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ABSTRACT: The proton charge and magnetization density distributions can be related to
the well known Sachs electromagnetic form factors Gg ar(g?) through Fourier transforms,
only in the Breit frame. The Breit frame however moves with relativistic velocities in the
Lab and a Lorentz boost must be applied before extracting the static properties of the
proton from the corresponding densities. Apart from this, the Fourier transform relating
the densities and form factors is inherently a non-relativistic expression. We show that
the relativistic corrections to it can be obtained by extending the standard Breit equation
to higher orders in its 1/c? expansion. We find that the inclusion of the above correc-
tions reduces the size of the proton as determined from electron proton scattering data by

about 4%.
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1 Introduction

Measurements of the ground state properties of the most basic element of the constituents
of stable matter, namely, the proton, have intrigued physicists since the sixties until now.
The structure of the proton in fact plays an important role in atomic physics where ex-
periments have reached very high precision. Finite size effects (FSE) due to the proton
structure can be theoretically included using different methods, with one of them being the
Breit equation [1-9] which is a typical example of how one derives coordinate potentials
from Quantum Field Theory [10-15]. Using such a method where one evaluates the elastic
electron-proton amplitude expanded in powers of 1/c?, corrections to the energy levels of
the hydrogen atom due to the finite size of the proton have been evaluated [16, 17]. The FSE
are included through the elastic electromagnetic form factors obtained from electron proton
scattering cross sections [18, 19]. The electromagnetic form factors as such are an essential
part of the description of the properties of the nucleon as they incorporate the probability
for a nucleon to absorb a virtual photon of four momentum squared q2( = (¢")?— (q)2) and
probe its interior. In the non-relativistic limit, the Fourier transforms of the form factors
in the Breit frame (defined by ¢° = 0) describe the charge distribution pc(r) and magne-
tization current distribution py/(r) in the nucleon respectively [20-23]. An experimental
determination of the form factors (and hence the proton charge density distribution) from
electron proton scattering can thus enable one to determine the charge radius of the pro-
ton. On the other hand, the unprecedented precision of the experimental results in the
hydrogen atom also allows one to probe the static properties of one of the components of
the hydrogen atom, namely, the proton. The size of the proton for example, can be ex-
tracted from precise measurements of the difference in the energy levels or Lamb shifts in
the hydrogen atom. Such an extraction performed on the muonic hydrogen atom led to the



surprising finding that the extracted value of r, = 0.84184(67) fm was much smaller than
the world average CODATA value of 0.8768(69) fm [24, 25]. This so-called “proton puzzle”
was later reinforced [26, 27] with the precise value of 7, = 0.84087(39) fm obtained from
muonic hydrogen spectroscopy. Apart from some determinations from standard hydrogen
atom spectroscopy, the CODATA value largely depends on the extraction of the radius
from electron proton scattering experiments. The shrunk proton gave rise to explanations
ranging from the charge density being poorly constrained by data [28] to those involving
large extra dimensions and non-identical protons [29].

In an attempt to resolve the discrepancy between the proton radius from muonic hy-
drogen spectroscopy and electron proton scattering data, we re-examine the connection
of the electromagnetic form factors to the nucleon properties. We present a new ap-
proach to relate the form factors in momentum space to their coordinate space counter
parts (the charge and magnetization densities) through a Fourier transform of the type
pc(r) = e [ po(g?) d3q/(2m)3. The standard non-relativistic expression is obtained
when pc(q?) = Gg(q?), where Gg(g?) is the well known Sachs form factor [30]. The rel-
ativistic corrections for pc(r) are incorporated by evaluating pc(g?) in the form pco(g?) =
Ge(g?)|1 —|—termsci2 —|—termsci4+. .. | using the higher order Breit equation which we derive in
this work. Since such a relation is still valid only in the Breit frame (i.e. ¢° = 0), a Lorentz
boost must be applied to pc(q?) before extracting the mean radius from 7"3 = [ pc(r)ridr.
We find that the inclusion of the two effects (Lorentz boost and use of the higher order
Breit equation) brings the radius extracted from electron proton scattering quite close to
that determined from the muonic hydrogen Lamb shift [26, 27], thus partly resolving the
proton radius puzzle.

