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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1651

THEORETICAL INVESTIGATION OF UNSTEADY DIFFUSION WITH
RECOMBINATION IN A TERNARY MIXTURE OF DIATOMIC
MOLECULES, DISSOCIATED ATOMS, AND
AN INERT GAS

By Walter A. Reinhardt

SUMMARY

An experiment is suggested wherein measurements can be made on parameters
leading to the determination of the homogeneous reaction and diffusion rates of
oxygen atoms. This is done by studying the decay in the periodic time variation
in concentration of atoms. The system to be investigated includes a ternary gas
mixture of diatomic molecules, dissociated atoms, and an inert gas. A theoretical
investigation is made, starting with equations obtained from rigorous kinetic the-
ory and chemical kinetics, of the unsteady diffusion and recombination processes
applicable to the experiment. Boundary conditions are Investigated. A gqualita-
tive result is given which illustrates the dependence of the decay in the
concentration variation on sink strength and frequency.

INTRODUCTION

The present theoretical investigation considers methods for analyzing data
from a proposed experiment on the homogeneous recombination of oxygen atoms to
determine the diffusion and recombination rates of the atoms at room temperature.
In the proposed experiment a periodic concentration of atoms is imposed by dis-
sociation at one end of a test cell. The atoms diffuse into the test cell and
recombine, thus providing a continual time-varying supply of freshly recombined
molecules. The variation with time is a device for distinguishing between recom-
bined molecules and those not immediately involved in the recombination process.
However, to interpret the data from such an experiment, a solution of the unsteady
multicomponent diffusion equations i1s required. The appropriate equations are
derived herein and a simplified qualitative solution is given. Although continual
reference will be made to the experiment motivating this analysis, the equations
derived in this report, except the time-dependent boundary conditions, are general
and apply to any ternary diffusion phenomena as well as being unrestricted by the
geometry of any experiment.



The problem to be considered is that of unsteady multicomponent diffusion in
the presence of chemical reaction inside a tube of circular cross section with
the time-dependent condition of the gases specified at the entrance of the tube.
The governing diffusion equations for this problem are derived herein starting
from a set of fundamental relations given by rigorous kinetic theory. Assumptions
appropriate for the experimental conditions are used to simplify these relations.
To the lowest order the resulting equation for atom concentration is linear except
for a sink term, which represents the atom recombination process. Because of the
nonlinearity introduced by the sink term, a numerical procedure utilizing elec-
tronic machine computing appears best adapted to the solution of this equation.
One can linearize the sink term by use of a rough approximation and, from this
linearized form of the equation, obtain a qualitative understanding of the more
difficult problem. To illustrate the effects of recombination and diffusion in
an unsteady one-dimensional problem, an expression for one component of the
ternary mixture (i.e., the atom concentration) is derived and discussed. This
expression shows the dependence of the decay of the labile species variation on
a linearized sink term and on the frequency of the periodic variation.

PRINCIPAL SYMBOLS

D I1
a dimensionless binary diffusion constant ratio, 23 0
onzDi1s + onzDio
. Dis
c dimensionless constant, 1 - ——
D12
a dimensionless constant, 1 - Dis
Das
Ej species gradient relation arising from rigorous kinetic theory (ref. 5,
p. 469)
f1(t) dissociation time function
£4° Maxwellian distribution function for species i
g constant appearing in the defining relation for v
, . Lo
ki dimensionless source strength, 5 Ki
o
ky wall reaction rate
3
n number density, Ejni
i=1
P pressure, nkT



=l

<}

VH

vp

coordinate vector
stream velocity

mean molecular speed for specles 1, 2 %%;
J

aD12D13

23

characteristic diffusion constant,

milticomponent diffusion coefficient

binary diffusion coefficient

source or sink term

characteristic length appearing in dimensionless coordinate

number of specles comprising the multicomponent diffusion system
a single direction component of "effusive" flux vector for species

peculiar velocity, v - ¥i

el
reduced velocit [ V4
Vs SKT 1
2

dimensionless angular frequency, %T w

wall reaction fraction

Laplacian coefficient appearing in partial differential equation for

sink strength coefficient appearing in partial differential equation

for v

dimensionless perturbation parameter (see eq. (10))
dimensionless number density, E%
o

equivalent dimensionless concentration variable, Qus + g %ps

homogeneous part of equivalent dimensionless concentration variable
which appears in solution for v

v

particular part of equivalent dimensionless concentration variable which

appears in solution for v



3 dimensionless coordinate variable, %
3
p mass density, anmj
J=1
T dimensionless time variable, é% t
w angular frequency
s . . . L =
A dimensionless velocity, > v
Q square of ratio of diffusion velocity to isothermal sound velocity,
opD?
onLZkT
) . . . . ~ 0 2 0 a D
e spatial gradient { in Cartesian coordinates i — + J — + kK —
o7 dx oy dz
Subscripts
i species kind
1 atoms
2 molecules
3 inert species

Subscript appearing before a symbol indicates order in terms of an expansion
with respect to A. Superscript appearing before a symbol indicates order in
terms of an expansion with respect to .

ANALYSIS

Before proceeding with the detailed analysis, it may be helpful to consider
the physical concept of the problem. Figure 1 shows schematically the pertinent
features of the proposed experimental apparatus. (A more detailed description of
a similar apparatus may be obtained from ref. 1.) The essential features of the
experimental technique are as follows: A mixture of oxygen molecules and some
inert gas is allowed to leak into a streamtube; flow through the tube is main-
tained by a vacuum pumping system. The molecules in the gas stream are then
partially dissociated by means of a modulated radio-frequency signal. - This pro-
cess supplies a periodically varying concentration of atoms at the base of a

4



cylindrical diffusion tube wherein the atoms diffuse and recombine. The variation
in concentration of either atoms or molecules, depending on the detector used, 1is
observed. The following analysis will show that it is then possible to determine
the "sink strength" associated with the recombination process. The advantage of
studying (for example, by means of a detector utilizing oxygen molecule ultra-
violet absorption which is described in ref. 2) the variation in concentration is
that it is possible to distinguish between the specles directly involved in the
recombination process and those not immediately involved.

