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Abstract As a result of studying and solving certain extremal problems defined on
the basis of finite and infinite dimensional pseudo-Hilbert space, the authors present
a generalization of the classical regression idea. Given discrete or continuous empiric
data, the class of solutions is uniquely determined and expressed in a new form of the
regression function sequences, both within the asynchronous and synchronous type
in a given pseudo-Hilbert space. With the help of this new technique, a large variety
of observed phenomena in different areas of practical and theoretical sciences can be
precisely described and investigated.
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1 Introduction

The contemporary world is characterized by an increasing influx of information. It is
possible to achieve some of them in applied selected moments of time, whereas others
can be observed in continuous time system. In this avalanche of information, one has
to know how to find both relational and functional dependence. The latter is often too
complicated to capture and describe by means of simple mathematical expression.

Approximate functional dependences which would describe a number of inter-
esting phenomena with assigned accuracy should be sought. The study of appropri-
ately constructed approaching functions can lead to detection of not yet discovered
dependences, as well as assessments separate and combined effects caused by sev-
eral observed variables. This has a huge significance, especially in situations where
dependence, expressed in terms of physical, chemical and biological laws, between
observed parameters is unknown.

A particular, although simplified, example of a solution to such a set of scientific
problems is a method of linear regression with its various modifications, formulated
on the basis of probability calculus; cf. [1,11,14,15,17]. This method led to a series
of implementations and experienced numerous theoretical modifications, crucial due
to the seriousness of the implementation problem; cf. [4-6,13,15,16].

The regression problem considered in this paper has the form of solution of a
properly formulated extremal problem well defined and stated in the both finite and
infinite dimensional pseudo-Hilbert space environment.

A short presentation of the classical approach to the regression problem can be
formulated as follows.

For any p, g € R set

Lpg:=tkeZ:p<k=<gq} and Zp ={k€Z:p <k}

Let F be the family of all functions R > ¢ + at + b, where a,b € R, and let
x,y : Zo,, — R be arbitrarily given sequences. It is well known that if x is not
a constant sequence, then there exists the unique fy € F satisfying the following
condition

D (fa) =y = D> (fol) =y, feF. (1.1)
k=0 k=0

In fact, the function fj is of the form fy(z) = aot + bg as t € R, where

(A D) D0 XYk — Dgm0 Xk Dpo VK
ap = T - 5 and
(n+1) 2o x; — (Xi—oxx) (1.2)

by i 2ok=0 Yk T @0 Do Mk
' n+1 ’
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cf. e.g. [17] and [4]. The function fy is usually said to be the regression line for the
empiric sequences x, y : Zg, — R. In view of (1.1), the function fy has a natural
interpretation as an optimal function with the smallest quadratic deviation from the
empiric observations {(xx, k) : k € Zo ,}. The function fy plays the very essential
role in different areas of the applied mathematics; cf. e.g. [6] and [4]. It shows that
the mentioned above extremal problem, can be considerably generalized and solved,
which is a subject of this paper. To this end we introduce the regression structures
R := (A, B, §; x, y), where:

I.1 A, B are given nonempty sets;
12 x: Q1 — Aandy : Q — B for some nonempty sets Q1 and Q20;
1365:(Q — B) x (22— B) > R.

A set F is called the functional model of R it F C (A — B), where A — B denotes
the class of all functions acting from A to B.

According to the extremal problem (1.1), the components §, x and y as well as a
functional model F of R have the following interpretations:

— F is a theoretic functional model of the observed phenomena, i.e. F consists of
all functions describing theoretically the considered phenomena;

— x:Q; - Aandy: Qy — B are empirical functions derived from an experiment
or observation, called the empirical data functions in the sequel;

— & is a deviation criterion of the theoretic functions from the empirical ones.

Given a regression structure R and a functional model F of YR we seek the optimal
theoretic functions fy € F which are the best fitted to the empirical data—represented
by the empirical data functions x and y—with respect to the criterion §. To be more
precise, we consider the extremal problem of determining all functions f € F mini-
mizing the functional

Faf— F(f):=8(fox,y) eR, (1.3)
i.e. all functions fj € F satisfying the following inequality

F(f) =z F(fo), feF. (1.4)

The set of all fy € F satisfying the inequality (1.4) will be denoted by Reg(F, ‘R).
Each function fy € Reg(F, fR) is said to be the regression function in F with respect
to fR. The problem of describing all regression functions in F with respect to R we
call the regression problem for JF with respect to ‘R.

Example 1.1 Consider an electric circuit with direct current. According to Ohm’s
law the voltage V depends on the intension / by the equality V = RI, where the
multiplier R is the resistance of the circuit. We want to determine the parameter R by
means of measurements samples of intensity and voltage represented by a sequence
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Zon > k — (ik, vk). To this end we consider the regression structure R, where
A =R, B := R, the empiric data functions are defined by

Zon >k x(k) =i and Zo, >k +— y(k) := v,

and, as a criterion of deviation 8, we take the least squares method, i.e.

8(f,8) =D (f(k)—g)*, f.g:Zon— R (1.5)

k=0

The theoretic functional model F is represented by linear functions R > ¢ +— rt
for r € R. Calculating the critical point of the function

n
Ro>r+— Z(I’ik — vk)2
k=0

we obtain
n n
R=>iu /> i} (1.6)
k=0 k=0

In what follows we shall study the regression problem for a wide range of theoretic
functional models F and regression structures ‘R involving a generalized variant of
quadratic deviation applied in (1.1). The main idea of our approach was presented in
the paper [12] where we confined ourselves to the case where the theoretic functional
model F is a finite-dimensional linear set with respect to the standard operations of
adding and multiplying complex-valued functions. In the present paper we consider
the general case where F is an arbitrary linear set. We also provide various examples
motivating our general approach to the regression problem and discuss the, so called,
diagonal case much related to the classical approach to the regression problem.

2 Asynchronous regression structures

Given a nonempty set Q2 and a o-field B of its subsets we denote by L(£2, B) the
set of all complex valued functions on €2, measurable with respect to B. We write
L(2, B) for the linear space supported by L(€2, B) and standard operations of adding
and multiplying functions. For a given measure & : B — [0; +o0] and p > 1, let
L7 (2, B, ) stand for the class of all functions f € L(£2, B) such that

1/p
1l p == (/Q Iflpdu) < +o00. (2.1

We recall that for each p > 1, the class L? (2, B, w) is a linear set in L(€2, 5) and
Il - ll;e,p is a pseudo-norm defined on the linear space (LP(2, B, 1), +, -) satisfying
the following condition
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1fllpp =0=u({re2: f(r) #0}) =0
and the structure
LP(Q’ Bs /-'L) = (LP (Qv B’ /’L) st “ : ”M,P)

is a complete pseudo-normed space, i.e. L” (2, B, ) is a pseudo-Banach space; cf.
e.g. [2, Sect. 2.4], [8, Example 1.2.4]. If p = 2, then the structure

LA, B, 1), +, - (),

is a pseudo-Hilbert space, where

(flg), = /Q fedu, f.g L2, B, ).

Hence and by (2.1),

12 = 1w = \J(F1 P [ ELHQ,B, ).

From now on we shall study the family of regression structures
R:=(A,B,5;x,y)
satisfying the following additional assumptions:

II.1 B=RorB=C;

IL.2 There exist a o -field B of subsets of the cartesian product 21 X Q2 and a measure
w : B — [0; +00] such that the function § satisfies for all u : Q2 — B and
v : Qy — B the following equality

S(u,v) = / lu(t1) — v(t2)*du(n, 12) (2.2)
Q1 xQ

provided the function
Q1 x Qo 3 (1, 1) = |ulty) — v(r2)]

is B-measurable, and §(u, v) = 400, otherwise.

Then the regression problem for F with respect to R means the extremal problem
of determining all functions fy € F minimizing the functional F and satisfying,
according to (1.3) and (2.2), the following equality

F(f) =/ |f ox(t) — y()|Pdu(ti, ), f € F.
Q1 xQ
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Definition 2.1 Any regression structure A satisfying the conditions II.1 and I1.2 is said
to be the asynchronous regression structure; real asynchronous regression structure
as B = R and complex asynchronous regression structure as B = C.

Example 2.2 Consider a regression structure R defined as follows. Given n,m € N
let 2 := Zo,, and Q2 := Zo . Let B be the family of all subsets of the cartesian
product 21 x ;. Obviously, the family B is a o-field of subsets of 2| x 2, and
hence we can define a unique measure u : B — [0; +00) satisfying the condition

n{(k,D}) = pr1, k€ Q1,1 €, 2.3)

where 1 x Q2 > (k,l) — pr; € Ris a given non-negative function. Then, for any
functions 21 > 7 +— u(t) € Band 2 2t — v(t) € B, we derive from (2.2),

8(u, v) =/ lu(ty) — v(t2)[Pdu(n, 2)
Q1 xQ

- z / lu(t)) — v(n))Pdu(t, 1)
(ke x 7 1D}

= > pralut) — v, (24)

k=0 [=0

In particular, assuming m = n and setting

1 as k=1
= ’ 2.5
Pl io as k1, (2.5)
we conclude from (2.4) that
n
S(u,v) = z luk) — v(k)|*. (2.6)
k=0

Combining then (1.3) with (2.4) and (2.5) we can see that

F(fy=D Ifox() —y®P =D If)—wl’, feF, @7

k=0 k=0

for given empirical data functions Zo, > k +— xy € Aand Zo, > k — yr € B,
where A := R, B := R and F is the family of all functions R 5 ¢ + at + b as
a, b € R. Therefore § is exactly the classical square deviation used in (1.1).

Fix a regression structure R satisfying the properties II.1-I1.2. We consider the
family £ (R) of all functions f : A — B such that

QI x Q3 (t1,h) — fox(t)
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is a B-measurable function and
/ |f ox(t)Pdu(tr, ) < +o0. (2.8)
Q1 xQ

We shall also consider the family! £, (98) of all functions g : B — B such that
QI x>, 0) > goy(h)

is a B-measurable function and
/ g 0 y(t2)|*du(t1, ) < +o0. (2.9
Q1 x Q0
From (2.8) and the inequality
— 1 2 2
lzw]| < E(Izl +|wl), z,weC, (2.10)
it follows that the functional

L1(R) x L1(R) > (u, v) — (ulv) ::/ uox(r)vox(n)du(ty,n) (2.11)
Q1 xQ

is well defined. Hence, (u|u) > 0 as u € £ (2R), and so the functional

L16R) 5 1 > full = v/{ula) = (/S2

12
|uox<n)|2du<n,rz)) . (212

1X820
is also well defined.

Lemma 2.3 The structure”> HER) = (L1(R), +, -, (-|-)) is a complex (resp. real in
case B = R) pseudo-Hilbert space, i.e. the structure (L1((R), +, -) is a linear space
and the following properties

(au + pojw) = a (ulw) + B (viw) ;
(ulv) = (vlu);
(ulu) = 0,

(2.13)

hold for all «, B € B and u, v, w € L{((R) as well as for every sequence N > n —
fn € L1CR) satisfying the Cauchy condition

| fu = full = 0 asn,m — oo (2.14)

! Note that the space was redefined as compared to the one in the paper [12]. This simplifies considerations.

2 Here and in the sequel the symbols “4” and “-” denote the standard operations of adding and multiplying
functions in the context of real or complex valued functional spaces.
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there exists f € L1(2R) such that
If = full > 0 asn — oo. (2.13)
Proof By (2.10) we get
2+ w? <20z +[w), z.weC. (2.16)

Hence and by (2.8) we see that for all A1, > € B and u, v € L] (FR),

/ I(/\lu+/\2v)OX(t1)|2dM(t1,tz)SZIMIZ/ lu o x(t1) [P du(t1, 1)
Q1 x Q0 Q) xQ)

+2[22/? lv o x(t)*dpu(t1, 1)
QI xQ

< +00.

Thus Aju+Arv € L1(R) forall A1, A» € Bandu, v € L1(FR), and so the structure
(L1(R), +, -) is a linear space as a linear subspace of the linear space (A — B, +, ).
Moreover, by (2.11) we obtain all the properties (2.13).

It remains to prove the completeness of H(R). The mapping x : 2; — A induces
the o-field

By :={Ve2d:x (V) x Q2 e B},
where 24 denotes the family of all subsets of the set A, and the measure
BeoV — (V)= pu(x (V) x Q).
Fix u € L£1({R). Since the function
Qi x Q3 (t1,0)—~> uox(ty)
is B-measurable we see that for every Borel set U C B,

x Mu N U) x Q= wox) N U) x Q2 € B,

and hence u~!(U) € B,. Thus u is B,-measurable. Moreover, from (2.12) and
Lemma 7.3 it follows that

il = [ wextPdut ) = [ wPd @ = i}, 5 @17
Qi xQ) A

Therefore

L1(R) = L*(A, By, ity). (2.18)
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Consider a sequence N > n — f, € L;(PR) satisfying the Cauchy condition
(2.14). From (2.17) it follows that this sequence is also a Cauchy sequence in the
space L? (A, By, ity ), which is complete. Thus

lfu = fllu,,2— 0 asn— oo (2.19)

for some f € L2(A, By, ity). Combining (2.19) with (2.18) and (2.17) we conclude
that f € £1(*R) and the condition (2.15) holds, which completes the proof. O

Remark 2.4 The properties (2.13) yield the well known Schwarz inequality
Kulv)| < llullllvll,  u,v e Li(R); (2.20)

cf. e.g. [8, Thm 13.1.1]. From (2.11)- (2.13) and (2.20) it follows that the functional
I - || is a pseudo-norm on the linear space (L1 (R), +, -), i.e. forany u, v € £ (R) and
reC:

lu+vll < llull + (vl
[Aull = Alull, (2.21)
lul =0 and [lul| =0 = u({(t1,12) € Q1 x Q2 :uox(t;) # 0}) =0;

cf. e.g. [8, Corollary 13.1.1], [2, Sect. 2.4.8]. Moreover, by Lemma 2.3 we know that
the pseudo-norm || - || satisfies the completeness condition (2.14) = (2.15). Thus
the structure (L1 (¥R), +, -, || - ||) is a pseudo-Banach space.