2 Theoretical approach

The relativistic corrections to the non-relativistic po(r) are obtained by extending the
standard Breit equation [16, 17] (which involves an expansion of the amplitude to order
1/c?) [5-7, 31, 32] to higher orders. The proton electric potential V,(r) in this equation is
used to find the density pc(r) via the Poisson equation, V2V, = —4mpc. The hyperfine
interaction terms in the Breit equation are shown to be related to the magnetization density
pa(r). In what follows, we shall see that an interesting outcome of the calculation is that
the charge form factor pc(q?) appearing in the Fourier transform, depends on the magnetic
form factor Gs(g?) and pys(g?) appearing in the Fourier transform of the magnetization
density, pys(r), depends on Gg(g?).

2.1 Potentials and densities

In order to make the approach clear let us begin with the standard Breit equation for the
Hamiltonian Hp [16] which results from the 1/c? expansion of the elastic electron proton
transition matrix element My;. This amplitude can be written as, My; :wgé wTS; H B(Pe, Pp;
Oc, 0p; q) Ws, Ws,, Where wg, g, are two component spinors. In the diagonal case, S, =8,
S, = Sp and we write My; = My;(Pe, Pp; &, §p; @), where we used wgawg = Tr[po] = &



with p being the spin density matrix. Let us now rearrange terms from the Breit Hamil-
tonian Hp such that, Hp = eV, (q) + pe - B(q) + ..., where, u. = —(e/2me)oe. Vy(q) is
the potential part remaining after separating all the o; operator dependent and differential
operator p; dependent terms. Here i is either e or p. In addition, we choose V,(q) not to
contain the electron mass as the electric proton potential should not depend on the probe.
These restrictions allow V,(q) to be interpreted as a proton electric potential in momen-
tum space. For the standard Breit equation at lowest order in 1/¢?, with form factors, this
indeed leads to [17],

V,(q) = dre [Fl ((;) _ B <ml%(;2>] — dre [GE;Q"Q)] , (2.1)

where e is the positive charge of the proton. The Fourier transform of V,,(q) is then the elec-
tric potential V,(r) = 4me [ €97 (Gg(g?)/q*) d®q/(2m)3. The Laplacian of V,(r), namely,
V2V,(r) = —4me [ €97 Gg(g?) d®q/(2m)3 taken together with V2V, (r) = —4mpc(r) then
brings us to the standard definition of the proton charge density pc(r) = e [ €T Gp(q?)
d3q/(27)3. Applying similar restrictions to the magnetic field in the second term in Hp,
i.e., the magnetic field of the proton B(q) should not contain any electron mass or op-
erator p; dependence, the terms which remain (apart from the Coulomb term) are those
corresponding to the hyperfine interaction. The hyperfine interaction potential with form
factors [33] is given as,

V(g)nes = oz[ (0c - 0y) _[oc-9) {0y q)} Gu(q®)

4me mpc? 4me mpyc?g?

= pe - B(q), (2.2)

with pe = —(e/2m.)oe as defined earlier. The magnetic field of the proton is thus,

o,-q) —0pq°
Bla) ¢ | 175 D T Gy (). (2:3)

Taking the Fourier transform of B(q) and using the static Maxwell equation V x B(r) =
47j(r), we can identify

e d? or G Higx o
o= oo ez =
thus implying j(r) < V x M with M = pj(r)o, which defines the proton magnetization
distribution pas(r) = [ €T Gar(g?) d3q/(2)3. In the diagonal case, by the replacement of
o by the polarization vector &, we can conclude that polarized protons will have a magnetic
field of the form, B(r) o (£ - V)V pn — €pnr, where, pyr = [ €97 (Grr(g?)/q?) dq/(2m)3.
All the conclusions drawn above and derived at the lowest order in the relativistic expansion
are, of course, valid if we include relativistic corrections.