Partial Differential Egquations Governing Diffusion

The analysis that follows starts with a set of fundamental equations
describing diffusion processes in general. Consideration is then given to a
physically consistent linearization of the derivative terms contained in these
equations. The nonderivative or sink term is then analyzed in detail and an
approximate linearization of this term presented. Finally, boundary conditions
appropriate to a particular problem are introduced and discussed.

Development of the derivative terms.- The following equations for diffusion
processes, resulting from rigorous kinetic theory, are discussed by Hirschfelder,
Curtiss, and Bird in reference 3. With the neglect of body forces, viscous
effects, and thermal gradients, the fundamental equations are:

(1) Equation of continuity of individual species
q

dni . <- =\
—— e —— . N+ + + Vs = K= l)
T N A A (
where
= 22 N .. [0 /MmN, (P _nimi\d np
Y1 =0 ) P [a?(nfr(n o) oF (2)
J

and where Ki 1is the total increase of particles of species 1 per unit volume
per unit time due to chemical reaction.

(2) Fquation of motion or the momentum equation

N, . F_ _10p (3)
ot oY P OF

(3) The equation of state



(4) The defining relations for number and mass densities

N

n = .Zni (5)
N

o= ) mymy (6)

(5) The expressions giving the multicomponent diffusion constants in terms of the
binary diffusion constants for a ternary mixture with molecules 1, j, and k

Dii =0 (7a)

my '
nk (m—j Dik - Di,j>

niDjx + niDik + nkDij

(7o)

Dij=Di3 |1+

Dij = Dyy (Te)

(Eq. (7b) follows from ref. 3, eq. (11.2-%), p. 716.)

(6) Conservation of mase in chemical reaction

E:nﬁK& =0 ' (8)

Equations (1) through (8) form a system of coupled nonlinear partial-differential
equations. When supplemented with the chemical equations governing possible
chemical reactions, these relations are sufficient to define the three-componen
diffusion problem under consideration.

The diffusion process is investigated under conditions where the
concentrations of the various species are forced to vary in a prescribed periodic
manner at one of the boundaries. The reaction of the species of primary interest
is assumed to be governed by the chemical equation

[Az] - [Ay] + [A4] (9)

where the subscript 2 labels the undissociated species in the three-component
system and the subscript 1, the dissociated species. This subscript notation

will be kept consistent throughout the report (in addition a subscript 3 will be
introduced which will be associated with a chemically inert species). Equation (9)

6



indicates that a unit concentration of species 2 dissociates into two unit
concentrations of species 1. Depending on the gases used, more than one chemical
equation may be necessary to describe the chemical reactions possible with such
species as 1 and 2. The analysis will include the more significant of those
reactions possible with dlatomic molecules, their dissociated atoms, and an inert
buffer gas.

Expressions for the quantities Kj appearing in equations (1) and (8) are
also needed. These are determined by the form of equation (9) and a consideration
of chemical kinetics. We shall return to this point later.

One can not make immediate assumptions as to the constancy of pressure,
stream velocity, or mass density without quickly running into inconsistenciles.
For this reason only those minimal assumptions necessary are made within the
framework of a plausable model. It will be assumed that the molecules can be
dissociated in a periodic manner without external pressure disturbances and that
the degree of dissociation will be small. Thus the symbol A 1is assigned to
designate the ratio

n, (o

N = 1( )max (10)
n(o)

where n,(0) is the maximum concentration of species 1 and n(o) is the total

concentration (see eq. (5)), both evaluated on one boundery of the system (e.g.,
the input end of a cylindrical diffusion tube). It is assumed that A << 1. All
of the dependent variables are then expanded in terms of A as follows:

ni = (ong) + (ngy)A + . . . i=1,2,3 (11a)
¥ = (V) + (1V)A + (11b)

p = (op) + (1IN + (11c)
n={on) + (n)A + (114)

p = (op) + (2PN + (11e)
Ki = (oKi) + (iKid)h + . . . i=1,2 (11f)
Dij = (oD1j) + (1Dig)h + . . . i, = 1,2,3 i (11g)

Notice that the subscript denoting the power of A 1s written on the left of each
expansion coefficient to avoid confusion with the subscripts on the right, which
refer to the species involved.

At A = 0, the gas would be in a uniform state. Therefore, all the zero

order terms are constant; that is, gradients exist only for the higher order terms.
When A = O (no dissociation), species 1 will not be present. It follows that

ony = O (12)
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In the experiment it would be convenient tc¢ include a stream velocity with the
gas moving axially down a cylindrical tube. It is expected that viscous effects
would lead to a parabolic velocity profile at the low Reynolds numbers involved.
However, this complication will be ignored for the present and the equations for
a constant value of oV derived. For values of 4V different from zero, the
results strictly apply only for a flow far from any solid boundaries.

The expanded variables (eqs. (1la) through (1lg)) are now substituted into
the original basic equations (eqgs. (1) through (8)) and coefficients of like
powers of A are equated. Since the zero-order terms of the variables are con-
stant, the zero-order terms occurring in equations (1), (2), and (3) vanish.
When the relevant substitutions are made, the basic eguations become:

(1) Equations of continuity of individual species

3 jal
———(g:l) + ga_; . (J_nl) OV + 2— z mj ODlJ ':a—‘< > <o J> m; a—h _3_~_13:| = 1K3
(13)
§£££§l + E; . [(ong) 1V + (1n2) o¥ + (onz) 165} = 1Kz (14)
ot ar
9 Bn ) + j% : [(ons) 1V + (1ns) oV + (ons) 153] =0 (15)
t or

where
—_ =) 3 ( \
Vio =L_Z . [ < > <ona> 3 ;_} 16
ti=2,0 = 0 amn L™ 0P & \on/ (16)
J=1

(2) Momentum equation

-+ ¢ ——— = = 1
dt (V) o7 P oz (17)
(3) Equation of state
oP = onkT (18a)
1P = 1okl (18b)
ete.



