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A STUDY OF CRYOPUMP CONFIGURATIONS I N  
FREE MOLECULAR FLOW REGIONS 

By J. 0. Ballance,  W. K. Roberts,  and D. W. E x b e l l  

ABSTRACT 
2 $3-11 

I n  cryopumping systems, t he  r a t i o  of gas condensed t o  t h e  area 
of t h e  condenser should be made as l a rge  as poss ib le .  By designing 
an a r r a y  which would focus the molecules,  t h e  condenser area might 
be reduced, and t h e  r a t i o  thereby increased t o  a s a t i s f a c t o r y  value.  
The present  study w a s  i n i t i a t e d  t o  determine i f  such focusing could 
be obtained wi th  simple geometric conf igura t ions .  
molecules under free-molecular-flow condi t ions  were examined f o r  
circles, e l l i p s e s ,  parabolas,  hyperbolas,  and t r i a n g l e s .  
cons i s t ed  of both an exac t  t h e o r e t i c a l  a n a l y s i s  and a Monte Carlo 
computer technique. It was  found t h a t  t he  b e s t  focusing could be 
obtained wi th  the  c i r c u l a r  a r ray ,  which concent ra tes  50% of the  
molecules i n t o  46% of the  area.  Since t h i s  focusing i s  so s l i g h t ,  
an ex tens ion  of t he  study i s  planned t o  include inc ident  beams which 
e n t e r  t he  a r r a y  a t  an angle r a t h e r  than d i r e c t l y ,  as i n  t he  present  
study. 

The k i n e t i c s  of 

This  s tudy 

Preliminary resu l t s  from t h i s  ex tens ion  a r e  encouraging. 
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A STUDY OF CRYOPUMP CONFIGURATIONS I N  
FREE MOLECULAR FLOW REGIONS 

By J. 0. Bal lance,  W. K. Roberts, and D. W. B r b e l l  

SUMMARY 

I n  cryopumping systems, t he  r a t i o  of gas condensed t o  the  a rea  of 
the  condenser should be made a s  large as poss ib le .  By designing an 
a r r a y  which would focus the  molecules, t he  condenser a r e a  might. be 
reduced, and the  r a t i o  thereby increased t o  a s a t i s f a c t o r y  va lue .  The 
p resen t  s tudy was i n i t i a t e d  t o  determine i f  such focusing could be 
obtained wi th  s i m p l e  geometric configurat ions.  The k i n e t i c s  of mole- 
c u l e s  under free-molecular-flow condi t ions were examined f o r  c i r c l e s ,  
e l l i p s e s ,  parabolas ,  hyperbolas,  and t r i a n g l e s .  This study cons is ted  
of both an  exact  t h e o r e t i c a l  ana lys i s  and a Monte Carlo computer tech-  
nique. It was found t h a t  t he  b e s t  focusing could be obtained wi th  the  
c i r c u l a r  a r r ay ,  which concent ra tes  50% of the  molecules i n t o  46% of the  
a rea .  Since t h i s  focusing i s  so s l i g h t ,  an ex tens ion  of t he  s tudy i s  
planned t o  include inc ident  beams which e n t e r  the  a r r ay  a t  an angle  
r a t h e r  than d i r e c t l y ,  a s  i n  the  present study. Prel iminary r e s u l t s  
from t h i s  extens ion  a r e  encouraging. 

