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1 Introduction

Recently Cachazo, He and Yuan (CHY) have proposed a compact and relatively simple
formula for the sum of all N-point tree diagrams for pure Yang-Mills theory in an arbitrary
dimension of space-time and a similar formula for the sum of all N-point tree diagrams for
gravity [1]. These formulae express the N-point amplitudes as sums over the solutions for
z, to the equations

fa(z.k) =0, a€A,  where fu(zk)=> . ; (1.1)
bea “a  ~b
b#a

and where k, are the momenta of the particles labeled by a € A, with N = |A|, which CHY
call the scattering equations. It follows from momentum conservation, ) ., ks = 0, and
the condition that the particles are massless, k:g = 0,a € A, that this system of equations
is invariant under Mobius transformations,

azq + 58

o ,
Za Ca N +5

a € A, (1.2)
in that, if z2=(z,) is a solution to (1.1), ¢ =((,) also provides a solution: f,(¢,k)=0,a€ A.

Because of this symmetry under the three-dimensional Md&bius group, only N — 3 of
the equations (1.1) are independent, and we can restrict to their solutions by means of the
delta functions

16 (ful=k)) = (2 = 2)(z = 20z — 20) [T 0 (falzh) (1.3)
ai,jk



which is independent of the choice of i, j, k € A. Under the M&bius transformation (1.2),

15 (i) = T13 (fucow) = [T S5 IT o (i) . )

acA €A

so that the integrand of

An = /@N(z;k;e)H/(S (fa(z,k)) H dza)Q/dw (1.5)

acA acA (%20 = Zat1

is Mo6bius invariant provided that the function \/I\’N(z;k;e) is itself Mobius invariant.
In (1.5), we have chosen a cyclic ordering on A, with a 4+ 1 indicating the label next
after a in the ordering, say (1,2,...,N) with N +1 = 1, ‘:I\JN(Z; k;€) may depend on the
momenta k, and polarizations, ¢4, if any, of the particles, and dw denotes the invariant
measure on the Mobius group,

dzrdzsdzy

(zr — 25)(2s — 20) (2t — 2)

dw = (1.6)
In [1], CHY propose, and present evidence for, an explicit form for T ~N(z; k; €) for the sum
of N-gluon tree diagrams in pure gauge theory, in an arbitrary dimension of space-time, for
a given order of the external gluons (to be multiplied by an appropriate color factor). In
order to give a precise interpretation of (1.5) that includes a sum over all, possibly complex,
solutions of the equations (1.1), CHY rewrite the expression as a contour integral

Ay = jé)(l\’N(Z;k;f)H, ! 11 Iz /dw (L.7)

acA fa(% k) acA (za - Za+1)2

where the contour O encloses all the solutions of (1.1) and []' is defined as in (1.3).

Here, following the approach we used in [2], to establish the complete equivalence of
gluon tree amplitudes in open twistor string theory [3] to the corresponding amplitudes
in N = 4 super Yang-Mills theory, we prove these CHY formulae using the BCFW
relations [4], by first showing that taking 7 ~N(z;k;€) constant in (1.5) gives the tree
amplitudes for massless ¢? theory. [In [5], CHY have also noted that taking Wy (z; k;€)
constant in (1.5) can provide the amplitudes for a scalar theory, but they consider a theory
with U(N) x U(N) symmetry.]

The CHY equations fa(z, k) =0,a € A, can be modified to describe massive particles
(although we only need the massless case as a precursor to our proof of the CHY proposal
for gauge theory tree amplitudes). Having chosen a cyclic ordering on A, we consider

. ko - kp m? m?

fa(z, k) = + + , a€ A, (1.8)
; Za—2b  2(2qa — zat1)  2(zq — Za—1)
b#a

where, in the signature we are using, k2 = m? a € A. This system of equations is again
Mobius invariant, and now (1.7) produces the tree amplitudes for a ¢® theory for a scalar



particle of mass m. However, unlike the original, these modified CHY equations depend
on the order of particles which previously only entered through what one might regard as
the measure factor in the integrand of (1.5) or (1.7).

After reviewing the general properties of the CHY scattering equations in section 2,
we give a calculation in this formalism of the elementary cases of the 4— and 5-point
amplitudes in massless ¢ in section 3, noting that if we have chosen z; — 00, the formulae
would apply even when ky is off-shell. In section 4, we give a direct inductive proof of the
formula for ¢3 theory, using a form of the result that works when one of the momenta is
off shell. This approach would be very cumbersome for gauge theory, so we give a second
proof in section 5 using the BCFW relations. This analysis is extended in section 6 to give
a proof of the formula of CHY [1] for the tree amplitudes of pure gauge theory. Results
on Pfaffians, necessary for the discussion of section 6 are described in appendix A. The
extension of the results on ¢3 theory to the massive case is discussed in appendix B.

2 Properties of the CHY scattering equations

We review some properties of the CHY scattering equations (1.1).

Moé6bius invariance. This system of equations is Mo6bius invariant provided that
momentum is conserved, ie. )  .4kq = 0, and all the particles are massless, i.e.
k2 =0,a € A. To see this note that

DL <R (21)

bea ca T b beA bea co T %b
b#a b#a b#a

so that,

i, = azqe + 6 Z ko-ky  vza+6 Zka-kb(vzb+5) o, (2.2)

Vea+ 0’ b€ACa_gb_a6_B’7b€A Fa 7 b
bZa bZa
provided that k2 = 0 for all a € A. Thus, then the system of N equations (1.1) determines
the N variables z, only up to Mobius transformation, implying only N — 3 of them are
independent and there must be three relations between them. The equations determine
the N — 3 independent cross-ratios of the z,; we are free to specify any three of the z, as
we wish and the others are then determined by (1.1).
For general values of z, the functions fa(z, k) satisfy the relations:

S alz k)= > ba ko _ (2.3)

Za — R
acA a,be A a b
b#a

independently of the momentum conservation and zero-mass conditions on the kg;

2
> zafalz k)= ) M:; > kza-kb:% [Zka] =0, (2.4)

acA a,beA a,beA acA
b#a b#a



using first the zero-mass conditions, k2 = 0, and then momentum conservation; and

- 1 (22 — 22)kq - Ky
Z 2 Z a— #p)Fa Z Z 2
Zafa(2'7 k) = 5 Za—zb — Za + Zb k kb Zak = 0 2 5)

acA a,be A a,be A acA
b#a b#a

From (2.4) and (2.5), we have that

—1

PPN 1 11 1 11
a(faafbfo) o o i (Zi —Zj)(Zj —zk)(zk—zi)

r | = | % % k| X |Za % Ze = Cou = 2) (2 — 70) (2 — 20) (2.6)
8(fzafj>fk> 21‘2 2]2 le Za2 Zg Z? a b b c c a

(1.3) when fd(z,k) = 0 for d # a,b,c,i,j,k, which establishes that (1.3) is indeed inde-
pendent of the choice of 7, j, k € A.

