Metadata, citation and similar papers at core.ac.uk

Provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: January 12, 2015
ACCEPTED: January 28, 2015
PUBLISHED: February 16, 2015

The holographic supersymmetric Rényi entropy in five
dimensions

Luis F. Alday, Paul Richmond and James Sparks

Mathematical Institute, University of Ozford,

Andrew Wiles Building, Radcliffe Observatory Quarter,

Woodstock Road, Ozford, OX2 6GG, U.K.

E-mail: alday@maths.ox.ac.uk, richmond@maths.ox.ac.uk,

sparks@maths.ox.ac.uk

ABSTRACT: We compute the supersymmetric Rényi entropy across an entangling three-
sphere for five-dimensional superconformal field theories using localization. For a class of
USp(2N) gauge theories we construct a holographic dual 1/2 BPS black hole solution of
Euclidean Romans F'(4) supergravity. The large N limit of the gauge theory results agree
perfectly with the supergravity computations.

KEYWORDS: Supersymmetry and Duality, Supersymmetric gauge theory, AdS-CFT Cor-
respondence, Supergravity Models

ARX1vV EPRINT: 1410.0899

OPEN AcCESs, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP02(2015)102


https://core.ac.uk/display/81050305?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:alday@maths.ox.ac.uk
mailto:richmond@maths.ox.ac.uk
mailto:sparks@maths.ox.ac.uk
http://arxiv.org/abs/1410.0899
http://dx.doi.org/10.1007/JHEP02(2015)102

Contents

1 Supersymmetric Rényi entropy 1
1.1 Rényi entropy in CFT 1
1.2 Supersymmetry and localization 3
1.3 Large N limit of USp(2N) superconformal theories 6
2 Holographic dual 6
2.1 Euclidean Romans F'(4) supergravity 6
2.2 1/2 BPS black hole solution 7
2.3 Global regularity 10
2.4  Free energy 11
2.5 Wilson loop 12
3 Discussion 13

1 Supersymmetric Rényi entropy

1.1 Rényi entropy in CFT

Given a quantum field theory an interesting observable is the Rényi entropy. To define this
one divides a spatial slice ¥ into a region A and its complement B = ¥\ A. The Hilbert
space then factorizes

H=HAsQHB . (1.1)
The reduced density matrix p4 is defined as
pa = Trp|0)(0], (1.2)

where |0) is the ground state of the theory. For any positive integer n > 1, the Rényi
entropy Sp(A) associated to A is then defined as
1 Trap’y

Sn(A) = —log Trapa) -

(1.3)

This is a refinement of the entanglement entropy, which arises by analytically continuing
in n and taking the limit

Spr(A) = lim S,(A) . (1.4)

n—1

One can define the Rényi entropy using the path integral formalism as follows. Consider
a Euclidean spacetime with coordinates (tg, x, Z), where tp = it is the Euclidean time and



the spatial slice ¥ = {tg = 0}. The coordinate z is then defined such that > 0 is the
region A, and z < 0 its complement B. The ground state wave function is given by the
path integral

V(2] = [ o DY, (1.5)
tp=0 — %0

where the fields ¢ we are integrating over are defined for negative Euclidean time (or
positive imaginary Minkowskian time), and Iz is the Euclidean action. The factorization
of the tg = 0 slice into A U B leads to a factorization of the boundary data

. Ya(x, 2) for z >0,
,Z) = 1.6
Yo(=:2) { vp(z,2) for x < 0. (16)
The reduced density matrix is then
palu5,03) = [ Dun WL val (U3, vl (L7)

If we let the imaginary time in the two path integral definitions of ¥ run from 0 to oo
respectively, the density matrix becomes the path integral over fields defined on the full
Euclidean space, with the (tg, z) plane cut along the > 0 ray and with 14 taking values
wj above and below the cut, respectively. The trace of the density matrix is obtained by
equating the fields across the cut and carrying out the unrestricted Euclidean path integral.
More generally this construction shows that

where Z,, is given by the Euclidean path integral over an n-sheeted covering of the cut
spacetime. This formulation of the Rényi entropy is known as the replica trick [1], and
leads to the formula

1 Zn

Sn(A) = log Z

1.9
- (1.9)

