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Abstract. This is an expository paper in which we present some simple observations on the
stability of some inhomogeneous functional equations. In particular, we state several stability
results for the inhomogeneous Cauchy equation

[l +y) = f(z)+ f(y) +d(z,y)

and for the inhomogeneous forms of the Jensen and linear functional equations.
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1. Introduction

In this paper N, Z, Q, R and C denote the sets of positive integers, integers,
rationals, reals and complex numbers, respectively; Ng := NU {0} and R :=
[0, 00).

Let us recall that the problem of stability of functional equations was moti-
vated by a question of Ulam asked in 1940 and an answer to it published by
Hyers in [21]. Since then numerous papers on this subject have been published
and we refer to [4,11,22,25-27] for more details, some discussions, further
references and examples of very recent results.

One of the most classical results, concerning the stability of the Cauchy
equation

flx+y) = fx)+ f(y), (1.1)

can be stated as follows.
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Theorem 1.1. Let Fy and Es be normed spaces and ¢ > 0 and p # 1 be fixed
real numbers. Assume also that f : E1 — Es is a mapping satisfying

1z +y) = f(@) = FI < elll=” + lyl”), =y e Er\ {0} (1.2)

If p > 0 and Es is complete, then there exists a unique solution T : F1 — FEo
of (1.1) such that

1f(2) = T(2)]| <

cll||?
]
If p <0, then f is additive [i.e., it is a solution to (1.1)].

Tt is composed of the results in [1,8,20,21,29]. Also, it is known (see [20,22])
that for p = 1 an analogous result is not valid. Moreover, it has been proved
in [5] that estimation (1.3) is optimal (for E; = Es = R).

There arises a natural question whether analogous results can be proved
for the inhomogenous Cauchy equation

g(x+y) =g(x)+g(y) +dz,y). (1.4)

The equation has drawn the attention of several authors and been studied
already for various spaces and forms of d in, e.g., [3,12-17,19,23,24].

In this expository paper we present some simple remarks motivated by that
issue. We believe that they are new and can be of some interest for researchers
investigating that field and related areas.

In particular, we show that the following result is valid.

ze B\ {0} (1.3)

Theorem 1.2. Let E; and E; be normed spaces, d : E? — FEy and ¢,p € R.
Assume that (1.4) admits a solution fo : E1 — Es. Then the following three
statements are valid.

(a) Ifp>0,p+#1, and Es is complete, then for every f : Ey — Es, satisfying
1f(z+y) = f(z) = fly) —d(z, y)l| < c(ll=]” +[lyllP), =,y € B\ {0},

(1.5)

there exists a unique solution g : Ey — FEo of (1.4) such that
_ < el o\ {0 1.6
1760 ~o@l < iy, e e} (1.6

Moreover, that estimation is optimal when F1 = R; namely there exists
a function f: R — FEs such that

If(@+y) = fz) = fly) —d(z 9l < ez’ +[yl"),  zyeR,
1f(x) = folx)ll = 211

(b) Ifp <O, then every [ : By — Es satisfying (1.5) is a solution of (1.4).

z € R. (1.7)
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(¢) If Ey = Ey =R, then for each real co > 0 there is f : R — R such that
[f(@+y) = f@) = fy) —d(@,9)| < colfe] +[yl), @y eR,  (1.8)

and

sp @ =@ _ (1.9)

z€R\{0} |z
for each solution h : R — R of (1.4).

The statement (c) shows that, in the case p = 1, Eq. (1.4) demonstrates an
analogous lack of stability as (1.1) (cf. [20,22]).

2. General observations

We start with some general observations. In what follows S is a nonempty set,
(X, +) is a commutative group, and we define a binary operation + in X (the
family of all functions mapping S into X) in the usual way by: (f + g)(x) :=
f(z)+g(x) for f,g € X%, x € 8. Clearly (X°,+) is a group.

Let us introduce the following technical definition (2% stands for the family
of all subsets of X).