Relation to tree amplitude integrands in string theory. The N-point tree
amplitude in the original bosonic open string theory is given, in Koba-Nielsen variables,

A _ /V(Z;k) 11 dza/dw (2.7)

by an integral

acA Za — Za+1
with
N
V(z, k) = H (2q — 2p) " kako H(za — 2a4+1)* =U(z, k)", (2.8)
1<a<b<N a=1
where the leading trajectory, a(s) = agp + %a’ s, with intercept ag and slope parameter
o, and the particles satisfy the mass condition k2 = m?, where m? = —2ap/a/ = —2ay.

[Scherk obtained ¢ theory by taking o’ — 0, at fixed ag, in (2.7) in his original paper
on the zero-slope (infinite-tension) limit [6]. In this connection see the recent papers by
Mason and Skinner [8] and by Berkovits [9].]

Crucially, V(z, k), or equivalently,

N
Uz k)= [ (za—2)""[](za = 2as1)™, (2.9)
1<a<b<N a=1
is Mobius invariant, that is, if {, is given by (2.2), U((, k) = V(z,k). Then, if we define

fa(2, k) by
U (z, k)

o) = (e ), (2:10)
then f,(z, k) is given by (1.8) and the Mébius invariance of U (z, k) implies

0zq
¢

(724 + ‘5)2 F (s
Lot k), (2.11)

so that the set of equations fa(z,k‘) = 0,a € A, is Mobius invariant. fa(z,k) = fa(z,k:)
when ag = 0.

falC k) = 22 falz, k) =



The Mébius invariance of U(z, k) immediately implies the relations (2.3)—(2.5), be-
cause, for an infinitesimal M&bius transformation dz, = €1 + €224 + egzg,

oU (z, k . . 3
oU = Z 52&8(2,1) =0, implying Z 0zafa =0, (2.12)
a€A a€EA

that is,
S falz k) =05 Y zafalzk) =0, > 22fa(z,k) =0. (2.13)
acA acA acA
Factorization. Consider the situation in which, as the k,,a € A, vary in some specific
way maintaining the zero-mass conditions k2 = 0, two or more of the z, to tend to the
same value, zg, say. Specifically, suppose z, = zg + ez, + O(€?), as € — 0, for a € S, where
S C A, and z, 4 zg for a ¢ S. Then

. 1 ko -k

fa(z,k) = =ga(z, k) 1+ O(e)],  Gala.k) = b acs, (2.14)
€ Zii Tg — Tp

. B ko - kp ko - ky

fa(Z,k') —ZH—FZH‘FO(E), (L%S (215)
bes Zii‘

Then, as in (2.3),
> Gala k) =0, (2.16)

implying that if g, = 0 for a € S,a # s (e.g. as the limit of conditions fo = 0 for
a € S,a # s, as € — 0), where s is some particular element of S, then it follows that
gs(x) = 0 as well. Further, multiplying (2.14) by z, — x,, for a choice of r € S, and
summing over a € S, as in (2.4), gives

N (@a—a)dala k) = S T ey ky = % 3 kaky = %k?g ks = ky. (2.17)

aes apes Ya b a,bes bes
b#a b#a

Then, if g,(z, k) = 0,a € S,a # r, s, we have that
1
(xs — xp)gs(x, k) = 51{% = (z, — x5)9r (2, k), (2.18)

and, if additionally g,(z,k) = 0, then k% = 0.
Imposing the equations f,(z, k) = 0, for all a € A, and taking the limit ¢ — 0,

Z a’ ™ =0, aES; a S—l—zaib:(), agZS; ]{7‘%:0 (219)
‘< Ta — Ty Za =25 L2 %a— %

b#a b#a
So, in this limit, the CHY equations (1.1) have in effect factored into two sets: the
first set of equations are the CHY equations for the momenta (kq,a € S;—kg), with
associated variables (z,,a € S;00); and the second set are the equations for the momenta
(ks; kq,a ¢ S), with associated variables (zg; zq,a ¢ S).



Specialization. In what follows, in general it will be convenient to take (r,s,t) in (1.6)
to be the same as (7, j,k) in (1.3) and further to take i = 1,57 =2 and kK = N. Then (1.7)

becomes
N-1 N-1

(zz—zN)Q/O@N(z;k;e) | [ . — (2.20)

a=3 fa(Z’ k) a=2 (Za - Z(H-l)

and making the particular choice z; = 00,29 = 1, 2y = 0, this becomes

N-1 N-1

av = ko [ 2= 1l = (2.21)

a3 fg(z, k‘) 2 (Za - Za+1)

where \T/?V(z, k;e) denotes the specialization of \T/N(z; k;e€) to these values and

N—1
ka-k‘2+ ka-kb+ka-kN
Zq — 1 ~ Za — % Za
b#a

fo(z, k) = ., 3<a<N-1. (2.22)

To be clear about the position of singularities, it is convenient to rewrite this by setting

N
fa(2)=Fo(z. k) [ [ (2a — 2) Zk ~ky H o — Ze); (2.23)
Z;ﬁi b;éa. c;éab
) Jo (2:kse) N— N-1 N—1b-2 N-1 ds
AN:—(—l)QN(Nl)f H Za H (1—2z4) H 1_[(2(1—%)2 H 2. (2.24)
1—23)2n-1 a=3  a=4 b=5 a=3 a=3 fa

3 Massless ¢® theory

In this section we discuss (1.7) in the simplest case, in which 7 ~N(z;k;€) is constant,
showing how, for N = 4,5, (2.24) produces the amplitudes of massless ¢ theory in a
form in which the mass-shell condition k2 = 0 can be relaxed. In the next section, we will
give an inductive proof of this partly off-shell formula for general N. Specifically, taking
Un(zikie) = (—2)3 N in (1.7) and (2.24):

1 ro 1
A% = % = / 3.1
N (m2)Ns Og o(2,k) aeA a — Za+1) (8:1)
N—

EN N— N-1 - N-1 d
:2N3% 1—z3zN1H [Ta-=) 1;[ _Zb)QQEIBfCLv (3.2)

a=3 a=4
where ey = , fa is given by (2.23), the contour O encircles the simultaneous
solutions of f,(z,k) =0, 3 <a < N —1 (but excludes z3 = 1 and zy_1 = 0), and we need
to sum Ajﬁ, over the different cyclic orderings of the external legs.

(_1) LN(N+1)

For N =4, writing z = z3, this gives

A¢>: 174 dZ
4 2 Jo (1—Z)Z[kg'k22+k3-k4(z—l)]

ks - (ko + ka) 1 1 11
_ _ — 4= 3.3
2]{}3-]{2/{3'/{4 2k3-/€4+2k}3-k2 S+t’ ( )




where s = (k3 + k4)2,t = (ko + k3)?,u = (k2 + k4)?. Summing over the 6 different cyclic
orderings (by permuting 2,3,4), and multiplying by ¢?/4, where g is the coupling constant,
gives the total amplitude .Af *t = g2 /s+g?/t+g?/u (because each term occurs four times),
the appropriate result for ¢3 theory, £ = %auqsam + (g/3")¢3.