By (2.8)—(2.10) we see that for each g € £, (R) the functional

LiR) 5 u — g u) = /Q o e x(t1)g o y(r2)dpu(r, 12) (2.22)
1 X342

is well defined.
Lemma 2.5 The structure (Lo((R), +, ) is a complex (resp. real in the case where

B = R) linear space and for each g € L;(R) the functional g* is bounded on H(®R)
and the supremum norm of g* satisfies the following inequality

sup{lg* ()l : f € Li(R) and | f| < 1}

12
= (/ g o y()Pdu(r, tz)) . (2.23)
Q]XQZ

Proof From the inequality (2.16) and by (2.9) we see that for all A;, A € B and
g1, 82 € L2(R),
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/ |(A1g1 + *2g2) 0 y(t)Pdu(tr, 1) < 2|n ) lg1 o y(t2) 2 du(r, 12)
QxR QI xQ

+2[2]? lg2 0 y(12)|Pdu(ty, 12)
Q1 xQ

< 4o00.

Thus A1g1 + A2g2 € L2(R) forall Ay, Ap € B and g1, g2 € L2((R). Hence L£o(0R) is
a linear set with respect to standard operations of adding and multiplying functions.
Then the structure (L£2(2R), +, -) is a linear space as a linear subspace of the linear
space (B — B, +, -).

The linearity of the functional g* comes out from the algebraic properties of the
Lebesgue integral. From Schwarz’s integral inequality and from (2.22), (2.8), (2.9)
and (2.12) it follows that for all f € £1((R) and g € L,(R),

€5 5/ \f o x(t1)g 0 Y@ Idu(. 12)
QxR

12 12
< ( / |fox(n>|2du(n,rz)) ( / |goy<tz)|2dum,rz))
Q1 xQ) Q1 xQ

172
< (/ Igoy(tz)lzdu(n,tz)) 71,
QI xQ)

which yields (2.23). O

3 Solution of the regression problem

Given a regression structure R := (A, B, §; x, y) satisfying the properties I.1-1.3 we
see that

Re :=(A,B,8;x,80)

is aregression structure for each function g : B — B. From now on we shall study the
regression problem for F with respect to R, where SR is an arbitrarily given regression
structure satisfying the assumptions II.1-1.2, g : B — B is a fixed function and F
is a linear functional model of R with respect to the standard operations of adding
and multiplying functions, i.e. f + g € F and A.f € F forany f, g € F and A € B.
If additionally 7 C £1((R) and g € L>(®R), then the regression problem means the
extremal problem of determining all functions fy € F which are minimizing the
functional F, defined by

Fg<f)=a<fox,goy>:/ 1f ox(t1) — g 0 y)Pdu(tn, 1), f € F.

QxR
3.1

We shall start our research with the following basic characterization of the regression
functions.



Generalized approach to the problem 259

Lemma 3.1 If F # @ is a linear set in HCR) and g € Lo((R), then for every f € F
the following property holds

f € Reg(F,Ry) < (h|f) =g"(h), heF. (3.2)

Proof Fix f,h € F, g € L2(PR) and 1 € B. By (3.1) we have

Fo(f + ) = / I(f + M) o x(t1) — g 0 y()Pdpai. 12)

QI xQ

=/ If ox(t1) — g o y(t2) + A o x (1) [*du(ty, 12)
Q1 xQ2
= / |f ox(t1) — g o y(t2)I*dpu(t1, 12)
Q1 xQ
+ 2/ Re[(f ox(t1) — g o y(2))Ah o x(t1)]du(t1, 12)
QI xQ

+ A2 Ih o x () *dp(ty, ).
Q1 x Q0

Hence and by (3.1), (2.22) as well as by (2.11) and (2.12) we get
Fo(f + 1) = Fy(f) + 2PN = 2Re [2g7(h)
+2Re [X/ fox(t)h ox(tl)du(n,tz)]
QxR
= Fo(f) + P01 = 2Re [Tg7 ) | + 2Re [7 (£1)]
By this and by (2.13),

Fo(f 4 Ah) — Fg(f) = 2Re [A((R] ) — g* ()] + AP [IA ],
fiheF, »eB. (3.3)

Assume now that f € F satisfies the right hand side condition in (3.2). Then setting
) := 1 we deduce from (3.3) that

Fo(f +h) = F(f) = |hl* =0, heF,
and so f € Reg(F, R). Conversely, suppose that f € Reg(F, R). Then (3.3) yields
2Re[A((h]f) — " (W)] + [AP[R]I* = 0. heF, 1 eB. (3:4)
Replacing i by (—h) in (3.4) we get

—2Re[A((h|f) — g* (W] + |A*|h|*> =0, heF, reB. (3.5)
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Combining (3.4) and (3.5) we have

1
—Emznhn2 < Re[r((h|f) — g*(h)] < =IA[|IAlI>, heF, reB,

1
2
and consequently,

1 . 1
- Emnhnz < Re[e*P ((h] f) — g*(h)] < Emnhuz, heF, »eB\{0}, (3.6)

where a (1) € [0; 277) is the unique number satisfying the equality A = |A|e!**). Thus
(3.6) yields, in the limiting case as [A| — 0, the following equality

Re[e“((h|f) — g*(h)]1 =0, heF, ack.

Choosing appropriately « we can see that

(hlf)—g"(h) =0, helF,
which completes the proof. O

By the properties of a pseudo-norm we see that the following set

O :={h e Li(R): || =0}
is linear. We call it the null set of H(R). As a matter of fact the set ©® is the closed ball
with radius 0 and center at the zero function 6, defined by 6(¢) := 0 for ¢ € A.

We may extend the standard operations of adding and multiplying functions by a
constant to any sets F, Fo C (A — B) as follows:

h+FE:={i+f:fieh, ek}
A-Fri={Afi: fie F1}, X € B;
f+FRh={fi+Fand i+ f:=F +{f}, f€(A— B).

Corollary 3.2 If F # 0 is a linear set in HGR) and g € L2(0R), then
Reg(F,R,) = F NReg(O + F, Ry). 3.7

If additionally F C ©, then Reg(F, Ry) = F.

Proof Fix f,h € L1(R). If ||h|| = 0, then from the Schwarz’s inequality (2.20) and
Lemma 2.5 it follows that

[(ALFY I < IRINLFII =0

and
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1/2
lg*(h)| < (/ lg o y(t2)Pdu(ty, tz)) Ikl = 0.
QI xQ
Hence
(h|f)y=0=g*h), fe€ Li(Re), heO. (3.8)

Assume that f € Reg(F,R,) and h € ® + F. Then h = ho + h; for some hy € ©
and h1 € F. Applying now Lemma 3.1 and (3.8) we see that

(1 f) = (hol f) + (1l f) = 0+ g™ (h1) = g*(ho) + g"(h1) = g"(h), he®+F.
By definition, f € F C ® + F. Applying Lemma 3.1 once more, we obtain
f e FNReg(®+ F,Ry),
and consequently
Reg(F,R,) C FNReg(® + F,NR,). (3.9)
Conversely, assume now that
f e FNReg(® + F,Ry)
and h € F. Since h € ® + F, we conclude from Lemma 3.1 that
(h|f)=g"(h), helF.
Then Lemma 3.1 says that f € Reg(F, R,), and so
F NReg(® + F,R,) C Reg(F, Ry).
Combining this with the inclusion (3.9) we obtain the equality (3.7).
Since ® C L ({R), the equalities in (3.8) hold for all f, 7 € ®. Then Lemma 3.1
yields
Reg(®,R,) = 6.

If now F C O, then the equality (3.7) takes the form Reg(F, :i,) = F, which proves
the theorem. ]

Given a set § C L£1({R) we denote by lin(S) the family of all linear combinations
ZZ:] Axvp wheren € N, Z1, > k +— Ay € Band Z;,, > k — v € S provided
S # (), and we write lin(S) := {6} otherwise. Obviously, lin(S) is a linear set and

S C lin(S) = lin(lin(S)) C V (3.10)
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for every linear set V. C L (*R) such that S C V. Thus lin(S) is the smallest linear
subset of £ ($R) containing S and

lin(S) = § <= § is a linear set. (3.11)
Moreover, for any subsets S and S of £{(2R),
lin(S7 U S2) = 1lin(S1) + lin(Sy). (3.12)

Given a nonempty set S C L1 (91) we denote by S+ the orthogonal complement of
S in the space H(R), i.e.

Sti={feLi®R) :(flh) =0forh e S}. (3.13)
It is easy to check that for any nonempty subset S of £ (fR):

©® C St and S is a linear closed set in the space H(R); (3.14a)
L1(R) = cl(lin(S)) + S+ and cl(lin(S)) = (SH)*; (3.14b)
if S is a linear set, then £;(R) = cl(S) + ST and cl(S) = (SH)F,  (3.14c)
where cl(V) stands for the closure of a set V. C L{(*R) in the space H(R). As a
matter of fact the proofs of these properties are slight modifications of the well known
properties, that hold in a Hilbert space; cf. e.g. [8, Sect. 13.4]. The following theorem is

motivated by Lemma 3.1 and the well known representation of a linear and continuous
functional in a Hilbert space by Riesz; cf. e.g. [8, Thm. 13.4.2].

Theorem 3.3 If F # @ is a linear set in H(R), g € L2(R) and S := (g*)~1(0),
then:

(1) ifReg(F, Ryg) # 0, thenReg(F, Rg) = (ONF)+ f foreach f € Reg(F, Ry);
(i) if (FNS)TNF\O # 0, then

Reg(F,M,) = (ONF) + %ﬁ?ﬁ feFNSHNFA\O. (3.15)

(iii) Reg(F, M) = ONFiff F C S;
(iv) Reg(F,Re) W iff F C (FNS)+ (FNSL

Proof Assume that Reg(F,R,) # 0. Then f € Reg(F, R,) for some f € F, and
by Lemma 3.1,

(h|f)=g"(h), helF. (3.16)

From Lemma 3.1 it also follows that each f’ € Reg(F, fR) satisfies the equality (3.16)
with f replaced by f’, and setting & := f — f’ we obtain

111> = (kI f = f') = (h1f) = (kI f') = g*(h) — g*(h) = 0.
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Thus f' € (@ NF)+ f, and then
Reg(F,Ry) C(ONF) + f.

Conversely, if f/ € (@ NF) + f, then by (3.16) and by (2.20) we see that for every
helF,

[{R1f) = Rl L= 1(R1 = )L < IRIILS = fl=0.
Hence and by (3.16),
(hlf')=(h1f)=g*(h), heF.
Applying Lemma 3.1 once again we see that f" € Reg(F, R,), and so
(O©NF)+ f CReg(F, Rg).

Both the inclusions yield the equality in ().
Assume now that

(FNHTNF\O £0
and consider any fixed f € (F N $HEN F\O. Then || f|| > 0 and

g*(f)
If£112

If g*(f) = 0, then f € F NS, which gives I £II7 = (fIf) = 0. This means that
f € ©, which contradicts our assumption. Therefore g*( f) # 0, and consequently

fe@FnsHtnr. (3.17)

g*(h)
g*(f)

Combining (3.17) with (3.18) we have

() g*(h) g*(h)
< f> < / ||f||2f> <g*(f)f ||f||2f>

TiE )
h k
f> L )(g (f))<f|f>=g*(h),he}'.

g*(h)
=0
i <g*(f)f O\ ITIP

feFNS, hekF. (3.18)

I£112

Then Lemma 3.1 shows that

g*(f)
I£112

f € Reg(F, Ry),
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which together with the property (i) yields (3.15). This proves the property (ii).
If Reg(F,Rg) = ©® N F, then

0 € Reg(F,Ry),

and applying Lemma 3.1 we see that

g*(h) = (h|9) =0, helF,

which means that 7 C §. Conversely, if 7 C §, then

(h19) =0=g"(h), helF,

which shows, by Lemma 3.1, that

0 € Reg(R,).

Hence and by the property (i),

Reg(R,) =60 NF,

which yields the property (iii).
Assume now that f € Reg(F, R,) for some f € F. From (3.16) it follows that

and so

(h|f)=0 forhe FNS,

feFN(FNSH. (3.19)

Consider first the case where f ¢ ® and suppose that g*(f) = 0. Then f € FN S,
and by (3.19), || 11> = (f|f) = 0. Hence f € ©, which contradicts our assumption.
Thus g*(f) # 0, and so for each h € F,

5=

which leads to

Therefore

(N g“(f)

g*(h) g*(h)

feFNS and h—hg= fe(FnNS*, (3.20

h=hs+ (h—hs) e (FNS)+ (FNSL.

FC(FNS)+ (FNST, (3.21)
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provided f ¢ ©.If f € ®, then from the properties (i) and (iii) it follows that
FCFnNS,

and obviously the inclusion (3.21) holds. This way the property (iv) was proved in the
direction (=). Conversely, assume that the inclusion (3.21) holds. If

(FNSHENF\O # 0,

then by the property (ii), Reg(F, R,) # @. Therefore we may confine ourselves to
the case where

(FNHTNF\O =0.