(4) Defining relations for number and mass densities

(5) Multicomponent

o3 =

01321

D> =

= Doy

= Da1

ol = ohtz + ohi3
n = n-.
J

ete.

oP = ozl + pNalls

z 101

J

1l

1P

etc.

diffusion constants

oy D
oz | = 3 - 2
14+ m T 1 _a DizDis 4P
onzD1s + onsDio Mo Doz on
otz | =— Ui=2 - Vi3
1+ s _ & Diobis o
onzDiz + onsDiz M3 Dz of
Ma
ots | g Dzs - Diz o Dop
1+ =5 ———'(onlea + oNa
onzDiz + onzDiz o Dag
- -
- 7
o D
oz | 7= D32 - Dis D
1+ L = & 231 Do +
= =5 olgliz + ollz
onzD13 + onzDio o~ Das
L i

(19a)

(19b)

(21a)

(21b)

D23> (21c)

Daz

(214d)



oDz3 = Dzz (21e)

oDsz = Dao (21£)
Dij = Dy 1, =1,2,3  14# (21g)
where the dimensionless constant a 1is defined as
D n
a = 23 O (22)
onzD1z + onzDip
(6) Conservation of mass in chemical reaction
oK1 = oKe = 0 (23a)
mi(1K1) + me(1Kz) = O (23b)

etc.

It 1s convenient at this point to make equations (13) through (17)
dimensionless. For this purpose a characteristic length (L) and a characteristic
diffusion constant (D) are introduced. In terms of these two constants and the
zero-order expressions for number density and mass density, all the varlables can
be made dimensionless. The transformation equations for the dimensionless
variables in terms of the independent variables are:

£ = % (2ka)
T = <£%> t (2bb)
W o= <§%> W (2ke)

where W 1s a dimensionless frequency, which is needed later. The dependent
varisbles become

kL =n/on (25a)
By = ni/on is= 1)2)3 (25b)
R =op/p (25¢)
A= (1L/D)¥ (254)
ky = (1%/onD)Ky (25e)
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The subscripts that will be used before and after the symbols representing the
dimensionless equivalents of the physical variables will carry precisely the same
significance as they did for the physical variables.

A parameter  will now be defined that represents the ratio of the squares
of the diffusion velocity to isothermal sound velocity; that is,

f-o D ‘i@->2 (26)

ol 1.2kT Vs

The significance of this parameter is that if § 1s small, then a pressure pulse
(or acoustic wave) travels at a rate large compared to any speed associated with
the diffusion process. The limit @ = O implies that the speed of sound is
infinite relative to any speed associated with diffusion. It is interesting to
note that in the opposite limit of free molecule flow, Q@ 1is of order 1. In this
1imit, the fundamental equations do not apply. In that case the velocity asso-
ciated with diffusion is of the same order of magnitude as the speed of sound.
Generally speaking, under those conditions where the fundamental equations

(egs. (1) through (8)) apply, © is small compared to 1.

Transforming the equations of continuity of individual species into
dimensionless form, equations (13) through (15) become,

- D
g% (1“1) + oft - 5% (lul) + i% jit-] Qfﬁié [EL : j% (1H2) - iﬂ mz(ouz) ji : EL (1H)}

o oDz |0 3 _ ot 3 9
+ <00> D [BE % (1u3) 5 ma(okz) 8@' S? (1H)} = 1k1
(e7)
9 7.9 9 on obe1 3 3
ST (1p2) + ofr BE (1p2) + (on) BE (1A) + oP my D Bg ag (1m1)

+ <9£ mg oDeg [EL . j% (103) - %E mg (ok3) 2. j%’(lu)] = 1kz
(28)
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—

EL (1“3) + of -

oT

3 ) 3 - ot OD3 1 3 )
e + —_— —— ————rt s B n
BE (1“3) (OHB) BE (1“) + oP my ) BE BE (1#)

4 o2y, oDsz [—i C D () - Pl & 2 (lm} -0

oP D 3 Ot oP Ot  OE
(29)
In dimensionless form, the momentum equation (17) becomes
o |2 Gh+ 6B - S ] e & o (50)
oT ot ot

Since @ is small, equation (30) can be greatly simplified by an expansion in
terms of § as follows:
o)
o= (D) + (Iwe+ .. (31)
etc.
The upper left superscript 1s used here to denote the power of & involved.

When these expressions are substituted into equation (30), and coefficients of
each power of § are equated to zero, the following relations are obtained:

5%: (%) = 0 (322)
5; (SR + (oA) - 5% (A) + 5% (1) =0 (32b)

Thus to lowest order in {, (gu) is independent of coordinate. If the first-
order expression for the equation of state (eq. (18b)) is transformed into dimen-
sionless form, equation (32a) is equivalent to stating that the pressure is con-
stant to lowest order in . The lowest order approximation indicates that if a
pressure pulse is induced in the system, this pulse will carry instantaneocusly
throughout the system. If such pulses are not induced, pressure is independent
of both space and time. From equations (19b) and (25b), the following identity
results:

u1(E,7) + Qua(E,7) + fua(E,7) = fu = constant (33)
Since the zero-order pressure term in § 1is constant and since the expansions

are about a uniform state, the constant is set equal to zero.
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The continuity equation for species 1 (eq. (27)), when the terms of order
8 or greater are neglected, becomes

- D D
5% (Su1) + oA'S% ($re) + g% [mz 0212 9.0 () + my O Dls a%a_ag‘ (?us)] = Sk
(3h)

Substituting the multicomponent diffusion constants (eqs. (21a) and (21b)) and
simplifying, we obtain

A2

(Su) + oft - (Tpy) - =223 S . = (Juy) = k1 (35)