For the N-point function, A(bmt, we need to multiply (3.2) by (g/2)V~2 as we sum
over the possible different orderings keeping 1 fixed, because, as we shall prove, .AN gives
the sum of the tree diagrams in ¢ theory that can be drawn in planar form for a given
ordering of the external momenta [as 1/s in (3.3) can be for the ordering (1,2, 3,4) but

not the ordering (1,3,2,4)]. Each tree diagram will contribute to 27V—2

orderings, treating
orderings related by cyclic rotations as equivalent. (If we treat orderings related by anti-
cyclic or cyclic rotations as equivalent, we sum over half as many orderings and each

N=2/9N=3) This is the same

diagram occurs 2V 73 times, so, in that case, we multiply by g
counting as in Scherk’s original discussion of the zero-slope limit of what became string
theory [6]. It would be good to be able to derive (3.2) directly from (1.7) by taking o/ — 0.
(See also [8] and [9].) [We have chosen the sign of Uy so that .A?(, will equal a sum of
tree diagrams with propagators 1/k%, where k is the momentum. With this normalization,
Aﬁfm equals i(—1)" times the amplitude defined using the usual field theory convention.]

For N =5, writing z = 23, w = 24, we have

o 1 [ z(1—w)dzdw
A= 72 (1—2)wfsfs’ (34)
where
fa=ksg -koz(z —w) 4+ ks -kaz(z — 1)+ ks - ks(z — 1)(z — w), (3.5)

fao=ka kow(w —z)+ kq - ksw(w — 1) + ky - ks(w — 1)(w — 2).

This is most conveniently evaluated using the global residue theorem. We write

w)dzdw
| 3.7
R{e, B) = 632104% —€e—2z (w 0)f3fa (38.7)
for the residue of the integrand at o = 8 = 0, where O,g is an appropriately oriented

contour about « = § = 0; «, 8 are chosen from the factors in the denominator of the
integrand; and we have displaced the factors 1 — z and w by € and ¢, respectively, in order
to avoid singular configurations of these factors. Then

= R(f;g, f4) = —R(w, f4) - R(w, 1-— Z) - R(fg, 1-— Z) (3.8)

The term R(w,1 — z), for which the displacements by e and ¢ are unnecessary, is easily

evaluated:
1 B 1

4ko - kaky - ks N _323545’
where we use the notation su, = (ko + kb)?, Sabe = (ko + kp + ke)?, etc. For the term
R(w, f1), we note that if w =4, f3 = 0 implies z = O(J). Setting w = zz,

R(w,1—z) =— (3.9)

f3 = —293+O((52), g3:k3‘k4+k3‘k5(1—$); (310)
f4 = —zg4—|—(’)(52), g4:k4-k:3x+k‘4-k‘5(x—1). (3.11)



Then

1 dzzd 1 d 1 1 1
4 Jo.,, (1= 2)zz°g394 4 Jgi=0 9394 S345 | S45  S34

Noting that the integrand of (3.4) is symmetric under the interchanges z <> 1 — w, ks >
ks, ks < k4, f3 <> f1, we deduce that

R(fs,1—2)=— [1 + 1} L (3.13)

523 534 | S234

Putting together (3.9), (3.12) and (3.13), we see that A? gives the sum of planar tree ¢°
diagrams for momentum ordering (k1, ko, k3, k4, ks),

1 1 1 1 1

+ + + + .
5235234 5345234 523545 5345534 5345545

A? = (3.14)

This formula does not explicitly involve ki and hold when k; is off-shell, i.e. when k? # 0,
and the same is true of the form (3.3) for Af.

4 Inductive proof for (partly) off-shell massless ¢* theory

We shall prove by induction that (3.2) provides a formula for the sum of planar tree
diagrams that is valid when k; is off-shell. We shall do this by establishing the recurrence
relation

1
AL (K1, ko, .. k) = gA;@_l(kl +kay ... kN)

N—-2
1

+ Z A?;L(Trmv k2a DRI km)_iA(ﬁ[_m_i_l(ﬁ-m-i-l) km-i—lv ey kN)

3 SmSm+1

1
+A?(,_1(1€N+/€1,k2,-~-,7€1v—1) ; (4.1)
SN—-1
where

Tm = ko — ... —kmy, Tm=—km—...— kN, Sm=m2, B&n=7m2, (4.2)

which holds if A‘ﬁ, denotes the sum of planar tree diagrams with the first momentum off-
shell. This relation follows from the observation that, for N > 3, the external line carrying
the off-shell momentum k; enters the tree diagram either at a vertex in which one of
the other two lines meeting there is internal or both are. In the former case, because the
diagrams are planar with the given ordering of momenta, the other external line must either
carry momentum ke or momentum kp, and the internal line is a propagator carrying off-
shell momentum kq + ks or k1 +kpy joining it to an (N —1)-point tree amplitude in which all
the other momenta are the remaining k, in order, and so on shell, providing the first and last
terms in (4.1). In the latter case, the two off-shell internal lines have momenta 7, and 7, 41.



To establish (4.1) holds for Aﬁ, = .A% defined by (3.2), we use the global residue
theorem as we did in case N = 5, again displacing the factors of 1 — z3 and zy_1 by € and
d, respectively, in order to avoid singular configurations

N—1b— N-—1
dz,
A, _2]6VN37{ (1_6_z3 - HzaH ) bl:[]:[ o) 1:[32 (4.3)

Denoting the right hand side of (4.3) by R(fs, fa, ..., fn—2, fN—1), using the global residue
theorem,

R(f3s far- s o2y fn—1) = —R(N_1s fas ooy fN—2, fr—1)
- R(.f?w f47 ceey fN—27 1- Zg) - R(Z?V—la f47 sy fN—27 1-— zg)a (44)

where 2§ = 23 + € and zfvfl = zny_1 — 0. Applying the global residue theorem again,

R(2%_1s fas f5s- s N3, I, 1 — 25) = —R(2_1, IN—1, f5r -+ s FN—3, f—a, 1 — z§)

_,R’(Zlé\f—hfﬁlyfﬁ'n'--’fN—37f371_25)_R(z?\f—be—lny)a"')fN 37f3a )a
:(_1)N+1[R(Z?V—1af57"'7fN—37fN—27fN—171_Z§)+R(Z?V—17f37f47f53"'7fN 331 23)]
+R(Z?V—11f37f5>'"7fN—3’fN—171_zg)' ( )

Repeating this process, we obtain

—R(23—1, fas [ -5 I3, [ 2,1 = 25)

N—-2
= (71)N R(Z?V—laf?)?fﬁl) .. '7fmflafm+25 cee 7fN727fN*15 1- Zg)
m=3
N—2
R(f37f4a .. 'afmfb 1- zgvz?V—laferZ’ s '7fN—27fN—1)- (46)
m=3

After substituting this form for R(z?v_l, fa,..., fn—2,1 — 25) in (4.4), we shall show that
the various terms correspond to the terms in the recurrence relation (4.1).

First consider R(zfv_l, fay-o oy fN—2, fn-1) as 0 — 0. As zy_1 = 0 — 0 with
fa=10,4<a < N —1, for general values of the external momenta satisfying the zero-mass
condition, we must have that z3 also vanishes, for otherwise we would have k% =0, as
in (2.18) with s = N, where S is the set of a for which z, vanishes as § — 0 (including N),
and we have stipulated that the k, are in general position. In fact the residue comes from
the region where all z, = O(§),3 < a < N — 1. We shall first calculate the contribution
from this region and then show it is necessary for all z,,3 < a < N — 1, to vanish to get
a non-zero contribution.