Fix now h € F. By (3.21), h = hy + hy for some h; € F N S and hy € (F N S)J-.
Then

h e (FNSTNFco.
By (3.8) we see that ® C S, which implies
h=h+he(FNS)+06CS.
Hence F C §, and by the property (iii) we see that
Reg(F,Ry) =ONF #40.
Thus we have showed that the inclusion (3.21) implies that
Reg(F. R,) # 0,

which completes the proof of the property (iv). O

Corollary 3.4 If F # (0 is a closed and linear set in H(R) and g € L,(R), then
Reg(F, R,) # ¥ and Reg(F,Ry) = © + f foreach f € Reg(F, Rg). Moreover, if
F C S :=(g")~1(0), then Reg(F, Ry) = O; otherwise (F N S)L NF\O # ¥ and

g*(f)
I£112

Proof Since F is a closed set in H(®R), we have

Reg(F,M,) = O + f, fe(FNSHtnr\e. (3.22)

® =cl({f}) C cl(F) = F,
and then

ONF=0. (3.23)



266 D. Partyka, J. Zajac

Since g € L2(2R), it follows from Lemma 2.5 that g* is a continuous functional on
H(®R). Hence S is also a closed set in H({R), and so F N S is a closed set in H(R).
Then each i € F has an orthogonal projection 4g onto F N S, i.e.

hse FNS and (h—hglg)=0, geFNS, (3.24)
cf. [8, Sect. 13.3] and [10]. Hence

h=hs+(h—hg)e(FNS)+(FnH,
which yields the inclusion (3.21). Applying now (iv) of Theorem 3.3 we conclude that
Reg(F,MR,) #0.1If f € Reg(F, Ry), then from (i) of Theorem 3.3 and the equality
(3.23) it follows that
Reg(F,R) =ONF)+ f =0+ f.
If 7 C S, then from (iii) of Theorem 3.3 and the equality (3.23) we see that
Reg(F,Ry) =ONF =0.
Otherwise there exists
heF\S=F\(FNS)
and the property (3.24) holds. From (3.8) it follows that
®CS.
If h — hs € ©, then by (3.24),
h=hs+(Mh—-hs)e(FNSH+O0=FNS,

which is impossible. Therefore i — hg ¢ ©, which together with (3.24) means that

h—hs e (FNS)TNF\O.

Then the condition (ii) of Theorem 3.3 and the equality (3.23) imply the equality
(3.22), which completes the proof. O

We end this section with an important application of Corollaries 3.2 and 3.4.

Corollary 3.5 If F # 0 is a finite dimensional linear set in H®R) and g € L,(R),
then

C(F)=©+F and Reg(F,R,) # 0.
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Proof Given a linear set F in H(R) and f € cl(F) there exists a sequence N > n
Jfn € F such that

If = ful = 0 asn — oo. (3.25)

Assume first that dim(F) = 1, where dim(X) stands for the dimension of a linear
set X. Then F = lin({h}) for certain h € L{(R). If ||| = 0O, then obviously F C O,
which gives cl(F) C ® + F. Otherwise ||h] > 0, and there exists a sequence N >
n+> XA, € B such that f;, = A,h for n € N. By (3.25) we have

1

Do = | = —
T k)

| fo = full = 0 asn,m — oo.

Hence | — A,| — 0 as n — oo for certain A € B, which together with (3.25) gives
If =arl < I1f = full + 1 fu — 2RI — 0 asn — oo.

We conclude from this that

(f —Ah) € ©,
hence that

fe®O+AhCO+F,

and finally that

c(F) CO+F. (3.26)

Fix n € N and suppose that (3.26) holds provided dim(F) < n. Assume now that

dim(F) < n+1.If F C ©, then the inclusion (3.26) evidently holds. Otherwise there
exists 1 € F\® and we may consider the following sequences

h
Nont f, = <|{Z:|2>h and Nonw f = f,— [

Setting
F:=lin({h})) and F':=Fn(F)*
we can see that
freF and f eF"
forn € N. Let

f=(fIh) Ik and "= f— f'.
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From (3.25) and Schwarz’s inequality (2.20) it follows that

— fulh
nf—ﬁwJﬂjﬁLﬂgw—ﬁwﬁo%nﬁm,

and consequently
L = < I = fall + 1" = fall = 0 asn — oo.

Therefore

fecl(F) and f” e cl(F"),
which gives

f=f+f"ecdF)+cl(F".
Then applying the first part of the proof we deduce that

cl(F) C el(F) + cl(F") C © +F + cl(F),
because dim(F’) = 1. By definition, 7/ N ® = {6}, and so
F'nF"=1{0).
Hence
dim(F") < dim(F) — dim(F') < n,
and by the assumption,
(Fco+F".

Combining this with (3.27) we obtain

AF)CO+F +O0+F ' =0+F +F ' CO+F.

(3.27)

Applying now the mathematical induction we conclude that the inclusion (3.26) holds
for every finite dimensional linear set F in H(¥R). The inverse inclusion is obvious,

because ® = cl({#}) C cl(F) and F C cl(F). Therefore
c(F) =0+ F.
By Corollary 3.4,

Reg(© + F, Ry) = Reg(cl(F), Ry) # 0,
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and so
f €Reg(® + F,R,) forcertain f € © + F.
Applying now Corollary 3.4 once more we can see that
Reg(® + F,Ry) =0 + f.
Since f = h + fp for some h € ® and fj € F, we conclude from Corollary 3.2 that
fo=—h+feFN(O+ f)=FNReg(® + F,Ry) = Reg(F, R,),

which completes the proof. O

4 Orthogonal decompositions of regression functions

In this section we establish various results dealing with the orthogonality properties
of regression functions. Given f, g € £1({R) we will write

fLg iff (flg)=0.
We extend this relation to any nonempty sets F, G C £ ({R) in the following manner:
F1G iff (flg)=0, feF, ged. 4.1
In particular, we write f L Giff {f} L Gand F L giff F L {g}. Given p,q € Z,

p < g,and asequence Z, ; > k — Fj of nonempty sets in the space H(R), we write
>, Fi for the setof all 37 fi, where Zy, 4 3 k = fi € Fi.. Obviously,

2
S Fi=F+ R
k=1

In the sequel we will use the following auxiliary properties that hold for any non-
empty subsets S7 and S, of £ (fR) such that S} L S5:

cl(Sy) L cl(Sy); (4.2a)
cl(S) 4 $2) = cl(Sy) + cl(Sy); (4.2b)
S1NS CO; (4.2¢)
lin(S7) L lin(S$y); (4.2d)
h1+h2=h/1+h/2 —h; — /l,hz— /ZGG), h],h&ESl,hz,h/zeSzg
(4.2e)

Iy + holl> = 1Ay 1% + I1h2ll?, hi € Si, ha € S (4.2)
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The proofs of these properties are slight modifications of the well known properties,
that hold in a Hilbert space; cf. e.g. [8, Corollary 13.1.2, Sect. 13.4].

For any p € Z and a sequence Z, oo > k + F of nonempty sets in the space
H(R), we denote by Z,fi » Fi the set of all f € L£;(PR) for which there exists a
sequence Zp o 3 k > fi € Fj such that

f—ka — 0 asn — oo.

k=p

In particular, we set

> fo= D )
k=p k=p

for any sequence Z, oo 3 k = fi € L1(R).
We first prove the following two auxiliary lemmas.

Lemma 4.1 Given p € Zand q € Zp oo U {00} let Zy 4 > k — Fy be a sequence
such that Fy is a nonempty linear set in the space HCR) for every k € Z,, 4. If

Fe LF, kl€Zpy, k#1, 4.3)

then ZZ: » cl(Fy) is a linear and closed set in H(R) and

q q q
oftin{ |JA||=c|D FA) =D cFo. (4.4)
k=p k=p k=p
Proof 1f g € N, then by definition,
q q
tin [ |J 7| =D F.
k=p k=p

and so the first equality in (4.4) holds. Therefore we may assume that ¢ = oo. Let
now

o0
fetin( | A

k=p

be given. By definition,

f=2 ki
k=p
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for some n € Zp  and sequences Zp, , 3 k +— fi € Frand Z, , > k — A € B.
Hence f € >3 _, Fi, and consequently,

o0 o0
in | |J A ) <D A
k=p k=p
which gives
o0 oo
cl [ lin U Fe )| cal ka ) 4.5)
k=p k=p

Conversely, assume that f € Z,fi P Fi. Then

f—ka — 0 asn — o0

k=p

for certain sequence Z, oo 3 k — fi € Fi. By definition,

n oo
> feelin| | A
k=p k=p

for every n € Zp . Thus

o
fed(linfJA|].
k=p
and consequently
o (0.¢] o
oD F|cefd(lnf|] A =cl (tin [ | J A )]
k=p k=p k=p

which together with the inclusion (4.5) leads to the first equality in (4.4).
It remains to prove the second equality in (4.4). From the property (4.2b) it follows
that

q q
A D F| =D CdF). g €Ly (4.6)
k=p k=p

and hence the second equality in (4.4) holds for every g € Z .
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Consider now the infinite case ¢ = co. Assume that

o0
fed|(> A
k=p

Then there exists a sequence

o0
Zpoodn— [y € Z]:k
k=p
such that

If— fill >0 asn — oo. 4.7)

From (3.14c¢) and (3.14a) we deduce that each set cl(Fy), as k € Zp o, is linear and
closed in H(R), and hence there exists an orthogonal projection f of f onto the set
cl(Fy). Therefore

f—fe Lcl(Fr) and  fy € cl(Fi), k € Zp o (4.8)

From (4.3), (4.2a) and (4.8) it follows that for all m, [ € Z; ~ and h € cl(F}),

<f - ka)h> = <f ~fi- > fk\h> = (f = fily = D (filhy =0,
k=p kEZym\ () kEZy 1)
Hence
F=D fe LA(F), ml ey (4.9)
k=p

Givenm € Zp oo and h € D> » C1(Fk) there exists a sequence
Zim 2k — hy € cl(F)

such thath = D J_ » hi. From this and (4.9) we see that

BBl )

This together with (4.8) leads to

m

Z L > cl(F) and ka E ch(]—‘k) meZpoo (4.10)

k=p k=p k=p
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Given ¢ > 0 we conclude from (4.7) that || f — f,|| < &/2 for some n € Z, . Since
fo € 2202, Fi, there exists a sequence Zp, 00 > k — f; € Fi such that

m
fn’—ka” — 0 asm — oo,
k=p

and so for certain m; € Z oo,

m
L= 1| < % m € L, oo- (4.11)
k=p

From (4.10) it follows that f — > ;" » Jk 1s an orthogonal projection of f onto the set
> ke Cl(Fy) for every m € Z, . Since

m m
DI ED IS
k=p k=p
we conclude from (4.2f) that

m

F=Dh | =D/ meZpo.
k=p

k=p

Combining this with (4.11) we see that

m m
& €
F=2 h S =+ | fi= 2| <5+5=6 mELn.co,
k=p k=p
which means that f € Z,fip cl(Fi). Thus
o0 o0
(D | D el (4.12)

k=p k=p

Conversely, assume that

f €D c(F).

k=p
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Then
n
f—ka — 0 asn — o0
k=p

for a sequence Zp o 3 k > fi € cl(Fy). From (4.6) it follows that

n n n o0
D hed AF)=cd|D A cd|DA|. nelyw
k=p k=p k=p k=p

Thus

o o0
feclfcl Z]—"k =cl ka ,
k=p

k=p

and so

o0 o]
DeF) ce DA,
k=p k=p

which together with the inclusion (4.12) leads to the second equality in (4.4).
Since lin (UZ:p fk) is a linear set in H(R), we deduce from (3.14c), (3.14a) and

(4.4) that ZZ:[, cl(Fy) is a linear and closed set in H(R) for every ¢ € Z ), » U {00},
which is the desired conclusion. O

Lemma 4.2 Givenp € Zandq € Zp U{o0} letZ), 4 5 k — Fi be a function such
that F is a nonempty linear set in the space HGR) for every k € Zp, 4. If g§ € L2(R),
Reg(Fi, Ry) # 0 for every k € Zp 4 and the condition (4.3) holds, then

q
F 0D Reg(Fi. Re) | C Reg(F. Ry), (4.13)
k=p

where F := ZZ:p Fk.

Proof Fix

q
feFn D Reg(Fi. Ry)
k=p

By definition, there exists a sequence Z) 5 3 k — fi € Reg(Fi, R,) such that

q
fed (4.14)
k=p
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Applying Lemma 3.1, with F replaced by any F, we see that
(hlfi) = g*(h), h e Fi ke, 4.15)
We will show that
(h|f)=g"(h), helF. (4.16)

Given h € F there exists a sequence Z 4 > k — hy € Fj such that

q
he Z{hk}.
k=p

Consider first the case where g € Z. By (4.3) and (4.15) we get

q q
hlf) = <Z (Zﬁ> me @.17)
= 2 =5
q q
Zhufk)—ngk)—g D | =g ),
k=p k=p k=p

which yields (4.16).
Consider now the case of ¢ = 0o. For eachn € Z,  set

n n
=> fi and h), =D Iy
k=p k=p

Applying the Schwarz inequality (2.20) we conclude from (4.3) that for all n,m €
ZLp,0o withn < m,

() — 11 £;) < hk\2ﬁ>=22<hk|fz>=
kn+1 k=n+11=p

Applying again the Schwarz inequality (2.20) we see that for every n € Z oo,

(= Ryl )| = 1 (B = R fr) + (B — B £)
< 1k = B NI Foll + (Bl — KL £2)] — O asm — oo,

and hence

(h=hf) =0, neZpe. (4.18)
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Likewise, we obtain

(Rl f = f1) =0, n€Zpoo. (4.19)
Analysis similar to that in (4.17) shows that

() fr)=g"(h}), n € Zp oo (4.20)
By Lemma 2.5, the functional g* is continuous on H(R), and so

g*(h,, —h) — 0 asn — oo.