2.2 Higher order Breit equation

The procedure to obtain the Breit potential at higher orders using the electron proton
scattering amplitude is exactly the same as that described in [16, 17] except that the



proton and electron wave functions which were written in [16, 17] using the non-relativistic
approximation with corrections up to order 1/c? are now replaced by those containing
relativistic corrections up to order 1/¢5. This is done by using the Foldy Wouthuysen
transformation [34, 35], Ypw = UV p, where

(E 4+ mc?) Ba - pc
= 1 2.
u 2F B +me? )’ (25)

HpYp = EVp, E = /p?c2 + m?2c*, HrwVrpw = BEVpw and «, B the usual Dirac
matrices. It then follows that [36, 37] Ypw = [E(1 + B8)/\/2E(E + mc?)]¥ p, where, Upw
contains both the positive and negative energy solutions. The upper and lower components
\II;EW and Vg of Upw can be shown to be related to the Dirac upper and lower components
¢p and xp respectively as [36, 37]

[2E  (ép . 2E (o
g =,/ " \\ =4/ = . 2.
FW E + mc? (0)’ FW E + mc? (XD) (26)

The relativistic energy E of the particle includes also its rest energy mc? which must be
excluded in arriving at a non-relativistic approximation. We must therefore replace ¥ (FW
or D) by ¥’ defined as ¥ = ¥’ e~tmc®t/h This leads to a relation between the upper and
lower components ¢ and x of ¥’ [31, 32] which is given by,

_ [, Bs
X 2mc2

-1
S ] - Do, (2.7)
where Fg is the energy eigenvalue in the Schrddinger equation. Identifying the up-
per component \I/'EZFW of Upw with the non-relativistic Schrodinger spinor w, we get,
w\/(E +mc?)/2E = ¢. Finally, expanding E = (p>c® + m?c*)'/? and replacing for ¢
in terms of w in x, we obtain the spinor to be used in the calculation of the amplitude
Mys = (@I ue) Dy (0?) (T uy) as

2 4 6
o P; )\1;01- )\BPi .
(1 8m?2c? + mict + m8Ycb Wi

(1 _ )‘21’22 ’\4p§1 ) giPi ’

W
m%c2 m?c‘l 2mic v

(2.8)

u; = vV/2my;

with i = e,p and A\ = 11/128, Ay = 3/8, A3 = —69/1024 and Ay = 31/128. The above
spinor should be contrasted with

u; = 2m; ((1 - Srfz%) wi) : (2.9)

Oi'Pi ,,,.
2mic

used to obtain the standard Breit equation [31, 32]. Using eq. (2.8) and the vertices
ry = FPAt + o (qy/2mpe) Fy and T% = ~*, the amplitude My; and hence the Breit
equation with form factors is evaluated just as in [16, 17]. Note that the energy transfer at
the vertices is chosen to be zero, i.e., ¢ = w?/c?—q? is replaced by ¢> = —q?. Formally, this
is achieved by going to the Breit frame. This is in keeping with the quasistatic approach



wherein we are going to relate the proton potential obtained from the Breit equation to the
charge density via the Poisson equation. The higher order Breit equation with form factors
thus obtained is very lengthy and will be given elsewhere. The present work deals with
the parts relevant for obtaining the relativistic corrections to the charge and magnetization
densities.