I. INTRODUCTION 

The cryopump has been e s t ab l i shed  as a necessary component of 
vacuum systems i n  which very low d e n s i t i e s  and r e l a t i v e l y  high mass 
flows a r e  required.  Since the  condensing e f f i c i e n c y  of a cryopumping 
system depends more on the  physical  arrangement of thermal s h i e l d s  than 
on t h e  p rope r t i e s  of t he  gaseg s t r i k i n g  the  condensing su r face ,  many 
cryo-array conf igura t ions  have been developed. 
a r r a y s  has been examined both t h e o r e t i c a l l y  and experimental ly .  Such 
examinations a r e  usua l ly  conducted i n  the  free-molecular-flow reg ion ,  
where two bas i c  assumptions can be made: (1) the  molecules i n t e r a c t  
only wi th  the  su r faces  (not  wi th  each o t h e r ) ,  and ( 2 )  t he  molecules 
a r e  r e f l e c t e d  from the  sur face  d i f fuse ly .  Although an exac t  a n a l y s i s  
r e q u i r e s  knowledge of t he  accommodation c o e f f i c i e n t s ,  s t i c k i n g  coef- 
f i c i e n t s  and capture  c o e f f i c i e n t s ,  some a r r a y s  (such a s  the  chevron 
type)  a r e  near ly  independent of these parameters. These a r r a y s ,  however, 

The performance of t hese  
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usua l ly  have a very low pumping e f f i c i e n c y ;  i . e .  only a s m a l l  percentage 
of  t h e  molecules e n t e r i n g  the  a r r a y  i s  condensed. 

I f  there  were some way i n  wh ich . the  gas molecules could be d i r e c t e d  
o r  focused, much b e t t e r  pumping c h a r a c t e r i s t i c s  could be obtained f o r  a 
given condensing area.  The present  study was i n i t i a t e d ,  using the  
assumptions o f  f r e e  molecular flow, t o  determine i f  such focusing could 
be obtained with simple configurat ions.  It w a s  noted t h a t ,  even i f  no 
focusing were obtained,  t h e  r e s u l t s  of t h i s  study might be use fu l  i n  
determining some of  t he  molecule-surface i n t e r a c t i o n  parameters. 

This r epor t  includes an o u t l i n e  of t he  methods used, a summary of 
the r e s u l t s  t o  d a t e  f o r  several simple conf igu ra t ions ,  a d i scuss ion  of 
the accuracy o f  t h e  d a t a ,  and mention of  a poss ib l e  experimental  a p p l i -  
c a t i o n  of  the r e s u l t s .  

11. METHOD 

Typical i n  any study of free-molecular-flow problems are two 
assumptions: (1) the mean f r e e  path of t h e  molecules i s  much l a r g e r  
than any dimensions involved, and (2) molecules c o l l i d i n g  w i t h  a sur-  
f ace  are r e f l e c t e d  according t o  the  Lambert Cosine Law d i s t r i b u t i o n .  
I n  t h i s  study, i t  w a s  a l s o  assumed t h a t  t he  problem could be reduced t o  
two dimensions by consider ing the su r faces  t o  be i n f i n i t e l y  long c y l i n -  
de r s .  W i t h  t h i s  assumption, each a r r a y  w a s  then s tud ied  only i n  c r o s s  
sec t ion .  A etudy by a group a t  Arthur D. L i t t l e ,  Inc. has shown t h a t  
the cosine l a w  can be used i n  two dimensions without introducing any 
e r r o r .  

With these assumptions, two d i f f e r e n t  approaches were used t o  
determine e x i t  d i s t r i b u t i o n s  of molecules r e f l e c t e d  from s e v e r a l  simple 
geometrical conf igu ra t ions .  The f i r s t  w a s  an exact  t h e o r e t i c a l  approach; 
t he  second, a Monte Carlo approach, used an IBM 7090 computer. It was 
poss ib l e  t o  o b t a i n  an exact  t h e o r e t i c a l  expression f o r  the e x i t  d i s t r i b u -  
t i o n  i n  only one case, v i z . ,  molecules r e f l e c t e d  a f t e r  one c o l l i s i o n  
w i t h  a c i r c u l a r  su r f ace ,  assuming an inc iden t  d i s t r i b u t i o n  completely 
uniform over the  surface.  This c a l c u l a t i o n  i s  given i n  Appendix A. For 
o t h e r  configurat ions and inc iden t  d i s t r i b u t i o n s ,  the f i n a l  r e s u l t s  w e r e  
i n  the form of i n t e g r a l s  which could not  be ca l cu la t ed  i n  c losed form. 
However, the t h e o r e t i c a l  approach d id  y i e l d  o t h e r  important information: 
f o r  t he  case of t he  c i r c l e ,  d i s t r i b u t i o n s  over t h e  su r face  could be 
c a l c u l a t e d  as a funct ion of c o l l i s i o n  number. Expressions f o r  these 
d i s t r i b u t i o n s  a r e  given i n  Appendix B and are p l o t t e d  i n  Figure 1 f o r  
two cases: (1) i nc iden t  f l u x  uniform over the  su r face  ("random angle"),  
and (2)  incident  f l u x  uniform ac ross  the opening ("random y t l ) .  From 
these  d i s t r i b u t i o n s ,  the f r a c t i o n  of molecules e x i t i n g  the a r r a y  a f t e r  
n c o l l i s i o n s ,  %, could be ca l cu la t ed  e x a c t l y  and compared with the  
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n 