Combining this with (4.18), (4.19) and (4.20) as well as applying the Schwarz inequal-
ity (2.20) we obtain

[ f) = g* (W) = |{h — k) + Wy | f — fr + fr) — &% (h)]
=1{h =yl f = f3) + (b = Byl )+ f = fo) + (Bl )= & (B
<{h=hplf = fi) |+ 18%(hy) — g*(h)|
< =Rl f = fill +18*(h)y — )| = 0 asn — oo,

which yields (4.16). Hence Lemma 3.1 shows that f € Reg(F, fR,). Therefore the
inclusion (4.13) holds, which is our claim. O

The basic result in this section is the following orthogonal decomposition theorem
in the countable case.

Theorem 4.3 Given p € Z and q € Zp oo U {00} let Zp 4 5 k — Fi be a function
such that Fy is a nonempty closed linear set in the space H(R) for all k € Z,, 4. If
g € Lo(PR) and the condition (4.3) holds, then

q
Reg(F. R,) = > Reg(Fi. Ry). (4.21)
k=p
where F := ZZ:p Fk.

Proof Since the sets Fi, as k € Zj 4, are closed in H(2R), we conclude from Corol-
lary 3.4, with F replaced by each Fy, that

Reg(Fr, Rg) = O+ fr, ke€Zpy, (4.22)
for some sequence Z, 4 > k — fi € Fr. Fix f € ZZ:p{fk}. From Lemma 4.2 it

follows that f € Reg(F, R,). By Lemma 4.1 we deduce that F is a linear and closed
set in H(R). Then by Corollary 3.4 we see that
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Reg(F,Re) = O + f.
From this and (4.22) we conclude that
q q q
Reg(F. ) =0+ f =0+ D {fik= D (O + fi) = D_Reg(Fr. Ry).
k=p k=p k=p
and so the equality (4.21) holds, which is our claim. O

We now extend the decomposition (4.21) to arbitrary family of closed linear sets
in the space H(R). To this end we write

[Vl := sup [ f]
fev

for any nonempty set V. C L1 (R). Then the following theorem holds.

Theorem 4.4 Given a set A # () let A > o — F, be a function such that Fy is a
nonempty closed linear set in the space H(R) for every a € A. If g € L2(R) and

Fo L .7:/3, a,Be A, a#pB, (4.23)
then
A :={a € A: ||Reg(Fy, Ryl > 0}

is a countable set and for every g € N U {00} and every injective mapping o of Z1 4
onto A, the equality

q
Reg(F. Ry) = D Reg(Fok). Ry). (4.24)
k=1

where

Fi=cl (lin( U ;fa)),

aeA

holds provided A’ # @ and
Reg(F,NR,) = 0O

otherwise.
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Proof Since F and Fy as « € A are closed sets in H(R) we see that
OCF and O CFy, o€ A (4.25)
Hence and by Corollary 3.4 we deduce that there exist f € F and a function
Asa— fy € Fy
such that
Reg(F,MR) =0+ f and Reg(Fu,Ry) =0+ f, ae A (4.26)
Given p, g € Nwith p < ¢, let us consider an injective sequence

Zipg 3k — yk) e A

Write
1
q
Fy=Fn (D Fra
k=p
From (4.23) and (3.14c) it follows that
q
F=F+ > Frw» (4.27)
k=p
and applying now Theorem 4.3 we obtain
q
O+f=0+f+ > fru (4.28)

k=p
for some f, € Reg(F,,R,). From this, by (4.23) and (4.2f) we have

2

q q q
LFP =] fy + D Frw| =1HP+ D 1hwl* =D ko> (429

k=p k=p k=p

Fix now m € N and assume that the set

1
.AmIZ[OtE.A:HfO,Hz—]
m
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is not finite. Then there exists an injective sequence o : N — A,,. Applying the
inequality (4.29) with p := 1 and y replaced by o restricted to the set Z; , we see
that

g <m?||f|?

for every ¢ € N, which is impossible. This means that the set .A,, is finite for every
m € N. Since

A= An

meN

it follows that .4’ is a countable set.
From Lemma 3.1 and (4.26) it follows that

(h|fy) =g*(h), heFy, acA (4.30)
Setting
A= {a € A || Reg(Fa, By)|| = 0)
we see that
AUA = A#9.

The remaining part of the proof will be divided naturally into three cases: A" = @,

A =@and A £ 0 # A

The case I, where A” = (. Then A" = A # (. Since A’ is a countable set, there
exist ¢ € NU {oo} and an injective mapping o of Z 4, onto \A. Setting F := Fy (1),
k € Zy 4, we conclude from Lemma 4.1 that

gf,; =cl (lin (IQ f,g)) =cl (lin (IQ fg(k))) =cl (lin (}i j?a)) = F.

Applying now Theorem 4.3 we can see that

q n
Reg(F. Ry) = D Reg(Fj. Ry) = D Reg(For). Ry).
k=p k=1

which yields the equality (4.24).
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The case II, where A’ = @. Then A” = A # (. Fix h € F. By the definition of F it
follows that there exists a sequence

Nathnelin(U ]—"a)

acA

such that
|h — h,|| = 0 asn — oo. 4.31)

For each n € N there exist n’ € N and a sequence Zj v > k — o € A such that

n/
hy € Fpyi= > Fuy.
k=1

Then there exists a sequence
Zyw 2k hyo € Fo

such that

Applying now (4.30) and the Schwarz inequality (2.20) we obtain

n' n' n'
18l = |8° [ Dl || < D187 Brna)l = D 1 . | fer) |
k=1 k=1 k=1

n n'

<D Mgl I fael D7 1|l - 1| Reg(Fogp . Rl = 0.
k=1 k=1

Thus g*(h,) = 0 for every n € N. Since g* is a continuous functional on the space
H(®R), we conclude from (4.31) that g*(h) = O for every h € F. Then Lemma 3.1
shows that 6 € Reg(F, R). Hence and by Corollary 3.4 we obtain

Reg(F,R) =0 +6 =0,

which proves the theorem in the case where A" = .

The case III, where A" # @ # A”. Setting

F = lin( U ]—"a)
ac A
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and

F' = lin( U ]—'a)
ac A’

we conclude from (4.23) that 7' 1. F”. Then (4.2a) yields
(F) L cl(F).
Moreover, by (3.12) and (4.2b) we obtain

A(F) +cl(Fy =cl(F +F')=cl (lin( U fa)—i- lin( U fa))

ac A ac A"’

=l (lin( U ]—'a)) =F.
acA'UA"

Theorem 4.3 now implies
Reg(F, R,) = Reg(cl(F'), Rg) + Reg(cl(F"), Ry). (4.32)
Applying our theorem in the already proved case I we have
q
Reg(cl(F'), Ry) = ZReg(}}(k), Rye), (4.33)
k=1

where ¢ € N U {oo} and o is an injective mapping of Z; 4 onto A". Applying once
again our theorem in the already proved case II we obtain

Reg(cl(F"), Ry) = O. (4.34)

Combining the equalities (4.32), (4.33) and (4.34) we conclude from Corollary 3.4
that

q q
Reg(F, Ry) = O + > Reg(Fo), Rg) = D (O + Reg(Foty» Ry))
k=1 k=1

q
= ZReg(fa(k), NRe)s
k=1

which yields the equality (4.24) in the third case, and the proof is complete. O

Corollary 4.5 Given g € N U {oo} let Z14 > k — Fi be a sequence such that
Fk is a nonempty closed linear set in the space H(R) for every k € Zy p. If F is a
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closed linear set in the space H(R), g € L2(R), Fr C F for every k € Z,, and the
condition (4.3) holds, then

q
Reg(F, R,) = Reg(Fo, R,) + ZReg(]:k, Re), (4.35)
k=1

where Fo .= F N (Zle fk)l.

Proof Since F is a nonempty closed linear set in the space H($R), we conclude from
(3.14a) that Fy is also a nonempty closed linear set in the space H(YR). Moreover,
Fo L Fi forevery k € Z; , and, by (3.14c¢),

14 14
> F=Fo+ > F="F
k=0 k=1

Then Theorem 4.3 shows that

q q
Reg(F,R,) = D Reg(Fi. B;) = Reg(Fo. Re) + D Reg(Fi. Ry).
k=0 k=1

and the equality (4.35) is proved. O

5 The regression functions calculating procedure

Given an asynchronous regression structure R let 7 be a nonempty linear set in the
space H(PR) and g € L£>(R). If Reg(F, R,) # ¥, then Theorem 3.3 enables us to find
regression functions in F with respect to R, provided we can determine the linear set
(FNS)tNF, which is rather difficult task, in general. However in the case where F is
spanned by a finite system of functions we can effectively calculate all the regression
functions in F with respect to R, in terms of these functions; cf. [12, Corollary 3.2].
Obviously, this case is the most essential one from the practical point of view.

In what follows we will show how to use directly Lemma 3.1 in order to determine
all regression functions in F with respect to R, provided

F =lin({hy : k € Z1_}) 5.1)

for some p € Nand Z; , 3 k — hy € £1((R). By (5.1), each f € Reg(F, Ry) is of
the form f = Z,f:l Arhy for a sequence Zy,, 3 k — Ar € B. From Lemma 3.1 it
follows that f satisfies the condition (3.2), which leads to the following equalities

p

I
g*(h1)=<h1|f)=<hz' )Lkhk>=Zﬁ(hl|hk), I e Zyp.
k=1 k=1
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This way we obtain the following linear equation system of the Gramm-Schmidt type

P
> hilhilhi) = g*(hr), 1 € 7, (5.2)
k=1

with respect to the variables A1, A2, ..., A, € B. All solutions of the equation system

(5.2) determine the set Reg(F, JRy). The system (5.2) simplifies itself much if we
assume that the sequence Z1,, > k +— hy is orthogonal in the space H(R), i.e.

he Lhy, kleZ,, k#I 5.3)
Then (hi|h;) = 0 for k # [, and by (5.2) we obtain the unique solution

_ g
el

€ 2y, p, 5.4)

provided [|hg|| > 0 as k € Zy, . Thus Reg(F, Re) = {f}, where

Do (he)
fZZg(k)h’ 5.5)

cf. [12, Thm. 3.1].
Using orthogonal decomposition properties from the previous section we can
develop this idea in the form of the following theorem.

Theorem 5.1 Given p € NU {oo} let Zy , 3 k +— hy € L1((R)\O be an orthogonal
sequence in the space HER) and g € L2(R). If p € N, then

Reg(F, M) = (O NF) + Z “’l’lz( ”"2) " (5.6)
where F :=lin({hg : k € Z1 p}). If p = 00, then
Reg(cl(F), Ry) = © + Z g“ h(h”"2) i (5.7)

Proof Fix p € NU {oo} and an orthogonal sequence Z; , > k +— h; € F in H(R).
Consider first the case where p = 1. If g*(h;) = 0, then F C S, where S :=
(g*)~1(0). Then by (iii) of Theorem 3.3,

Reg(F,R,) =ONF,
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and so the equality (5.6) obviously holds. Assume in contrary, that g* (k1) # 0. Then
FNS={A},and so (F N )+ = £, (). Hence

hi € (FNS)TNF\O,

and applying now (ii) of Theorem 3.3 we derive the equality (5.6). Thus the equality
(5.6) holds for every one-dimensional linear set 7 C £ (fR).

Assume now that p € Nor p = co. Setting Fy := lin({A}) for k € Z; , we see
that each set Fj is a one-dimensional linear subset of £ (R). Hence

g*(hy)
172k 12

Reg(Fk, Ry) = (O N Fp) + hi, ke€Zyp. (5.8)

If p € N, then from Lemma 4.2 we conclude that

P D) p
Fo= 3 B 0> Rea(F R) C Reg(F, %),
k=1

and consequently the equality (5.6) follows from (i) of Theorem 3.3. Thus it remains
to consider the case where p = oo. Since

cl(Fr) =0+ F ask € 21,00,

we deduce from (5.8) and Corollary 3.2 that for every k € Z1, o,

*(h
%hk € Reg(Fi, Re) = Fr NReg(® + Fi, Re) C Reg(cl(Fr), Ry).
k
Then Corollary 3.4 yields
*(h
Reg(cl(Fr). By) = O + %hk, k € Z1 oo (5.9)
k

Since the sequence Zj o 3 k — hy € F is orthogonal, we deduce from Lemma 4.1
and (4.2a) that

o
AF) =S el F) and cA(F) Ll(F), kil €, k#L (510
k=1

Applying now Theorem 4.3 we conclude from (5.9) and (5.10) that

Reg(cl(F), Be) = D Reg(cl(Fi), Ry) = Z(@ + g*(hk)hk),

2
k=1 k=1 172

which proves the equality (5.7). O
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As far as applications are concerned we will study theoretic models

F =lin({hy : k € Zyp})
spanned by sequences Zp, , > k — hy which in general are not orthogonal in the space
H(®R), because the pseudo-inner product (-|-) depends on the empirical data function
x : Q1 — A and measure p. Then we can not apply Theorem 5.1 directly. However,
in such cases we can ortogonalize these sequences. To this end we recall that for a
given p € N U {oo}, a sequence

Zi,p 3k +— hy € L1(R)
is said to be an orthogonalization of a sequence

Zl,p Skt hi e Lil(i)‘i),
provided

W, € He N HE\O, k€Zp, (5.11)

where Hy := © and Hy := lin({h,, : m € Zy}), k € Zy1,, U {p}. The following
lemma gives a sufficient and necessarily condition for a sequence to be ortogonalized.

Lemma 5.2 Given p € N U {00}, a sequence Z\,, > k +— hy € L1(R) is linearly
independent and ©® N H, = {0} iff the following condition

HNHEN\O® #0, ke, (5.12)

holds.