Definition 2.1. Let n € N, P C S™ be nonempty, ® : P — 2%\ {0}, B C S,
U S\ B — 2X\ {0}, Fi,F, be functions mapping D C X* into X7, and
U C D be nonempty. We say that the conditional equation

Frp(xr, ... xn) = Fop(x1,. .., &n), (x1,...,2p) € P, (2.1)
is (@, ¥) —stable in U provided for any pg € U with
-7:1@0(3717 LR ;(L‘n) - ‘7:2800(1;17 LR ,,’L'n) € @(.’1717 LR 7:671)) (22)

(x1,...,2pn) € P,
there exists a solution ¢ € D of Eq. (2.1) such that
wo(z) — p(x) € U(x), x e S\ B. (2.3)

Moreover, if for every ¢o € U, satisfying (2.2), there is exactly one solution
» € D of (2.1), fulfilling (2.3), then we say that Eq. (2.1) is (®, ¥') —stable in
U with uniqueness.

If U = D, then we omit the part ‘in &4’ and simply say ‘(®, ¥) —stable’.

Let n € N, P C S™ be nonempty, U C D be two subgroups of the group
(X%, 4) and H : D — X* be additive, i.e.,

H(f+g)(l‘1,,xn) :Hf($1,--~733n)+Hg(x1,._.,aﬁn),
fag€D7(x17"'7xn) eP.

We have the following (very simple, but very useful) observation.
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Theorem 2.2. Let B C S, ® : P — 2X\ {0}, ¥ : S\ B — 2%\ {0} and
w: P — X. Suppose that the equation

Hf(x1,. .. xn) = p(z, ... 20), (x1,...,2p) € P, (2.4)
admits a solution fo € U. Then the equation
Hf(xy,...,x,) =0, (x1,...,2n) € P, (2.5)

is (@, U)—stable in U (with uniqueness) if and only if Eq. (2.4) is (@, ¥)-stable
in U (with uniqueness).

Proof. Assume first that Eq. (2.4) is (®, ¥)-stable in U. Let g € U satisfy the

condition
Hyg(z1,. .., xn) € P(x1,...,2p), (X1,...,2pn) € P. (2.6)
Write go := g + fo. Then go € U and
Hgo(z1, .-y xn) — w(xr, ..y 2n) = Hg(x1, ..., 2p) € P(1,...,2y),
(x1,...,25) € P.
Hence, there exists a solution hg € D of Eq. (2.4) such that
go(x) — ho(x) € U(z), zeS\B.
Clearly, h := hg — fo € D is a solution to (2.5) and
g(x) — h(z) = go(z) — ho(z) € ¥(x), x €S\ B.

The proof of the necessary condition is analogous. But for the convenience
of readers, we present it below. So, assume that Eq. (2.5) is (®, U)-stable in
U. Let go € U satisfy

Hgo(xlw s 71'7L) - H(I17' s 71771) € é(gjh' : .,$n)
(2.7)
(X1,...,2pn) € P.
Write g := go — fo. Then
Hg(x1, ... x0) = Hgo(z1, ... xn) — p(1, ..., 2n) € (21, .., 20),
(x1,...,2pn) € P.
Hence, there exists a solution h € D of Eq. (2.5) such that
g(x) — h(z) € ¥(x), xeS\B.
Clearly, hg := h + fy is a solution to (2.4) and
go(x) — ho(x) = g(x) — h(x) € ¥(z), x €S\ B.

Assume now that Eq. (2.4) is (®, ¥)-stable in ¢/ with uniqueness. Let g € U
satisfy condition (2.6) and h,h’ € D be solutions to (2.5) such that

g(x) — h(z),g(z) — b (z) € ¥(z), x € S\ B.
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Write go := g + fo, ho := h + fo and h{, := b’ + fo. Then (2.7) holds, hy and
hy, are solutions to (2.4) and

go(z) — ho(x), go(x) — hy(z) € ¥ (z), z €S\ B.

Consequently, hg = h{,, whence h = h’. This completes the proof of the suffi-
cient condition concerning uniqueness.
The proof of the converse implication is analogous. O

Remark 2.3. Apparently, the assumption of Theorem 2.2 that Eq. (2.4) admits
a solution fy € U is quite natural at least in the case when U = D. Otherwise,
if (2.4) does not have any solution fy € D, then it seems that we can consider
it to be not stable, provided there exist some functions go € U satisfying (2.7);
in such a case we could speak of trivial (®, ¥)-nonstability. Clearly, without
this assumption, we could deduce from Theorem 2.2 that the existence of a
function gg € U satisfying (2.7) implies the existence of a solution f € D
of (2.4). The subsequent example shows that sometimes this is not the case,
which makes the necessity of the assumption more convincing.