The calculability of S,,(A) depends on the choice of spacetime and region A. A natural
choice is a spacetime of the form R;, x R¥~! = R? and A the unit ball inside R?~!, so that
JA = S92, The metric is

dsta = At + dp® + p*dsia s, (1.10)

where dsgd,2

0 < p < 1. For conformal theories it is convenient [2] to perform the computation in the

denotes the round metric on the unit (d — 2)-sphere. The region A is the ball

conformally equivalent space S with metric
ds%d = cos® adr? + da? + sin® a dsgd—Q , (1.11)

where the change of coordinates is

cos asin T
tp = ———— 7 © 1.12
E = 1 cosacost’ ( )
sin o
= . 1.13
P 1+ cosacosT ( )



Here 0 < o < /2 and 7 is periodic with period 27. In these coordinates the branch locus
is at @« = /2 and the cut is at 7 = 0. In order to compute the Rényi entropy we need to
evaluate the partition function on the n-branched d-sphere, in which case the periodicity
of 7 is 27n.

The above replica trick, in which one studies field theory on a singular space, is a con-
venient method to compute entanglement entropies in conformal field theories. However,
if one is interested in constructing holographic duals this singularity persists into the bulk,
where gravity becomes dynamical. This raises the issue of how to treat the singularity in
gravity [3]. An ingenious way to circumvent this problem is to instead conformally map
the space to St x HI~! [4]

dg?

2 _ 2
dSSqXHd,1 =dr + 1+q2

+ ¢*dska s, (1.14)

where ¢ = tan « takes the range ¢ € [0,00). The coordinates in (1.14) realize the hyperbolic
space H?~! in a spherical slicing. The branch cut at a = 7/2 has now moved to ¢ = oco.
In [4] it was argued that the entanglement entropy maps to a thermal entropy in this
space, where the new Euclidean time 7 has period 8 = 27n, the inverse temperature.
The holographic duals are then naturally black hole solutions with hyperbolic horizons (so
called topological black holes).

1.2 Supersymmetry and localization

In [5] the authors studied a supersymmetric version of the above Rényi entropy for N' = 2
supersymmetric theories on the round three-sphere with d = 3. This is similarly obtained
by computing the partition function on S% branched n times over the S' at a = 7/2, but
in addition one needs to turn on an appropriate background R-symmetry gauge field to
preserve supersymmetry. After a lengthy computation using localization they find that
the partition function Z,, is simply the partition function of the squashed sphere Sg’, with
squashing parameter b = \/% = /n. In this section we give a simple explanation for this
result, which works in general dimensions. Since we will be interested mainly in dimension
d =5, we shall present the argument for this case.

We write the metric on S° in the form (1.11), where we choose coordinates on S92 =
S3 as

ds%s = d6? + cos® dy? + sin? fd¢? . (1.15)

Here ¢ and ¢ both have period 27, while 0 < 6 < 7/2. In order to define supersymmetric
field theories on S® (or its branching along S%) one needs to choose a Killing spinor e. The
Killing spinors on S® have charges +1/2 under the Lie derivatives along 0, Oy, Op, which
generate a U(1)3 C SO(6) subset of isometries. In particular our choice of spinor will be
such that

Lo = —%e . (1.16)

This charge guarantees that the spinor € is smooth at « = 7/2, where 9, = 0. Indeed,
the normal space to a = 7/2 is a copy of R? = C. One can then introduce a polar radial



variable R = m/2 — «, and corresponding Cartesian coordinates X = Rcost, Y = RsinT
on this normal space. The frame e¢; = dX, es = dY rotates with charge 1 under 9,, so
that positive and negative chirality spinors in R? correspondingly rotate with charge 41/2,
respectively. One could instead move to the non-rotating frame é; = dR, és = Rdr, in

—i7/2 " However, this frame is

which the spinor will then have an explicit overall phase e
singular at the origin R = 0 which is why the spinor looks singular there.
Similarly, we choose conventions so that e has charge —1/2 under 9, and +1/2 under

04. The vector bilinear K# = e'vF e is then the Killing vector
K = —8¢—|—8¢—|—a7—, (1.17)

which generates a Hopf foliation of S°.
To form the n-branched sphere one simply takes 7 to have period 27n. We may
introduce a local complex coordinate w = Re'” on the normal space R? to the branch locus