Proof Fix p € N and a sequence Zy,, > k — h; € L{(R). Assume first that
the condition (5.12) holds. Then there exists a sequence Z1,, > k h;C € L1(R)
satisfying (5.11). Setting

Hy, = lin({h} : k € Z1 p})
we shall prove that H; = H),. Since Hy_1 C Hy for k € Z; j, the sequence

Zi 3k I

is orthogonal. Given a sequence Z1,;, > k — A € B assume that Z,le Aihy € ©.
Then for every [ € Zy p,

p
o—<zxkh’ > Z (i lhg) = rallmg |,
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and hence ; = 0, because ||;|| > 0by (5.11). Therefore the sequence Z; , > k — h)
is linearly independent and

H;,ﬂ@:{&}. (5.13)
Moreover, from (5.11) it follows that
h, € Hc C H, ask € Zi p,
and consequently H [/, C Hj. Thus
p = dim(H,) < dim(H),) < p,
which implies dim(H,) = p. Hence H [’, = H),. Combining this with (5.13) we have
@ﬁHp=®ﬂH1’,={0}.

Moreover the equality dim(H,) = p implies that the sequence Z1 , > k +— hy is
linearly independent. This proves the lemma in the direction (<), provided p € N.

Conversely, assume that the sequence Z,, > k > hy is linearly independent and
the equality ® N H, = {6} holds. If ||h|| = O for certain k € Z1 ,, then

hy e ®NH,,

and so Ay = 6. This is impossible, because the sequence Z1,, > k +> hy is linearly
independent. Therefore

lhell > 0, k€Zyp. (5.14)
In particular,
hy € H\® = H; N H3"\®,

and so the property (5.12) holds in the case where p = 1. Therefore we may assume
that p > 2. Then

q =min({k € Z1 , : He 0 Hi-\O® = 0}) € Zs , (5.15)
provided the condition (5.12) does not hold. Hence there exists a sequence
Zyg—1 3 k> hj € He N H \O,
and we can define

Z{ h W (5.16)
= I ]1? e '
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Since Hy—1 C Hy for k € Z; 4, the sequence Z1 41 3 k — h;{ is orthogonal, and
consequently for each ! € Zy 41,

S (halhy)

hy |l
) = g )~ L2 iy 0. 5.7

(i) = {hglif) — CAE

Therefore the sequence Z 4 > k +— h; is orthogonal, and following the first part of
the proof we see that this sequence is linearly independent. Hence
dim(lin({h}, : k € Z1 4-1})) =q — 1.
Since h) € Hy C Hy_1 fork € Z1 41, we see that
lin({hy : k € Z1,4—1}) C Hy—1.

On the other hand side the sequence Z1 4,1 > k + hy is also linearly independent,
and consequently

dim(H,_1) =q — 1.
Thus
lin({h;( ke Zl,q—l}) = Hq_l,
which together with (5.16) and (5.17) leads to
h, € Hy N Hy . (5.18)
Suppose that ||h; | = 0. Then
h; €EONH, CONH,=1{6},

and consequently

This is impossible, because the sequence Z; ; > k +— hy is linearly independent.
Therefore ||hi] || > 0, which together with (5.18) implies that

h, € Hy N H,~ \©,

contrary to (5.15). This means that the condition (5.12) holds, which proves the lemma
in the direction (=), provided p € N.
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It remains to prove the lemma in the case where p = co. Then Z;,;, = N. Assume
first that a sequence N 3 k +— h; € L£;(%R) is linearly independent and the equality
® N Hy = {0} holds. Then for every n € N the sequence Z; , > k +— hy is also
linearly independent and

H,NO® C Hyo NO = {6},
which gives
H,N©® = {#}.
Applying now the already proved finite part (=) of the lemma we see that
H,NH- \O £0

for every n € N, which means that the condition (5.12) holds. Conversely, assume
now that a sequence

N3k hy e L1(R)

satisfies the condition (5.12). From the already proved finite part (<) of the lemma
it follows that for every n € N the sequence Z; , > k — hy is linearly independent
and H, N ® = {0}. Hence each finite subsequence of the sequence N > k — hy is
linearly independent, and hence the sequence N > k +— hy is linearly independent as
well. Moreover,

o oo
ONHy=0n|JH =]JOnH, =)
n=1 n=1
Thus the lemma holds also in the case, where p = oo, which completes the proof. O

From Lemma 5.2 it follows that each linearly independent sequence Z1,, > k
hi € L£1(2R) satisfying the condition

®NH, = {6}

has an associated sequence being its ortogonalization result. Such a sequence Z1 , >
k + h) may be determined by using the Gramm-Schmidt recursive method by setting

n—1
Bl
hy:=hy and hj:=h, — > (”Z, ”’;)
k=1 "k

h,, neZ,. (5.19)

Corollary 5.3 Given p € NU {oo} let Zy,, 5 k + hr € L1(R) be a linearly
independent sequence such that ® N F = {0}, where F := lin({hy : k € Z1 p}).
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Suppose that Zy,, > k h}( € L1(R) is a sequence satisfying (5.11) and that
g€ Lo(CR).If p eN, then

g(k)

Reg(F, Ry) = (ONF) + Z T hy. (5.20)
k
If p = oo, then
g (h})
Reg(cl(F), Ry) = Z él)l h(, ”"2) b (5.21)

In particular, the sequence Z,, > k +— hj may be defined by (5.19).

Proof Fix p € N U {oo} and consider any sequences
Zy,p 3 k> hy € F\O
and
Zi,p 3k +— hy € L1(R)

satisfying the assumptions. By Lemma 5.2, the condition (5.12) holds. Therefore the
last sequence exists. It may be defined for instance by (5.19). From the property (5.11)
it follows that ||h, || # O for k € Z; , and b L hj for k,I € Zj,, such that k # [.
Moreover, by definition,

lin({h, : k € Zy p}) =lin({hy -k € Zy ) = F

Thus, applying Theorem 5.1 to the sequence Z; , > k — hy replaced by its ortogo-
nalized associate Z1,, > k > h’, we derive the assertion. O

The following example shows how to apply Lemma 5.2 and Corollary 5.3 to numer-
ical computation of the regression functions.

Example 5.4 Given p € Nlet Zy,, 5 k — hy € L1(R) be a linearly independent
sequence such that ® N F = {0}, where F :=lin({hy : k € Z1,p}). Suppose that

Zl’p >kt~ h;( € ﬁl(%)

is a sequence satisfying (5.11) and that g € £, (fR). Let us consider the sequence

AN (5.22)

Z1,p9k+—>vk:=hk— 2 Yk
1l

Fix n € 7, and suppose that ), L h,. Since h,, L H,_; and

Hy = Hy_1 + lin({h,}), (5.23)
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we have h), L H,. On the other hand side &), € H,. Hence
117 = () = 0,

which is impossible, because h;l ¢ ©. Therefore

(hilhy) #0, k € Zyp. (5.24)
Since hy,, h), € H,, we deduce from (5.22) that v, € H,. From this and (5.23) we
conclude that v, — puh, € Hy,_; for certain 4 € B. Moreover, h, L H,_. Hence and
by (5.22) we obtain

0= (Un - ,U«hnlh;/l) = (Unlh;,) - M(hn|h;1) =M (hn|h;l> .

This together with (5.24) yields u = 0, and consequently v,, € H,_1. Moreover, from
(5.22) it follows that h,, — v, L H,_1. Therefore

vk € He—y and hg — v L Hi, keZyp, (5.25)
which means that each vy is an orthogonal projection of iy onto Hj_. Then
0= (hk — vk|h§) = (hk|h}) — (vk|h§), keZyp, |l €Zik,
and, consequently,
(hiclhy) = (vklh)), k€ Zyp, | € Zyj—1. (5.26)
We now define the following two matrixes
Ly,p x Ly,p > (k, 1) = Ry = (hy — v |hy) (5.27)
as well as
Z1,p 3 k> Qp := g"(hx — vp). (5.28)

By (5.11), h/1 € H;\®. Then both the vectors 41 and h/1 are collinear, and by (5.22)
we get v; = 0. Applying now the formulas (5.28) and (5.27) we obtain

Q1 =g"(hy) and Ry; = (hi|hy), [ €Zyp. (5.29)

Now the task is to find recursive formulas in order to determine the remaining terms.
Applying formulas (5.22) and (5.27) we obtain

(il ) ()

Ry = ,
(Al

k.l € Zyp. (5.30)
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Since the sequence Zi,, > k > h;_is orthogonal, we have
k—1 ,
v lh
= S S)hs, keZs,. (5.31)
75112 ’
s=1
From this, (5.24) and (5.30) we conclude that for all k € Z5 , and [ € Z p,
k—1 / k—1 /
v lh v lh
Ry = hk—z(h/ ;)h; hi =<hk|h1>—z%(h;|h,)
A el
T L L L O Y
= (nklhy) — = (nklhy) — A
= (sly) )17 “ (hglh)
Moreover, by (5.26) we have
v |h! hilh ) (K |k h|? R,
(oelhs) (Al s)/<2s| ol WP Rek g a5
(s 1) A (hslhi) (RilRs) — Rs.s
Therefore
k—1 R_R
Res = (hilhyy =D 2525 ke 2y o 1 € Ty (5.33)
s=1 $,§
Combining (5.11) with (5.22) and (5.24) we conclude that
hi |k,
hy — v = <”;,| ”’;)h; € HeNHE\O, ke, (5.34)
k

From this, (5.28) and (5.31) it follows that for every k € Z5 ,,

k—1 / k—1 / 2
(v 1) (oliy) KL
Ok = g*(hy) — *(h)) = g*(hy) — = (s — vy)
8 ; AR ; AR .
k—1 (U / k—1 /7
k|hs> (Ukth)
= g"(hi) — g (hy —vy) = g% (hy) — Oy,
EM o Ewsmg '
which together with (5.32) leads to
k—1 R P
Q=g () = > 2= 05, k€Zap. (5.35)

5,5
s=1 ’
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Applying now (5.34), Lemma 5.2 and Corollary 5.3 we see that

o
g*(hx — vr)

hy — Reg(F, R 5.36

El - ||2( vi) € Reg( ¢)- (5.36)

Now, we wish to find a sequence Z; , > k + A; € B such that

p
= Zkkhk.
k=1

Then (5.25) and (5.27) imply

k=1 k=1

p p
(hy — vl f) = <hz - Ul‘ Z > Z (hi — v Arhg)
P p
= Zkk (hy — vi|hg) = Z)\le’k’ 1 €Zp. (5.37)
k=1 k=l
Since hy — vk L by — vy ask,l € Zy p, k # I, we conclude from (5.36) and (5.28)

that

g (hy — Uk)
hi—vilf) = Z o il =) = g7y —w) = Q1. 1€y,

which together with (5.37) yields

P
E: Qp and )L_[z — — Z )\._le,k), lGZl’p_l. (5.38)

p-p L k=141

—~
©

Applying the initial formulas (5.29) and the recursive ones (5.33), (5.35) and (5.38)
we can directly compute the coefficients Ay, k € Z; ,, of the regression function f in
the basis Z; , > k + hy of F. Therefore these formulas are suitable for numerical
computation of the regression functions.

In certain cases the following corollary can be an useful tool in order to determine
the regression functions.

Corollary 5.5 Given nonempty linear sets F and F' in H(R) suppose that F C F'.
If g € L2(R) and Reg(F, Ry) # ¥ # Reg(F' N FL, NRy), then

Reg(F, Rg) + Reg(F' N Ft, R,y) C Reg(F', Ry). (5.39)
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Proof Setting Fi := F and F» := F' N F+ we deduce from the assumption F C F’
that

Fi+F =F and Fi L F.
Then Lemma 4.2 shows that

Reg(Fi, Re) + Reg(F2, Re) = F' NReg(Fi, Ry) + F' NReg(Fa, Ry)
C F'N(Reg(F1, Re)+Reg(F2, Ry)) C Reg(F', Ry),

which proves the inclusion (5.39). O

We end this section with a few simple observations arrising from Corollary 5.3 on
the structure of the set consisting of all regression functions.

Remark 5.6 Under the assumptions of Corollary 5.3, we have
fe®ONF,

and so the equality (5.20) yields

*(h
f= Z ik € Rea(F. %) and Reg(F.R) = ©ONF)+ 1. (540)

provided p € N. Since ® N F is a linear set, the second equality in (5.40) shows that
the class Reg(F, R,) forms an affine variety in the space H(R).

Moreover from (5.40) we can easily deduce that the following properties are pair-
wise equivalent:

(i) f is a unique regression function in F with respect to Rg;
(i) ®©NF =1{0};
(iii) ||| > O for every h € F\{6};
@iv) [|h| =0 = h =0 forevery h € F.

If additionally the sequence Z1,, > k +— h; € F\O satisfies the orthogonality
condition (5.3), then the formulas (5.19) yield

hy =hy ask € Zyp,

and consequently the property (5.40) remains valid after replacing /1) by hy ask € Z .
According to (5.40) the class Reg(F, R;) is determined by the sequence

Z1,p 3 k> g (M| >hj.

We call it the regression functions sequence (RFS) generated by a linearly independent
sequence Z1,, 3 k — hi € L1(R) satisfying the equality

®NF =6,
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where
F=lin({hy : k € Z1,p})

is a functional model of R,.

6 Examples

It is worth noting that our approach to the regression theory is very flexible. We pro-
vide an universal and simple theory covering classical cases of regressions where the
theoretic functional model F is spanned by polynomials, trigonometric polynomials
and other specific functions; cf. e.g. [17] and [4]. Moreover, we study the regression
functions with respect to the wide range of the regression structures R, involving the
generalized quadratic deviation (2.2) by means of certain measures 1. This simplifies
much theoretical considerations on the ground of pseudo-Hilbert spaces. On the other
hand side we gain the possibility of using the modified least squares method which
can be more adequate in more specific situations.

