 4.1 Thereis a C > 0 such that

ICAGD ™ < C(1+ ANPE(1 + C(o)P= (AT

Proof Welet C denote a generic constant depending only on m that can change from
line to line.

ForY e vlet
N(Y) =Ady | — In.
Since
Ady | = kZ (adyj!’“‘)j (4.3)
j=0
we see that
IN)| < CIYII(L+ Y.
Let A" = A"(0,t) =¢. Thenfor0 <u <t,
a%y'(w) = (I + N(m)) Ad(o w)*(I + N(n))*,
af (w) — a% ) = N(n) Ad(e (w)*N(n)* + N(1) Ad(o (1))
+ Ad(o (w)*N(n)*,
1A5 = A7l < C+ A+ 0% AG).
Thus
1= (A5 A5 = As) " (a5 - A5) I
< Ce(1 + 0)*=1C(0). (4.4)
But
AT < tePE"
(n~P* denotes the action of —pp on 5). Choose p > 0 so that
Ce PPE"¢(1 + e PPE" )% (C(o) + 1) = 1/2, (4.5)
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Derivatives of the Poisson Kernel 199

where C is as in the last line of Eq. 4.4. It follows from the series expansion of
(I —Y)~! that

leAf ") Al = ¢
But
(AT AT = Ad(pp) (AT ") AT Ad(—pp).
Hence
(A5 A% < ClePPE"—rE" = <ePp%““)ﬁs .
However, from Eq. 4.5,
e < 2% C(C(o) + 1)L

from which our result follows. O

Lemma 3.3 of [12] implies the following result:

Lemma 4.2 There is a constant C > 0 such that

D(A3) = €D (A5).
We note also the following result that is an immediate consequence of Eq. 4.3:

Lemma 4.3 There exists a constant C > 0 such that

”A;;In” = C(l —+ Ar])zkn”A?'\/,[O“.

5 The Derivatives of P°

In this section we estimate the derivatives of the evolution kernel P¢ described in
formula (2.5). Let A be the ¢ x ¢ matrix

ae [ A0
Lo Ayl

We define
D (A%) = D(AS))D(A).
For 0 # y € R" given and ¢ > 0, let?

%() - E_nle\(y)(')»

3By 1,4 we denote the characteristic function (or indicator function) of a given set A, i.e., 14(x) =1
if x € A and is zero otherwise.
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200 R. Penney, R. Urban

where
B.(y) =[[Bi(yp) and B(y) =1ly;— /2, y;+¢/2].
j=1

Our estimates all follow from Theorem 5.5 which is a corollary of Proposition 5.1
below. Let, fora > 0,

/ 2
P (x) = D (A(;j’) (1 + A" exp ( DXl )

(1 + AN AT

Py Gr.y) = timsup (E§ PTG n)). 1)

where E! denotes expectation with respect to W,‘J’ “(dn).Forke N,xe M,andy e V

we let
||x||1/(k+1) 2k
¢k(x) = (7”)(“1/(1(_“) T 1) s

|Ge, W = /D 4yl (52)

Proposition 5.1 For a > 0 given, there are positive constants C, D such that

. 2
P ) = By + Foess (— ). (53)

where

B;’,a(x, y) = D(Aa) (] + |(x, y)lk,,)a(l + ||A‘<;||)(a+l)/2’

( D|x|? )
exp
(1, Wk, + Do AG0]

( D||x||2/(ka+l)>
Fr=exp| ———— ).
2= 1A

F,

Proof For k e Nand ¢ > 0, we let
A = {n € C([0,00), M) | k—1 < A0, 1) < k}
and
Se = supp e ().
Note that
neSNAr= k=[N0l = Iyl — /2.
It follows that

- Dlx|I?
Pty =D (A5)) 3 keex (— k”;,f” )&, (5.4)

k=] ylloo
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where

& =limsupe™ (W(‘,/” (SN Ak)) )
e—0F
(See Lemma 4.3 of [12].)
Lemma 4.4 of [12], together with the reasoning above formula (4.7) of [12],
implies:

Lemma 5.2 Let n, be the smallest integer such that n, > ||y|l«. There are constants
C, D > 0 such that

D 2
E<CD (AX,) exp <— ”1!1);”” ) F,
v

where

1 fork =n,,
exp (—QIAZID (k= 1) = llyllse)?) fork > n,.