Example. Let By and E; be normed spaces, d : E? — Es, ¢,p,7,8 €R, p <0,
¢>0,s+r<0,d(x,z) #0 for some x # 0, and let one of the following two
inequalities be fulfilled:

d(z,y) < c(ll=l” + yl") =: du(2,y), @,y € B\ {0},
d(z,y) < cllzll*llyl]” =: da(a,y),  x,y € Er\ {0},

Then, according to [8, Corollary 4.3] and [10, Corollary 4.2], functional Eq.
(1.4) has no solutions ¢g : F1 — FEs. But, on the other hand, each additive
h: By — FE, fulfils the inequality

[h(z +y) — h(z) = h(y) — d(z,y)|| = lld(z,y)|
Sd)(‘r?y)? xayEEl\{0}7
for ¢ := ¢; with suitable i € {1,2}, i.e.,
h(x—i—y)—h(x)—h(y)—d(x,y) Eq)($7y), xvyEEl\{O}a
with
(I)(J},y) = B(O,¢l(l‘7y)), x7y€El\{0}a
where B(0,r) :={z € Ey : ||| <r} for r € R;.

3. Proof of Theorem 1.2

The proof is actually a routine in view of Theorems 1.1 and 2.2. But for the
convenience of readers we present the main steps. In particular, we need the
following simple observation.
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Lemma 3.1. If a function h : E1 — FEs fulfils the condition
Mz +y) = h(z) +h(y),  =yeE\{0}, 3.1)
then it is additive.
Proof. Let h: Ey — Es satisfy (3.1). Take « € Ey \ {0}. Then
h(z) = h(2z — x) = h(2x) + h(—2z) = 2h(z) + h(—2x),

whence h(—z) = —h(z) and next
h(0) = h(x — ) = h(z) — h(z) = 0.
Thus we have proved that h is additive. O

Now, we are ready to prove the theorem. First we show statement (a). So,
fix p > 0,p # 1. In view of Theorem 1.1 the conditional functional equation

h(z +y) = h(z) + h(y),  (z,y) € P:= (E1\{0})*, (3:2)
is (®, ¥)-stable with uniqueness for
_ P » o cll||”
®(a.9) 1= BO(lell + o). ¥(@):= B0 ).
x,y € Ep\ {0}.
Hence, according to Theorem 2.2 (8) (with n =2, S = Ey, X = Ey, B = {0},
w=d, and Hh(z,y) = h(z+y)—h(z) — h(y) for z,y € Ey and h: By — FE3),
the conditional functional equation
gz +y) =g(x)+9(y) +d(z,y), x,yeP (3:3)
is (@, ¥)-stable with uniqueness.
Moreover, if g : E1 — Es is a solution of Eq. (3.3), then gg := g — fo fulfils
go(l""y) :go(‘r)+go(y)7 fa?JEEl\{O}»

whence, by Lemma 3.1, it is additive, which means that g is a solution to Eq.
(1.4).
To complete the proof of (a), assume that E; = R. Take uy € Ey with
|lugl| = 1 and define functions f; : R — R and f: R — Es by
sgn(z) clz|P

fi(z) = j20—1 1|

Then (1.7) holds and

[f(z+y) = f@) = fly) —dz,y)ll = [(frlz+y) = fr(@) = fr(y))uoll
=filz+y) - filx) - fil¥)], zyeR
This ends the proof of (a), because by [5, Theorem 2]

iz +y) = filz) = A@)] < ez +1ylP),  zyeR

f(x) = fi(x)uo + folx), z €R.
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Statement (b) follows at once from Lemma 3.1 and Theorems 1.1 and 2.2
(6) (analogously to statement (a)), with