1/n — R1/7e¥3 has arg z = 3 = 7/n, which has the canonical period

a=m7/2. Then z =w
27. Moreover, a function is smooth at the branch point R = 0 means that it is smooth
in the coordinate z. For example, when we come to discuss the computation of one-loop
determinants below, it is convenient to expand in Fourier modes of the (S!)? = U(1)3
isometry, and a complete set of modes in the 7 direction is then e3%3, with ms € Z.
The Killing spinor € on the round sphere has charge —in/2 under d,,, and is thus
singular along the branch locus when n > 1. We may remedy this, as in [5], by introducing

the background R-symmetry gauge field

n—1

A=— dr = —(n—1)dys . (1.18)

n

In a five-dimensional supersymmetric gauge theory we view this as embedded in U(1)p C

SU(2) g, where the gauge covariant derivative on e is!

Dye = Ve + %Aue . (1.19)

The flat gauge field (1.18) is smooth everywhere on the branched sphere, except at the
branch locus @ = 7/2 where 9, = 0. This singularity is designed precisely so as to render
the resulting Killing spinor smooth. To see this, note that we may write A = ig=!(dg) =
idlog g, where

g == r/n (1.20)

The factor of 1/2 in (1.19) is chosen to match our Romans supergravity conventions in the
next section, but in particular this implies that the spinor transforms as

€branched — 91/25 . (121)

Of course then

Duebranched = gl/2vu67 (122)

!The second spinor in the SU(2)z doublet then has the opposite charge under A,,.



so that eprancheq satisfies the same Killing spinor as on the round sphere, but with the
Levi-Civita spin connection replaced by gauge-covariant derivative (1.19). Moreover, in a
non-rotating frame for 0,, the 7-dependent phase of the new spinor is

omiT/2 Giln=D)7/2n _ ~ir/2n _ ~i¢3/2 (1.23)

This shows that the charged spinor €p;anched 18 non-singular at the branch locus, and hence
non-singular everywhere on the branched five-sphere. Moreover, since the Killing vector
bilinear K* = %ranched’yﬂebranched is the same as that for the uncharged spinor e, we have
from (1.17)

K = —0y+0y+0;, = b0y, +bsdy, + 30y, - (1.24)

Here we have introduced the angular coordinates

Y1 = -9, Y2 = Py, Y3 = —T, (125)

on U(1)3, which all have canonical 27 periods, and (b1, ba, b3) = (1,1, %)

Imagine now computing the perturbative partition function of a supersymmetric field
theory on the n-branched five-sphere using localization. Locally this computation is the
same as that on the round sphere [8, 9]. What changes are the boundary conditions along
the branch locus at o = 7/2. However, as explained above, these boundary conditions sim-
ply mean that fields are smooth in the z coordinate, rather than the original w coordinate.
In particular, one expands in Fourier modes exp[i(mi¢1 + magpa + msps)] where m; € Z,
1 =1,2,3. The charge of such a mode under the supersymmetric Killing vector K is then
m1b1+mabs+msbs. The Killing spinor épyanched itself similarly has charge —(by +bo+b3)/2.
Combining these observations with the structure of the one-loop calculations in three di-
mensions in [10, 11] then leads immediately to the result in [5]: the partition function Z,
is simply the partition function of any three-sphere background with (b, b2) = (1, %) In
particular most modes in the one-loop determinant pair under supersymmetry, so that
their contributions cancel. For the remaining unpaired modes, their eigenvalues depend
on the background geometry only via their charge mib; + mebs. The determinant over
normalizable modes then leads to a double sine function Sa(- | (b1,b2)). In five dimensions,
similar reasoning applies to the explicit computation of the perturbative partition function
on S°. We then expect the result

rank G (2m)3

& — o S. (—iOz(O’) ‘ b)
dert — C(b / dog e blbzbgy( ) Ha 3 . (1.26
(b) al;[l . I1, S5 (<ip(0) + (b1 + ba + b3) | b) 120

Here the prefactor C'(b) depends only on b = (b1, be,b3) = (1,1, %), and in particular will
not contribute to the large N limit of interest in the next subsection. The product over
« in the numerator is over roots of the gauge group G, while the product over p in the
denominator is over weights in a weight space decomposition of the matter representation
R. The integral in o, is over the Cartan of (G, .# is the prepotential of the theory, while
S3(- | b) is the triple sine function. The result (1.26) also agrees with the conjecture the



authors made in [12, 13]: that the partition function for any supersymmetric five-sphere
background depends on the background only via the Killing vector K. In particular, (1.26)
equals the squashed five-sphere perturbative partition function [14].