computer r e s u l t s .  This comparison is given i n  Table I. I n  t h i s  t a b l e  
are a l s o  given some r e s u l t s  obtained by g raph ica l ly  i n t e g r a t i n g  the  
t h e o r e t i c a l  expression found f o r  the "random y" case.  

A B 
a! a IA-B I % n n 

TABLE I 

1 

a! -- Frac t ion  o f  P a r t i c l e s  Exi t ing  Array Af ter  n Col l is ions---Circles  n 

theory computer 

0.6366 0.6361 0.0005 0 .1  

2 

3 

0.6259 0.6295 0.0036 0.6 

0.6279 0.6187 0.0092 1.5 

4 0.6281 0.6012 0.0269 4.3 

c 

n 

1 

2 

3 

4 

It is  seen t h a t  t h e  computer r e s u l t s  f o r  the  f r a c t i o n  are i n  e r r o r  
by a maximum of  4.3% while  those obtained by the  graphica l  method are 
i n  e r r o r  by a s  much as 9.2%. The graphica l  method w a s  t he re fo re  d i s -  
carded i n  favor  of t he  computer method. 

A B C 
a % (A-C I a IA-B I % an n n 

theory computer graphical  

0.6667 0.6608 0.6756 0.0059 0.9 0.0089 1.3 

0.6186 0.6167 0.6757 0.0019 0.3 0.0571 9.2 

0.6298 0.6400 0.6759 0.0102 1.6 0.0461 7.3 

0.6285 0.6538 0.6774 0.0253 4.0 0.0489 7.8 

The computer method, using the Monte Carlo technique, cons is ted  of  
t he  following s teps :  

(1)  A random number, R1, between 0 and 1, w a s  generated by the  
computer. 
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(2) From R1, a random number y1 = 1-2R1 (between -1 and +1) was 
computed and used fo r  t he  y coordinate  o f  t h e  inc iden t  p a r t i c l e .  

43) Using the general  equat ion f o r  the geometry of i n t e r e s t ,  t he  
x coordinate ,  XI, was then ca l cu la t ed .  

( 4 )  The equation of the normal t o  the su r face  a t  (xl, yl) w a s  then 
computed. 

(5) A new Tandom number, R2, ( a l s o  between 0 and 1 )  was generated 
and an angle,  6, ca l cu la t ed  from 6 = s i n - l  (1-2R2). 

( 6 )  The equat ion f o r  the p a r t i c l e  l i n e ,  a t  an angle  8 wi th  t h e  
normal, was then computed; t h i s  y i e l d s  the  cosine d i s t r i b u t i o n  f o r  
the r e f l e c t e d  par t ic les .  

( 7 )  The i n t e r s e c t i o n  of t h i s  pa r t i c l e  l i n e  wi th  the y-axis ,  "Y", 
w a s  then ca l cu la t ed .  This va lue ,  Y ,  w a s  then t e s t e d  and placed i n  the  
c o r r e c t  group. 