The first term in Eq. 5.4 is dominated by
CD(A5°) (1 + IyI)*En,
which in turn is dominated by the term in Eq. 5.3 involving F;.
The F, term comes from the following lemma upon setting ¢ = ||x|"/**D and

E=QAgIh~"

Lemma 5.3 Let D, E, and a > 0 be given. Then there is a C > 0, independent of D, E,
and a such that for all ¢ > 0,

D
S kexp (—@ — Etk— (1Yl + 1)>2>

k= ylloe+1

1 1 D
< (c+ DAyl +a2E72 + 1)%exp <— )
g (Yl T ¢+ Do
+ C(Iylloo + a2 E7% + 1)*E™% exp (— E¢*/2) . (5.5)
Proof We first note the following lemma which is a simple calculus exercise.
Lemma 5.4 Forallx>b >0anda > 0,

X~ (b < (b + M)a.

We apply this lemma with a := 2a/ E, and raise the resulting inequality to the gth
power, concluding that the term on the left in Eq. 5.5 is dominated by

Lo D E
(@ E™2 + ||yllos + D? Z exp <_W — E(k_ Iylloo — 1)2> . (5.6)

k=] ylloot+1
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We split the sum in Eq. 5.6 into two parts corresponding to:
Yoo +1 <k <|lyloo+1+cand k> |ylloc +1+c.

The first part is dominated by the first term on the right in Eq. 5.5. The second
summation is dominated by

[o¢]

/C exp (—Eu?/2) du = CE: /Cmexp (—v?) dv

< CE Zexp (—EC/2).

Our lemma follows. O
Thus, Proposition 5.1 is proved. O
Now let ¢ be as in Eq. 5.2. The main result of this section is:

Theorem 5.5 There are C, D > 0 such that

(5.7)

- Dl x|/ *otD DIvI?
P;f,a(x’ y) < CB;T’G()C, y) exp <_ ”x” ¢k(x) _ ||)’|| > )

Al AV

Proof We note that

2k,
2yt (D
(o] /ot 4 1)2k0 x| V%+D 1

2 2
= [[x[|%¥ i, (x) < [|x[| %o+T.

Thus the term in Eq. 5.3 coming from F, is bounded by the right side of Eq. 5.7.
In the region || y| > ||x|| kﬁ, the result follows from the observation that

2

Dilyl*> _ Dix|== Dyl
IAVI — 20471 2[1A7I

while in the region || y|| < ]| @,

1

16, Wk, = 2(1 + [lx]%+T)

and the result again follows. O
5.1 Derivatives of PM-*7(x) with Respect to x
For an m x m symmetric matrix B let
fB(x) =exp <—%(Bx) ~x) .
Then for 1 <1, j <m,

X fp(x) = —A;(x) fp(x) and
XX fp(x) = (2 j(0)Ai(x) — Bij) f3(x),
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where
Ai(x) = (BX;) - x and
Bij= (BX) - (BX)).
In general

X' f5(x) = Q1 fp(x),

where Q' is a polynomial in the variables A;(x),1 <i<m, and B, 1 < j,k <m.
Furthermore, it is easily seen that

10/ < CA + x| B,

Hence, from Proposition 4.1,
Corollary 5.6 There is a C > 0 such that

XTPM0) < OO el (€Go) + D7 (A2) I B o,
where notation is as in Eq. 5.1.

The desired estimate on the function X’P?(x,y) follows immediately from
Theorem 5.5.

5.2 Derivatives of X! PM-o1(x) with Respect to 7

As mentioned in Section 2, we also require estimates on the derivatives in n along
the curves y; in Eq. 2.7 of the expression in equality (4.2). Our first result is:

Proposition 5.7 Let D/ be as in Eq. 2.8 and p € AT. Then there is a C > 0 such that
1
D! XTI 0] < )+ P A (1 1a5) )

x (1 + ||x||)lll+2\f\ i);’"NI(LJ)(x),

where notation is as in Eq. 5.1.