1.3 Large N limit of USp(2N) superconformal theories

The result for the perturbative partition function (1.26) is valid for a general supersym-
metric gauge theory in five dimensions. We now focus on a particular class of theories with
gauge group G = USp(2N) and matter consisting of Ny hypermultiplets in the fundamen-
tal and a single hypermultiplet in the anti-symmetric representation of G. These theories
arise from a system of N D4-branes and some number of D8-branes and orientifold planes
in massive type IIA string theory, and have a large N limit that has a dual description in
massive type ITA supergravity [15-17]. For these theories, the large N limit of (1.26) gives
the free energy [13]

(bl + by + 63)3

F = —logZb** =
Og n 27b1b2b3 Sr50und
(1+2n)3
== WFSEOHM . (127)
Here Fgs L= % + O (N 3/ 2) is the large N limit of the free energy on the round
roun - f

five-sphere computed in reference [18]. This results in the following large N Rényi entropy

1+ 7n + 19n?

_ 3y —
Sn - Sn(s ) - 27n2 Sr50und ’

(1.28)

In the next section we will reproduce this result from the holographic dual computation.

2 Holographic dual

Following [4], and similar computations in lower dimensions [19-22], the holographic su-
persymmetric Rényi entropy is computed from a 1/2 BPS Euclidean black hole solution.
As explained in [13], we may construct this dual solution in Euclidean Romans F'(4) su-
pergravity, and then uplift this to a solution of massive IIA string theory.

2.1 Euclidean Romans F'(4) supergravity

The bosonic fields of the six-dimensional Romans supergravity theory [23] consist of the
metric, a scalar field X, a two-form potential B, and a one-form potential A, together
with an SO(3) ~ SU(2) gauge field A* where i = 1,2,3. For the solution of interest in
this paper the two-form potential vanishes, B = 0, and we work in a gauge in which the
Stueckelberg one-form A is zero. Setting also the gauge coupling constant to unity, the
Euclidean equations of motion are [12, 13]

FINF =0,
D(X2xF") =0,
d(X'xdX) = —(

[



The first equation is a remnant of the B-field equation of motion, and Dw’ = dw’ — ez-jkAj A
¥ is the SO(3) covariant derivative. The Einstein equation is

Ry =A4X20,X0,X + (5 X *—2X 7 - 1X%) g

+5X 2 ((F) — §(F)9) (2.2)
where (F i)Q = Fli pF;p The Euclidean action is
1 . ,
Ig = — Rx1—4X2(dX A#dX + $F' A +F)

167G
— (X0 -8X?—2X?)x1. (2.3)

A solution to the above equations of motion is supersymmetric provided there exist non-
trivial Dirac spinors €7, I = 1, 2, satisfying the following Killing spinor and dilatino equation

Duer = \[(X+1X )r#r7q+ﬁx YFL (TP — 66,/ )Tz (0") ey (2.4)
0 = —inlauXF“eI—i—?—\l@ (X — X7)Tres — fX YEL T (0") ey . (25)

Here I',, generate the Clifford algebra Cliff(6,0) in an orthonormal frame, and we have
defined the chirality operator I'; = il'g12345, which satisfies (I'7)?> = 1. The covariant
derivative acting on the spinor is D,er = Ve + AZ ( i)]JGJ.