(8) I f  t he  p a r t i c l e  d id  not  f a l l  i n t o  any of t he  20 groups from 

This yielded a new (xl, yl) f o r  the p a r t i c l e ' s  
Y = -1.0 to  Y = +1.0, the  i n t e r s e c t i o n  of  the p a r t i c l e  l i n e  wi th  the  
a r r a y  w a s  ca l cu la t ed .  
second c o l l i s i o n  and the computer then returned t o  s t e p  ( 4 ) .  

(9)  The program was continued u n t i l  a p a r t i c l e  had e i t h e r  been 
placed i n  one of t he  e x i t  groups o r  had made four c o l l i s i o n s  ( s i x  
c o l l i s i o n s  i n  the case of the t r i a n g l e ) ,  whereupon i t  was recorded as 
"out" and the program s t a r t e d  over a t  s t e p  (1). 

111. DISCUSSION OF RESULTS 

Computer r e s u l t s  were p r i n t e d  out  i n  twenty groups, from y = -1.0 
t o  y = +1.0 i n  i n t e r v a l s  of 0.1, w i th  each group broken down i n t o  f i r s t ,  
second, t h i r d  and fou r th  c o l l i s i o n s .  These d i s t r i b u t i o n s ,  f o r  the f i v e  
geometries considered, are presented i n  Figures 2 through 6 ,  with only 
Figure 2 including the  d i s t r i b u t i o n  as a funct ion of c o l l i s i o n  number. 
It i s  c l e a r  t h a t  very l i t t l e  focusing i s  obtained w i t h  any of t hese  
a r r ays .  Ameasure of focusing i s  given by the percentage area i n t o  
which the  middle 50% of the p a r t i c l e s  f a l l .  These percentages are 
given i n  Table 11, f o r  each of the a r r a y s  considered. 



TABLE I1 

Geometry 

Circle, Random Angle 

Percentage Area i n t o  which Middle 50% of P a r t i c l e s  F a l l  
f o r  Various Surface Geometries 