In Example 1.1 the classical least squares method was used. According to the
equality (2.4) in Example 2.2, this is a special case of the criterion § with the measure
w satisfying (2.3) and (2.5). In what follows we present an example which motivate
using a more sophisticated measure ji.

Example 6.1 Following Example 1.1 we want to determine now the electric circuit
resistance R by means of measurements samples of intensity and voltage represented
by two sequences Zo , > k +— iy and Zo,, > k +— vy for some n, m € N. Assume
that all measurements were made independently. Given a precision rate let p; be the
probability that the intensity sample ix satisfies the precision rate for k € Q| := Zg 5
and let p;" be the probability that the voltage sample v; satisfies the precision rate for
| € Q3 := Zo,m. As in Example 1.1 we consider the regression structure R, where
A =R, B := R, the empiric data functions are defined by

Zon ok x(k) :=ir and Zoy, >k +— y(k) = v,

and as the deviation criterion § we take the generalized quadratic deviation given by
(2.2). Following Example 2.2 we define the measure p as a unique measure satisfying
the equalities (2.3). Now, we shall need to define the numbers pi ; for k € €1 and
[ € Q. Obviously, we can do it in many ways. In our particular case all measurements
were made independently, so it seems to be natural to set

Pl =pp-p, ke le. (6.1)

Then each coefficient pr; is equal to the probability of the event that both the
measurement samples iy and v; satisfy simultaneously the prescribed precision rate.
As a matter of fact the coefficient p; ; reflects accuracy of the measurement samples
ix and vy, and thereby reflects accuracy of the measurements devices used for getting
these samples. If a coefficient pi ; is closer to 1, then intuitively the corresponding
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pair (ix, v;) of samples is more valuable for us. Therefore the generalized quadratic
deviation criterion §, defined by (6.1), seems to be more natural in this case as compared
to the classical least squares method, where all samples (ix, vy ) are treated equivalently
and that the samples of the form (ix, v;) as k # [, are not considered at all.

As in Example 1.1, we consider the theoretic functional model F represented by
linear functions R > ¢t + rt for » € R. Then F = lin({h}) where h is the identity
mapping on R, i.e. h1(¢) = ¢ for t € R. Thus we can apply our theory from the
previous sections in order to determine all regression functions in F with respect to
fR. The condition (2.8) obviously holds for every function f : A — B, which means
that £;(R) = (R — R). From (2.12) we have

||hl||2=/g2 . (h1 o)D) Pdpttr, ) = D~ D i i (6.2)
1 X382

k=0 [=0

It is also easily seen that each function g : B — B satisfies the condition (2.9), and
so L2(R) = (R — R). From (2.22) it follows that

g*(hn) = /Q Ny o x)(t)g o y(t)du(t, 1) = D" > ixgWprs.  (6.3)
1 X342

k=0 [=0

Assume that ||41]| = 0. Then F C ©, which implies, by Corollary 3.2, that
Reg(F,R) = F.

Suppose for simplicity that p;; > 0 for k € 1 and [ € ;. From (6.2) we see
that ||h1]| = O iff iy = O for k € Q1. Thus the equality ||41]|| = 0 means that the
current intensity vanishes (current does not flow) or the current intensity is below
the sensitivity of intensity measurements devices. In both the cases we are not able
to determine the resistance R. This provides a natural interpretation of the equality
Reg(F,*R) = F.

Assume now that ||i1|| # 0. Then h; € F\®, and so ® N F = {#}. Theorem 3.3
(or directly Theorem 5.1) now leads to

g"(hy) = {g*(hl) 1}’ 6.4)

Reg(F,M) = @©@NF)+>—Yp =271
& 1112 1112

which means that the set Reg(F, $R) consists of the unique regression function

g*(hy) g*(hy)
N hi () = ‘.
A2 A1l

Combining this with (6.2) and (6.3) we can uniquely determine the resistance

R= iz(ﬁfz) = Zzikg(vz)pk,z/ZZi,%pk‘,, 6.5)

k=0 1=0 k=0 1=0
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Note that if n = m, g is the identity function and the coefficients pi ; are defined by
(2.5), then (6.5) yields (1.6). Such a situation naturally corresponds to the sequence
Zon >k — (ix, vk) of n + 1 simultaneous measurements of the current intension and
voltage with the same precision.

The following example illustrates the usage of Corollary 5.3 in the case where the
theoretic functional model F is spanned by two functions.

Example 6.2 Given a regression structure SR with g € £, (8R) let us consider the case
where the functional model F = lin({A1, h2}) is spanned by two linearly independent
functions iy, hy € L1(R), such that F N ® = {#}. Applying Corollary 5.3 we see
that

g*(hy,
Reg(F, %) = (@ﬂ]-‘)+z |h( ”2) b (6.6)
k
where according to (5.19),
ha | (halh1)
/ / < ALY 211
i=h; and h,:=hy — hiy=hy— ——h 6.7)
! g A Eh 1112
Hence, i/, L hy, and consequently
15112 = o) H Vialhi) H2= g2 — L2l 2 6.8)
: Nk Ak
Setting
g*(hy) g*(h})  (halhy)
a ;= and ap = — ar (6.9)
145112 A5 012 A1 12
we conclude from (6.6) and (6.7) that
Reg(F,R) = (ONF) + axhy + ayh;. (6.10)
Combining (6.9) with (6.7) and (6.8) we obtain
*(hy) |1 1> — g*(hy) (halh *(h1) — (halh
m="? (h)|h1]1* — g*(h1) (halhy) and ay =8 (h1) — (ha|h1) ar 6.11)

A2 1211112 = | (h2lhr) 2 71112

In particular, if ho(t) = ¢, h1(t) = 1 and g(t) = ¢ as ¢t € R, and the regression
structure R is defined as in Example 2.2 under the assumption that m = n and the
coefficients py ; satisfy (2.5), then the equalities in (6.11) yield ap = ag and a1 = bg
where aq and bg are defined in (1.2).

The next example deals with applications to econometric sciences.
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Example 6.3 Consider a linear econometric model of the following form
P
Y =ap+ D aXr. (6.12)
k=1

for some p € N and a sequence of coefficients Zy,, > k + a; € R. This model

describes the theoretic dependence the variable Y on the variables X1, X2, ..., X,

which represent certain economical parameters; cf. e.g. [7, pp. 89-130], [9, pp.127-
208], [3, pp. 73-93]. We seek the best such model for a given n € N and experimental
dataseriesZ1 , > k — yy € Rand Z; , > k — X, € Rforl € Z, ,, with respect to
the classical quadratic deviation. To be more precise we seek a sequence of coefficients
Zo,p 3 k — ay € R satisfying the condition

Z (&o + Z&kfk,z - )~’k) < Z (ao + Z agXy, — 91() (6.13)

k=1 =1 k=1 =1

for every Zy,, > k +— a; € R. It shows that this problem can be reduced to the
following regression problem. Let

R:=(A,B,5;x,y)
be an asynchronous regression structure, where:
A:=RP, B:=R, Qi :=Z1,, Q:=2Zi,.
The functions x : Q1 — A and y : Q1 — B are defined by the formulas
x(k) :=(Z1,p 31+ Xxy) and y(k) :=yr, k€ Ziy,

and the deviation criterion § is defined by the formula (2.6). As a functional model F
of R we set

F=lin({h; : | € Zo p}),
where ho(v) := 1 and h;(v) ;= v; as | € Z p, for every
v=(Z1,p 3k vp) € R,
Then for each sequence of coefficients Zy,, > k — a; € R, the function

p
f = Zakhk e F,

[=0

and by (6.13) we see that
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n p 2
8(fox,y) =D (fox(k)—yk)* = Z(Z arhy o x (k) — y(k))

k=1 k=1
n P 2 p 2
Z(ao + Zakik,l - )N’k) (51 Z QX — yk)
1 =1 =1
n

k=
2
Z(Z arhy o x (k) — y(k)) (foxt - y(k))2

k=1 =1
=8(fox,y),

»
|\M= I
LR

where
. p
f=> ahy e F.
=0
Thus

f € Reg(FF, R)

iff Zo,, > k — ar € R is the best choice of coefficients. This way the optimal
linear model (6.12) can be expressed by (p + 1)-dimensional regression functions
f € Reg(F,*R).

The next example deals in a very natural way with theoretical functional model F
supported by complex-valued functions.

Example 6.4 Assume that a point P runs along an elliptic trajectory with a constant
radial speed w. We want to describe the trajectory by means of the location measure-
ments samples of the point P. It is quite convenient to use here the complex plane C,
because the elliptic trajectory has a simple representation

f@t) :=a+be” +ce” @ 1eR, (6.14)

for certain a, b, ¢ € C. Consider an asynchronous regression structure of the form
= (A, B, §; x,y), where: A := R and B := C. As a functional model F of R we
set

F :=lin({ho, h1, ha}),

where ho(r) = 1, h1(r) := e'® and ho(r) := e ' for every t € R. From (6.14) it
follows that the optimal trajectory is a 3-dimensional regression f € Reg(F, fR). In
particular, if the deviation criterion § is defined by the formula (2.6), then the optimal
trajectory f € Reg(F,R) is best fitted to the empirical data functions x : Zg , — R
and y : Zop, — C with respect to the classical square deviation. Note that a 2-
dimensional regression f € Reg(F’, R), where
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F' :=1in({hg, h1}),

is the best chosen circular trajectory.

7 The synchronous regression structures

We have considered so far the asynchronous regression structures of the form R :=
(A, B, §; x, y) where the empirical data functions x and y were depended on two
different parameters #; and #, respectively. In the other words the functions x and y
were defined asynchronously. The dependence between these functions was given by
a measure w; see Example 6.1. In this section we define another type of regression
structures where, roughly speaking, the empirical data functions x and y depend on
one parameter ¢, i.e. they are defined synchronously. To be more precise, we consider
regression structures satisfying the following three conditions:

L1 Q = Qy;
III.2 B=Ror B=C;

L3 There exist a o-field A of subsets of the set Q := Qy and a measure v : A —
[0; 400] such that the function § satisfies the following equality

6(u,v)=/ lu(t) — v(t)2dv(r), (7.1)
Q

provided the function |u — v| is A-measurable, and §(u, v) = +00, otherwise.

Then the regression problem for YR means the extremal problem of determining all
functions fy € F minimising the functional F satisfying, according to (1.3) and (7.1),
the following equality

E(f) Z/Qlf ox(1) —y(n)Pdv(), feF. (1.2)

Definition 7.1 Any regression structure R satisfying the conditions III.1, III.2 and
II1.3 is said to be the synchronous regression structure; real synchronous regression
structure as B = R and complex synchronous regression structure as B = C.

Remark 7.2 The above type of regression structures corresponds to the classical
regression theory, where Q2 := Zg , for certain n € N and the measure v defined
on the family A of all subsets of Q2 is such that v({k}) = 1 for k € Q2. Then by (7.2),

/Q |f ox(t) — y)Pdv(t) = D 1f (i) — wel, (7.3)
k=0

where x; := x(k) and y, := y(k) for k € Q. Thus the deviation criterion § coincides
with the classical quadratic deviation.
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Analyzing our considerations from the previous sections it is easy to see that we
could develop, in much the same way, an adequate theory of the synchronous regression
structures. However, we will handle this case in a different, more interesting manner.
We will show that, in fact, all the properties of the regression functions with respect
to the synchronous regression structure R can be derived from those with respect
to certain asynchronous regression structure *R™ associated with R. Therefore the
regression theory for asynchronous regression structures, embraces in this sense the
one for synchronous regression structures.

In the discrete case described in Remark 7.2 we can easily associate an asynchronous
regression structure considered in Example 2.2 by putting (2.5). Then (2.6) yields
(7.1). Therefore in such a case synchronous regression structures can be treated as a
special case of asynchronous regression structures where the measure p is focused
to the diagonal of €1 x ). Therefore this method of reduction of asynchronous
regression structure to synchronous regression structure will be called the diagonal
method. It is possible to find a variant of the diagonal method in the non-discrete
case as well, but it is more difficult task. We will handle this problem in what follows
now.

First of all we recall the following, useful in the sequel, fact; cf. e.g. [2, Thm.
1.6.12].

Lemma 7.3 For every measurable space (2, A, iu) and every function ¢ : Q — 2/,
the structure (', Ay, 1y) is also a measurable space, where

Ay =15€2% o7 1(S) € A} and 1y(S) = ulp™'(5), SeA,.
Moreover, for every Ay-measurable function h : Q" — C,
he LN, Ay, y) <= hop e LY(Q, A, p)

as well as
/ hd i, =/ hogdu, hel'(Q, A, 1. (7.4)
9(Q) Q

Consider a synchronous regression structure R = (A, B, n; x, y), where the devi-
ation criterion 1 satisfies the equality (7.1) instead of § for a given measurable space
(2, A, v). Let A® A be the smallest o-field containing all sets U x V for U, V € A.
It is evident that

Qot ¢@) =, 1)

is an injective mapping of 2 onto the diagonal D := {(z,¢) : t € Q}.

Lemma 7.4 The set

B:={SUSiND)USND):S, S1,5 e AR A}, (7.5)
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where D' .= (Q x Q)\D, is the smallest o -field in Q x Q such that
A® AU{D} C B. (7.6)
Moreover,
(' (SND):SeBy=A (7.7
and for every set S C 2 the implication
SxQeBorQxSeB)—SecA (7.8)

holds.

