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NUMERICAL SOLUTIONS OF FREE-MOLECULE FLOW
IN CONVERGING AND DIVERGING
TUBES AND SLOTS
by Edward A. Richley and Thaine W. Reynolds

Lewis Research Center

SUMMARY

The integral equations governing flux distributions for free-molecule flow
through converging or diverging tubes and slots are developed under assumptions
of uniform entering flux and diffuse particle reflection from the walls. The
equations are solved on an IBM 7094 computer by applying an iterative method of
solution. Speciflc cases studied in the analysis are tube length to radius
ratios of 1/2, 1, 2, 4, 8, and 16; slot length to width ratios of 1/4, 1/2, 1,
2, 4, and 8; and, for each ratio, up to 14 variations of wall half-angle rang-
ing from 75° to -60°. Wall and exit-aperture flux distributions and total and
direct transmission probabilities are presented as functions of these param-
eters. Transmission probabilities for a wall half-angle of zero are compared
with results of other investigations and show excellent agreement. Results are
presented in tabular and graphic form, and reasonably accurate results for
parametric values within the specified ranges may be determined by interpola-~
tion.

INTRODUCTION

Gas flow characteristics under conditions of free-molecule flow have been
of interest since the early work of Knudsen and Clausing and such study has
gained impetus in recent times primarily because of the rapid expansion of
space technology. Applications of solutions of free-molecule flow include a
wide range of problems, for example, the design of electric rocket thrustors,
vacuum gages, and vacuum facilities (refs. 1 and 2). The subject of this
report is free-molecule flow through converging or diverging tubes and con-
verging or diverging two-dimensional slots.

Mathematical formulation of such free-molecule "internal” flow problems
was first accomplished by Clausing for right-circular tubes. Later investi-
gators rederived Clausingts equation by different techniques and also formu~
lated the problem for other models (e.g., ref. 3).

The problem discussed herein is to determine the flux distribution along



the walls of the tube or the slot for the case of random, free-molecular gas
flow into the inlet.

Particle reflection from the walls is considered herein as in most other
investigations, to be diffuse. This is an appropriate assumption from a phys-
ical viewpoint, if the particles are adsorbed and then evaporated from the
wall. :

Of course, the presence of an adsorbed layer of particles on the surface
implies the possibility of surface diffusion. Evaluation of the effect of
surface diffusion on flow requires knowledge of the diffusion coefficient and
equilibrium adsorption data for the particular system coansidered. For example,
it 1s shown in reference 4 that, for silver atoms effusing through molybdenum
and nickel orifices, the total flow may be 30 percent greater than that cal-
culated for vapor flow alone. For the effect to be of this magnitude, it was
required that the length-radius ratio of the orifice be less than 1, while the
radius was small (R < 0.5 mm). In order to keep the analysis herein independ-
ent of the gas or tube material, surface diffusion effects were not considered.
A more detailed discussion of gas-surface phenomena is given in references 5
and 6.

Once the wall flux distribution has been determined, the remaining flow
characteristics are readily calculated. The general expression for the wall
flux distribution is an integral equation, and solution in closed form is usu-
glly not possible without an additional assumption. An assumption that has
been used for the right-circular-tube problem, for example, is that particle
flux on the tube wall varies linearly with distance from the entrance (ref. 7).
As mentioned in reference 7, however, the integral equation is amenable to
direct integration on a digital computer, and no assumption regarding the wall
flux distribution is required. An iterative method of solution, on a digital
computer, is described in reference 8 for the problem of the right-circular
tube and in reference 9 for diverging tubes with wall half-angles ranging from
0° to 22.5°% As discussed in reference 9, solutions obtained with the assump-
tion of a linear wall flux variation for the right-circular tube are in approx-
imate agreement with numerical solutions. This assumption, however, is no
longer applicable for a tapered tube.

An iterative numerical method of solution that is similar to those re-
ported in references 8 to 10 is applied herein to cover a much wider range of
geometric variations than were available previously. Wall and exit-aperture
flux distributions and total and direct transmission probabilities are pre-
sented in both tabular and graphic form. The computer program used to obtain
these results is given in appendix C by Carl D. Bogart.

