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1 Introduction
Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will, respec-
tively, denote the ring of p-adic rational integers, the field of p-adic rational numbers, and
the completions of algebraic closure of Q,. The p-adic norm is defined by |p|, = 117.
When one talks of g-extension, g is variously considered as an indeterminate, a complex
q € C, or p-adic number g € C,.. If g € C, one normally assumes that |g| < 1. If g € C,, then
we assume that |g — 1], < p_lﬁ so that g* = exp(xlogq) for each x € Z,. Throughout this
paper, we use the notation

1-(-¢)"

N

Note that lim,_,_;[x]_; = x for each x € Z,,.
Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,),
the p-adic invariant integral on Z, is defined by Kim as follows:

pN-1
L= [ e o= Jim [le]_q DS (ee 1-5]) (11)

Let f; be the translation of f with fi(x) = f(x + 1). Then, by (1.1), we get
L (fi) + L4(f) = [21,£(0). (1.2)

As is well known, the Stirling number of the first kind is defined by

*)p=xx-1)---(x—n+1)= Z S1(m, D, (1.3)
1=0

© 2015 Kwon and Park. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License

° (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
— indicate if changes were made.


https://core.ac.uk/display/81053002?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1186/s13662-015-0536-1
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0536-1&domain=pdf
mailto:a0417001@knu.ac.kr

Kwon and Park Advances in Difference Equations (2015) 2015:198 Page 2 of 11

and the Stirling number of the second kind is given by the generating function:

o0 !
(= 1)" =Y Solbm) (see[6,7) (1.4)

I=m

It is well known that the (%, q)-Euler polynomials are defined by the generating function:

(qqet:l 1) ZE”(’“”’ (see [81). (15)

where / is an integer. When x = 0 and 4 = 0, E,,4,(0|k) = E, ;(h) are called the ordinary
q-Euler numbers.

Recently, DS Kim and T Kim introduced the Changhee polynomials of the first kind are
defined by the generating function:

ﬂ(ut)x ZChn(x)i—n! (see [1,9-11]), (L.6)

and T Kim et al. defined the g-Changhee polynomials as follows:

[2]q x ad ﬁ
Il ;Chn,q(x)n! (see [9, 11, 12]). (L7)

As is well known, the Boole polynomials are defined by the generating function:

1

;:o: (x| L )n! a0 (see [7,13]).

When X =1, 2Bl,(x|1) = Ch,(x) are Changhee polynomials. In [11], Kim et al. consider
the g-analog of Boole polynomials, and found some new and interesting identities related
to special polynomials, and Y Do and D Lim investigated the properties of (%, g)-Daehee
numbers and polynomials, which are defined by

fZ g x+Yndug(y)  (see [14]).

In this paper, we consider Witt-type formula for the g-Boole polynomials with weights
and derive some new interesting identities and properties of those polynomials and num-

bers from the Witt-type formula which are related to special polynomials and numbers.

2 g-Analog of Boole polynomials with weight

1
In this section, we assume that t € C,, with |¢], <p 7T, A € Z, with L #0 and /1 € Z. From
(1.2), we have

/Z d" A+ " du_y(y) = [+t = Z[z Blug (x|, ,\) 21)

h(1+t)
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where Bl,, ,(x|h, 1) are the (4, q)-Boole polynomials which are defined by

n

1 ; 00 ;
PR L ;Bln.mm,ma. .

By (2.1), we can derive the following equation:

X+ A 1+
[t () diy = Lt (23)
Z, n n!

In the special case x = 0, Bl,,;(0|i, 1) = Bl,, ;(h, \) are called the (%, q)-Boole numbers.
Note that

(1 + t)x+Ay — e(x+ky) log(1+2)

= Z %(log(l +1)"

n=0

—Z (x+ky)" i&(m )

n=0

=> { > x+29)"Si(n, m)} ;—n, (2.4)

n=0 \ m=0

The (4, q)-Euler polynomials are defined by the generating function:

LY e S p i 25)
et = ” —. .
qet +1 — a n!

Note that lim,_,; E,,4(x/1) = E,(x). When x = 0, E,(0|h) = E,, ,(h) are called the (/, q)-Euler
numbers.

By (1.2), we can derive easily the following equation:

1+q
Ay el gy e Epq(xlh)—. 2.6
/qu e 1-q(y) = Fe i 1° § qxl) (2.6)

Since

00 t"
/ gI I gy () = Z/ 7" (x + 9)" dp-q(y)—>
Zy n=0 Zp "
by (2.5), we have

fz q" ™ (x +9)" dpt_g() = Englalh) (> 0). @7)
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From (2.4) and (2.7), we get

[ a0 d

Zp

n

-y [ ) /Z 0" (x4 39)" dj_g () Sy, m) ] L

n=0 Um=0

_ Z[Z}LmEm,q<§|h)Sl(n,m)};—};. (2.8)

n=0 Um=0

Thus, by (2.2), (2.3), and (2.8), we obtain the following theorem.