2
oT
It is interesting to observe that equation (35) is independent of the first-order
concentrations of other species as a consequence of the assumption that A and Q

are small. Then this equation can be solved for ®u1. The continuity equations
for species 2 and 3, equations (28) and (29), respectively, become

ji (guz) + OX . j; (8#2) + (on) EL . EK)

AT OF o
ot pooPa1 3 9 (o o o oP2s 3 9 oy 9
+ " mp D > o5 (Tur) + P ms D % % (Fus) iko

(36)

O (Qus) + oA - g% (%) + (oma) g% . (9R)

ot ebs1 9 9 (o ot o ooDsz 3 9 (o )
fop™ Do s ) e T e (k) =0
(37)

There are four equations (egs. (33), (35), (36), and (37)) for the dimensionless
dependent varilables representing concentration, My, 1Mz, 1M3, and stream veloc-
ity $A. It is convenient to combine equations (36) and (37) to eliminate $A
and thereby reduce the number of equations and number of dependent variables to
three, To this end equation (37) is multiplied by the ratio Opg/oug and the
resulting expression subtracted from equation (36). Using equations (2lc)
through (Elg), we express the multicomponent diffusion coefficients in terms of
the binary diffusion coefficients, and substituting equation (33) for (fus) we
cbtain an equation in (gug) and ($us) alone. The resulting equation can be
expressed as a sum of two terms, one dependent on (fus) and the other on (fus),
to obtain
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The separated portions of equation (38) are similar to each other and, in
addition, each is equivalent in form to the left side of equation (35). This
suggests that a differential equation in a new variable Vv can be found that
will be equivalent in form to equation (35). The new variable v will be a
linear combination of the variables (Sis) and ($us). Substitution of equa-
tion (33) into equation (35) yields

9 (o = .9 (o _2DieDis |0 | o (o
‘{[BT (Tu2) + oA BE (1“2)} Doy [BE 3 (1U2)]}

3 /o0 = 3 ,0 aD12D13 | O 3 /0 o
—_ A o — — —e — Y — = =3k
+'{[BT (1H3) + o BE (1H3)] DPos [ag S5 (1“3)}}' 1K1

To facilitate the following manipulations let the coefficients of the second,
third, and fourth bracketed expressions in equation (39) be P1, Q1, and Si,
respectively, and the coefficients of the identical bracketed terms in equa-
tions (38) be Ps, Qo, and Sp; that is, let

Py = 51 = -—-—-——83312?3 (Loa)
23

Ql = 1 (MOb)

Ps = ?-’;)—l% (L40c)

e = - 22 (40a)

Sp = g{% a%li (40e)
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An equivalent form for the differential equation in v can be achieved by
mulitiplying equation (38) by an arbitrary constant F and then adding the
resulting expression to equation (39) to obtain

3 (o 7.2 (o <P2+FP1>[_6_._6_0 J
[BT (Tuz) + o 5€ (1#2)} + 11 BE BE (Zuz)

(e T2 (i) ¢ o 2 () | () 2 & () | - D)= ()

F o+ 1 /lor F +1 /0t ot F +1
(k1)
It then follows that if F 1is required to satisfy the relation
Q2 + FQl _ SZ + FSl (Mla)
F +1 P> + FPq
the new variable will be defined by
+ F
v = (fie) - (210 (5) (42)
F+1
and Vv will satisfy the differential equation
- ko) - F(fky)
ov , 7.9y _ <P2 + FP1\ 9 9 , - \ike) - Fliky (43)
LA s e - iy 2 L By =
oT O F+1,/03 Of F+1

which on the left side is of the same form as the left side of equation (35);
F is determined in terms of the coefficlent expressions by solving equation (41a)
and is given by

_ Sz - P2Sg (1)
Pp + Pi(Q2 - 1) - S

The relevant coefficients in equations (42) and (43) and F can be evaluated
using equations (40a) through (40e) to obtain

F = ok2C (45)
d - ouzc

Qz + FQ1 _ oz (b - d) =g (46)
F+1 ous M\ d
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P> + FP; aD _
2 L= 22 (1 - opec) =8, (47)

F+1 D

Here new constants defined by

c =1 - a3 (148a)
Dis

4g=1-2as3 (48b)
Dzs

are introduced. Using the conservation of mass relation, equation (23b), Tki
can be expressed in terms of gkg. The problem then reduces to solving the two

partial differential equations

3 /0 - d ;0 aD32D13 9 d /0 o
— . —_— _—— = = = k h,
3, (Du1) + oA 5 (Tu1) Do 5 5 (Tm1) 1K1 (Lga)

d =~ . o  _abi _ 3 .93 ,_ o my _ olzc _ My
S Ut YTy ool oy s [mz YT (l e ] (hoe)
where

v = (Su2) + g(Tus) (49¢)

along with appropriate expressions for the source terms and the boundary
conditions.

The solutions of equations (49) are achieved in a straightforward manner.
If the "sink" or "source" term has the following functional dependence

k1 = $ka(u1) (50)

which would be implied in any chemical equation, then the problem regquires
solving one partial differential equation {linear or nonlinear depending on the
functional dependence included in equation (50)) for Pui. Let the solution be
expressed as

fu1 = Qua(E, ;5 c1,c2) (51)
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where c¢i and cs are parameters and are the constant coefficients of the
Laplacian and sink term, that is,

aDisD
oy = 212lie (512)
DDos

cx = 1 (51b)

On substitution of this solution into equation (50) the final problem will then
be equivalent to solving a linear inhomogeneous differential equation (eq. (49b))
with the appropriate boundary conditions. This solution will be a sum of two
separate parts, that 1is,

v(E,7) = vp(E,T) + vylE,T) (52)

where the particular solution vP(g,T) and the homogeneous solution VH(E,T) are
solutions of