2.2 1/2 BPS black hole solution

Our starting point is the charged AdS black hole solution of [24]. After a Wick rotation
and a relabelling of parameters, the solution is

H@)V? o 9(0)

2 _ 2 .2 1/2 7.2
ds” = e r 2H(r)3/2dT +r*H(r)/“dsgu , (2.6)
where
Q
H(T) =1 + 7‘73 )
Y, 20 2
f(r) = =1 = 5+ Sr*H(r)’. (2.7)

The solution depends on the two parameters ) and v, and ds]%yl is the metric of a unit
radius hyperbolic space. As in section 1 we choose coordinates so that

dsy = dg? + ¢*(d6? + cos? fdy? + sin? 0d¢?) . (2.8)

L

(1+4¢?)

cf. equations (1.14), (1.15). The remaining fields are
X(r) = Hr) 1,

A= A% =3 1—fH()

Q HO dr + pdr. (2.9)



Notice that the parameter @ is necessarily non-zero if v # 0. We have also added a pure
gauge term pudr to A, which as we shall see is required in order that the gauge field is
non-singular at the horizon.

The metric (2.6) is asymptotically locally AdS for large r. Specifically

d52 -~ 9d7’2

W =+ 7’2 (d7'2 —+ dS%_H;l) s (210)

to leading order as r — oco. Moreover, the scalar field X — 1 while A — pudr. Since 7
will be periodically identified in the next subsection, the conformal boundary geometry is
St x HA.

The solution is supported by a single component of the SU(2) gauge field, and without
loss of generality we have chosen this to lie along the ¢ = 3 direction. For this choice of
gauge the Killing spinor equations for ¢; and e decouple. Moreover, if the fields are all real
then the Killing spinor equation for ey is simply the charge conjugate of that for € [13].
Hence we can consider only the spinor € = ¢; which satisfies

i -3 -1
Dye = ;i5(X + X Ire+ ﬁx Fup(T,VP —60,"TP)T7e, (2.11)
0= —iX"19,XT"e + 2—\1/5 (X — X %) e - . iﬁX—lfWFWF?e, (2.12)
with F = dA.

The above black hole solution is 1/2 BPS for v = 0. To see this we introduce the frame

H(r)1/4 3 1/2 H(r)1/4
e = Ldr, et = J(r) dr, e? = %dq, (2.13)

IR VAH () 1+ @)

ed = qu(r)1/4d9, et = qu(r)1/4C089d1/1, b = qu(r)1/4sin0dqz5,

and the following basis of six-dimensional gamma matrices

TR e O e L I -
14 0 —iyy, 0

—14 0
I'7 = 2.14
7 ( 0 14) ) ( )

where 14 is the 4 X 4 unit matrix and ~,, are a basis for Cliff(5,0). In this basis the dilatino
condition (2.12) can be written as

Me =0, (2.15)

where M is an 8 x 8 matrix. A necessary condition to have a non-trivial Killing spinor is
det M = 0. We compute

38 Q4,Y4

detM == ﬁ4r14 (7,3+Q)6’

(2.16)



from which we conclude that v = 0 is necessary for supersymmetry. In order to show that
~ = 0 is also sufficient, we next directly solve the Killing spinor equation (2.11). Defining

r1/8/3v/2r2 4+ 213 + 2Q
(r + Q)"
P53V 1 28 1 2Q
(r3 + Q)"

the general solution to the dilatino and Killing spinor equation takes the form

o 3i(TH0+o+) (eiqu +ei¢@) fi(r)
e~ 2i(T—0+d+v) ( 6, — iw@) fi(r)
i T=0+0+0) () kg 1 kg) fo(r)
1e_§1 (T+0+¢+1) (el PHY) g — /@4) fa(r)
—je3i(THO+o+Y) (%K1 + eVka) fo(r)
672 (r=0+¢+1) (k1 — eVka) fo(r)
_ie3i(T—0++) ( (O+9) 1oq +,{4) fi(r)
o 3i(TH0+¢+) (ei(¢+¢),€3 — ,.@4) fi

(r)
e~ HO—0+6+0) (640 g 1 1y) f1 (1)
o 21(r+9+¢+w)( Ot kg + ky) fi(r)
je— i H0+6+v) ( b + elwm) fa(r)
1
. . o~ 3i(T—0+6+) (€1 — e¥ka) fo(r)
—_— —11 T—0 !
Wi o 21( FOHY) (elOH ) kg + kg) falr)
16751(7+0+¢+1/1) ( ¢+¢)/€3 — Ii4) fa(r)
o} Li(r+0+p+1) ( b, + e“pliz) fi(r)
1

ie™ 2 (T=0HOTY) (it 4 eliy) fi(r)

fi(r) =

fa(r) = , (2.17)