The proton electric potential f/p(q) with relativistic corrections is obtained from the
higher order Breit equation in the same manner as explained before for the standard Breit
equation. Dropping all terms involving the spin and momentum operators as well as those
containing the electron mass, what remains in the higher order Breit equation is

2 2 4 6
Vila) = 471-eGEq(Qq ) {1 a 8773}2702 128mq§c4 a 1(1)34 ﬂZf‘,c6 (2.10)
Gu(g®) ¢ [ 7 ¢ 87q4]}
Gr(g?) 16mict 8mZc? 128 mjct|f
The above equation can be rewritten as V,(q) = 4mepc(q®)/q?, such that the

proton electric potential, Vj(r) = d4me [T (pc(@®)/q?) d*q/(2m)? and V2V,(r) =
—4me [ €97 pc(q?) d3q/(2m)3 = —4mpe(r). The magnetic form factor par(g?) including
corrections is obtained by examining the hyperfine interaction terms as mentioned before,
however, in the higher order Breit equation. Noting that the terms of order 1/c® and higher
are of decreasing importance and due to the alternating sign in (2.10), the first four terms
in the curly bracket in (2.10) can be approximated as [1+(q?/ 4mgcz)]_l/ 2. The expressions
for pc 1(g?) can thus be summarized in an expansion effectively as,

2 \—1/2 2\ 44 2\t
) ) q Gum(g”)g aq
G ) 1 2.11
pc(q”) ~ Ge(q )( +4m§c2> T T6mic ( +4m§62> 24y
2 \—1/2 2y,,2 2\t
) ) q Ge(q°)q aq
~ (G 1 - 1
pM(q ) M(q )< + 47’)’1202) 4m127€2 ( + 477112)62) ’

with a = 19/7 and b = 49/38. It is interesting that pc(g?) and pas(g?) depend on both the
G g and G Sachs form factors and have relativistic corrections of a similar form with the
same exponents a and b. Note also that the exponent —1/2 in the first terms is approximate
(in contrast to the exact [1+ (g?/ 4m%c2)]_1/ 2 in [38-41]). At order 1/c?, the expression for
pc(q?) ~ Ge(g®)(1 —q2/8m12)02) is independent of G/ as in [38-42], however, the magnetic
form factor at order 1/c? reduces to pyr(q?) ~ Grr(g?)(1 — q2/8m12702) - G’E(q2)q2/4m12)c2
and contains apart from the Darwin term q?/ 8m123, a term dependent on Gp.

2.3 Lorentz boost

Since we chose the energy transfer in the evaluation of the electron - proton scattering
amplitude, w = 0, the above form factors are similar to those usually given in the so-called
Breit frame. An additional important relativistic correction arises due to the Lorentz
contraction of the spatial distributions in the Breit frame [43-45]. The latter has been
discussed at length in the first reference of [43-45] where the author proposes the use of
the Fourier transform of G%M(qQ) = Gem(g®)[1+ (q2/4m22,)]AE7M, rather than the Fourier



transform of Ggar(g?) in order to determine the density distributions of the nucleon.
With Ag y being model dependent constants, they eventually appear as parameters in the
determination of the proton radius and other moments. The author in the first reference
in [43-45] fitted the form factor data to obtain Ag = Aps = 2 in agreement with some [46]
while in contrast with other predictions [47-49] of Ap = 0 and A\g = A\jy; = 1 based on
soliton and cluster models.

3 Corrected radii and fourth moments

The standard way of defining the n'* moment of the charge and magnetization distribution
in literature [50] follows from a consideration of the Fourier transforms of the Sachs form
factors in the Breit frame. It makes sense to dwell a little bit on the basics of the definition
of the second moment, i.e.,

(7“2) = /r2 p(r) dr. (3.1)

Starting with the Fourier transform of G(g?), namely, G(q*) = [ e " p(r)d®r/(27)% w
can readily show that

G(qQ) — i /OO 7“2p(7“) sin(|q|r) dr

272 lq|r

%2‘(1‘/ [Iql ‘q‘§r3+..l
%2[/0 dr—/ F)dr+ . ] (3.2)

leads to the standard result

6 dG(q?)

G(0) dq?