Proof From Eq. 4.1, since V is abelian and y; = A{ﬂ,i,

At[f\;}ﬂm — /lead(uy[(v))azlf‘;ln(v) (euad(y[(u)))* dv,
0
DAY = ad(Y) AY + A (ad(Y)*,
where
Azt = (ag.)” [ o du
In particular, since y;(¢) is increasing,

1D AG < CILAGT < CA+ ADILAGL .
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More generally, it follows by induction that

ID] A% < €A+ A AG Il

Differentiating Eq. 4.2 in 7 is complicated by the (A9, ") term. However, from

the proof of Proposition 2.9 of [12], the Fourier transform of P}""" is

(o) <s>—exp<—f e s)
Of course

1
D (PI7)©) = =5 [ (Dunz) e - €lewp (-5 475 €.

By a decomposition of the multi-index J we mean a finite set P of multi-indices

such that
I=Y 1
JeP

Let P, be the set of all decompositions of J. It follows by induction that

D! (P @ = Y o | TT1(D/AT) 6] |exn (-5 a5e ¢).

JePy JeJ

where the C s are constants indexed by P;. Forming the inverse Fourier transforma-
tion shows that DY PM-1(x) is a linear combination of terms of the form

[0 X (olay), xx]) Proveo,

Jeg =i j=m

where J € Py.
Let J = {J1, ..., J¢}. Expanding this product and multiplying by X’ shows that
D! X" PM-21 is a linear combination of terms of the form

4 £
([T0r),.,) () a0,

k=1

where | < iy, jx < m.
From Corollary 5.6 the above expression is bounded by a multiple of

(1+ AN LA NCAG) T T2 C (o) + 171420
x(1+ ||x||)m+zz ﬁ;’?’lsﬁs(\lH»Z[)(x)'
We note that
IASIICAS) T2 = Co)licag) ™

11
= €A+ CEIATH I (14 1cagh™n)

Proposition 5.7 follows. O
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We conclude with the proof of Proposition 2.2:

Proof of Proposition 2.2 From Proposition 3.1
Wy T =TT (W),

where 77 is defined by Eq. 3.5. Let 4;(t) = tY;, t € [0, T;]. Clearly T i (h;) = y; where
y; is as in Eq. 2.7. Hence, from [2, Proposition 3.3.13],

3, Wy ol =TT (8,W]).
From Eq. 3.4,
Wy = | QW | @ aWy',
ki

where h(t) =t, t € [0, T;]. But the derivatives of the classical Wiener measure over
a finite interval are known. It is clear from [1, 10] that / belongs to the Cameron-
Martin space H (WOT"‘R) and therefore is a differentiable vector. Also

T;
(0, W) () = - ( /0 h;(u)dmu)) Wy (dm)
= m(T)Wy " (dn).

Proposition 2.2 follows. O

6 The Derivatives of P/ (x, y)

The goal of this section is the proof of the following result.
Theorem 6.1 There is a C > 0 such that

V1
X"YTP7 ()l < CCla) + DD AT I (1 1cag) ™)
x (1+ ||A‘£;||)(%(I,J)+1)/2
x D(A)(1 + |(x, y)|g,)?Pet3ket DI

« e (_ Dl Vg, (x) D||y||2>
14°] 147

Proof It is an immediate consequence of Proposition 5.7 and Theorem 5.5 that

~ |J]
XY PP) < CCo)+ DD 1Af) ™I (14 1ea5) 1)

ko
x (1 + ||x||)m+2|]|B;””(I’J)(x, V) exp (_D”x”z/( e (x) _ D”)’”z) )

Al 1AV
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Of course for f € C®(N),

Xif(e,y) =Y ;X f(x, ),

=1
where the operator on the right acts only on x and

Ady(X) = ci (X

j=1
From Eq. 4.3,

LX; f(x, y)| < C(1 + [yh*e max | X fCx, p)

< C(+10x, k) max | X fF(x, ).

More generally,

XD £, y)l < (1410 p) ) max X7 f(x, y)l.

|11<|1]
Also
L4 llxll < (141G, Yl

Theorem 6.1 follows.