% Area 

51.3 

Y 11 I 1  45.8 

I E l l i p s e ,  A = 0.5 I 47.5 I 
, A = 1.25 

, A = 1.50 

11 

I 1  

I I I 

46.9 

46.7 

, A =  -3 

, A =  -5 

, A =  -7 

II 

I t  

II 

Triangle ,  loo 

, 30' II 

1 11 I A = 1.75 I A = 2.00 

~~~ 

46.6 

47,5 

47.8 

48.4 

48.6 

I , P = 0.125 48.4 I 1  

I Geometry I %Area<  

Parabola,  P = 0.0833 

Hyperbola, A = -1 

It can be seen t h a t  the  b e s t  focusing i s  obtained wi th  the  c i r c l e  
w i th  random y inc iden t  beam, which "concentrates"  50% of the  p a r t i c l e s  
i n t o  45.8% of the  area.  

Since these  r e s u l t s  were r a the r  un in t e re s t ing ,  i t  was then decided 
t o  examine cases  where the  inc ident  beam e n t e r s  t he  a r r a y  a t  an angle  f3 
with  the  opening. I f  b e t t e r  r e s u l t s  could be obtained under these  condi- 
t i o n s ,  then seve ra l  simple a r r ays  might be combined ( i n  a c lover - leaf  
p a t t e r n ,  f o r  example) t o  focus the molecules. Prel iminary r e s u l t s  of 
t h i s  s tudy a r e  presented i n  Figure 7 ,  which shows the  d i s t r i b u t i o n  of 
p a r t i c l e s  a f t e r  one c o l l i s i o n  wi th  a c i r c u l a r  a r r a y ,  where the  inc iden t  
beam i s  a t  an angle  wi th  the  y-axis. These resul ts  are somewhat more 
encouraging, and these  s t u d i e s  are being continued a t  the  present  t i m e .  

IV. DISCUSSION OF ERRORS 

Two methods have been used t o  determine the  random e r r o r s  inherent  
i n  the  computer approach. The f i r s t  of these  i s  based on the  asymmetry 
of the  r e s u l t s ,  as follows: Since both the  inc iden t  beam and the  a r r ays  



considered were p e r f e c t l y  symmetrical wi th  r e s p e c t  t o  t h e  x-axis ,  i t  w a s  
expected t h a t  t he  ex i t  d i s t r i b u t i o n s  ac ross  the  y-axis  would a l s o  e x h i b i t  
t h i s  symmetry.  For example, t he  same number of  par t ic les  should f a l l  i n -  
t o  group 20 as i n t o  group 1, the same i n t o  group 11 as i n t o  group 10, e t c .  
With the  f i n i t e  number of p o i n t s  (10,000) considered by the computer, t h e r e  
w a s ,  of course, some asymmetry. Theore t i ca l ly ,  the d i f f e r e n c e  between two 
va lues  obtained should be 0 f 2a (a = standard d e v i a t i o n ) ,  w i t h  95% conf i -  
dence, o r  0 k .6745a w i t h  50% confidence,  where a s tandard d e v i a t i o n  i n  
t h i s  case is given by d m  
p i s  the p robab i l i t y  of a po in t  f a l l i n g  i n t o  a group = n i s  the -  
average number i n  a group; and q = 1 - p ) .  
e r r o r  and two s tandard dev ia t ions  are p l o t t e d  i n  Figure 8a, where the 
s o l i d  curves have been p l o t t e d  from the  above t h e o r e t i c a l  expressions,  and 
the p o i n t s  have been ca l cu la t ed  from the computer d a t a ,  The f i g u r e  i n d i -  
cates t h a t  the asymmetry obtained w a s  approximately what w a s  expected 
t h e o r e t i c a l l y  . 

( N  i s  the  number of p o i n t s  considered = 10,000; 

Both the percentage probable 

The second method used t o  determine the  e r r o r s  i n  the  computer method 
w a s  based on a comparison with the only case solved exac t ly  by t h e o r e t i c a l  
ana lys i s :  
a f t e r  one c o l l i s i o n  with a c i r c l e ,  where the  inc iden t  par t ic les  are d i s -  
t r i b u t e d  uniformly over t he  surface.  Twenty-four d i f f e r e n t  computer runs 
were made, varying the  number of i nc iden t  p a r t i c l e s .  The probable e r r o r  