Eq. (3.2) is equivalent to writing

G@)/G0) =1 ¢ (P + oo (et — (34)

where (") is the n*” moment of the electric or magnetic distribution. Neither (3.1) nor (3.2)
are relativistic invariants. The form factor G which depends on the four momentum transfer
is an invariant and sometimes one finds in the literature the expansion

Gl =1+ag* +..., (3.5)

with ¢? = g,¢" being the four-momentum transfer. This is then followed by an expression of
the first moment proportional to dG(q?)/dq? taken at ¢> = 0. This in turn might lead to the
confusing conclusion that the proton radius is a Lorentz invariant. To resolve the confusion
let us first note that we would get the same result by writing G(w = 0,q%) =1 —ag®+...
and taking the derivative with respect to g evaluated at g = 0 which agrees with (3.3)
and, of course, (3.1). Therefore, we would face a paradox here: by using (3.5) and its



derivative with respect to the four momentum squared ¢, it seems like we have found a
Lorentz invariant quantity and this is equivalent to a Lorentz non-invariant result (up to
the minus sign which is absorbed into the definition). The resolution of the paradox lies in

2 _ q?, it either means that w? = g% # 0

the meaning of the condition, ¢> = 0. With ¢ = w
(in which case we have a real photon) or w = |g| = 0. It is impossible to exchange a
real photon in the t-channel exchange diagram in elastic electron-proton scattering and
hence we have to drop the first possibility. The second choice is, however, equivalent to
first choosing the frame (w = 0 implies that we have chosen the Breit frame again) and
then g? = 0 is necessary to extract the Taylor coefficient (the radius). In short, even if
dG(q?)/dq? is invariant, the condition ¢?> = 0 makes the radius defined using dG(q?)/dq?
at ¢> = 0, a Lorentz non-invariant quantity (as the condition forces one to choose w = 0).

If pc(r) and pp(r) (defined by po(r) = e [ e po(g?) d®q/(2m)* and par(r) =
[ €7 ppr(g?) d3q/(2m)3), receive relativistic corrections as given in (2.11), so will the cor-
responding radii. Hence, the proton moments including the relativistic corrections and the
Lorentz boost are defined here as:

- 6 dpa
(Fp)t = — - (3.6)
BT LE0) de? |
and ) L
- 60 d*pg
(Fp)t = (3.7)
g p&(0) d(g?)? | 2

(with pE(q?) = pc(g?) [1 + (g¢%/4m2c?)]*E). Replacing from (2.11) for pc(q?) leads to

p
0B = r2) + g (1= 226), (39)
)" = 08~ b (e )
+ zml;,cél(AQE —2)g + 2pp) + 16;115204.

The magnetic radius with relativistic and Lorentz boost corrections is given by,

(F2E = (%) + 47;’%62 [1 + jp - 2)\M] : (3.9)
The relativistic corrections alone (giving 7, and 7 in table 1) arising from (2.11) can be
found by setting Ag s = 0.

The effect of the Lorentz boost in general is to reduce the radius and the fourth
moment of the proton charge as compared to that obtained from Gg(q?) in the Breit
frame. The relativistic corrections introduced with the use of pc(g?) obtained from the
higher order Breit potential, in general, increase the radius of the proton. However, a
fortuitous combination of the two effects, brings the proton radius closer to the value
obtained from precise Lamb shift measurements [26, 27]. Indeed, if we apply the Lorentz
boost with A = 1 to the central value of the radius r, = 0.879 fm deduced recently by