ANATYTIC RELATIONS
Configurations and Basic Flux Equations

The configurations investigated herein are shown in sketch (a) and fig-
ure 1.
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Particle flow into the tube or slot is assumed to be uniform over the in-
let and to have random distribution of direction. Explicit knowledge of the
speed distribution function is not a requirement for this problem (see ref. 7).
This implies that solutions are independent of the wall or particle tempera-
ture. Downstream of the exit, vacuum conditions are assumed so that there is
no return flow from this region. Free-molecule, or Knudsen, flow is assumed
in the region internal to the tube or slot; thus, particle-particle collisions
are negligible and only particle-wall collisions need be considered. Particle
reflection from the walls is assumed diffuse, that is, assumed to follow the
cosine law. With these assumptions, the particle arrival rate at any point on
the wall may be determined numerically on a digital computer.

The basic relation from which the particle flow behavior may be derived
is (ref. 7)

ng cos Bgp COS Bha

dny = da, (1)

2
w1
ab

where



dny flux (particles per unit area per unit time) arriving at differential
area dAp from dAg

ng flux leaving differential area dAg

lagb distance from a to b

Oap angle between 1, and the normal to dAg
Opa  angle between 1lgp, and the normal to dhy

The geometric relations expressed in equation (1) are shown in sketch (b)
and all symbols are defined in appendix A.

The total arrival rate n, at diy
is obtained by integrating equation (1)
over all the source area A5 that con-
tributes to the flux at dAp.

If the configuration being exam-
ined is two-dimensional, that is, of in-
finite extent in the third dimension,
such as shown in sketch (c), the par-
ticle flux relations can be developed
from the line-source relation

dAp n

cos eab cos Qba
dnp = —

a a

y (2)
Zlab a
where

—== X dny flux (particles per unit area per
unit time) arriving at the dif-
ferential area dAp from line
element dyg

Line-element
source of
infinite extent—"~

(c)

ng flux leaving line source dya

lgp distance from b to line element

Equation (2) is, of course, obtained from equation (1) by the partial integra-
tion of dAg over the line element from =z equals negative infinity to posi-
tive infinity. The total arrival rate np at dAy, 1s obtained by integrating
equation (2) over all line elements that contribute to the flux at dAy,.

The following consistent subscript notation is used in all subseguent de-
velopments:

Subscript<LSurface or plane

1 Inlet plane
2, 3 Wall surface
4 Exit plane




Tube Configuration

The flow relations for tubes are given in the following paragraphs. Some
identities helpful in reducing the general relations are given in appendix B.

Tube wall flux. - The flux nz(XZ) on the tube wall at any point (see
fig. 1(a)) consists of particles arriving directly from the inlet plus par-
ticles arriving from the remainder of the wall. When the general flux equa-
tion (1) is employed, the flux at point 2 becomes

cos 925 cos 932

cos 612 cos 921 dAl . HS(XS)
ﬂZz ﬁZZ

12 23
A Az

na(xz) = ny

(3)

Since n is constant, the first term of equation (3) may be integrated
directly. Expressed in dimensionless form, it becomes

1 E% secZB + 3X, tan B+ 2

ery ‘/Eg seczB + 4T,

- §é cos B - T, sin B (4)

Barred quantities are nondimensional variables expressed as ratios to the inlet
radius Rj.

Since n3(x5) is variable over the area Az and is also equal to the un-
known arrival rate HZ(XZ) that is being sought, the second term of equa-
tion (3) cannot be completely integrated directly and must be finally deter-
mined by some other means. A numerical method that employs an iterative tech-
nigque is used herein. First, however, since the flux n3(X3) is independent of
the angle as (see fig. 1(a) and appendix B), integration with respect to az
can be carried out to yield

cos B

(x3 - XZ)Z sec?p + 6rorz
nz(xz) o 1 - (xz - x5) sec B —

dx
377 ¢ X3
s [(x3 - x2)2 seclp + 4r2r5] -

The complete expression for ns(xp) in nondimensional form is

— =2 2
s (Xo) Xo sec®B + 3X, tan B + 2 _ _
2n2=5 2 B 2 8 - ¥p cos B - Tp sin B
1 2Ty V;Tcg secEB + 4T,