Proof We show first that B is a o-field in  x Q. Given a sequence N 2 k — S € B
we deduce from (7.5) that there exist sequences

Nokr> S, e A®A Noki—> S5 cecA® A

and
Nokr>S§'e A A
such that
Sk=S, U NDyU(S’NnD", keN. (7.9)
Since

o0 o] o]
S=JS%ied®A =S cA®A and §" =[] c AR A,
k=1 k=1 k=1

we can see by (7.5) that

(@
“

Il
(@

[S, U (S{ N D)U (S{" N D]

(e.¢] o
S, U(D nJ s,’g) U (D’ nJ S,Q”)
k=1 k=1

U’ nbDyu$” nD) eB.

~
I
<N
~
I
—

Il Il
“TCe

Fix now S € B. Then

S=SuUE"NnD)US”" NnD)
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for some §’, S”, 8" € A® A. Since

So = QxAINNE@QLxASHINEOQ@x QAN e AR A,
SI=QxASHNEOQxQS) e AR A,
SH=QxAINNEQLxAS) e AR A,

we deduce from (7.5) that

AxQAS=Qx Q\[SUS"ND)U(S"ND)
=[Qx Q\STN[Q x Q\(S" ND)IN[Q x Q\(S” N D]
=[Q x Q\STN(Q x Q\S)HYUDH N[ x Q\S”)U D)]
=S U NDYUS,ND) eB.

Thus we have showed that B is a o-field in Q x . Moreover,
e AQA and Qx Qe AR A,
which shows that
D=0U@QxQND)U®@WND)eB
and
S=Su@nbDyu@WnD)eB,

as S € A® A, and so the inclusion (7.6) holds.
Suppose now that 5’ is a o-field in  x 2 satisfying (7.6) with BB replaced by B'.
Then D’ € BB'. From (7.5) we conclude that each S € B satisfies the equality

S=5uU"NnD)uS”" NnD)

for some S, §”, 8" € A® A. Since A ® A C B, it follows that S € /3, and so
B C B'. Thus B is the smallest o-field in  x  containing the diagonal D and the
family A @ A.

For the proof of the equality (7.7) we consider the family

Ay =1{5 2P p71(SN D) e A (7.10)

Then for every sequence N 3 n — S, € Ay,
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¢! (Dm U Sn)z Us'nsy e

n=1 n=1
and so Uzo: 1 Sn € Ay. Furthermore, for every S € Ay,
dIEO@xQSHND) =" QxQ2NDN\G(SND) =2\~ (SN D) € A,
and consequently,
Qx Q\S e Ay.
Thus Ay is a o-field in © x . Since
UxV)yYNnD=¢UNYV), UVeA, (7.11)
we see thatforall U, V € A,
dN(WUxV)ND)=UNV € A,
and therefore U x V € A,. Hence
A® AC Ay, (7.12)
because AQ® A is the smallest o -field in  x 2 containing the set A x A. Furthermore,
¢~(DND)=¢"'(D) =,
and so D € Ay. This, together with (7.12), yields the inclusion (7.6) with B replaced
by Ag. Therefore B C Ay, because 5 is the smallest o-field in € x € containing the
set A ® A U {D}. Then by (7.10) we obtain
(' (SND):SeB)CA. (7.13)
On the other hand side, S x S € B for any S € A. From (7.11) it folows that
d 'S xSND)=¢p" @SN =S, SeA.

Therefore the inverse inclusion to that in (7.13), and consequently, the equality (7.7)
holds.

It remains to prove the implication (7.8). To thisend fix aset S C Q. If S x Q € B,
then from (7.11) and (7.7) we obtain

S=¢" ' @PSNR))=¢p""(Sx QN D) € A,
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which yields the implication
SxQeB=SecA
In the same manner we can see that
QxSeB=SecA

Both the implications lead to (7.8), which completes the proof. O
Lemma 7.5 The function

B35S+ u(S):=v@ (SN D) (7.14)
is well defined, the structure (2 x 2, B, i) is a measurable space and

w(Q x Q\D) =0. (7.15)
Proof Since v is a measure on the o-field A, we deduce from (7.7) that . : B — R
is a well defined function. Let N 3 k — S; € B be a sequence of pairwise disjoint
sets. Then for all k,/ € N, k # [, we have
SNDYNSIND)=SrNSH)ND=PND=4¢.

Thus

Nk SND

is a sequence of pairwise disjoint sets. Since v is a measure on the o-field A, we
deduce from (7.14) and (7.7) that

(Us) (e (o)) (Ueon)

=> v (D NSY) =D w(Sp.
k=1

k=1

Moreover, the following properties hold

w(S) =v@ ' (SND) >0, Seb;
(@) =v(p~'(@N D)) =v@) = 0;
w(2 x Q\D) = v~ (2 x Q\D) N D)) = v(®) = 0.

Thus u is a measure on the o-field 55 and the equality (7.15) holds. O
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Lemma 7.6 Given any functions h : Q@ — B and H : Q2 x Q — B suppose that one
of the following conditions hold:

() H(t1,12) = h(11) for i, 1 € 2;
(i) H(t1, 1) = h(tz) forty, 12 €
(iii) H o ¢(t) = h(t) fort € Q and H is B-measurable.

Then
hel'(Q, Av) < HeLY(QxQ,B, . (7.16)

Moreover, if h € L1 (2, A, v), then

/ hdy = Hdp. (7.17)
Q QAxQ

Proof We prove first this lemma in the case where 4 is a simple function, i.e. 4 is a
A-measurable function with finite set of values. Then there exists n € N and sequences
Zin>kt> Ag € Band Z; , 3 k — Vi € Asuch that

n
U Vi = Q,
k=1

whereas
Vinvi=0¢
provided k # . Moreover,
n
h=> aly. (7.18)
k=1

Here and subsequently, Iy stands for the characteristic function of a set
VCcQUQxQ,

i.e. Iy (z) ;= 1fort € V and Iy (¢) := O otherwise.
Assume that the condition (i) holds. Then by (7.18),

n
H = Zkklvkxg.
k=1

Therefore by (7.18), (7.14) and the properties of Lebesgue’s integral we deduce that
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n n
/|h|dv=/ZMklIdev:ZMH/IdeV
g =1 k=1 g

= > (Vi) = D [alv@ ™ (Vi x QN D))
k=1 P

n n
=D Il (Ve x Q) = Zw/ Iy, g du
k=1 k=1 2x

n
— [ Simiteadi= [ iHi (7.19)
QXQk:l QxQ

This shows, by Lemma 7.4, that the condition (i) implies (7.16). In the much similar
way we show that the condition (ii) also implies (7.16). If h € LY, A, v), then

n

D (Vi) < o0,
k=1

and consequently, v(Vy) < 4oo provided |Ax| > O as k € Z; ,,. Replacing || by h
in (7.19) we derive the equality (7.17) in the case where & is a simple function. Using
now the standard approximation technique for integrable functions by the simple ones
we extend the implications (i) = (7.16) and (i) = (7.16) as well as the equality
(7.17) to the general case of arbitrary functions 4 : Q2 — B and H : 2 x Q — B; for
details cf. e.g. [2, Sec. 1.6].

Assume now that the condition (iii) holds. From (7.15) it follows that

/ |H|dp =0, (7.20)
QxQ\D

and so H is integrable on €2 x €2 iff it is integrable on the diagonal D. Since H o¢p = h,
we conclude from Lemma 7.3 that H is integrable on D iff & € L(2, A, v). Thus
the condition (iii) implies (7.16). Furthermore, if 1 € L'(2, A, v), then from (7.7),
(7.14), (7.20) and Lemma 7.3 it follows that

/hdv:/Ho¢dv=/Hdv¢
Q Q D

:/ Hdp.+/ Hdu = Hdu.
D QxQ\D QxQ

This gives (7.17), and the proof is complete. O
We are now in a position to show the fundamental result in this section.

Theorem 7.7 Suppose that a measurable space (2, A, v) determines a synchronous
regression structure R = (A, B, n; x, y). Then the measurable space (2 x 2, B, ),
defined in Lemma 7.5, determines an asynchronous regression structure R* =
(A, B, 8; x, y), and the following properties hold:
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(i) L£1R*) = L%(A, Ay, vy) and

(hlg) = (hlg), = (hox|gox),, h,geLi(R); (7.21)
21l = l12lly, = Ihoxllv, h € Li(R); (7.22)

(i) Lo(R*) =L2(B, Ay, vy) and
g (h) = gy (h) = / (hox)(goy)dv, heLi(R"), geLr(R); (7.23)
Q
>iii) 8(u, v) = n(u, v) for all A-measurable functions u, v : Q — B.
Moreover, for each g € Lo(R*) and any nonempty linear set F C L1(R*),
Reg(F, NR,) = Reg(F, 9%;). (7.24)

Proof Applying the implication (i) = (7.16) from Lemma 7.6 with & replaced by
|h|*> we get

L1(R*) = L2(A, Ay, vy).
Given h, g € LZ(A, Ay, vy) we conclude from (2.10) that
hg e LY(A, Ay, vy).
Then Lemma 7.3 shows that
(hg)ox e LN(Q, A, v)

and
(hox|gox), = / (hg) o xdv =/ hgdv, = / hgdvy = (h|g),, . (7.25)
Q x(Q) A

Setting
H(t1,1) := (hg) ox(t;) forallz, 1 € Q
we see by the implication (i) = (7.16) from Lemma 7.6 that
HelLY(QxQ, B .

From (7.17) it follows that

(hlg) =/ h o x(t)g o XA, 12) = Hdu=/<h§>oxdv,
QxQ Q

QxQ
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which together with (7.25) yields (7.21). By this we have
1R11* = (hlh) = (hIh),, = |IAI7,,
and
(hih),, = {hoxlhox), = |lhox|,

so (7.22) is proved.
Applying the implication (ii) = (7.16) from Lemma 7.6 with & replaced by |1|?
we get

Lo(R) = LA(B, Ay, vy).
Fix h € L?(A, Ay, vy) and g € L2(B, Ay, vy). Then
hox,goyeL*(Q, A ),
and by (2.10) we see that
(hox)(goy) e L'(Q, A ).
Setting
H(n, 1) = (hox(t)(goy(n), h.n2eQ,
we see, by the implication (ii)) = (7.16) from Lemma 7.6, that
Hel'(QxQ, B, uw.
Then, by the implication (iii)) = (7.16) from Lemma 7.6, we see that
Hogpel'(Q, Av),

and (7.17) leads to

= [ Hau= [ Hogaw= [ (hoxizoyier =gl
QAxQ Q Q

which proves (7.23).
Fix A-measurable functions u, v : 2 — B. Then the function

Qx Q> (11, 0) —~ Ht, n) = lut) — v(n))?
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is B-measurable, and by the implication (iii) = (7.16) from Lemma 7.6, we conclude
that

Hog¢ e LY(Q, A, v)

iff He L'(Q x Q,B, ). If H e LY(Q2 x Q, B, u), then (7.17) leads to
S(u,v) = Hdu:/ Hoqbdv:/ |u—v|2dv=n(u,v),
QxQ Q Q

and the equality §(u, v) = n(u, v) holds. Otherwise § (i, v) = +o0 and n(u, v) =
+o00. Thus the property (iii) is proved.

Considernow any g € £,(9R*) and any nonempty linear set 7 C L1 (R™*). Applying
the property (iii) we see that for each fp € Reg(F, Ry),

n(fox,goy) =8(fox,goy) =dé(foox,goy)=n(foox,goy), [feF,
and so
fo € Reg(F, Ry).
Thus
Reg(F, 9‘{2) C Reg(F, Ry).
In the same manner we can show that
Reg(F, R,) C Reg(F, ER;‘,).

Both the inclusions yield the equality (7.24), which completes the proof. O

As an application of Theorem 7.7 we will show the following counterpart of Corol-
lary 5.3 for synchronous regression structures.

Corollary 7.8 Let R = (A, B, n; x, y) be a synchronous regression structure deter-
mined by a measurable space (2, A, v) andlet g € L*(B, Ay, vy). Given p € NU{oo}
suppose that Z1,, > k — hy € L2(A, A, vy) is a linearly independent sequence
such that ©,, N F = {0}, where F :=lin({hy : k € Z1,p}) and

©, ={he L2(A, Ay, vy) 2], = 0}. (7.26)
Moreover, the sequence

Zl’p >kt~ h;( € ﬁl(%)

is its orthogonalization result by virtue of the Gramm-Schmidt recursive method, i.e.
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n—1 h |
h| :=hy and h), :=h, — Z %hk, neZ,. (7.27)
k=1 hy
If p € N, then
gi(hy) k)
Reg(F, R,) = (O, ﬂ]—")~l—z A R, (7.28)
k
If p = oo, then
(hk)
Reg(cly, (F), R,) = O,, + Z TR hy, (7.29)

where cl,, stands for the closure operation in the space L? (A, Ay, vy).