N}

€ = 14++v14¢

r

(2.18)

[\

The four integration constants k., a = 1,2, 3,4, show that the solution preserves half of
the maximal 8 supercharges.
When the supergravity fields are all real the vector field

K* = €T*e (2.19)

is Killing [13]. In the case at hand we obtain a family of Killing vectors, depending on the
integration constants k.. For generic values of the parameter () the black hole solution
has symmetry U(1), x SO(4, 1), where SO(4, 1) is the isometry group of H*. In particular
this contains the maximal torus U(1)? C U(1), x SO(4,1). By choosing the integration
constants x, as

Rg = R3 = K4 = 0, (2.20)

the Killing vector (2.19) can be chosen to lie in the Lie algebra of this maximal torus.
Explicitly, we find

K = —8¢ + &p + 87— . (2.21)



2.3 Global regularity

In order to have a globally regular supergravity solution we must in particular check that
the Euclidean black hole (2.6) smoothly closes off at the horizon. This occurs at the largest
root 7, > 0 of the function f(r). Imposing f(ry) = 0 leads to the relation

AETER o)

When @ = 0 we note that the metric (2.6) is simply Euclidean AdSg, written in a hyperbolic
slicing, and rj, = % =/ is the AdS radius.
In general, near to r = r;, the metric is to leading order

2
ds? ~ dR? + (\/irh - 2) R2dr2 + H(rp,)/?r2ds2, | (2.23)

where we have defined the new radial coordinate
1/
R=2383Vi____h ___(p —p)1/2, (2.24)
(Var, —2)"
We see that the space smoothly closes off at the horizon R = 0 provided 7 has period £,
where

B 2
\/57“}1 -2 .

Comparing to section 1, where 7 has period 2mn with n the replica index, we see that
b = 2mn and

p (2.25)

14 2n
Von

Notice that n = 1 gives the Euclidean AdSg solution with @ = 0.
Similarly, in order that the gauge field A in (2.9) is non-singular at the horizon we

= (2.26)

have
H(rp)—1
gV T, 9.97
which using (2.26) becomes
(n—1)
= — 2.2
I - (2.28)

Thus the restriction of A to the conformal boundary gives

(n—1)

dr. 2.29
——dr (2.29)

Al _ = pdr = —

Note that this agrees with the R-symmetry gauge field (1.18) required for supersymmetry
on the n-branched sphere.

,10,



The resulting supergravity solution is then smooth, with the global topology being a
product of R? with H* = R*, with the origin of R? being the horizon at r = r,. Thus
the solution is defined on RS with the action of the maximal torus U(1)? c U(1), x
SO(4,1) making this naturally into R® = R? @ R? @ R?. Introducing standard 27 period
coordinates (1.25), the Killing vector bilinear (2.21) becomes

K = blag;l + bga@Q + bgapg , (2.30)

where (b, by, b3) = (1, 1, %) Also notice that the restriction of this vector to the conformal
boundary at r = oo agrees with the supersymmetric Killing vector in section 1.2.

2.4 Free energy

The holographic free energy is computed by evaluating the renormalized on-shell action.
This takes the form

I = Iren = IE + IGH + Icounterterms . (231)

Here I is the Euclidean supergravity action (2.3). The Gibbons-Hawking boundary term is

1
Iy = — KvVdethd®z, (2.32)
87TG6 OMg

where the space Mg has boundary 0Mg, hy,, is the induced metric and K denotes the
trace of the second fundamental form. The boundary counterterms for the general six-
dimensional Euclidean Romans F'(4) theory were first given in [12, 13]. For the present
case the two-form potential B = 0, and consequently the general counterterm expression
simplifies greatly to

_ ! W21 B o 15 g
Icounterterrns - 87TG6 /8M6|: 3 =+ 2\[R<h)+4\fR( ) R(h) 64\[ (h)
42
3

FlIZ2 + =21 - X)?|Vdethd’z, 2.33
- 5P+ - x| (2.33)
where R(h)mn, R(h) are respectively the Ricci tensor and scalar of the induced metric. For
the Euclidean black hole solution of interest the restriction of the field strength F to the
conformal boundary is zero.