w a s  then determined from the  equation: P.E. = .6745 4-i where xi 

i s  the d i f f e rence  between the  number of par t ic les  i n  the  i t h  group and 
the  average; t h e  index i runs from 1 t o  20, s i n c e  the re  are 20 groups. 
The probable e r r o r  was a l s o  ca l cu la t ed  t h e o r e t i c a l l y ,  using P.E. = .67450 
and u =m where N i s  the  number of p o i n t s  considered, p = .03183 (calcu-  
l a t e d  from theory) and q = l -p .  The r e s u l t s  are shown i n  Figure 8b. It i s  
seen t h a t  the computer e r r o r s  are w i t h i n  those p red ic t ed  t h e o r e t i c a l l y ,  and 
t h a t  the probable e r r o r  f o r  10,000 po in t s  i s  approximately 3.7%. Thus the 
d i s t r i b u t i o n s  shown i n  Figures 2 through 6 can be considered accu ra t e  w i t h i n  
2 t o  5%, depending upon the  number of p a r t i c l e s  i n  a group ( f o r  250 p a r t i c l e s  
the e r r o r  i s  4.2% o r  11 p a r t i c l e s ;  f o r  600 par t ic les  the e r r o r  i s  2.7% o r  
16 p a r t i c l e s ) .  

the case of t he  d i s t r i b u t i o n  of p a r t i c l e s  e x i t i n g  the  a r r a y  

1 

V. EXPERIMENTAL APPLICATION: MEASUREMENT OF ACCOMMODATION COEFFICIENT 

A s  s t a t e d  e a r l i e r ,  an exact  a n a l y s i s  of an a r r a y  r e q u i r e s  knowledge 
of the accommodation c o e f f i c i e n t s ,  s t i c k i n g  c o e f f i c i e n t s ,  e t c .  A t  p re sen t ,  
t h i s  s tudy has not progressed f a r  enough t o  be concerned wi th  these  para- 
meters;  however , t he  r e s u l t s  might be very use fu l  i n  t h e i r  determination. 
In  p a r t i c u l a r ,  an immediate a p p l i c a t i o n  of the r e s u l t s  would be t h e  
determination of  t he  accommodation c o e f f i c i e n t .  
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The accommodation c o e f f i c i e n t ,  a ,  i s  defined by: 

To - T 
n a =  

where T , Tn, and Tw are t h e  absolute temperatures of the inc iden t  g a s ,  
t h e  r e f f e c t e d  gas,  and the r e f l e c t i n g  su r face ,  r e spec t ive ly .  

Thus the  temperature of  N1 molecules a f t e r  one c o l l i s i o n  i s  
It i s  e a s i l y  shown t h a t  t h e  temperature of N n T, = T - a ( T  -Tw). 

molecufes af?er  the p t h  c o l l i s i o n  is: 

T~ = T~ + ( T ~  - T ~ )  (1 - a)" 

For a given experimental a r r ay ,  some molecules w i l l  ex i t  t h e  a r r a y  
a f t e r  one c o l l i s i o n ,  o t h e r s  w i l l  c o l l i d e  more than once with t h e  sur-  
f ace  of i n t e r e s t ,  and e x i t  a f t e r  n c o l l i s i o n s .  Considering = e x i t i n g  
molecules,  t he  a c t u a l  measured temperature of the e x i t i n g  gas w i l l  be a 
weighted average of a l l  t h e s e ,  given by: 

m / m  

T e x i t  
n= 1 

where N i n t h e  numb of molecules e x i t i n g  t h e  a r r a y  a f t e r  n c o l l i s i o n s .  

The summations are shown here t o  extend t o  i n f i n i t y ,  but i f  a cu t -  
o f f  i s  imposed, t h i s  can be replaced by a f i n i t e  number. For example, 
i f  t h e  cu to f f  is set a t  99.9% ( i . e . ,  99.9% of the p a r t i c l e s  have e x i t e d ) ,  
t he  upper l i m i t  on the sumnation is a number between 2 and 50, depending 
upon the  geometry. 

The f r a c t i o n  of  particles e x i t i n g  t h e  a r ray  a f t e r  n c o l l i s i o n s ,  an, 
has been discussed above (See Section 11). 

For n = 1: a1 I N ~ / N ~  o r  N1 = a1 No. 

S imi l a r ly ,  N2 = a2 (No-N1) , e t c .  

I n  gene ra l ,  (3)  