Set z, = x423,3 < a < N, sothat x3 = 1,2y = 0. Then, as in (2.15), for3 < a < N—1,

fa(2) = =23 *ga(2)[1 + O(9)], (4.7)
where
N
ga(w) = ga(x) H - xc Z ka - ky H (48)
E;i b;éa c;éa b



Then R(2%_1, f4,-- -, fn—2, [n—1) is the residue of

N-2 N—1b-2 N-1
EN-1 ng 2 d a
e o T [ T 2
3TN-193 a=4 b=5 a=3 a=4 Ya

. | N=2 N-1b-2 N-1

—1

T oN3 f oy gz 1170 H (0 = a0)* ?a (4.9)
- a=4 b=5 a=3 a=4 “¢

at g4 =...=gn—1 =0. In (4.9), in the limit § — 0, a factor of SN=? in the numerator,

coming from the products
N—2 N-1b-2

Iz IT TG = =) (4.10)

a=3 b=5 a=3

n (4.3), is cancelled by an equal factor in the denominator, coming from

d
IT . (4.11)
a=3 fa
leaving a finite answer. As in (2.17),
N—1 5
> afa = 53 (4.12)
a=3
So, when g4y = ... =gn-1 =0,
N 5. N
. 3
93 =93 1_[4(963 —ae) = 111 (1 —=), (4.13)
c= c=

and, provided that there are no other contributions to this residue from other regions,
R(2%_1, f1, - [n—2, fn—1) equals

N-2 N—-1 N—-1b-2 N-1

EN_1 f 2 d:l?a
sy Ve - Tq (1 —xq) (xq — xp) H
2 S3 1(1—24) iy P b—6 a=4 a=a Ja
1
- _gA?ijfl(kl + k27 k37 k47 e 7kN7].7 kN)? (414)
by induction.
If we consider contributions to R(2%,_1, f1, - - -, fnN—2, fy—1) from regions in which not

all the z,,3 < a < N — 1 vanish as § — 0. As we have argued, z3 — 0 as well as
zy—1 as 0 — 0. If the set S = {a : z, — 0} contains only M of the z,,3 < a < N,
where M < N — 2, the product (4.11) in (4.3) will contribute a factor of 6§ ~2” to the
denominator, but the product (4.10) will contribute a factor of 6% where L > (M — 2)2,
which implies that the contribution vanishes as § — 0. This is because the products
in (4.10) would contribute an exactly balancing contribution of §(™ 2% if the a € S were
consecutive but the second product in (4.10) contributes a factor of §2 in the limit for every
a,be Swith3<a<b<N-—1andb—a > 1, and this number is at a minimum for a
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given M when the a are consecutive. However, as 3, N —1 € Sand M < N —2,thea € S

cannot be consecutive and so the contribution vanishes in the limit, establishing (4.14).
Because of the symmetry under z, <+ 1 — 2y12-4, kg <> Ent2-0,2 < a < N, we have

the corresponding result

1

SN-1

R(f3y far- - o1 —25) = =A% _(kn + k1, ko, .. k1) (4.15)

It remains to consider R(fs, fa,- -+, fm—1,1 — 25,2%_1s fmt2s- -+ fn—2, fn—1). This
contribution comes from the region z, = O(0), m+1<a< N-1; 1—2,=0(¢), 3<a <
m, for reasons similar to those that determined the appropriate regions for the residues
already considered: if Sy denotes the set of a for which z, — 0 (including a = N) and S
denotes the set of a for which z, — 1 (including a = 2), then each of Sy, S; much contain
one of m or m + 1 or we should have k:20 =0 or k%l = 0, contradicting the assumption
that the k, are in general position. If Sy does not consist of consecutive elements we
should find again that the contribution will vanish in the limit and similarly for Sj. Thus
the only way to get a non-zero contribution is to have Sy = {a : m+1 < a < N} and
S1 ={a:2 < a<m}, which is the region we are considering.

Set z = gzZmy1, M+ 1 < a < N; 1 -2z = yo(1 — zn), 2 < a < m, so that
Tms1 = L,xzy =0 and y,,, = 1,92 = 0. Then, as in (2.15), for 3 < a < m,

fa(2) = (1) 11 = 2) " ha(y)[1 + O(5, €)], (4.16)

where

ha<y) = ila(y) H(ya - yc)' = Zka “kp H (ya - yc)7 (4'17)

E:Z b;_éa c;a,b
and, form+1<a< N —1,
falz) = (1) 2 ga(2)[1+ O(6, €), (4.18)
where
N N
9a() = Ga(x) H a— Te¢) Z ko - Ky H (g — xc). (4.19)
c=m-+1 b=m-+1 c=m-+1
c#a b#a c#a,b
Then R(fs, fa,---y fr—1,1 — Z§72§V_17fm+27 ooy [N—2, fn—1) is the residue at gp42 =
.:gN,l:Oandhgz...:hm_1:00f

>_A

m—3 m—1

S ST T 0w T TT T et szt

1—23)2N—1hmGm+1

a=4 a=3 b=a+2
N-1 d N-2 N-1 N-1 —
a
X x (1—z a—Tp)", 4.20
71_[ o AL o ] 0> ] H b)?, (4.20)
a=m++2 a=m+2 b=m+3 b=m+4 a=m+2
where ENm = (_1)(m+1)N' At gm+2 = ... = gn-1 =0, and hg = ... = hyp—1 = 0, as
n (2.17),
N-1 m—1
Im+1 = Sm+1 H (1 - $c)a hm = sm H (1 - yc)> (421)
c=m-+2 c=3
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so that (4.20) becomes

m—1 m—2 m—1 m—3 m—1
Em dyq 5 1 dzmdzm41
v == 11 (=va) | ] va Wa—tp)"—x —————
2 (1 - y3)ym—1a:3 ha a—3 —4 4—3 beat2 Sm (1 Zm)zm-‘rl
- N—-1 da N—-2 N—-1 N—-1 b—2
3 2N_m_]gan j; V . vo [] (1=a) I (za—xp)?,(4.22)
mtl m+2 Nﬁld:m-i-Q Ya a=m+2 b=m+3 b=m-+4 a=m—+2
giving, on integration,
o LT _
Am(ﬂ-n’“ k?) sty km)_iAN_m+1(7rm+17 km-‘rlv ety kN)
SmSm+1

as a contribution to the amplitude Aﬁ,, and, together with (4.14) and (4.15), establishing
the recurrence relation (4.1).

5 BCFW proof for massless ¢3

The proof given in section 4 that, with T N constant, we obtain the tree amplitudes of
massless ¢3, would be difficult to extend to the gauge theory case, because the presence
of four-point gluon vertices proliferates the number of terms involved in the induction.
So, as a preliminary to discussing this case in section 6, we now give a proof using the
BCFW relations. To this end, choose a (possibly complex) momentum vector ¢ such that
?=10-ky=10-ky =0, and consider

A%(C) = A% (k1 ko + Cl ks, .. k1, kv — CE), (5.1)

where A‘ﬁ, denotes the sum of planar tree diagrams. Then Aﬁ,(( ) is meromorphic in ¢ with
poles arising because of the propagators in the tree diagrams it comprises. The residues of
these poles are given by the product of amplitudes A%, where m < N and so A‘ﬁ, (¢) can
be expressed as a sum over these residues, and this provides a recursion relation, which is
the BCFW relation [4, 7].