O(z,y) = B(0,c(f|zl” + [[yl?)), ¥(z):={0},  a,ye B\ {0}
Finally, we prove (¢). Let E1 = E5 = R. Fix ¢y > 0. According to the
results in [20], there is f1 : R — R such that
[fi@+y) = fil@) = i) <zl + 1yl zyeR,
and

qp @ =M@ _
zeR\{0} |z

for each additive hy : R — R. Write f := ¢of1 + fo. Then
|flz+y)— f(z) = fly) —dz,y)| = col frlz +y) — fi(z) — f1(y)]
<co(lz[+1y)); =z yeR
Take a solution h: R — R of (1.4). Then h; := h — fy is additive and

[f(x) = h(=z)] _ b [f1(z) — g ha(@)]
sup ¢o

sup
2R\ {0} |z| 2R\ {0} |z|

This ends the proof.

4. Further consequences

In this part we show some further examples of applications of Theorem 2.2.
Let us start with a result which follows from [7, Corollary 12].

Theorem 4.1. Let E be a real linear topological space, F be a Banach space,

K be a subgroup of the group (F,+), C C F be nonempty, closed and convez,
C=-C, and

inf 4z —y| > 0. 4.1
IGC’;gK\{O}IIw yll (4.1)

Suppose that g : E — F is continuous at a point xo € E and satisfies the
condition

gz+y)—gl@)—gly) e K+C, xz,yekE. (4.2)
Then there exists an additive h : E — F' such that
g(x) —h(z) € K+ C, reFE.
Moreover, if C' is bounded, then h is unique.

Theorems 4.1 and 2.2 yield the following.
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Corollary 4.2. Let E, F, K, C be as in Theorem 4.1, d: E*> — F and x¢ € E.
Suppose that Eq. (1.4) admits a solution fo: E — F that is continuous at xg.
Then for every function g : E — F' that is continuous at xo and satisfies the
condition

gz +y) —g(x) —g(y) —d(z,y) e K+ C,  z,y€E,
there exists a solution h : E — F of Eq. (1.4) such that
g(x) —h(z) e K+ C, zx€E.
Moreover, if C' is bounded, then h is unique.

Proof. Theorem 4.1 implies that Eq. (1.4) is (®, ¥)-stable in & with D = F¥,
U(z) = ®(z,y) = K + C for every z,y € E and U being the family of all
functions f € FF that are continuous at xy; moreover that stability is with

uniqueness when C'is bounded. So, it is enough to use Theorem 2.2 with n = 2,
S=E,X=F,and B=10. O

Now we present several examples of hyperstability results (see [11] for fur-
ther information on this issue). Let us start with the following remark.

Remark 4.3. Tt is well known (see, e.g., [24] or [16,31]) that, under the assump-
tions of Theorem 1.2, Eq. (1.4) admits a solution fy : Fy — FEs if and only
if d is symmetric (i.e., d(z,y) = d(y,z) for z,y € E;) and fulfils the cocycle
equation

d(x +y,z) +d(z,y) = d(z,y + 2) + d(y, 2). (4.3)
Examples of very useful related results can be found in [3,12-15,17,19,23,24].
The next theorem can be easily deduced from [9, Proposition 2.2].

Theorem 4.4. Let E and Y be normed spaces, dmFE > 2, g : E — Y, and
p # 1 and Ly be positive real numbers with

lg(z +y) = 9(z) — gl < Lolllz +y[I* — [lz — y|”
Then g is additive.

P xy€E. (4.4)

It yields the following.

Corollary 4.5. Let E and Y be normed spaces, dimE > 2, g: E - Y, p#1
and L be positive real numbers, d : E*> —'Y be symmetric and fulfil the cocycle
equation (4.3), and

lg(z +y) — g(z) — g(y) — d(z,y)|l

< Lolle +yll* =z —ylPP[",  z.yeE. (4.5)

Then g is a solution to (1.4).
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Proof. Equation (1.4) admits a solution fy : E — Y in view of Remark 4.3. So,
it is enough to use Theorem 2.2 analogously as in the proof of Corollary 4.2
with U =D = FE, ®(z,y) = B(0, Lo ||z + y||> — ||lz — y||*|") and ¥(z) = {0}
for every z,y € E. g

The next result was proved in [28, Theorem 2] and concerns the linear
functional equation (in two variables).