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Subs t i t u t ing  (3)  and (1) i n t o  ( 2 ) :  

l e x i t  

Now using the r e  

co c 
n= 1 

u l t s  of s 
s t a n t  i nc  iden t gas temperature , 

( 4 )  

c t i o n  I1 above f o r  an, assuming a con- 
To, and a constant  su r f ace  temperature, 

Tw, the e x i t  temperature,  Texit, can be p l o t t e d  as a func t ion  of the 
accommodation c o e f f i c i e n t ,  a. Then, by experimentally measuring T e x i t ,  
the accommodation c o e f f i c i e n t  can be found g raph ica l ly .  

Unfortunately, the present  study has shown t h a t  t he  d i s t r i b u t i o n  of 
e x i t i n g  p a r t i c l e s  ac ross  the opening of the a r r a y  i s  not uniform and, 
more importantly,  the d i s t r i b u t i o n  changes with c o l l i s i o n  number. Thus, 
the measured value of Texit w i l l  change a s  the probe i s  moved along the 
y-axis  ( t h e  opening). However, by using the computer d a t a ,  the va r ious  

can be determined f o r  any given s e c t i o n  of the opening and the above 
procedure used t o  y i e l d  the accommodation c o e f f i c i e n t .  

Plans are  now i n  progress t o  conduct t h i s  experiment i n  the  near 
fu tu re .  

V I .  CONCLUSIONS 

This study has proven the  g r e a t  value of the Monte Carlo computer 
technique i n  ca ses  where exact  t h e o r e t i c a l  techniques cannot be found. 
This technique i s  accurate  t o  b e t t e r  than 4% when 10,000 po in t s  are 
used. 

The study has shown t h a t  very l i t t l e  focusing can be expected from 
simple geometric su r faces  i f  the  incident  beam of molecules i s  p a r a l l e l  
t o  the a x i s  of symmetry. Some focusing is  poss ib l e  when the  inc iden t  
beam makes a l a r g e  angle with the  a x i s  of symmetry. 

An elementary a p p l i c a t i o n  of  the r e s u l t s  of the study might be a 
determination of the accommodation c o e f f i c i e n t  by a s i m p l e  experiment. 
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APPENDIX A 

D i s t r i b u t i o n  ac,ross Y - A x i s  of  P a r t i c l e s  Emitted a f t e r  One C o l l i s i o n  

("Random Angle") 
Incident  D i s t r i b u t i o n  Uniform over  t h e  Ref l ec t ing  Surface 

L i s t  of Symbols (See Figure A) 

Y 

P a 

a 

NO 

Na! 

cp 

Na, cp 

e 

N 
y, 0 

N 
Y 

7 

b 

Consider 

d i s t ance  along the opening, measured from the  cen te r  
of t he  semicircle .  

po in t  on semicircle  
y-axis. 

a t  angle a measured from negat ive 

angle measured from negative y-axis t o  normal a t  
po in t  P a' 
t o t a l  number of incident p a r t i c l e s .  

number of  p a r t i c l e s  per r ad ian  r e f l e c t e d  a t  po in t  P . 
angle between path of r e f l e c t e d  p a r t i c l e  and normal 
t o  su r face  a t  P 

number of p a r t i c l e s  p e r  r ad ian  r e f l e c t e d  a t  point  p 

a 

a' 

which are r e f l ec t ed  a t  an angle cp. a 

angle from normal a t  Pa t o  l i n e  from P t o  t he  po in t  a 
(OYY) 

number of  p a r t i c l e s  p e r  r ad ian  from P t h a t  pass a through a s e c t i o n  from (0,O) t o  (0,y). 

t o t a l  number of  p a r t i c l e s  through the  s e c t i o n  from 
(0,O) t o  (0 ,y)  from a l l  P . a 
angle  from pos i t i ve  y-axis  t o  normal a t  P (7 = SI - a) .  

d i s t ance  from P to  po in t  ( 0 , y ) .  a 

- 
a 

an inc iden t  d i s t r i b u t i o n  of N, p a r t i c l e s  which i s  uniform 
over a semicircular  su r f ace  a s  shown i n  Figure A. Assuming t h a t  t hese  