= =L =L

Tp Tp T T
(r) (G I I G B I G
Ap=1|Ag=2
Dipole [18, 19] | 0.811 0.831 0.790 0.747
up to 1/c* (1.083) | (1.202) | (1.049) | (0.911)
up to 1/c? (1.083) | (1.156) | (1.010) | (0.864)
[52] Fit I 0.884 0.903 0.865 0.826
up to 1/c* (1.788) | (1.920) | (1.740) | (1.574)
up to 1/c2 (1.788) | (1.875) | (1.702) | (1.529)
[52] Fit 1T 0.866 0.885 0.847 0.807
up to 1/c* (1.623) | (1.752) | (1.579) | (1.420)
up to 1/c? (1.623) | (1.706) | (1.540) | (1.374)
[53] 0.858 0.877 0.839 0.798
up to 1/c* (1.488) | (1.616) | (1.446) | (1.290)
up to 1/c? (1.488) | (1.570) | (1.407) | (1.244)
Table 1. Corrections to the proton charge radius r, = (r%)'/2 in fm. The fourth moments

r* = (r%,) of the proton charge distribution with corrections (up to order 1/c¢? and 1/c?) are given
in the brackets (in fm*). The first column gives the usual uncorrected values obtained from ep
scattering, the second column shows the increase in values due to relativistic corrections and finally
the last two columns display the effects of relativistic corrections and the Lorentz boost taken
together.

Bernauer et al. [50], we obtain 72 = 0.8404 fm which is once again close to the muonic

hydrogen spectroscopy result [26,p 27]. This is demonstrated in figure 1. The reason for
applying only the Lorentz boost and not the entire relativistic corrections is the following:
Bernauer et al. include in their analysis, the “Feshbach correction” which as stated above
eq. (20) in [50] is in agreement with the Coulomb correction of Rosenfelder [38] at g% = 0.
This correction of Rosenfelder is similar to the relativistic corrections of the present paper
upto order 1/c? (compare eq. (7) of [38] with the first term in eq. (2.11) of the present work).
It would lead to a double counting if we would apply the relativistic correction of our work
to the radius of Bernauer et al. and hence we apply only the Lorentz boost. Though we do
not show explicitly, similar corrections would also shift the other radii in figure 1, extracted
from ep scattering, to lower values. The proton magnetic radius, rp; = 0.87fm [54], with
relativistic and Lorentz boost corrections changes to rj; = 0.865fm. We must emphasize
however that the proton is characterized fully by all its moments and not just the radius.
The corrections in eqs. (2.11) introduce a significant change in (r%) too.

Having mentioned the numerical values obtained after applying relativistic corrections
and the Lorentz boost, a word of caution is however in order here. Electron proton scat-
tering measures transition matrix elements between states of a composite system that
have different momenta and the transition densities between such states are different from
the static densities in the rest frame. As a result, there arise uncertainties in the way the
Lorentz boost is calculated (see the third reference in [43-45] for a detailed discussion). For
example, in the first calculation done by Licht and Pagnamenta [47—49], the authors had to
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Figure 1. Comparison of the proton radius values extracted from the muonic hydrogen Lamb
shift [26, 27], CODATA values [24, 25] and some recent analyses [28, 50] of ep scattering data. The
hydrogen spectroscopy average is from [51].

apply a sort of impulse approximation assuming that the transition from the initial to the
final cluster happens instantaneously. Further problems were noted in the second reference
in [47-49] where the authors calculated the form factors within a chiral soliton model. We
also refer the reader to a more recent calculation [55] where some of the important boost
effects associated with the use of the Breit frame were studied within a toy model using
a harmonic oscillator basis. Taking all this into account, we come to the conclusion that
even if the Lorentz boost is essential, the exact method of applying it is not well known.
Hence, instead of emphasizing the exact values, we conlcude this section by mentioning
that the relativistic corrections and the Lorentz boost taken together cause a reduction of
about 4% in the radius of the proton calculated from electron proton scattering.

In passing we mention that the proton structure corrections as such are also dependent
on the theoretical formalism used to calculate them. We refer the reader to ref. [16] for a
detailed discussion of the proton structure corrections using different formalisms.