Theorem 4.6. Assume that E is a normed space over F € {R,C}, Y is a
Banach space over K € {R,C}, a,b € F\ {0}, A,B €K, 6,p € R, p <0,
0 >0, and f: E—Y satisfies the inequality

| f(ax +by) — Af(x) — Bf(y)|l < 0(][=[|” + [[yl["), r,y € £\ {0}.(4.6)
Then
flax +by) = Af(x) + Bf(y), z,y € B\ {0}. (4.7)

We will derive from it a hyperstability result for the inhomogeneous version
of the linear equation. To this end we need yet the following.

Lemma 4.7. Assume that E is a linear space over F € {R,C}, Y is a linear
space over K € {R,C}, a,b €e F\ {0}, A,B €K, and f : E =Y satisfies (4.7).
Then f satisfies the equation

flaz +by) = Af(z) + Bf(y) (4.8)
for every x,y € E.
Proof. Let e := f(0). Then, in view of (4.7), we get
e = f(0) = f(abx — bazx) = Af(bx) + Bf(—ax), x € E\ {0}.
This implies that
Bf(=b"'2) =e— Af(a"'2), z € B\ {0}. (4.9)
Consequently, by (4.7) and (4.9), for every z,y € E \ {0}
fl@)=fly+z—y)=flaa™ y+bb~"(x —y))
= Af(a™'y) + Bf(b 71(56—2/))
= Af(a™'y) + Bf(ab 'a 'z — bb2y)
= Af(a™ly) + BAf(b™ a" a) + B2 f(=b""y)
= Af(a™'y) + BAf(b"'a"'z) + B(e — Af(a™ b 1y)),

—~ o~~~

whence
f(z) = BAf(b~"a"2) - Be = A(f(a™'y) — Bf(a~'b"1y)),  (4.10)
which means that there is d € Y such that
f(z) = Bf(b~'2) =d, z € B\ {0}. (4.11)
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Analogously, for every x,y € E \ {0}, we get
f(@) = FOb~y +aa~ (z — )
= Bf(b"'y) + BAf(b"'a"'z) + A(e — Bf(a"'b'y))
and next
J(@) — BAf(b"'a~'2) — Ae = B(f(b~'y) — Af(a b 1y)),  (4.12)
which means that there is ¢ € Y such that
f(z) = Af(a™t2) =¢, z € E\{0}. (4.13)
Clearly, (4.11) and (4.13) can be rewritten in the form
flaz) = Af(2) +c, f(bz) = Bf(z) +d, ze E\{0}. (4.14)
Consequently, from (4.7) we obtain
flax +by) = Af(z) + Bf(y) = flax) —c+ f(by) —d,  z,y € E\{0},
whence the function fy:= f — ¢ — d satisfies
folz +y) = folz) + foly), z,y € B\ {0}. (4.15)

Analogously as in the proof of Lemma 3.1 we show that f, must be additive,
which means that fy(0) = 0 and consequently

e=f(0)= fo(0)+c+d=c+d. (4.16)
Note that (4.10), (4.11) and (4.13) yield

c+Ad= f(z) = Af(a™'z) + A(f(a"z) = Bf(b™"a x))
= f(z) — BAf(b"'a '2) = Ad + Be (4.17)

with any fixed  # 0. Analogously, from (4.12) we deduce that d + Bc =
Be+ Ae, whence and from (4.17) we get

d = Ae, ¢ = Be. (4.18)
This and (4.14) imply that
flaz) = Af(z)+ BFO),  f(bw) = Af(0) + Bf(x), we E\{o}.
Finally, by (4.16) and (4.18),
f(0)=e=c+d=Ae+ Be=Af(0) + Bf(0). (4.19)
Thus we have proved that (4.8) holds also when z =0 or y = 0. O

Now, we are in a position to prove the following.
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Corollary 4.8. Assume that E is a normed space over F € {R,C}, Y is a
normed space over K € {R,C}, a,b € F\ {0}, A,BeK, 0,p e R, p<O0,
0>0,d:E?> =Y, and g: E —Y satisfies the inequality

lg(az +by) — Ag(x) — By(y) — d(z,y)]
<O0(lzl” +lyll?), 2,y e EN{O}. (4.20)
Assume that the functional equation
flax +by) = Af(z) + Bf(y) +d(z,y), z,y€E, (4.21)
has a solution fo: E — Y. Then g is a solution to (4.21).