If it were not the case that A%(C) — 0 as ¢ — oo, a constant would have to be
included, in essence a boundary term from infinity. This would indeed arise if we were
considering the sum of all N-point tree functions regardless of the order of the external
momenta, but, the ordering of momenta in A‘ﬁ, and the fact that the displaced momenta
ko + (£ and kxn — (L are not adjacent means that at least one propagator denominator in
each tree diagram included in Aﬁ, depends linearly on ¢ and so A%(C ) — 0 as ( — oc.

Integrating around a small contour O enclosing { = ¢ and then moving the contour
out to infinity, ) ;

¢ _ Ay (©dE Res¢, Ay
AN<<>—;{9< > (5.2)
where the poles of A%(C) occur at the points ( = (;. Define mp,, Ty, Sm, Sm as in (4.2),
and 75, and 75, by replacing ko by k‘g in 7, and ky by k:JCV in 7, respectively, where

kS =ko+Cl kS =ky —CL. (5.3)
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Then the poles of A%(C) occur where (75,)2 = 0 or (74,)% =0, i.c. at
C=sm/2mm-L=CE and (= -5,/2Tm L=CE,  3<m<N-1, (5.4)

with residues given by

L 1 L
RGSQ[;LA‘% = —A(ﬁl(ﬁ%, kgm, ]Cg, e ,k’m) o KA%—WH‘Q(I{I’ _W,En"[ﬂ, km+17 v 7kN—17 k?\;n)a
(5.5)
and
R 1 R
Resgg A% = A% (kL kS i, ooty =S50 5 AR (RSF oy o1, ).
(5.6)
Then, putting ¢ =0 in (5.2),
=2, - 0 Uty -
A (k1 ko, k) = AR (0) = =2 [ - Rescr AY — ——Rescn Ay | . (5.7)

m=3

This relation is sufficient to determine A‘ﬁ, for N > 3 from Ag = 1. We now seek to show
A% = A%, as defined by (3.2) satisfies (5.7), with Res%A‘ﬁ, and ResCTﬁ,A% given by (5.5)
and (5.6), respectively.

Defining A%({) analogously to A%(C),

A2(¢) = N 7{ Hz 1:[1—2 NHI:[ -z NH dzq (5.8)
N IN-3 1—Z3 lea: a 11 a i b fa(27C) .

where f,(z, () is obtained from f,(2) by ko +— k:g, kn +— kf\,,

N N—1
o ka : (k2 + <€) ka : kb ka : (kN - CE)
falz,0) = H( @) |t > st - (5.9)
c= =3
cta b#a
and the contour encloses the solutions of
fa(2,() =0, 3<a<N -1, (5.10)

for given ¢, but excludes the poles at zy_1 =0 and 23 = 1.

The poles of .A(ﬁ,(() occur when the contour is pinched between the zeros of the f,
and either zy_1 = 0 or z3 = 1. First consider a solution of (5.10) which is such that, as
¢ — (o, 2nv—1 — 0. It may be that as ( — (p some other z, — 0. Suppose again that S
denotes the set of a, with 3 < a < N, for which z, — 0. For essentially the same reasons
used in section 4 to determine which contributions to the recurrence relation considered
there were nonzero, having z, — 0 for ¢ € S will not produce a pole unless the a in S are
consecutive. Thus we must have S = {a : m < a < N} for some m with 3 <m < N — 1.
Then, from (2.18), k% = (7$0)2 = 0, so that ¢ = ¢, as defined by (5.4), and the solution
to (5.10) has 2z, — 0, m < a < N — 1, as ¢ — ¢X. Similarly, there are solutions to (5.10)
that have the property that z, — 1, 3 < a < m, as ( — (L, as defined by (5.4).

,13,



We now investigate the (potential) pole at ¢ = ¢, which comes from the region of
integration in (5.8) given by

zq = O(9), m<a<N -1 (5.11)

Set
Za = TaZm, M < a < N; SO Tm = 1,25y = 0. (5.12)

Asin (2.15) and (4.7), form <a < N —1,

fo(z,0) = (=120 " ga(a, Q) [] 2 1+ 0)), (5.13)

where

N
9a(2,¢) = Ja(@,Q) [ [ (a — zc) Zk /.:CH o — T0). (5.14)

Cc:ZL b;éa L#a b
Asin (2.17) and (4.12),
N-1 L (N 2
> wadal@,C) = 3 (Z k§> = (BT (5.15)
So when ¢,(2,{) =0, m+1<a<N -1,
N-1
gm(z, Q) = (( — Cn]z)e “Tm H (1— ). (5.16)
c=m+1
For3<a<m-—1,
fa(2:Q) = 207 ha(z, Q1+ O9)], (5.17)
where
m—1 m—1
Z ko k§za ] (za = 2e) = ka- 75 [] (20 — 7). (5.18)
b;ﬁa c;a?b g;i
Noting en(—1)"N*D) = —g ey o
d¢
®
= 1
Resg AN(O) = f 57 (¢~ CT) (5:19)
m—2 m—1 m—1b— m—1
X (1-2 -z — X | =
2m_3(1 —Z3)Zm_1 (11_[3 a=4 ’ I;I 1;[ b a=3 ha Zm
En N-2 N—-1 b-2 N-1 d
m+2 H 2 a
X Tq 1—xp) H (xq—xp) H .
N—-—m—1
2 (1 xm'H TN— Lo= =m+1 b=m+2 b=m+3a=m+1 a=m+1 Ya

Integrating with respect to ¢ and z,, shows that RescﬁA}{, provides the appropriate
contribution to the BCFW relation,

R

CR
kmy o EN—1L ERY),
(5.20)

A¢

R
ReSCﬁAd) :Azl(klvkgmvk?)" s k- 1,*7_7<m)2— LpN= m+2( wm

— 14 —



since the pole at z,, = 0 is exterior to the contour. The residue at ¢ = ¢ follows similarly,
using the symmetry under m <+ N +2 —m,z, < 1 — z,,L < R, establishing the full
BCFW relation and so proving the formula for A‘ﬁ, by induction.