7 The Derivatives of the Poisson Kernel

From Corollary 2.1 we need to bound lim,_, ., E,X'Y’P?(g,), where |g,| = 1.
Theorem 6.1 bounds X’Y’ P? by a function of the exponential functionals AZ‘}’(O, 1)
and A¢,(0, ). There is an exact formula for such an expectation for # = oo in the case
of independent Brownian motions. Specifically, let b(f) = (b (t), ..., b,(t)) be an
n-dimensional Brownian motion normalized so that Varb ;(t) = 2¢ and let o € R".

Let t € R” satisfy 7 - @ > 0. We define

o' =1 -(b@) —2ab),

AT = max T-0(u),
0<u<oo

AT = /weww du,
0

where A™ and AT are thought of as random variables on C([0, c0),

R¥).

Remark Note that our current use use of “A*” and “A" ” is a change of notation

from that of Section 4.
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Let {ei, ..., er} be the standard basis for R¥. Then {e, -b(f),...,ex-b(?)} is a
family of independent, one-dimensional Brownian motions with Var(e; - b (t)) = 2t.

Forb e RFandu e (R*)k we define
ub = l_[ uf”
The following result follows from Theorem 2.2 of [12].

Proposition 7.1 Let f be a continuous function on (R+)k. Then

o 3 edi dl
S exp( Zu> —,

E,f(A%, ..., A%) = Cezaa/
(R*)

where

Remarkably, the function 7 +— log(A") behaves in some respects as if it depended
linearly on 7. To explain this, let 7 = {7y, ..., 7,} be an orthogonal family of vectors
in R such that « - 7; > 0 for all i. For u = /||| let

d(T):Z“”«/Emin{ﬁ|v:ri1+--~+rij,l51‘,-56,15]’56}.
5 4

We assume the positivity condition—i.e., the A; ; in Eq. 1.7 are non-negative. Let
di =d{xer, ..., hre} \ {0}, 1=<i=<gq.
We let
xi=A% 1<i<k.

The following is a direct consequence of Corollary 7.11 which is proved in Section 7.1
below.

To simplify notation we write W, instead of W to denote the Wiener measure
on C([0, +00), R).

Proposition 7.2 Forallac R, ne€ Z,and 1 <i <q,
W, ({e"! < A% (x*) ™! < ")) < Ce2dllelling,

where x = (x1, ..., xx) and d = min; ;<4 d;/2.

Theorem 7.3 Suppose that ||«| > 4s¢/d where s« = (1, J). Then for |z| = 1, and for
alla e R,

(XTY/v)(a ' za) < Ce®PHHUIID) gmaz" Ge/24TIH1TD,
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Proof According to Eq. 2.2,
(X'Y'v)(a " za) = e PHHIID) Jim E, XY P/ (2).
Let
Xpn=1{o | =AM < VI <i<q),
y[,n = Xl,n \ Xl—l,n—la
Zen=Yen \ Ve-1n-

Then, almost certainly,

C(10.00), R = | Ziw.
teN,neZ

Foro € Z;,,
Vi, eyt < AN < e'xM,
Eli, en—] < Aki(xk,)—l Sen’

Hj, enfl < Akj(x)»j)fl < eﬂ*[‘Fl- (71)
In particular from Proposition 7.2,
P.(Z,,) < Cmin{e~dleln=t o=dlalinly
Corollary 7.4 Fort¢ e Nandn € Z,
Po(Zy) < Ce™ 5 010,

Proof This follows from the observation that for £ € Nand n € Z.

max{ln — £, |n|} = (In] + £)/4.

Let

1
H(@) =D (A7) (C@) + D= AT 1" (14 1cAag) 1)

D/
X (14 A7 exp <— ” Ag”> :

where D’ > 0 and s = (I, J). From Theorem 6.1, we need to bound
E H1z,, < (E,H1z,,)" > Po(Z0)'.
Forx = (x1,...,X) € (R+)k let

m q
Oux =) ¥,  Qvi= ) ",
i=1

i=m+1

and

Ox) = Ou(x) + Oy (x).
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We also set

-1 —1 -1
X =, X)),

From Eq.7.1,foro € 2, ,,

(t=n)s<

D(A%) < Ce > x‘g,

ICAS) T < Cet " Qp(x™") < Ce Qu(x™),
A < Ce" Oy (x),
| A% < Ce"Q(x),

C(o) < Ce" max x"x™" < Ce" Qu(x)Qu(x).