Proof. Clearly, if Y is not complete, then without loss of generality we can
replace it by its completion. Thus, by Theorem 2.2 and Theorem 4.6,

glax +by) = Ag(z) + Bg(y) + d(z,y),  z,y€ E\{0}.  (4.22)

Hence condition (4.7) holds for f := g — fo. Consequently, Lemma 4.7 implies
that f is a solution to (4.21), which means that g is a solution to (4.21). O

Remark 4.9. Tt is easily seen that (under the assumptions of Corollary 4.8)
in the case where A+ B # 1 and d is a constant function, d(z,y) = ¢, (4.21)
admits a constant solution of the form
c
= E.
h@)=1—3—p 7€

Therefore Corollary 4.8 also generalizes [28, Corollary 3.
Other examples of solutions to (4.21), with some particular form of d, can
be found in [6].

From [2, Theorem 5] we obtain the following hyperstability result for the
Jensen equation.

Theorem 4.10. Assume that E and Y are normed spaces, U C E, 0 € U,
2U =U, v,p,q € (0,00), p+q#1, and f : U — Y satisfies the inequality

|# (G +9) - 5@ + 7w < alPlle, (423

T,y € U,%(:U—i—y) el.
Then
F(3e+w) = 50@+ ), wyeUiaty el (@21

The subsequent corollary can be easily derived from this.
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Corollary 4.11. Assume that E and Y are normed spaces, U C E, 0 € U,
2U =U, v,p,q € (0,00), p+q# 1, and f : U —Y and d : U? — Y satisfy
the inequality

|7 Gl +9) - 50@ + £6) — de)| < AlellPlle, (425)

1
x,yGU,i(ery) eU.

Suppose that the functional equation

1 1 1
(4.26)
admits a solution fo: U — Y. Then f is a solution to (4.26).

Proof. We deduce the conclusion from Theorem 2.2 (with S = U and P =
{(x,y) € U? : x +y € 2U}) and Theorem 4.10, analogously as in the proofs of
previous results. O

We end the paper with an example concerning orthogonally additive map-
pings. In the remaining part of the paper, (E, (-,-)) is an inner product space.
As usual, given z,y € E, we write z L y provided (z,y) = 0. The next theorem
can be easily deduced from the main result in [18].

Theorem 4.12. Let Y be a Banach space, ¢ € Ry, and f: E — Y satisfy the
imequality

If(+y) = fl@)—fll<e,  aluy (4.27)
Then there exists a unique solution g : E — 'Y of the conditional equation
glx+y)=gx)+gy), x=ly, (4.28)
such that
1f(z) —g(z)]| <be,  xeE. (4.29)

Theorem 4.12 enables us to prove the following.

Corollary 4.13. Let Y be a Banach space, ¢ € Ry, d : E*> — Y be symmetric
and fulfil the cocycle equation (4.3), and f: E —Y satisfy the inequality

|f@+v) - f@) - f@) —d@ )l <6 oLy, (4.30)
Then there exists a unique solution g : E — 'Y of the conditional equation
9@ +y) =g(x) +9ly) +dz,y), xLly, (4.31)

such that
1f(x) —g(z)|| <Be,  zeE. (4.32)
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Proof. Since d : E? — Y is a solution of the cocycle equation (4.3), there exists
a solution go : E — Y of (1.4) (see Remark 4.3), which clearly is a solution to
(4.31), as well. So, it is enough to use Theorem 2.2 (with P = {(z,y) € E? :
z 1 y}) and Theorem 4.12. O

We can find in [4,11,22,25-27] numerous further examples of stability
results for various equations that can be extended to their inhomogeneous
versions, in a similar way as in this paper (by applying Theorem 2.2). In gen-
eral, it is very easy to find suitable reasonings.

Open Access. This article is distributed under the terms of the Creative Commons Attribu-
tion License which permits any use, distribution, and reproduction in any medium, provided
the original author(s) and the source are credited.
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