6 Proof for pure gauge theory

The CHY proposal [1, 5] for a choice of v ~N(z; k; €) that gives the tree amplitudes for pure
gauge theory in any space-time dimension employs the Pfaffian of the antisymmetric matrix

AD
v ikie) = 6.1
where
ke - k e ok
Ay = b, Bab:6 6b7 C’ab:6 ba ?éba 1<ab<N; (62)
Za — b Za — %b Za — Zb
Nk
Aaa:Baa: ; aa:_zay 2a: ! - 1< <N7
0, C ;ZQ_ZC a (6.3)
c#a

D,y = —Chq, 1 < a,b < N. [Properties of Pfaffians are reviewed in appendix A, together
with further some results needed here for our discussion.|

The Pfaffian of W (z; k; €) itself is zero when the conditions (1.1) hold, because then it
has two null vectors arising from common null vectors of A and C': the vectors (1,1,...,1)
and (21, 22,...,2n). So, CHY consider the Pfaffian of the (2N —2) x (2N — 2)-dimensional
matrix \Ilgf;’b) (z;k;€) obtained by omitting the a-th and b-th rows and columns of
U (z; k;e) and demonstrate that

L1

Pf Uy (z;k;e) =
Za — Zb

Pf ‘Ilg\?’b) (z; ks €) (6.4)

is independent of a,b for 1 < a < b < N. Then they give evidence for the proposition that
the tree amplitudes, A}/VM, for gauge theory are given by taking

~

N
Uy (zk€) = =(=2) N (PEWn (2 k) [] (0 = 2ar1) (6.5)
a=1
n (1.7), where the normalization factor has been chosen for the convenience of the present
discussion. The required Mébius invariance of Wy (z; k; €) is straightforward to verify.
As in (3.2),

o (2 k;
A?VM(/C;G) — 215\/]\137{ N Z5 e

N-2 — N—-1b-2 N-1

H H (1—za) H H(Za —Zb)2 H Ci;ia, (6.6)

1—
Z3ZN 1,23

where again ey = (—1)%N (NH1) | f, is given by (2.23), the contour O encircles the simultane-
ous solutions of f,(z,k) =0, 3 <a < N—1 (but excludes z3 = 1 and zy_; = 0), and where

N-1
V(2 kse) = Z}gnm (21Pf "W (2 ks €)) H (za — Zat1)- (6.7)
a=2
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Now,

lim 22Pf /Uy (z; kye) = PE/U% (2 ks €), (6.8)

21—>00

where ¥4 (z; k;€) = U9 is antisymmetric and

o(2)=Uu(2), if a,b#1,N+1;b# N +a, (6.9)
N € k
Wy =ki ko, Voo vp=e1- e 2SDSNG Vo yp =) ——,2<a<N;  (6.10)
=2 a C
N
(17,N+1:ZZC€1 ke; WY Nip=k1cep, 2<OSN; WP N =—€1 kg, 2<a<N; (6.11)
c=2
and
/N1, 0 (_1)a+b o 1+a
a

independent of a,b for 1 <a <b < N, \I"(’ab) being defined relative to ¥° in the same way
that U0 is relative to ¥y. Thus, in (6.6), (6.7),

N
Ui (z5 ki €) = (—1)NPE UK (21 k5 €) ony [ [ (20 = 2at)- (6.13)
a=1

We now give a proof that AEM, defined by (6.6), does indeed give the N-gluon
Yang-Mills tree amplitude by establishing that it satisfies a BCFW recurrence relation,
as in (5.5)~(5.7). To this end, we need to consider Ay (¢), obtained from Ay" by de-
forming the momenta ko — kg = ko + (l, kn — k]CV = kn — ¢/, as in (5.3), where,
again, /2 = (- ky = - ky = 0, and also by deforming the basis of polarization vectors
651,632,62, 3<j<d-2,for kc, as in [7], so that

St +ie? =1 —2(C/ky - kn)ky, €' —ies? =1 (6.14)

Where we have introduced ¢ such that 2 = 17 ko = 0-ky =0, ¢-0=2, so that 622 egj =
5”, k:< =0,1<4,j <N -2, with 62 =€), 3 < j < N — 2, constant; and similarly
for the basis of polarization vectors €§Va 6§V2, eys 3<J <d-—2, for k‘]CV

So we now consider
N (C) N ( 1, gy sy AN—1, Na617€21"'7€N 176]\[)' ( . )

The difference between Ay (¢) here and A?(¢) in section 5 is the factor of \Tlﬁv(z;k;e),
as defined by (6.13), in the integrand of (6.6), and this does not affect the nature of the
singularities in ¢, which are thus still poles at ¢ = ¢, ¢ = ¢F, 3 <m < N — 1, as defined
n (5.4). [The singularities of lAI/'?\,(,Z; k; €) occur when two or more of the z, coincide. When
the z, are adjacent the calculation in appendix A shows that factors of z, — 2,11 cancel
those in the denominator, so that \I'?V(z; k;e€) is regular there. If they are not adjacent,
these are cancelled by the factors of (z, — 23)?,a > b+ 1, as in section 4.] To demonstrate
that AEM satisfies the BCFW recurrence relation we need to show that \Tf‘]’\, factorizes
appropriately at these values of (.
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The residue of the pole of A?(¢) at ¢ = ¢ comes from the region (5.11). So again we
set 2, = 242z, m < a < N, as in (5.12), so that x,, = 1,2y = 0. Then, as z,, — 0, ¥?,(2),
as defined by (6.9), is given by

ko - k €q " €
oy~ —2 b, 2<a<b<m VX paniy ~ — b 2<a<b<m
Za — Zb Za — Zb
o ka'kb .o €a " S .
ab ™~ > s 2Sa<meSN7\IjN+a7N+bN > y 2§a<m§bSN,
a a
k 'k‘b €q " €p
o a o a
~ m<a<b<N, v ~—————— m<a<b<N;
b (e — ) T - Nra N0 (X — 1) -
kg - € kg, - €
aN+b ™~ 2 b7 2<a,b<m, a#b; 27N+b~—a b, 2<b<m<a<N;
Za — %b Zb
o Kae 2<a<m<b<N o o Res <N atb
a,N+b 24 ) ) a,N+b Zm(xa_xb)’ 9 ) )
1 -~
ZN—‘,-QNE(M 2<a<m1 LOL,NJ,-(LN Eav m<a<N (616)
m
where
m—1 m—1
. - € K € K
Elzz,zcel ke; Eazz e c 2 2<a<m; (6.17)
c=2 =2 Fa T % c=m “a
c#a
N
A €. k
Se=Y =% m<a<N. (6.18)
e=m La — Tc
cFa

Now rearrange the columns of W9, by defining u(a) = a for 1 <a <m or N +m <
a < 2N; ula) = N+a—m+1form <a <2m—2; ula) = N+a—m+1 for
2m —2 < a < N+ m — 2; and set

Oub = V3 (0yu(t): (6.19)
so that O, = —0y,. Then
E
e = 6.20
—FT 21G|° (6:20)
where
E = \I/;?n(kl, cos k1, T €1, €M1, €75 23, . '7Zm—1)(m,2m)
G =YY 2Ty ks o KNG € €my oo ENS Tt 15+ TN1) (1,N—m+3)  (6.21)
where 7, = —kpy, — ... — kn, as in (4.2), and Fy, = oy - Bp, with
kq €a
a1 =ki, a=—,2<a<m, aqn=¢€, q=—, m<a<2m-—2, (6.22)
Za Za
By=ky, 1<bSN—-m+2, OBp=¢€, N—m+3<b<2N —2m+4. (6.23)

[Note that es, 7, do not appear directly in the expressions for F, G because of the rows
omitted in [W9 ] 2m) and [W_, | o](1,N—m+3), respectively.]
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Now, it is qj?z,N) that we want to consider rather than W?; replacing W° with ‘If‘()27N)

effectively replaces © with

By Fan

- (6.24)

Op,Nim-1) =

where F(,) indicates that the a-th row and column have been removed from F, and similarly
for G(4), and Fl, ) indicates that the a-th row and b-th column have been removed from F'.