1<i,j<m
Hence, for some scalar C > 0,
H(0) 1z, <e@l-ms+2e=mlll+2el]] (1 + en(q+l)) P
tin —

< (Ou() Qu(x™) + D7 O™ (1 + Qu(x ™)™

x (14 Qy(x)™t.
Thus

EaH(U)zle < Celaetn(1=21)+26(11+1J))

x / X Ou MR S(x) exp (—Z i) %,

where
R(x) = (Qu() + D*!(Qy(x) + 1) and
S() = (Qu™h) + 1=,
For x, a € R¥ we define
ex = (e"xy, ..., e%xy).
Clearly for b € R,
(e"x)? = e xP.
Hence, fora e — AT,
Ou(e'x) < e Qu(x) < Ou (),
Ou((Eex)™) <e " Qux"),
L+ Qu(ex)™) < e (14 Oux ™).

Analogous statements hold for Qy.
We make the changes of variables

@ Springer



210 R. Penney, R. Urban

followed by u = x obtaining

E, H(0) 1z, < ¢"12D+2LAII+1ID p=a2" et 21114217)

1\ dx
—2a —1\211| —1 _
xfx Opux H)™RMX)S(x )exp( Ei xi) ot

The convergence of this integral is clear for x; small. For large x the growth of the
integrand is determined by R(x). But

m q
Rx)y<C|1+ Zx(%ﬂm))\f + Z 2

i=1 j=m+1
This integral will be finite provided for 1 < ¢ <k
200 — (x+2[IDAje >0, 1 <i <mand
200 =2|Jhje >0, m+1=<j=q

which is implied by Eq. 1.8.
Then from Corollary 7.4,

(EaH(O')zlzu)l/z Pa(Zl,n)l/z < Cefa‘gi“(%/ZHIHIJI)en(172\1\)+22(\I\+|J|)ef‘”[7“”(|n|+£).
Assumption (1.8) also implies

d||a

y > max{2(|1| + |J]), 1}.

Summing over ¢ and n shows that

E, H(o) < Ce@="C+/2III+1/D.
Our theorem follows. O
7.1 Reduction to Independence

Theorem 2.17 on p. 135 of [8] implies the following three results.

Theorem 7.5 Let v € R¥. Forall D > 0 there is a Cp such that for alln € Z,

Wo(fe"™' < ATe™™" < ")) < Cpe PVl
It is easily seen that this implies:

Corollary 7.6 Lett € R¥. Given d, D there is a Cp such that for alln € N,
Wo({n — 1 < |log(A") — A"| < n}) < Cpe """

Since

{n <|log(A%) — A%} = U{n+k— 1 <|log(A%) = A°| <n+k}
k=1
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we see that:

Corollary 7.7 Let t € R¥. Given D there is a Cp such that for all n € N,

Wo({n < |log(A™) — AT[}) < Cpe P

Let 1), 7, € R" be orthogonal —i.e., 7; - 7, = 0. Assume that 7; - @ = o; > 0. Then
o'(t) = t; - oy is a pair of independent Brownian motions with drifts —2¢; and

Var(o' (1)) = 21]|5||.

Let A/ = A%and A = A"*2. For u = /|||, let

d=d({n, v) = 2J§min{” T un u- (Tt n) } (7.2)
Izl Nzl N7 + 22l
Proposition 7.8 For d asin Eq. 7.2,
Wo({n < |A — (A" + A?)|}) < Cellelldn, (7.3)

In the proof we will need the following very well known result (see e.g. [3] on
p. 197).