p a r t i c l e s  are d i f f u s e l y  r e f l e c t e d  according t o  Lambert's Cosine Law, 
the  d i s t r i b u t i o n  of r e f l e c t e d  p a r t i c l e s  ac ross  the  y-axis from y = -1 
t o  y = +1 can be ca l cu la t ed  a s  follows: 
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Y 

Let % = t o t a l  number of p a r t i c l e s  
p e r  r a d i a n  r e f l e c t e d  a t  po in t  P a' 

Then No = f N d a  = TCN a a' 
0 

Figure A 

The number of p a r t i c l e s  per r ad ian  r e f l e c t e d  a t  an angle cp from the  
normal t o  the su r face  a t  P a i s  given by: 

N = k N a cos cp (Lambert's Cosine Law) a? cp 

To f i n d  the  constant k: 

TC - -  
2 

TC 
e -  

2 

Now the  t o t a l  number of p a r t i c l e s  per r ad ian  from Pa t h a t  passes 
through a sec t ion  of the opening from 0 t o  y i s  given by: 

1 
2 a  dcp =I 3 Na cos cp dcp = - N s i n  8 

0 0 
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and t h e  t o t a l  number of p a r t i c l e s  passing through t h i s  s e c t i o n  from - a l l  
P is: 
- 

q 
YT II 

N = I  N d a = s  Na s i n  8 d a  
Y Y9 a 

0 0 

Thus t o  c a l c u l a t e  N , s i n  8 must be w r i t t e n  i n  terms of a. 
t o  Figure A: 

Refer r ing  
Y 

s i n  8 - s i n  y 
Y b 

s i n  7 
b o r  s i n  e = Y 

but  

and 

s i n  7 = s i n  (YT-a) = s i n  a 

1 + y2 - 2y COS 7 f 
Also cos 7 = cos (If-a) = -cos 

so t h a t  1 + y2 + 2y cos 

y s i n  a F i n a l l y  s i n  8 = 

+ y* + 2y cos a S 
I n s e r t i n g  t h i s  expression i n t o  equat ion (1): 

YT 

s i n  a d a  
Y 

0 

This  i n t e g r a t e s  immediately to: 

N Y = - %  2 ( 1 + $ + 2 y c o s a  s I" 
0 



1 N = - - 2 [ ( l  + y2 - zY)% - ( 1  + y2 + 2y)k Y 

N ;a 
N Y = - - 2 [*(l - y) - & (1 + y)] 

Now (1 + y2 t 2y cos a)’ b,  which is  a p o s i t i v e  number ( a  d i s t a n c e ) ,  

Thus t h e  t o t a l  number of p a r t i c l e s  t h a t  p a s s  through any s e c t i o n  from 
0 t o  y i s  simply proport ional  t o  y; i . e . ,  t he  d i s t r i b u t i o n  ac ross  the 
y-axis i s  uniform. 
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APPENDIX B 

D i s t r i b u t i o n s  of  P a r t i c l e s  over  a Semicircular Surface 
a s  a Function of C o l l i s i o n  Number 

I n  gene ra l ,  t he  number of p a r t i c l e s  per r a d i a n  making t h e  n t h  
c o l l i s i o n  wi th  a semi-circular  surface,  a t  an angle  a measured from 
t h e  y-axis ,  i s  given by: 

and F(n) (a ,@) = $ I N ;  n-1) (cos f cos 5 + s i n  - (31 s i n  ”> da: 2 2 
4 

(-1) 
(31’ Na can be ca l cu la t ed  from the  previous expression f o r  N 

Case I. Incident  p a r t i c l e s  uniform over the  semic i r cu la r  su r f ace  
(random angle  incidence).  N = t o t a l  number of inc iden t  
p a r t i c l e s  . 0 

(2) = (No/2x) a 
Na 

Na (3 )  = (N 0 /850 [ 8  .+($ - 5 - a) s i n  y - ($ + 5 - a) cos y] 

[ - ( 2 2 + ~ - 6 a + - -  5 R  - -  2 cos 5 - (22 - 2 75r + 6a 2 ( 4 )  = (No/32a) 32 Na 
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(5) = (No/128n)  [ I 2 8  - ( 9 3  + 2 - - sc2 + - sc3 - 2 9 a  + 4fia - - 7 s  - 
+ 2) 4 6  2 2 4 24  \ Na 

Case 11. Incident p a r t i c l e s  uniform over t,he opening of t he  a r r a y  
(random y incidence) .  

N C )  = ( N 0 / 2 )  s i n  a 

) ( 2 )  = (No/6) (cos a + s i n  - a - s i n  a 
2 Na 

( 3 )  = ( N  / 2 4 ) [ ( -  3 1 s c  - 7 + a) s i n  9 +(- 7 1 r c  + 7 - 
Na 0 

27 
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a t  first five collisions (cosine low of reflection) 
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