Pf W05 = PE O 1) (6.25)

So, using the Factorization Lemma of appendix A, as z,, — 0,

Pf &(2) ~ 2, N "™ Y "Pf E" x Pf G, (6.26)
where . .
_ E r _ O r
—ap 0 By Go

where o = a-€",8" = - € and a’["a], B[’“a} denote ", 5", respectively, omitting the a-th
entry. Then

E" = \IJ;)n(k‘l, e K1 T €Ly e e €1, €523, ey mel)(Q,m) (6.28)
and, if we move the first row and column into the (N — m + 1)-th positions, G” becomes

\I/?V_m+2(7_rm, km7 - ,kN; 68, Emy - EN3 T4l - - - 7$N—1)(1,N—m+2)' (629)

In principle, in (6.26), € should run over the d elements of a basis for the whole space,
but we can restrict to a basis for the polarization states for 7,,, since the metric tensor is
Nuw = e;e’; + —— (kT + Trmpky),

- T - k

where k is chosen so that k- ¢, = k> = 0,k - T, # 0, and the contributions from the last
two terms vanish because

PEWD (K1, k1, —Tmi €1+« oy €m—1,Tm; 235 - -+, Zm—1)(2,m)
=Pt qj?\f—m—i—?(ﬁm, kmv SERE) kNa Tms €ms - -+ 5 ENS Tty - - - 7$N—1)(1,N—m+2) = 07
using, in the first case, that ¥¢, (2,m) has null vector (1,23—1,...,2,-1—1,0,...,0,1) and,

in the second case, that ¥, (1,N—m+2) has null vector (1, zy41,...,2N8-1,0,1,0,...,0).
As z,, — 0,
N-1 m—2 N-1
H (20 — Za41) = Zm—lzrjr\{im H (20 — Za+1) H (Ta — Tat1), (6.30)
a=2 a=2 a=m

implying the desired factorization property as z,, — 0,

\I/?V(k‘l, ey kN; €1y, ENTZ3y. . 7ZN—1)(2,N) (631)
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~ Z \I[?n(k;h ceey kmfla _frma €1y €m—1, 68; 235y mel)(Q,m)
S
XU o (T Ky -+ KNG €5 €my ooy €N Tt 1y -+ TN-1) (1,N—m+2) -
This, together with the corresponding result for the pole at { = Cﬁ, which holds by

symmetry, establishes the BCFW recurrence relation.
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A Properties of Pfaffians

The Pfaffian Pf A is defined for an antisymmetric matrix A = —A” by det A = (Pf A)2,
subject to a choice of sign. If dim A is odd, Pf A = det A = 0; if dim A is even, Pf A is a
rational function of the coefficients of A. Explicitly, if dim A = M = 2N,

N
.
Pt A= Z WSIgHP H Ap(2i—1)p(2i)> (A1)
pEGoN ’ =1
where G denotes the group of permutations of 1,2,..., M.

We can write Pf A as a sum over the pairings o = {(i1, 1), (i2,52), ..., (in,jn)} of
the integers 1,2,...,2N — 1,2N. Denote the set of such pairings by PBy. We can choose
a unique description of the labeling of the pairing by specifying that i, < j, and i, < i if
1<a<b<N. Given p € Py, define p, € San by po(2a—1) = ig, pp(2a) = ju, 1 <a < N,
and set signo = signp,. Then

N
Pt A= Z signo Haiaja. (A.2)
€PN =1

If A(;j) denotes the matrix obtained from A by deleting the i-th and j-th rows and
i-th and j-th columns. Then A;; is an antisymmetric matrix with dim A(;;) = dim A — 2.
Then we have the expansion

M
Pf A=Y (~1)ai,;Pf Ay, (A.3)
j=2

In order to establish the factorization result in section 6, we need a result on the
factorization of Pfaffians in suitable limits, which we prove here. First we establish a
preliminary result, which may serve to elucidate the subsequent argument.
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Preliminary Lemma. Suppose E,G are antisymmetric matrices of dimensions of
m X m and n X n, respectively; a, b are vectors of dimensions m and n, respectively; and
F = abT, i.e. Fij = aibj. Let

E F
-rta
Then, if m +n is odd, Pf ® = 0; if m 4+ n, m and n are even, Pf ® = Pf E x Pf G, if
m + n is even, and m and n are odd, Pf ® = Pf E x Pf CNJ, where

o= . (A.4)

~ | E o ~ |0
E = G = . A5
—a 0|’ -b G (A.5)
Proof. Suppose m + n even, m +n = 2N.
N
Pt o = Z signo H D s (A.6)
0EPN a=1
where o = {(i1, j1), (42, j2), - -, (in,jn)}. Let C, denote the number of a for which i, < m

and j, > m. m and n are either both odd or both even and C, has to be odd if m,n are
odd, and even if m,n are even.

For each p € Py with a given value of C, > 1, we associate to ¢’ € Py, which is
obtained by replacing the pairs (ic, j.), (i4, ja), where ¢, d are the largest values of a such
that i, < m and j, > m, by the pairs (i, jq), (ig, jc). Then signp = —signg’, but the value
of the product

N
a=1

is the same for ¢’ as for o. Thus the contributions to the sum over ¢ € Py from those
o with C, > 1 cancel in pairs. Since C, has the same parity as m and n, all the nonzero
contributions come from C, = 0 if m,n are even and from C, = 1 if m,n are odd.

If m,n are even, each pairing ¢ € By making a nonzero contribution to Pf ® is the
union of parings g1 € ‘B%m, of 1,2,...,m, and g9 € ‘,B%n, of m+1,2,...,m+n. So, the
with
signo = signp;signgs. The product (A.7) factors into two products corresponding to the

sum over such ¢ € Py is the product of sums over p; € ‘B%m and over g9 € ‘B%n,
pairings 01 and o9, respectively. Thus Pf ® = Pf £ x Pf GG.