L
— = _ =2 2 _—
. 2x(Xz) cos B J1. (%, - %) sec B »733 >X_24)“ sec“ + 6T,T3 = (6)
nl 2?3 3 I:(?( — )2 Tﬁf &
0 3 = Xp sec”f + 4r2r3:|



In this equation, as 1n subsequent ones, the half-angle B is positive for a
divergent configuration and negative for a convergent configuration.

Tube exit-plane flux. - The flux at a point in the exit plane (see fig.
1(b)) consists of particles arriving directly from the inlet, plus particles
arriving from the wall:

cos 674 cos 6 cos 0,, COS B4
ny 14 4l dAl + Do (XZ ) 242 d-AZ ( 7 )

2
w1, sy Tlog

ng(ry) =
A

Integration of equation (7) expressed in nondimensional form yields

ny(Ty) _1y . +T, -1
-1 .
" Ve +T+5) - o

L

‘s na (%) ?%(f - Ez)[(i - %) +?§ - ?i] + To(T - iz)z[(i - %)% + ?2 - ?:ﬂtan B _ (8)
" {[(i - %2 4T 4 ?2]2 - 4?%?2}3/2

0

The first term of equation (8) represents the flux of particles arriving di-
rectly from the inlet opening. The second term is the flux of particles that
have experienced one or more collisions with the wall before arriving at a
location ¥, 1in the exit plane.

Tube transmission probability. - The fraction of particles incident upon
the tube inlet plane that passes through the tube without colliding with the
wall, that is, the direct transmission probability Pg, is obtained by inte-
grating the direct flux portion of equation (8) over the exit area of the tube.
The resulting expression for Pg 1is

T 2 22
Pg=Z |1 +L +BRy-Y(1+L +R| -4 (9)

The total transmission probability Pi, or the fraction of particles in-
cident upon the tube inlet area that eventually pass out through the downstream
end of the tube, is determined by integrating the total flux ng over the exit
area and dividing by the total inlet flux:

Ry,
Ty) —
Py = Eéézél T, d7, (10)



Slot Configuration

The flow relations for slots are given in the following paragraphs. Some
identities helpful in reducing the general relations are given in appendix B.

Slot wall flux. - The basic line source relation (eg. (2)) is used to ob-
tain the arrival flux at the wall due to direct flow from the inlet and flow
from other elements of the opposite wall such as shown in figure 1(c):

cos 923 cos Ozo

cos 6 cos 6
12 21 dyl +

Wy <

no(xs) = ny nz(xz) a¥ (11)

2123

It will be noted that in this configuration no flux arrives at point 2 from any
other point on that same wall, since all such points are located at angles of
90° from point 2. After the proper geometric relations are substituted into
equation (11) (see appendix B) and the indicated integrations are performed,
the following nondimensional expression for the flux on the wall is obtained:

% X 2
22(%) 1)y cogp| o PITANP
" 2 ‘/Eg secZB + 2§2 tan B + 1
i
= % = = 2
1 nz(%z) 1+ 2(X + Xz) tan B + 4XpX3 tan®p =
+ 5 ————— cos B«- _ ._:.2 S — - =73 <
: [(Xz - Xz)° + (1 +X, tan B + Xz tan B) ]
6]

(12)

The first term in brackets in equation (12) is the arrival rate at a point
on the wall due to direct flux from the inlet. The second term in brackets
represents the flux arriving from the opposite wall. Barred quantities are
nondimensional variables expressed as ratios to the inlet slot width.