E

ov - J aD m m
—2+0A'——-VP" Dlz (1'onC)é—v'—éfVP=-gk1(%ll)é+oH29 l'~lJ

T Ot 3 Ot da =
(53a)
and
Ovg - o) aDip s} d
ovH e Oy - 1 - 9 .9 vy =0 b
3. + ofA 5 vy ( oHzc) 5 5 vy (53b)

respectively, with proper boundary conditions. It turns out that a particular
solution is given by vp = fu1(¥,T; 31,8) where ©; and 8y are different from
c1 and cz. The equations to be solved are as follows:

< (%) + of - g% (9u1) - g% : g% (%u1) = Pxa(fua) (5ka)
g% (vp) + oA - g% (vp) - B g% 2 (vp) = Yalvp)ta (54b)
O () + ok e 2 (vy) -8 . & (v) = 0 (Ske)
oT Ot ot Of
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where

D = a-DlaDlB (51“1)
Dos
abD 1l - olnc
o) = 12 1 - C) = o or2v )-l,e)
1 D ( oHz . a4 (5
5, = ML < JRLS
ce B gy (512)

The arbitrary characteristic diffusion ceonstant D 1s chosen according to
equation (54d) in order to simplify equation (5ka).

Development of the sink term.- The preceding analysis has been directed
toward reducing eguations (1) through (8) into the more manageable equations (54)
for solving the multicomponent diffusion problem, where the concentrations of the
individual components are fluctuating in some prescribed periodic manner at one
boundary. The effects of the chemical reactions have not yet been Included in
the problem beyond carrying a lumped term Kj vwhich represents the rate of
change in concentration of species 1 due to the chemical processes possible
with the reactants species 1 and 2. The nature of this "sink" or "source" term
and its expanded version $£ky will now be discussed.

The first chemical reaction to be considered is recombination, which is
described by the chemical equation

[A1] + [Aq] + [M] - [As*] + [M] + excess energy as heat (55)

The symbol M 1is used to dencte a third body, which may be any one of the gas
particles in the system, and which is catalytic in its effect on the reaction.
The asterisk denotes that the diatomic molecule may be in an excited state (elec-
tronic or vibrational) and the brackets denote "concentration of" as in equa-
tion (9). The excited molecule subsequently decays to its ground state either by
radiating or through collision as illustrated by the following equations.

[Ao*] - [As] + radiated energy (56a)

[Ao*¥] + [M] - [As] + [M] + heat energy (56b)

18



Generally speaking, because of radiation or binary collisions, the lifetime of an
excited molecule is small compared to any time associated with diffusion. There-
fore it is reasonable to expect that after recombining, the excited molecule will
decay to its ground state before diffusing any apprecilable distance in the system.
Equation (55) can then be replaced without appreciable error by an equivalent
equation

[Ay] + [Az) + [M] - [A5] + [M] + heat of recombination (57)

The applicabillity of this simplification is opportune since it eliminates the
necessity for solving a four component diffusion problem. There may be apparent
exceptions to the foregoing assumption in that the lifetimes of vibrational
excited states at room temperature can be gquite long. However, it 1s probable
that such excitation is removed in a few collisions with the wall. Then the
assumption of a negligible population of excited molecules is valid. Although
the population of excited states may be small enough to have negligible effect on
the solution of the diffusion problem, the excited molecules may exist long
enough to permit ultraviolet absorption studies.

Recombination is not the only chemical reaction possible with reactant
species 1 and 2. In an experiment with oxygen, for example, recombination com-
petes with ozone production. The chemical equation for this reaction 1is

[0] + [0=2] + [M] » [Os] + [M] (58)
Ozone formation is, in turn, followed by the reaction

(0s] + [0] » 2[0z] (59)

A complete "source" or "sink" term will consist of a linear sum of terms each
representing the rate of loss or galn, indicative of a possible chemical reaction,
of a respective species. The problem then becomes qulte complicated because of
the number of unknown parameters that enter. By adjusting the amount of molecular
oxygen available, that is, gho, it is possible to control the predominance of
either chemical reaction. It will be assumed that the parameters are such that
recombination (eq. (57)) is the dominant reaction. The sink term associated with
this reaction (ref. 4, p. 8) is given by

~Kppylaniny (60)

for the rate of loss of species 1 due to a triple collision with reactants nj
and a third body M. The constant Kry 1s called the reaction or recombination

rate constant and has the dimension (cc/particle)2 sec™. The subscript M
indicates that the constant may depend on the kind of third body involved.
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Let Kr,, Kry, and Krz be the rate constants associated with reactions
resulting from a triple collision wherein the third body is specles 1, 2, and 3,
respectively. Then the total rate constant for a change in specles 1 resulting
from collisions is

K1 = -(Kp,ni® + Kponi®ne + Krsni1®nz) (61)

By expansion in terms of A using the pertinent relations in equations (11),
the following relations are obtained

oK1 =0 (62a)
1Ky = -[(KppA) 1ma? ong + (Krgh) 1ni® onsl (62b)

In equation (62b), the quantities (KrpA) and (Krgh) are taken to be of order

zero with respect to the expansion for small A. This is done in order to make
the sink term of the same order as the diffusion terms. In the experiment the
parameters will be chosen in just this way; that 1is, the pressure and the geom-
etry of the diffusion tube will be adjusted so that the homogeneous recombination
and the diffusion terms are of comparable magnitude.