Theorem 2.1 For n > 0, we have

n

Blyg(xli,2) = ﬁ 3 M Epg (; ’h) S,(n, m)

m=0

and
A 2
f s (" * y) du_g = Qan,q(xm,x).
Zyp n n!

By Theorem 2.1, we note that

1
Bl g(x|h, 1) = ﬁ/ q(h—l)y(x + AP di_y (),
q Zp

where (x), =x(x—1)---(x —n +1). When A =1 and /% = 0, we have

Bl ,(x]0,1) = ﬁ /Z g (x+y)" du_y(). (2.9)
q Y %p

In [13], Arici et al. defined the g-analog of Changhee polynomials by the generating func-

tion:
- ¢ _ [2]q X
MZ(;‘Chn(xm)E = [2]t+1(1+t) ) (2.10)

By (2.10), we have

- 2+ [2] P\ t"
/qu W+ 0™ dag0) = 1o (1) = ;Ch,,(xm)a. (2.11)
By (1.6) and (2.10), we note that
%Ch,,(x) = Chy(x|q). (2.12)

From (2.11), we get

fZ 47+ Y ity ) = Ch(xlg). (2.13)
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By (2.9), (2.12), and (2.13), we have

1 1
Bl ;(%10,1) = —Ch,(xlq) = EChn(x)‘

(2],

By replacing ¢ as e’ — 1 in (2.1), we derive the following equations:

l+q
qhert +1

o0 1 i
e =) "[2]4Blyg(xlh, 1) - (e -1)
n=0

= Z[z Bl (xlh, A)—n'zsz m,n)—

n=0
0o n o
=3 121yBlng Il 1) (m, m— (2.14)
n=0 m=0 !
and
114 _ 174 veZiE f’h o (2.15)
qhert +1 q'eM +1 e SV m!’ ’

Hence, by (2.14) and (2.15), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

- A7 x
3" Bl el 2)S(n, m) = ﬁEn,q<X‘h).

m=0

From now on, we define the (%, ..., &, q)-Boole numbers of the first kind as follows:

- /Z /Z 4y ), dpg) - dg) (120). (2.16)

By (2.16), we have

= '/Zp '/% thu thy-r ( X1+ n . +xr)>tn di_g(1) - dp_g(x,)

P n=0

[e¢]
:Z/ / g )M Gy () - deg (%)
n=0 Y Zp Zp

T l+gq
- 1_[<qhi(1+t)* +1)

i=1

=(1+q)’2( D (11” lr)Bil,q(h,)L)--~Bir,q(h,k)>%. (2.17)

n=0 MMj+-+ly=n

Thus, by (2.17), we obtain the following corollary.
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Corollary 2.3 For n > 0, we have

n

By 0= 3 (" B B

h++ly=n

The (M, ..., hy,q)-Euler polynomials are defined by the generating function to be

/ / th*‘”*h’_’e(x“'”*x’“‘)tdu_q(xl) . d,u_q(xy)
ZP ZP
r
_ 1—[( 1 + q )ext
hj pt
i \q'e +1
[o¢] t”
= ZEn,q(xml,...,h,)—‘. (2.18)
P n.
By (2.18), we have
/ / FI T e 4 x + 2) A () - dig (%) = Byl ... hy).
ZP ZP

In the special casex = 0, E,, ;,(0l/y, ..., hy) = E, g (h1, ..., h,) are called the (/y, ..., k., q)-Euler
numbers.
From (1.5) and (2.16), we note that

- f - / g (M 4 ) dieg () - dpeg ()
IR / / g ey 4w x) dp g () - dpg(x,)
1=0 Zy Zp

=Y Sim DM Erg(n, ..., ). (2.19)
=0

Therefore, by (2.19), we obtain the following theorem.

Theorem 2.4 Forn> 0, we get

1 n
B () = ZSl(n, DAEyy(h, ..., hy).
=0

1+q) <

By replacing ¢ by ' — 1 in (2.17), we have

o0 t n r
r (et (e -1)" l+qg
[z],,;szn,; == 1‘1[ Fio e 1

i=

e} tn
=Y Enqh,...,h)\"= (2:20)
s n!
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t
|

Hence, by (2.20) and (2.21), we obtain the following theorem.

Theorem 2.5 For n > 0, we have

[g]’” nq hl: h ZB[ """ ()\.)Sz(n, Wl)

Let us define the (/,..., h,, q)-Boole polynomials of the first kind as follows:

:/ / g T (M ) ) dpg(x) - dpeg(x),
Zp Zp

where n > 0 and r € N. By (2.22), we can derive the generating function of the (4, ...,

Boole polynomials of the first kind as follows:

= f - / qh1+"'+hr_r(1 + t)A(x1+---+xr)+x d,bb—q(xl) ce dﬂ—q(xr)
Zp Zp

_ z l+qg "
_EI(th(m)m)(l”) '

By (2.23), we can see easily

r

l+qg "
H(qiht(l Y +1>(1 +1)

g 250

m=0
- gy o * n! J0r1ealr) _"
-[Z]q;(%m.(m)i(n_mﬁm%mq (A)) ,
. o) n ' x o ) P
o (S () (s w)
=2y Z( )Blnhl,;;;] () ()om
n=0 \m=0 m

By (2.23) and (2.24), we obtain the following theorem.