Slot exit-plane flux. - The flux at a point y, in the exit plane (fig.
1(d)) consists of contributions from the open end directly and from the two
walls. The equation expressing these terms is (see appendix C)

n,(¥y) 1 1-27, . 1+ 2F,
Tz = — =
1 Vii? + (1 - 25,08 V42 + (1 + 25,)2

T
np(%p) — Wy, + 25, W, - %, = (13)
2 (T - %) + &
* [ ! 2 {[4(f. - %)% + (1 + 25, + 2%, tan 13)2]3/2 [T - %)% + (1 - 25, + 2%, tan 5)2]3/2}




The first term in brackets in equation (13) represents particle flux at a
point ?4 in the exit plane coming directly from the inlet without a wall
collision. The second term in brackets represents flux of particles at

point ¥, that experience one or more wall collisions before arriving at

that point.

Slot transmission probability. ~ The fraction of particles that are in-
cident upon the slot inlet and pass through the slot without colliding with
the wall is Py and is obtained by integration of the first term of equa-
tion (13) over the exit area:

Py - L[VEZ + (1 + W) - VAP + (1 - )7 | (14)

The total transmission probability Py is the integral of both terms of
equation (13) over the exit area:

W,/2
n4(¥4) —
Py = _aerl dy, (15)
— ny

Additional Relations

Wall fluxes. - As previously mentioned, the tube and slot wall flux rela-
tions, equations (6) and (12), may be used for either converging or diverging
configurations by applying the appropriate sign to B, the wall half-angle. A
relation between the wall flux values for flow through any particular configu-
ration (sketch (d)) in the forward or reverse directions may also be developed
from consideration of equilibrium requirements.

Consider the flow through the open-
ing from each chamber (sketch (d)) in-
dependently with the assumption that the
other chamber is at zero pressure. The
flux at some point on the wall at a dis-
tance x from the inlet A; may be
Wall calculated first for flow from the left
ny chamber and then for flow from the right
chamber. Let these two wall fluxes be
Ay designated (nX)14 and (nx)4l, respec-

Chamber 1 7 Chamber 4

ny

|
e

ki

tively. Since these flows have been
assumed to occur under free-molecule
conditions, with no interaction of par-
(a) ticles, the flows may be superimposed
without affecting the separate solu-
tions. The total arrival rate at the

wall at point x 1is then (ny)q, + (nx)41'




If the gas in the total enclosure is considered to be in a steady-state,
the arrival rates n; and nyg, and indeed the arrival rates anywhere within
the enclosure, must all be equal. Thus, it can be stated that the wall arrival
rate at point x under these conditions is

n = (nglyy + (ngdgy (16)

or

(ng)a1 1 (nx)14 (17)
].’ll - - nl

This relation, which does not depend on the shape of the opening, or passage-

way, provides a convenient tool for evaluation of reverse flow through a par-

ticular configuration, (e.g., tube or slot) once the flow in the forward direc-

i

tion has been\calculated from equation (6) or (12).

Transmission probability. - Under steady-state conditions in the enclosure
in sketch (d), there must be no net flow through the tube, or slot, connecting
the two chambers. From this steady-state requirement, a relation between the
transmission probabilities through the same configuration in the forward and
reverse directiohs can be derived. Again, consider the flows from the two
chambers to be od%urring independently of each other. The particle flow from
chamber 1 to chamber 4 is mn3Aj(Pj4)4; the particle flow from chamber 4 to
chamber 1 is n4A46£41)t, where (Plégt and (Pg1)t are the total transmission
probabilities for the respective flows. When the flows are superimposed, the
respective total trahsmissions are not affected. Under steady-state conditions
then, since there must be nc net flow,

\

n141 (P1g)y = ngAg(Pgy)de (18)

But, also under steady-state conditions nj = ng, so that equation (18) becomes

(P1g)y = éf (Pg1)t (19)

As long as free-molecule flow conditions exist, the values of transmission
probability, as defined herein, do not depend on flow rate. Equation (19) is a
general relation, then, dependent only on configuration parameters.

Consideration of the direct flux relations (egs. (9) and (14)) shows that a
similar relation holds for the direct transmission probabilities as well:

(Pyy)q = % (Pa1)a (20)

If, for example, the configuration variables for the tube are introduced
into equation (19) or (20), the equation may be written as



= P (21)
where
L
L__ (22)
T 1+ LM
Ry

(see fig. 1(b)).