When equation (62b) is substituted into equation (25e) and the number
density expressions are made dimensionless (using eq. (25a)), the resulting
expression becomes

12 12
lkl = -[(—:'D—' On27\Kr2> 1“12 ode + <‘5’ On27\Kr3> lMl2 OMS:I (63)

Letting Xy, and kpy be the dimensionless constants associated with the reaction
constants Ky, and Krs, where

12
kp, = o onZA |} Kr, (6ha)
Kpo = <L2 ax) K (6kb)
I's 3 On '3 o
and
1ky = ~(kpy oba + krg oka) 1H12 (65)
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the zero-order term with respect to our parameter £ using equation (31b)
becomes

2
Tky = ~(kr, otz + kpg oa) (Tuy) (66)
. ~
If ky, = krg, equation (66) then becomes
2
Tky = -kpy(Sea) (662)

For the experiment discussed in the introduction, solutions based on a sink
term defined by equations (61) through (66a) are needed. This requires solution
of a nonlinear equation. A numerical procedure for solving this equation by
machine computation is being developed. If only a qualitative understanding is
desired, the equations can be linearized since closed-form solutions can be
found for the_linearized problem. Equation (66a) can be linearized by replacing
(?pl)z with Sul(gul), where (?IZ) is a constant average value. This method is
used, rather than a conventional linearizsation about a constant value of gpl, in
order to obtain a zero value of $k; at Qui = 0, in qualitative agreement with
the nonlinear expression. Then equation (66a) is replaced by

Py = -kyp Dua (67a)

Where

kp = <kp, Qo1 = - 5 kip (670)

Here Ypi1 is taken equal to 1/2 because in the results to be given $Pu; varies
between O and 1.

Equation (67a) can also be interpreted as a result corresponding to the
reactions represented by equations (58) and (59), as follows. If it is assumed
that any ozone molecules formed are quickly converted to oxygen molecules by the
reaction described by equation (59), then the total sink term associated with
equations (58) and (59) is linear in [0]. That is, it is assumed that in a very
short time (compared to diffusion time) after an ozone molecule is formed by the
chemical reaction (eq. (58)), the molecule will undergo a binary collision and
that the efficiency of reaction is so high that the collision will cause a
chemical change. This reaction is thus presumed to depend only on the species
number density niy. With these assumptions our general system can still be
treated as a three-component system, but the sink term can be treated, with
respect to species 1, as linearly proportional to the concentration of species 1.
In terms of these assumptions the sink term with respect to speciles 1 corre-
sponding to ozone formation (eq. (59)) is

21



The term corresponding to recombination (eq. (58)) is
—Krnlng On (69)

Here differences that might arise because of the kind of third body involved in
the triple collision required for equation (58) are not considered. When equa-
tions (68) and (69) are summed, the expression obtained represents the loss of
species 1 in the assumed chain of reactions; that is, the sink term becocmes

Kl = -(KI' 'nl + Krnll’lg On) (70)

When a procedure similar to that leading to equation (70) is used, equation (63)

then becomes
2 =]
$ky = -Bz%r Kr'> 1 +'<?5'KT on2> Tur ouz] (71)

Letting
2 2
Eguation (71) can be represented by the expression

fky = -kp Tui (73)

In sumarizing we observe that a quantitative representation of the sink
term is given by equation (66) or (66a), but the partial differential equations
(egs. (5ka), (54b), and (5khc)) resulting from this substitution require electronic
machine computation because of thelr nonlinearity. However, qualitative results
may be obtained from the closed-form solutions resulting from the linear
approximation to the sink term, equation (67a) or (73).

Boundary Conditions (Including Wall Reaction Effects)

The equations have been kept general up to this point since thelr derivation
is not affected by any specific cholce of coordinate system. In the discussion
of the boundary conditions a specific configuration will be used, as described
in the introduction. The experimental technique motivating this analysis utilizes
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a flowing gas made up of known amounts of an Inert gas and molecular oxygen.

The oxygen is partially dissoclated in such a way that there is a periodic varil-
ation in the concentrations of both the atoms and the molecules. In this respect
the concentration of the various species at the base of a cylindrical diffusion
tube, where the recombination process is being studied and which is tangent to
the flowing gas, is expressed in terms of the total gas density by

n(o) = ni(o) + nz(o) + nz(o) (74)

The zero in parenthesis signifies that these concentrations are evaluated at the
inlet end of the diffusion tube.

When egquation (74) is expanded about a uniform state in terms of the
parameter A, as was done to obtain equations (1la) through (1lg) and when
coefficients of like powers of A are equated, the following equations are
obtained

on(o) = gnz(o) + onz(o) (75a)

I

1n(o) 1n1(o) + 1nz(0) + 1nz(o) (75b)

The zero-order terms are constant. Also, as was described earlier, there are no
external variations in pressure. The following identities result:

on(o) = on (76a)
onz(0) = ona (76Db)
ona(0) = ona (76¢)
inz(o) + 1nz(o0) + ns(o) =0 (764)

To determine the boundary conditions on the inlet surface of the diffusion
tube, expressions must be found for 1ni(o), 1np(o), and inz(o). Before these
expressions can be determined, it is necessary to introduce a dimensionless
function that represents the time variation applied to the dissociation process.
Let f1(t) be a periodic function representing the dissociation time function for
species 1, such that

ni(o) = ni(o)paxfi(t) (77)
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represents the concentration of species 1 on a two-dimensional surface repre-
senting the inlet boundary of the diffusion tube. The dimensions of the system
are such that nji(o)ygx can be considered constant with respect to the radial
variable on the base of the diffusion tube. If the dissoclation is periodic, the
dissociation time function can be expressed as

f1(t) =1 - cos wt (78)

where w 1s the frequency of the time variation.

When equation (77) is expended in terms of the parameters A and £ and the
density is made dimensionless, it then follows that

Surlo) = £1(%) (79)

Equation (79) is the inlet boundary condition applied to equation (49a).