4 Summary

The relations between charge/magnetization densities and the electromagnetic form factors
are necessarily of a non-relativistic nature. In other words, relativistic corrections can be
computed and the standard relation between the Sachs form factors (Gg(g?) and G pr(g?))
and the densities is valid only at the lowest order of the non-relativistic expansion. To
compute the relativistic corrections in a consistent way we employed the higher order Breit



equation in which, for instance, terms independent of the probe, spin and momentum
operators should correspond to the proton electric potential in momentum space. Using
the Poisson equation, this potential gives us the relativistically modified charge density.
A similar procedure can be found for the magnetization density. Both results are valid
in the Breit frame. Hence using a Lorentz transformation suggested in the literature, we
can bring them to the rest frame of the proton and calculate the modified moments of the
proton charge and magnetization densities. An interesting outcome of the manipulations,
i.e., including relativistic corrections and the Lorentz transformation is that the proton
radius from ep scattering experiments comes closer to the result obtained from muonic
hydrogen spectroscopy.

A Coefficients in the wave function expansion

A free spin 1/2 particle is described by a four component wave function satisfying the
Dirac equation. It is however, often desirable to convert this equation to a two component
equation of the Pauli type. Methods attempting to do this however encounter difficulties if
one wishes to go beyond the lowest order in the v/c expansion. A method proposed by Foldy
and Wouthuysen [34, 35] however overcomes these difficulties. Their treatment involves
a unitary transformation which block diagonalizes the Dirac Hamiltonian and eventually
splits the Dirac equation into two uncoupled equations of the Pauli type, describing particles
in positive- and negative-energy states, respectively. Since the procedure to carry out the
Foldy-Wouthuysen transformation is given below eq. (2.5) in the main text, here we only
write the intermediate steps for obtaining the coefficients in eq. (2.8).

We start with w/(E + mc?)/2E = ¢ as given below eq. (2.7) and expanding E =
(p2c® + m2c*)V/2, we obtain,

2

D 11 p 69 pb
—h- 2 4 - P | w. Al
¢ [ 822 T 128 mid 1024 mbes | " (A1)

This is the upper component given in eq. (2.8). Replacing the above ¢ in eq. (2.7) namely,

1 Es 17!
X~ ome [ +2mc2] 7 PO,
o- E E? E3
TP S S e ),
2mce 2mece 4dm?c 8moc
using the fact that Egw = H w where,
g
2m  8m3c?
. . 2 4
and replacing accordingly for every Egw by [£- — 8757302]10, we get
_op[ P pt D SR B "
2me 4m2c2 - 8mict T 8m2c2 128 mict

BN I
8m2c2 128 mict | 2me

This is the lower component in eq. (2.8).

~10 -



We investigated another method [31, 32, 56] to obtain such an expansion and it was
gratifying to find the same coefficients as above. If we begin again with eq. (2.7) as the
starting point and perform an expansion for x after noting that Fg is the total energy with
rest energy subtracted, x can be rewritten as,

1 2 4

p b
— — ... . A.
2mc?  8m3ct + 16m5cb ¢ (A-3)

X=¢o-p

Now noting that the density p = U*W = |x|? + |¢|?, we obtain for the density,

p=18]>+2[(p*A¢") - o] [0 - (PAY)], (A.4)

where A is basically the operator in square brackets in (A.3). This p obviously differs
from the Schrédinger expression. In order to find the wave equation corresponding to the
Schrédinger equation, we must replace ¢ by another function ¢ge,, for which the time
independent integral would be of the form [ |¢gcn|?d3x as it should be for the Schrodinger
equation. Hence, to obtain the required transformation, we write the condition

/ (bsen 2 = / {162 + 2 [(p"Ad1) - o] [0 - (pAP)]} dPx. (A.5)

Integrating the second term by parts and after some lengthy but straightforward algebra,
we find that the following expression for ¢, satisfies the relation in (A.5).

[1 p? 11 pt 69 p

- — - . A6
Sm2c2 | 128 mAct 1024 mbcb Pseh (A.6)

o=

This is however the same as eq. (A.1) for the upper component. Replacing this ¢ in (A.3),
obviously leads to the same lower component as in (A.2).
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