In order to compute the regularized free energy we cut off the radial coordinate at
r=A:

F = Ahm [IE(A) + IGH(A) + Icounterterms(A)] ) (234)

—00

where the relevant integrals are over Mg(A) and dMg(A), respectively. For our black hole
solution the integrals over 7 and the hyperbolic space H? factorize, so that the former
contributes 27n to the integral, while the latter contributes a factor of vol(H*). The
integral over the radial variable r is then easily evaluated in (2.34), and we obtain

3n

F=— 1(HY 73 2.35
4\/§G6v0( )Th (2.35)

— 11 —



The volume vol(H*) is divergent. However, one can also regularize this using boundary
counterterms (notice that H* is Euclidean AdS4). Doing so one obtains

4 2
vol(H?) = % (2.36)

Substituting for the horizon radius rp, in terms of n (2.26), the final formula for the free
energy is

(1+2n)3

F=rIn = 27n?

Fl ) (237)
where Fy agrees with the free energy of Euclidean AdSg in a round S° slicing. This agrees
precisely with (1.27).

2.5 Wilson loop

As explained in [24], solutions of the Euclidean Romans supergravity theory uplift to
solutions of massive type ITA supergravity, of the warped product form Mg x S*. In [25]
the holographic dual of a BPS Wilson loop in the fundamental representation was argued
to be a fundamental string, sitting at the pole of S*. Here the boundary superconformal
field theories are the USp(2N) gauge theories discussed in section 1.3. In [13] the string
action for a general background was shown to be

Sstring = 4]\?;;716 [/22 (X_Q\/detvd% +iB) — \;ﬁlength(ﬁzg) . (2.38)
Here X9 is the string worldsheet, v;; is the induced metric, and we have included a boundary
counterterm to regularize the string action.
For the black hole background recall that B = 0. We then consider a fundamental
string Y9 = R? wrapping the 7 and 7 directions, at a point on H*. The powers of the
harmonic function H(r) cancel in the integrand, so that

- 3 ) 3 A 9f(A
X QMde _ 7length(az2> = lim — </T_rh d?‘ — 'f.():2/2> 2m™n

o \/i A—o0 /2 2H(A
67N
= ——r 2.39
ol (2.39)
Identifying —Sstring With log (W), we thus find
1+2
log (W), = 2 " og (Wt - (2.40)

Using the identification of the n-branched sphere partition function with the squashed
sphere result explained in section 1.2, this result agrees with the large N limit of the field
theory computation.
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3 Discussion

In this paper we have computed the supersymmetric Rényi entropy across an entangling
three-sphere for five-dimensional superconformal field theories using localization. In partic-
ular we presented a simple argument for why this equals the squashed five-sphere partition
function, for appropriate squashing parameters. This argument applies in general dimen-
sions. For a class of USp(2N) gauge theories we have constructed the holographic dual
1/2 BPS black hole solution of Euclidean Romans F'(4) supergravity. The large N limit of
the gauge theory result agrees perfectly with the supergravity computation.

In [12, 13] it was conjectured that for any supersymmetric Romans supergravity solu-
tion with the topology of RS, with at least U(1)3 isometry, and for which the Killing vector
K takes the form K = b10,, + b20,, + b30,,, the holographic free energy is

(|b1| + [b2] + |bs))?

F =
27|bybobs|

Faqs, - (3.1)

For the explicit 1/2 BPS black hole solution we have found in the present paper, the
result (2.37) agrees with this conjecture. Moreover, it was also conjectured that for a
BPS Wilson loop wrapping the ¢; circle, at the origin of the perpendicular R?*, one has
log (W) = % log (W)ads,- Again, our result (2.40) agrees with this formula.
Notice that the argument in section 1.2 can be applied to any squashed sphere back-
ground. In three dimensions, the results of [11] imply that the partition function for an
n-branched squashed three-sphere, with supersymmetric Killing vector K = b10,, + b20,,,
is given by the partition function on a different squashed sphere with (b, by) — (b1, b2/n).
Here the branch locus is the S' at 9,, = 0. We expect a similar result to hold also in
five dimensions. It would be interesting to study the implications of this for Rényi entropy

computations.
Note added. shortly after submitting this paper to the arXiv we become aware of [6],

which has overlap with our work.
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