The variable ins(o) is related to 1ni(o) through the dissociation process.
This is expressed by the equation

m; 1n1(o) + mp 1ns(o) =0 (80)

This relation neglects diffusion processes in the outer flow tube. Making
equation (80) dimensionless and then substituting equation (79) into the resulting
relation we have

fuz(o) = - % £1(t) ‘ (81a)

When the relations for $ui(o) and $us(o) and equation (76d4) are used, the
equivalent condition for species 3 1s obtained. It then follows that

Qualo) = - % £1(t) (81b)

Sufficient information is now avallable to determine the boundary conditions
on the inlet end of the diffusion tube for use in solving equation (49b). The
condition for equation (49b) is determined by substituting equations (8la) and
(81b) into equation (49c). The result 1s

v(o) = - 2 £1(t)(1 + &) (82)
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It is now necessary to determine the effect of the other surfaces that
constitute the boundaries of the side-arm diffusion tube. Here the normal gradi-
ent In the number density of all speciles is related to a fraction ¢y, which
represents the fraction of atoms that recombine upon collisicn with a surface.
For this problem only the case where the stream velocity is zero W}ll be consid-
ered. The fraction 7y is defined in the following mammer. If Jin represents
the effusive flux of particles of species 1 into a surface, and Jip represents
the effusive flux in the opposite direction, the net flux of atoms in the region
of the surface is given by

+ - +
(Jin - Jin = 7Jln)at wall (83)

The effusive flux Jin, which represents the number of particles that cross the
plane ds per unit time per unit area in the positive direction with respect to
ds, is determined from (see ref. 3, p. 456)

JII] = g—— . f fl{;l d{fl (8)-1-)
ds S

The region of integration S 1includes only those values of Vln which have a
positive component with respect to the normal to the plane ds. The distribution
function is given by (ref. 3, ch. 7)

£y = £,° [1 + nZWj - chlj(wlz)] (85)
J

where flo is the Maxwellian distribution given by

3/2 2
m -
£19 = 1y <2 1T> o -MaV1"/2KT (85a)

and CiJ is a_scalar parameter which is determined in reference 3, chapter 7.
The quantity dj is given by

U jl Ei Ei _ njM3\ 9 In p
% az:<n>+<n WAEE (%)

and the reduced velocity ﬁi is defined by

W = f?i_ Vs
Wi KT Vi (87)
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When equation (85) is substituted into equation (84), in suffix notation
(¢ = 1, 2, 3) with the usual convention that repeated dummy subscripts denote
summation, it follows that

+ = d
Jiz, = fflonZ avy + nz djolija (88)
=S :
J

where the integrals are defined by

d —_
o = £§£ Jf Wil 12810019 (W) avy (89)
S

The first integral on the right side of equation (88) when integrated becomes

%‘nlvl (90)

where

= 2kT
¥ =2 ()Oa
iy ( )

is defined as the mean molecular speed. From symmetry properties alone and the
fact that the integrations are over the entire space of Vix and Viy the only

nonvanishing integral in equation (89) is Igjz. The integrand of this integral
is even in the reduced velocity Wi and is therefore equivalent to

% k/h WyEr,0Cyd vy (91)

Noting that this integral is the same as that occurring in the definition for the
multicomponent diffusion coefficilents (ref. 3, p- 479), we obtain the identity

1$57 = %nm—pl Dy (92)

When equations (90) and (92) are substituted into equation (88), the effusive
flux becomes

}._l

Ji7 = = n1vy + =— ) my d3zDD1 )
1Z = ¢ mva 2o 3 4320013 (93
J
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By using a similar method of amalysis we obtain for the number density flux in
the opposite relative direction

- _ 2
Ji1Z = % nvy - 25'2;35 a3z D1y (94)

Equations (93) and (94) are now substituted into equation (83) and after making
the resulting expression dimensionless and expanding it in terms of A and Q, it

follows that

Dy 3y 2 7

On’}:xn- o1 °,.) . &8 _ 1 <%1L\ 7

= B3) » = = 5)

0/, 97D Sf(lJ as & \D/\; _7 (9
J 2 evaluated

at wall

Upon substitution of the multicomponent diffusion constant relations, equa-
tions (2la) and (Elb), equation (95) reduces to

d ,o ds 0
D (o, . & _ _ k] (96)
[BE (S ds i at wall 7
where
_ DDz3 Vil Y 6
! aDi12D13 <4D > 7 (962)
1-3

Equations (95) and (79) are sufficient to define the boundary conditions for
equation (49a). It only remains now to determine a relation similar to equa-

tion (96) as a boundary condition for the quantity v appearing in equation (49b).
Since specles 3 is chemically inert, it does not react upon collision with the
wall. The surface equation equivalent to equation (83) for speciles 3 is

(Jgn - J:-S-n)at wall = O (97)

The number fluxes J;n and Jsn are determined by the same scheme used to derive
equations (93) and (94) to obtain

2
%Z mj dinDsj =0 (98)

J at wall
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When operations similar to those utilized in going from equation (95) to (96)
are used, it follows that

d /0 ds _ o 1 my o\ 4 -
{$€ (Inz) - PP b szffzagzs'[eps . (1 -d) + o2 C)J kw%}at well (99)

after equations (96) and (99) are substituted into an expression found by taking
the gradient of equation (76), the corresponding equation for species 3 is
obtained. The result is

m
[ous ﬁé (1 -4a) - oﬂs} Kyq

S (Sus) - B = Quy — (100)
Bg ds (1 - OHEC)
at wall
The equation for v becomes
s o}
ov 48 lulka> (101)
ot ds at wall
vhere
1 -4 m m
Kyp = <I—_If2"€> [m_; + oz %( - @1 :Ikwl (101a)
-0

When the boundary equations (96) and (101) are applied to a three-
dimensional cylindrical diffusion tube, there will be a separate equation for
each surface (cylinder and end wall). In the event that the various surfaces
are constructed of different materials, the fraction v will be different and
will depend on the material used. (See ref. 5.)

DISCUSSION

The proposed experiment which prompted the analysis contained in this
report will utilize the decay of the time variation in species concentration in
determining the diffusion and homogeneous recombination coefficients of oxygen
atoms. The preceding analysis establishes the mathematical formulation for
this problem. A complete solution to the equations that constitute a formulation
of the problem, that is, the determination of the concentrations of all species
for all coordinates in space and time, will not be covered in this report.
Instead, a solution will be given that illustrates the dependence of the concen-
tration variation decay on chemical recombination and diffusion. This solution
will apply to a one-dimensional system where diffusion and recombination occur
with zero stream velocity in a reglon between two infinite planes and where the
species concentration is being varied on one plane. At the other plane the
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condition of equation (96) is imposed. In this example the linear sink term is
used and heterogeneous recombination 1s neglected. The time variation 1s that
given by equation (78).