Proof Given a measurable space (2, A, v) assume that it determines a synchronous
regression structure R = (A, B, n; x, y). Then Theorem 7.7 shows that the measurable
space (2 x €2, B, ), defined in Lemma 7.5, determines an asynchronous regression
structure R* = (A, B, §; x, y). From the property (i) in Theorem 7.7 and (7.26) it
follows that

={heliRY):|h]|=0=0 (7.30)
as well as
cly (F) = cl(F). (7.31)

Moreover, combining (7.27) with (7.21) and (7.22) we obtain

n 1

/
-2 ||h’ |2 P nelup

k=1

and so the equality (5.19) holds. If p € N, then by Corollary 5.3 the equality (5.20)
holds with R replaced by J3*. This together with (7.30), (7.21), (7.22), (7.23) and
(7.24) yields the equality (7.28). If p = oo, then by Corollary 5.3 the equality (5.21)
holds with R replaced by $93*. This together with (7.30), (7.31), (7.21), (7.22), (7.23)
and (7.24) yields the equality (7.29), which completes the proof. O

Remark 7.9 Analysing the proof of Corollary 7.8 we see that this corollary is a direct
conclusion from Corollary 5.3 and Theorem 7.7. Applying Theorem 7.7 we may easily
derive, in much the same way as in the proof of Corollary 7.8, the other properties of
the synchronous regression structures, being the respective counterparts properties of
the asynchronous regression structures, presented in Sects. 3, 4 and 5. To this end we
need an additional fact that the orthogonality condition in the space H(P3*) coincides
with the one in the space L?(A, Ay, vy), which is a direct consequence from (7.21).
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8 Remarks on approximation
In this section we will point out that the synchronous regression structures can be
applicable in the theory of approximation. To this end let R = (A, B, n; x,y) be a
synchronous regression structure determined by a measurable space (€2, A, v), where
A = B = Q and x, y are the identity mapping on B. Then vy = v, = v, and thereby

L*(B, Ay, vy) =L*(A, Ay, vy) =L*(B, A, v).
Let us consider a sequence

N5k > hi € L%(B, A, v)

and fix g € L2(B , A, v). From Corollary 3.5 and Theorem 7.7 it follows that

for every n € N, where F,, := lin({hx : k € Z ,}) as n € N. Therefore there exits a
sequence

N> nt f, € Reg(Fu, Ry),

which can approximate the function g, as stated in the following theorem.

Theorem 8.1 For all f,g € L>(B,A,v) and N > n  f, € Reg(Fy, Ry), if
f € Reg(cl,(F), Ry), then

If = fullb = 0 and g — fullb = llg = fllv asn — oo, 8.1
where F = lin({hy : k € N}). In particular, if g € cl,,(F), then
g € Reg(cl, (F), Ry)
and
lg = fullb = 0 asn — oco. (8.2)

Proof Assume that f € Reg(cl,(F), R,) is arbitrarily fixed. By the definition of the
regression function,

Ih—gl> =n(h,g) =n(f, &) =IIf — gl hecl,(F),

and consequently,

If — glly =min({llh — gll, = h € cl,(F)}). (8.3)
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Hence f is an orthogonal projection of g onto the linear and closed set cl,,(F) in the

space LZ(B, A, v), and so

(f —glh), =0, hecl,(F).
Since

f € Reg(cl, (F), Ry)
and F = U:O=1 JFn, we see that there exists a sequence
Nonts f, €Fy

satisfying the following property

If— fillb > 0 asn — oo.
By assumption, f,, € Reg(F,, Rg) for n € N, and therefore

Ify = 8IS = (. 8) = n(fa. ) = I fu —8l5. neN.
From (8.4) it follows that
(¢ = fIf = fudy =0 and (g~ fIf = f;),=0. neN.

Combining this with (8.6) we see that for every n € N,

(8.4)

(8.5)

(8.6)

8.7)

lg = FIZ+1f = fulZ=llg = FIZ+2Relg = fIf — fu)y + IIf = full?

=llg— full2 < llg — f1I12

=llg— fI2+2Re(g— fIf = fi), +IIf = £112

=lig— fI3+If = £
From this and (8.5) we conclude that
If = fally < If = fully = 0 asn — oo.
Hence and by (8.7) we have
lg = full} = lg = FIS +1f = ful} = llg = f1I} asn — oo
Both the limits yield (8.1). If now g € cl, (F), then by
n(h,g) =0=mn(g. g, hecl(F),

we deduce that
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g € Reg(cl, (F), Ry),

and (8.1) leads to (8.2), which completes the proof. O

The following example illustrates how to apply synchronous regression structures
in the theory of approximation.

Example 8.2 LetN > k +— hy € L?(B, A, v) be an orthogonal sequence in the space
L2(B, A, v) such that ||ig||, > O for k € N. Then for every g € L%(B, A, v),

Hf ; |T’}llhl|<|2 hi H — 0 asn — oo, (8.8)

where f is an orthogonal projection of g onto cl, () in the space L?(B, A, v) and
F :=lin({hg : k € N}). Moreover, the following Bessel equality holds:

00 h 2
> BT _ gz — g — 12 (89)

2
el

Namely, let f be an orthogonal projection of g onto cl,, (F) in the space L2(B LA D).
Then

n(h.g) = lh=gly = IIf =gl =n(f.8). hecl(P),
and consequently,
f € Reg(cl, (F), Ry).

From Corollary 7.8 it follows that

2, (glh
= ﬂk""); hi € Reg(Fy, R,), neN. (8.10)
k=1 v

Then Theorem 8.1 yields (8.8). From (8.8) it follows that

AN = I3 = ALF N+ DAl = 1 fallo]
= Ay + WSl = Sfally = 0 asn — oo. (8.11)

Since f is an orthogonal projection of g onto cl, (F) in the space L?(B, A, v), the
equality (8.4) holds, and consequently

Igl2 =llg— fI2+2Re(g — fIf)y + 112 =g — FIZ+ 112 (8.12)
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By the orthogonality of the sequence N > k +— &y, we deduce from (8.10) that

(glhx), (glhi), L (glhk), 12
I full2 = (hilhy), =y —2Kvl - eN
" ZZ a2 a2 2. e

k=1 1=1 k=1

Combining this with (8.11) and (8.12) we get (8.9).

9 The regression in probabilistic spaces

Regression functions are very often used in the context of the probability theory. Note
that this case corresponds to a synchronous regression structure

R=(A, B nx,y)

determined by a probability space (€2, A, P), wherev = P,A = Bandx,y: Q2 — B
are random variables, i.e. they are .A-measurable. Therefore all the facts discussed in
Sect. 7 are still valid, in particular, in the probabilistic case. In this section we rewrite
formulas (7.28) and (7.29) in terms of — specific for the probability theory — expected
values of random variables and distribution functions.

First we note that usually instead of the probability measure P the distribution
function Py y generated by P and random variables x and y is considered. We recall

that Py , is the unique probability measure on the o-field B(B) ® B(B) satisfying
the following condition

Pey(UxV)=Px~'U)Ny '(V), U,V eB(B). ©.1)

Here and in the sequel, *B(B) denotes the o-field of Borel sets in B. Thus our main
task is to describe regression functions by means of the probability space

(B x B,B(B) ® B(B), Py y).

Lemma 9.1 For any Borel functions g,h : B — B, (gox)(hoy) e LI/(Q, A, P) iff
the function

B x B > (11, 1) — g(t1)h(12)
is integrable with respect to the distribution function Py y. Moreover, if
(gox)(hoy) e LY(Q, A P),

then

/ (gox)(hoy)dP = / g(t)h(t2)d Py y (11, 12). 9.2)
Q BxB
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Proof We first prove this lemma in the case where g and & are simple Borel functions,
i.e.

n m
gZZ)\,kIUk and h ZZMkIVk
k=1 k=1

for certain n, m € N and sequences

Zip>kw— A €B, Ziy>kt— pur €B,

Zin3kt> Ug € B(B), Zim>k> Vi € B(B)

such that
n m
UUsz, UszB and Uy NU; =0 =V,NV,
k=1 k=1

provided k # . Then

n m
gox =2 hloy, and hoy=3 w1y,
k=1 k=1

and consequently

n m
/Q(g ox)(hoy)dP = /Q(Z MLy D Iy_l(vl))dp 9.3)
k=1 =1

n m
= [ 22> MLy Ly dP

2 k=1 1=1
n m
SDID Iy NI
k=1 I=1 2

From (9.1) it follows that

/ Ty, v (11, 2)d Py y (11, 12) = Py (U x Vi) = P(x™ (Up) Ny~ (W)
BxB

=/le*1(Uk>ny*1<vndP-
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Combining this with (9.3) we deduce that

n m
/ g(t)h(t)dPy (11, 1) = DD h Ly, (1) Ly (12)d Py y (11, 12)
BxB BxB k=1 I=1
n m
=D I I R PRSI SNONS
k=1 i=1 BxB
= / (gox)(hoy)dP,
Q

and so the lemma holds for any simple Borel functions g and 4.
Assumenowthatg, i : B — B are any Borel functions. Then there exist sequences

Nont+>g, and Non+ hy,
of simple Borel functions such that
lgn (D = 18] and |k, ()] < |h(1)], 1€ B, n €N, 94
as well as for every r € B,
gn(t) — g(t) and h,(t) —> h(t) asn — o0. 9.5)

By the already proved equality (9.2) for simple Borel functions we see that the equal-
ities

/ (&n 0 x)(hp 0 y)dP =/ gn(t1)hy (12)d Py y (11, 12) 9.6)
Q BxB
as well as

/Q |(gn © x)(hy 0o y)|dP = /BXB 18n (1) A (12)|d Py y (11, 12) 9.7
hold for every n € N. Assume that

(gox)(hoy) e LN, A, P).
Since each function
B x B > (t1,12) > |gn(t1)hn(12)]

is B(B) ® B (B)-measurable we conclude from (9.5) that the pointwise limit function

B x B > (11, 12) = |g(t1)h(12)]
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is also B(B) ® B(B)-measurable. Applying now Fatou’s integral lemma, (9.7) and
(9.4) we have

/ lg(t)h(t2)|d Py (11, 12) =/ liminf |g, (t1)h, (22)|d Py y
BxB BxB "%
<timint [ gy )hu2) 0Py (1)
n—oo BxB

— liminf / |(gn 0 2)(hy 0 VAP
n—oo Q

5/ (g 0 x)(h 0 Y)IAP < +oo.
Q

This means that the function
B x B > (11, 12) > g(t1)h(12)

is integrable with respect to the distribution function Py y, provided
(gox)(hoy) e LI(Q, A, P).

In much the same way we can justify the inverse implication.
It remains to show the equality (9.2), provided

(gox)(hoy) e LN(Q, A, P).

The last condition implies

/ |g(t1)h(82)|d Py y (21, 12) < F00.
BxB

Applying now Lebesgue’s dominated limiting integral theorem we conclude from
(9.4), (9.5) and (9.6) that

/ (gox)(hoy)dP = lim (gnox)(hy o y)dP
Q Q

n—oo

= lim gn(t)hy, (IZ)dPx,y (t1, 1)
B

n—o0 Bx

/ g(t)h(t2)d Py y (11, 12),
BxB

which is the desired conclusion. O

Since our structure R is a synchronous regression structure we can use directly
Corollary 7.8 in order to compute the regression functions. However, from the practical
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point of view it seems to be more convenient to compute the ones in terms of the
distribution function Py y. To this end we introduce the following two functions:

E o ho
(f.h) > Ex o (fIh) = % 9.8)

as well as

E((g o y)(hox))

(g, h) (e Ey,x(g|h) = E(|h ° .X|2)

9.9)

for f € L2(B, Ay, Py), g € L2(B, Ay, P)) and h € L*(B, Ay, Py)\®p,, where E is
the expected value operator for the probability space (€2, A, P), i.e.

E(f) :=/ fdP, felLl(Q,A P). (9.10)
Q
By Lemma 9.1 we obtain

foB f(tl)mdpx,y(tlv 1)
foB |h(t1)|2dpx,y(tlv 1)

Exx(flh) = (9.11)

and

foB g(B)h(t)d Py (11, 12)
foB |h(t1)|2dPx,y(tl7 1)

Ey x(glh) = (9.12)

forall f € L*(B,B(B), Py), g € L*(B,B(B), Py) and h € L>(B, B(B), Py)\Op,.

Corollary 9.2 Let R = (B, B, n; x, y) be a synchronous regression structure deter-
mined by a probabilistic space (2, A, P) and let g € L2(B, B(B), Py). Given
p € NU {oo} suppose that
Zy.p 3 k> hy € L2(B, B(B), Py)
is a linearly independent sequence such that
Op NF = {6},
where F :=lin({hy : k € Z,,}), and the sequence
Zi,p 3k +— hy € L1(R)
is defined as follows

n—1
y=hi and Ry :=hy = Ex(hlhhl, n€La,. (9.13)
k=1
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If p € N, then
p
Reg(F. Ry) = (Op, N F) + D Ey ((glh)h}. (9.14)
k=1
If p = oo, then
o
Reg(clp, (F), Bg) = Op, + D Ey ((glh)hy. (9.15)
k=1

Proof From Lemma 7.3 and (9.10) it follows that for all g, 1 € L2(B, B(B), Py),

(glh)p, :/ ghdP, = / (gh) o xdP = E((g o x)(h o x)), (9.16)
B Q
and, in particular,
hl[p, = (hlh)p, = E(lh o x|*). (9.17)
Combining (9.8) with (9.16) and (9.17) we obtain

(glh) p,

Eq ((glh) =
o 1113,

) (9.18)

as g € L2(B,B(B), P,),and h € L>(B, B(B), P,)\Op,.
From (7.23) and (9.10) it may be concluded that for all g € L2(B, B(B), Py) and
h e L?(B,B(B), P,),

gp(h) = /Q(h 0x)(goy)dP =E((hox)(goy). 9.19)

Combining (9.9) with (9.19) and (9.17) we have

gp(h)
2 9
17211,

Ey,x(glh) = (9.20)

as g € L*(B,B(B), Py), and h € L>(B, B(B), Py)\®p,.
Using (9.18) and (9.19) we deduce from Corollary 7.8 that equalities (9.13), (9.14)
and (9.15) hold, which is the desired conclusion. O

Remark 9.3 Note that if 7 C L(B, B8(B)), then by Lemma 9.1,
Op, NF =1{heL*B, Ay, P)NF: |h|p, =0}

={heF: h()IPdPy (11, 12) = 0}.
BxB
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