Page 7 of 11

(2.21)

(2.22)

hrﬁ q)'

(2.23)

(2.24)
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Theorem 2.6 For n> 0, we have

BIV0) (x]2) = Z < )Blnh‘;,;';;” (M) () -

m=0

Replacing ¢ as e — 1 in (2.23), we get

o0 x t”
_ (i) (% \ 3 n
=Y £l (/\)A - (2.25)

and

21" ZBN«I ..... ) M)(e _l)n

n

Z(ZBI """ ) (x]2)S5 (1, m))t (2.26)

n=0 \m=0

Hence, by (2.25) and (2.26), we obtain the following theorem.

Theorem 2.7 For n> 0, we have

..... ) M ) (%
ZBI (%]2)S5(n, m) = [Z]QEW; (X)

From (2.23), we get

=/ / g (M ) + ), dpg() - dpieg(xy)
ZP ZP

=ZSl(n,l)/Z ) T (M 4+ x) +2) Ay () - dpg(x)
=0 p p

=3 Sy, DAEY (;—C) 2.27)

Thus, by (2.27), we obtain the following theorem.

Theorem 2.8 For n > 0, we have

Bl @A) = o LSS hﬂ(;).

410

Now, we define the (%, q)-Boole polynomials of the second kind as follows:

Bl (x|h, 3) = [zl]q fZ ) q" W (<ry + x),du_4(y)  (n>0). (2.28)
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By (2.28), we have
Bl )= -3 Z( 251010 / <y— —) di )

=L Z( 181 (n, l)E1q< —). (2.29)
q

In the special case x = 0, B\ln,q(Olh, A) = B\l,,,q(h, A) are called the (%, q)-Boole numbers of the
second kind. From (2.29), we can derive the generating function of El,,,q(xl)\) as follows:

— 2 ¢ 1 (h-1) —Ay+x
Y Bl )= = —— | "+ du )
=0 n! [2]q Zp
1+
=—0———(1+12)" 2.30
qh+(l+t)*( +7) (2.30)

By replacing ¢ by e’ — 1 in (2.30), we have

. t_ 1) At
3 Blagtatn ) E

— n! q" + et
- A\ ¢
=— ) (=N"E. | -=h)= 2.31
1+q§( ) ’q< x‘ )n! ( )
and
( 1)" 0 "o o
ZBlnq(foz ) = > Bling (1, 1)S2(n,m) — (2.32)
= n=0 \m=0 :

By (2.31) and (2.32), we obtain the following theorem.

Theorem 2.9 Forn > 0, we have

Bl (x|l 1) = o Z( Mslnz)aq< X)
q

and

A PN
—(-A)"E, = Bl,, ,(x|h, 1)Sy(n, m).
[2] () ( ~n ) D Bl )50

For hy,...,h, € Z, we define the (i, ...,h,,q)-Boole polynomials of the second kind as
follows:

§l(h1 ,».-,hr)(

) (112)

f f (et =r A(xl + e+ Xy) +x)ndu_q(x1) s dpg(x). (2.33)
Tg+1 z, Jz,
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By (2.33), we can derive the generating function of the (%, ..., 4,,g)-Boole polynomials of
the second kind as follows:

1
L e ) )
A+qr /Z /Z ! !

1+t .
) H(qh +(1+t)*)(1”)

r

1 X
_ H(qiht(1+ = +1>(1 )

i=1

o0 t"
- ZB[}{“; ’’’’’ ) (] — 1) —. (2.34)
— ’ n!

Hence, by (2.34), we obtain the following proposition.

Proposition 2.10 For n > 0, we have

Note that
(-1)"[2] " o [X+ A
%Bl%q(ﬂh» A =(-1) / q(h l)y( y> du—q(y)
n. Zp n

—x—-Ay+n-1
= / g™ ( ! ) dpi—q(y)
Zyp n

" (—x—A -1
L EC )

m=0

" (n-1 X =AY
B

m=0

n

:[2]qZ(n_l>M’ (2.35)

n—m m!
m=0

and, by a similar method, we get

121, ~ _
%Blnq(ﬂh,m = (1" /;p q(h—l)y (x n)»y) dpi_y()

n

=[2]qZ(n_1>M. (2.36)

n—m m!
m=0

By (2.35) and (2.36), we obtain the following theorem.
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Theorem 2.11 For n > 0, we have

(1" "\ (=1 Bl (~x|h,3)

Bl =2 ()T
and

(=1)" ~ _x (1= 1)\ Blyg (x|, 3)

n! Bl"’q(xw’k)_%(lq—m) m! ’

By Theorem 2.11, we obtain the following corollary.

Corollary 2.12 For n > 0, we have

Bl 2) =) Y (<) (n . ’; . k) (1= 1)i1Blig (x|, 1)

m=0 k=0

where ( n

Y -
p,q,r) - p!q!r!’p tq+r=n
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