The solution is found by following a scheme similar to that given by
Sommerfeld (ref. 6) in his solution to the diurnal temperature problem. It
follows that a solution which includes parameters that are determined so that
the differential equation and the boundary conditions, equations (78) and (96),
are satisfied, is given by

fui(e,T) = uo(e) + Real [exp(iWT)uy(E)] (102)
where
uy(o) =1 1=0,1 (102a)

When equation (102) is substituted into equation (54a), where the sink term is
given by equation (67a) or (73), the resulting expression is a linear ordinary
differential equation in wuy. The solution of this equation is

uy = Ap, exp(Pit) + Ap_ exp(P_g) (103)
where (P+) and (P_) are roots of the characteristic equation
P2 - (1 + iWl) =0 1=0,1 (104)

and where Ap, and Ap_ are determined by the boundary conditions, equations (96)
and (102a). When the wall reaction is neglected, the solution becomes

cosh [Vkr (6 - 1)] , » . ) awr cosh [Pa(e - 1)]
cosh Jkyr cosh Pg

3 2
Plzjg//l+<%>+l +i/1+ %)2-1 (105a)

This solution consists of one time-independent term superimposed on a term that
includes time dependence. The average concentration is given by the time-
independent term, that is, the first term on the right side of equation (105).

(103)

gﬂl(&}'r) =

where
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The concentration time variation is given by the second term. To illustrate the
dependence of the decay on diffusion and recombination, a depth parameter £3
will be introduced that represents a distance at which the variation in concen-
tration is reduced to e-l of its initial value. The depth parameter is defined

by

cosh [Pa(Ey - 1)] | _ o1 (106)

cosh Pg

where the expression on the left of equation (106) is the magnitude of the time
variation that results from the second term on the right side of equation (105) .

Figure 2 illustrates the dependence of the depth parameter £, on frequency
and sink strength. It is to be ocbserved that for high frequencies the decay in
concentration occurs close to the inlet plane and is little affected by the sink
strength kyp. This follows if it 1s noted that when the dimensionless frequency
W/Eﬂ is of order 20 or greater, the 1/e decay characterized by &, occurs
within 1/10 of the diffusion tube length and depends very little on the value
of the sink term parameter kp. As the frequency is reduced, there is a greater
dependence of the depth parameter on the sink strength, and the decay occurs
farther from the inlet. Also, in the limit of large sink strength the decay
oceurs near the inlet plane and is little affected by the frequency. For
instance, we note that when ky 1s of order 100, & change in dimensionless fre-
quency from O to 30 produces a change in the decay depth from 0.10 to 0.08.

From the preceding discussion we observe that to obtain maximum resolution in
the determination of kp, it is desirable that the frequency of variation be low
but not zero since the limiting case of zero frequency (or alternatively, the
steady state problem) is not of interest here. The reason for this is that the
variation in species concentration is itself a technique for making measurements
on the reaction rates. The appropriate frequency will, in part, depend on the
electric filter circuitry efficiency in separating the time varying signal from
the background. The detection of the concentration variation may also be
improved, particularly for large Xr, by superimposing the variation in concen-
tration on a steady gas stream of known veloclity. Such a scheme serves to trans-
port the atoms from their source to the region of observation in a shorter time.
This is necessary in the event that the recombination time is small and the
recombination occurs before the atoms are in the region where the observations
are being made (this case is characterized by large kp-). The utility of the
proposed experiment arises out of the sensitivity avallable in photometric
detection techniques associated with spectral absorption experiments for meas-
uring relative changes in concentration. It is therefore expected that the
decay in the concentration variation may be measured with great accuracy.

CONCLUDING REMARKS

A set of nonlinear and coupled fundamental equations describing diffusion
processes in general, obtained from rigorous kinetic theory, has been used to
derive a set of simplified expressions applicable to an unsteady problem in
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which the species concentrations are made to vary in a prescribed periodic
manner. With the set of simplified expressions the concentrations of each
specles in a ternary gas mixture can be determined as functions of time and
spatial coordinate. It was necessary to complement the derivations by introduc-
ing chemical kinetics in discussing one term in the fundamental equations (the
term representing the recombination processes), and by introducing wall reaction
effects to establish the boundary conditions necessary for the final set of
simplified expressions. The term representing the recombination processes intro-
duced a nonlinearity in the simplified equations. However, a simplifying assump-
tion could be made which allowed for closed-form solutions to facilitate gaining
a qualitative understanding of the unsteady problem. A solution based on this
approximation was given. It required the same methods that were applied in
determining the diurnal or annual temperature variation of the earth. In fact,
there is an obvious analogy between the experimental problem mentioned above and
the earth's temperature problem. In the earth's temperature problem the vari-
ation in temperature due to the daily solar fluctuation is confined to a thin
surface layer. The experiment utilizes measurements on the "width" of the
analogous concentration layer in determining the recombination rates. The
qualitative picture gained from the solution illustrates that care must be taken
in choosing the parameters of the problem. For example, the technique is appli-
cable only if the variation frequency is sufficiently low that the effect of
chemical reaction can be observed; also, the experimental method may require
that the concentration be superimposed on a gas stream should the reaction rates
be too large and the decay confined too close to the inlet boundary.

The next logical development, measuring the recombination and diffusion
rates, requlres the determination of the solution of the equations with the
nonlinear recombination term. This solution will, of necessity, involve recourse
to numerical methods. Such a program is under way, and preliminary exploratory
work indicates that there will be no difficulty in achieving a solution to this
more difficult problem.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Nov. 9, 1962
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