Lemma 7.9 Let w(t) be the one dimensional Brownian motion with negative drift, i.e.,
w() =b((t) —ytwithy > 0. Then

Wo(supw(t) > k) < ek,

>0

where
c=2y/y/Varw(l).
Proof of Proposition 7.8 In order to prove Eq. 7.3 it is enough to show that
Wo(in < |A — (A" + A?)| < n+ 1)) < Celldn (7.4)

with a constant C > 0 not depending on n.
First we note that the probability in Eq. 7.4 is bounded by

Won<A—(A'"+A) <n+ D +Wo(—n—1<A— (A" +A% <—-n). (75)
Now we estimate the first probability in Eq. 7.5.

Won<A—A'"+AH <n+1)

[e]
=) Won—A<—(A'"+A)<n+l-Aandk—1<A <k

k=1
<Y Won—k<—(A'"+A%) <n+2—kandk—1<A <k).
k=1
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By the Cauchy-Schwarz inequality the above series is dominated by
oo
D Wo(-n=2+k< A+ A* < —n+ k)" *Wok — 1 < M),
k=1

Notice that since our process starts from 0 the first n terms (for £ < n) in the above
series are zero.

Furthermore, by Lemma 7.9, Wy(k < A) < e~ where ¢ = V2(1; + 1) ~afllt +
7,]|. Hence, the first probability on the right in Eq. 7.5, can be estimated by

o0
Z Wo(—n—24+k < A"+ A? < —n+ k) /2e=ck=D/2
k=n+1

[o]
= Z Wo(l < A' + A2 <[+ 2)!/2e-cltanth/2
I=—1

00
< efcn/Z Z efc(l+1)/2 < Cefcn/Z.
I=—1

Similarly, the second probability in Eq. 7.5 can be estimated by

ZWO(n+k— 1< A"+ AH)PWok—1 < A < k)2
k=1

= ZWO((H +k—1)/2< A1)1/2€—c(k_1)/2
k=1

+ ZWO((H +k—-1)/2 < Az)'/ze*C(k*I)/Z.
k=1

By Lemma 7.9, Wy((n + k — 1)/2 < A)'/? < e~ +tk=D/4 where ¢; = v/21; - oz/||t,||
Hence the second probability in Eq. 7.5 is dominated by Cje=¢"* 4 Cye="/4,

Let A'=A%and A = A" where 1 = Y| 7;.

Corollary 7.10 Forn € N,

4
Wo({n < |A — ZAZH) < Cellmmedlaln

i=1

Proof We reason by induction on ¢. The £ = 1 case is trivial and Proposition 7.8 is
the £ = 2 case so assume that £ > 3. Let

¢
T = E Ti,
i=2

A= A",
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From Proposition 7.8 and induction

Wolln < |A — (A" + A%)]}) < Cemlrnmhlei,
Woln < [y = ) Al < Cemmmdleln,

i>2
Clearly
1. -
7 min{d({r, &}), d({rz, ..., w)} = d({T1, ..., ©}).
Also
¢ ¢
A—ZA':(A—(A1+Z\2))+(AZ—ZA‘>
i=1 i=2
Hence
¢ " " ¢
A=) Al < A—A"+AHU{= <A — Y A
{n <| ; hely sla-@A' + AU <A, ; )
from which the corollary follows. O

Corollary 7.11 Lett = Z‘f 7, and let e; = v;/||7i|. Fora e RF and n € Z,

14

-1
Wa({en—l < A7 <1—[ (Ae,‘)lfi|> <e')) < Cef%d({tl,,..,n})l\a\\ Inl

1

Proof We may assume a =0 since the probability of the stated set is clearly
independent of the starting point. If v belongs to the set described in the left side
of the preceding inequality then

14
nj—1< ‘logA’ — 3" Il log A“
1

Of course

¢
log A" — Z |zl log A%
|

¢ ¢
= (AZ — ZA"’) + (log A" — A7) + <Z |t |AY — |7;| log Ae")

1 1

=B+ C+ D.
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Assume |n| > 1. Then

—1 —1
In| —1<|B+C+ D|= <|B| > '”'2 ) or <|C+D| . %)

—1 —1
N <|B| > 11 ) or (|C| > 11 )

. , o Inl—1
3i, |5]|A" —log A% > :
Or( L |7l og A"l = —

Our corollary follows from Corollaries 7.7 and 7.10. O

Open Access This article is distributed under the terms of the Creative Commons Attribution
License which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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