If m,n are odd, each p € Py making a nonzero contribution to Pf ® involves just one
pair (ig,jo) with i9 < m and jy > m. The remaining pairs in g are the union of parings
o) € m%(m—l)v of {i:1<i<m,i+#ip},and ¢ € ‘}3%(”71), of {j:m<j<m+n,j#jo}
Define the pairing 01 € ‘B%(mﬂ), of {i : 1 <i < m;i.}, by appending (ip, i) to ¢}, and
the pairing g2 € ’B%(m_l), of {j : ji;m < j < m+n}, by appending (jx, jo) to ¢5. Then
the product (A.7) for p factors into products associated with ¢} and o}, together with

Pigjo = Fiojo = @igbjo = Eigi. Gy o> (A.8)

labeling the last row and column of E by ¢, and the first row and column of G by js«, and,
again, signpg = signgisigngs. The sum over o € Py corresponds to the product of sums
over g1 € ‘B%(mﬂ) and g9 € &B%(nﬂ), yielding Pf & = Pf E x Pf G. O

Now we proceed to prove the result needed in section 6.
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Factorization Lemma. Again suppose E, G are antisymmetric matrices of dimensions
of mxm and n xn, respectively; but now suppose that a; = (af'),1 <i <m, b; = (b;?‘), 1<
J < n, are d-dimensional vectors and Fj; = a; - b; and consider the leading behavior of

E F

®(2) = —FT 1@

, as z—0. (A.9)

If m+nis odd, Pf ®(z) = 0; if m+mn, m,n are even, Pf ®(z) ~ »~3"Pf E x Pf G, as z — 0;
if m +n is even, and m and n are odd,

Pf®(2) ~ 2 2D ST PFE* X PEGY as 2 — 0, (A.10)
where
~ E (a%)" = 0 ()"
E* = Go = A1l
—a® 0 ] ’ b @G ( )

Proof. Suppose m + n even, m +n = 2N. With o = {(i1,J1), (i2,J2),-. ., (in,jn)}, the
contribution
N
signo H D(2)i0jus (A.12)
a=1
to Pf ®(z) is O(z~Me), where M, is the number of a for which i, > m, for then
®(2)i,j. = O(z71), but ®(2);,;, = O(1) otherwise. If C, again denotes the number of a
for which i, < m and j, > m, M, = (n — C,), so the behavior of Pf ®(z) as z — 0 is
dominated by terms with C, as small as possible, i.e. C, = 0 for m,n even and C, =1 for
m,n odd. So, reasoning as in Lemma 1, if m,n are even, the leading contributions come
ms Oof 1,2,....m, and 03 € ‘B%n, of
m+1,2,...,m+n, and Pf ®(z) ~ 2 3"Pf E x Pf G, as z — 0.
If m,n are odd, each ¢ € By making a leading contribution to Pf ¢ involves just

from ¢ € Py which are the union of parings g1 € P
2

one pair (ig,jo) with ig < m and jo > m. As in Lemma 1, the remaining pairs in p
are the union of parings ¢} € Biino1y, of {i 11 <7 < mi #io}, and oh € Biio1)
2 2
of {j :m < j < m+mn,j # jo}. So again, define the pairing o1 € ‘B;(mﬂ), of
2

n+1)’ of

{i + 1 < i < mji.}, by appending (ig,ix) to 0}, and the pairing go € ‘B;(
2
{j : jo;m < j < m-+n}, by appending (j, jo) to 5. Then the product (A.12) for p factors

into products associated with ¢} and o), together with
q>z'0j0 = Ligjo = Za%b?o = ZE%i*G?*jO’ (A.l?))
(6% (0%

labeling the last row and column of E by i, and the first row and column of G by j«, and,
again, signp = signgisignes. The sum over o € Py corresponds to the product of sums

over p1 € ‘B%(mﬂ) and g9 € ‘B%(nﬂ), yielding

Pf@(z) ~ 2 2 DS P E® x PEGY as z — 0. (A.14)

O]
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B Massive ¢3 theory

In this appendix, we show how the results for tree amplitudes in massless ¢> theory,
established in sections 2 to 5, can be extended to the massive case by replacing f,, defined
by (1.1), by f4, defined as in (1.8),

: kq - kb ao ao

fa(z,k) = - - ,  acA (B.1)
; Za — Rb (za - Za+1) (Za - Za—l)
b#a

As in section 2, suppose z, — zg for z € S C A, with z, = 25 + exq + O(€?), as € — 0,
and z, /4 zg for z ¢ S. Then, in place of (2.14) and (2.15), we have

fole K) =2, ) 14 O], falar k) = UL - “ . aes (B2)

bes Ya — Tb bes La T
b#a b=a+1
o ka - kp ao ke - Ky ao
k)= E — E E — E @) S. (B.3
Jul2 ) bes @ ZS cs Z“_Z5+bszs “aTA gs Z“_Zb+ ) f ()
b=a+1 b#a b=a+1

Then, as in (2.16),

ko - k
> dula k)= Y - _;’b— 3 %“_0% =0, (B.4)

acsS abes @ a,bes
b#a b=a=*1l

implying that if g, = 0 for a € S,a # s, where s is some particular element of S, then it
follows that gs(z) = 0 as well.
Also, as in (2.17),

v Lg—Tr LTg—Tp 1
> (@a—zp)galw, k)= ) Fa ky— > ma0:§k§+nao, ks=Y_ ks, (B.5)

a€S a,besS a,beS bes
b#a b=a+1

where 2n is the number of a for which a+1 ¢ S plus the number of a for which a —1 ¢ S.
Then, if go(x, k) = 0,a € S,a # r, s, as in (2.18), and noting that m? = —2ag, we have that

(s = 2)is (2, k) = 5 (K —nm?) = (& — )3 (z, B), (B.6)

2. If S is consecutive, and not the whole

and, if additionally g,(x,k) = 0, then k:?g =nm
of A, then n = 1, and this becomes the mass-shell condition.
Again, imposing the equations fa(z, k) =0, for all @ € A, and taking the limit € — 0,

we obtain, as in (2.19), a factorization into two sets of equations,

kg - k a
Yoo oS 0 —o, a€s, (B.7)
bes La Lo ves La — Tb
b#a b=a=x1
ks - kp ao ka - kp ap
— § +§ - - § =0, a¢s, (B.8)
Za — 28 bes Za — 28 bis Za — Zb bis Za — Zb
b=a+1 b#a b=a+1

and, provided that S is consecutive, the first set of equations are the modified CHY
equations for the momenta (kq,a € S; —kg), with associated variables (z,,a € S;00), and
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the second set are the equations for the momenta (kg; kq,a ¢ S), with associated variables
(z5; 2a,a & S).

The results (B.2) to (B.8) make it straightforward to adapt the analysis of sections 3, 4
and 5 to the massive case. If we replace f,(z, k:) in (3.1) by fa(z, k)to obtain

A" = 2)N- 3}4 H H = )2 /d‘*’ (B.9)

acA fa z, k) aEA( ~ Fa+l

the effect in general is to replace k, - kp by kg - ky — ag whenever b = a + 1, so that, for
example, (3.3) becomes

1 j{ dz

2 Jo (1 —2)z[(ks ko —ap)z+ (k3 - kg —ao)(z — 1)

ks - (kz + k4) — 2ag B 1 1
2(ks - ko —ag) (ks - ks —ag) s+ m2 i t+m?2’

Further the effect is to replace sab = (ko + kp)? by s b —m? = (kg + kp)?> — m? and
Sabe = (ko + Ky +ke)? by Sape — m? = (ko + kp + ko) —m? in (3.9) to (3.14) [Note that a,b
and a, b, c are consecutive where they occur in s, and sabc.], giving the correct result for
Ag)’m. Because of (B.5) and (B.6), the effect is to replace s,, with s,, —m? and 5,, with
5, — m? throughout sections 4 and 5, so that those sections provide inductive proofs of

ym-__
Ay =

(B.10)

that Aﬁ}m provides the correct N-point tree amplitudes for massive ¢ theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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