For the slot configuration equation (19) or (20) becomes

L
W_’B 1 A
1 L
where

L
W

L 1

O (24)

L 1+2=LM

ki

(see fig. 1(d)).

The transmission probabilities presented in the next section were explic-
itly determined for various configuration parameters and flow directions. By
application of equation (21) or (23), values of the reverse-flow transmission
probabilities may be readily determined.

METHOD OF SOLUTION

Numerical solutions for the preceding equations were obtained on an
IBM 7094 computer. The FORTRAN program is given in appendix C.

Solution of the wall flux equations (egs. (6) and (12)) was accomplished
by application of an iterative procedure similar to that described in detail in
reference 10. The procedure, as applied to equation (6), for example, consists
in supplying an initial guess of the unknown function n5(§3) in the integral
of equation (6). The equation is numerically integrated by using a combination
of Simpson's rule and trapezoidal integration. New values of the function are
thus produced that are used in turn, in the next iteration. Iteration proceeds
in this manner until convergence is reached, that is, until the maximum change
in any one of the final pointwise values, compared with its previous value, is
less than some preassigned limit (for details see appendix C). For the solu-
tions presented herein, the largest value used for this limit was 0.02 percent.
Similar to the findings of reference 10, trial solutions in which widely dif=-
fering initial guesses were employed always resulted in convergence to practi-

10



cally the same final answers; however, the rate of convergence differed. The
simple initial guess of nz(Xz) = O generally yielded the most rapid rate of
convergence.

After the wall flux relations are solved, the exit-plane equations
(egs. (7) and (13)) may be solved by direct numerical integration. Similarly,
the total transmission probability equations (egs. (10) and (15)) are amenable
to direct numerical integration by use of the exit~-plane flux values.

The accuracy of the results, of course, depends on the size of the in-
crement used in the numerical integration of the various equations and, in
general, improves as the increment size is made smaller. ©Smaller increments,
however, increase machine computation time, particularly with respect to the
wall flux equations. Consideration of both these factors led to the selection
of varying increment sizes such that the total number of calculated points was
approximately the same for all configurations.

RESULTS AND DISCUSSION
Transmission Probabilities

The transmission probabilities calculated by equations (9), (10), (14),
and (15) are presented in tables I and II. A comparison of the calculated
total transmission probability for the straight tube and the parallel-walled
slot (i.e., for B = 0) with that of previous investigations is shown in fig-
ure 2. The results of the present calculation by the iterative numerical
technique are in agreement with those of reference 3. The transmission proba-
bilities for B = O obtained in reference 3 were determined analytically under
the assumption of a linear variation in wall flux. The numerical procedure
used herein, as well as that used in reference 8, shows that this assumption
is quite satisfactory for this case; however, it is not applicable when the
wall half-angle departs from zero.

Total transmission probabilities for the convergent and the divergent
tubes are shown in figure 3(a) for length to inlet-radius ratios up to 16. For
the divergent tubes, the transmission probability appears to become asymptotic,
especially for half-angles greater than about 20°, where the total transmission
probability levels off at a length to inlet-radius ratio of about 10. The re-
sults that may be compared are in agreement with graphical results given in
reference 9, which covers positive wall half-angles from 0° to 22.5°. Total
transmission probabilities for the convergent and the divergent slots are
shown in figure 3(b) for length to initial-width ratios up to 8. The behavior
is qualitatively similar to that of the tubes.

The direct transmission probabilities P3q for the tubes and slots are
shown in table II and figure 4. These probabilities rapidly approach limiting
values as the length-radius ratios, or length-width ratios, approach infinity.
The values sinZB for the tube and sin B for the slot are the limits of
equations (9) and (14), respectively. Physically, as the ratio of length to
initial width (or radius) increases for a fixed wall half-angle, the percentage
of approaching particles that can escape directly through the exit at angles

11



greater than the wall half-angle B tends to decrease as shown in sketch (e).

The fraction of in-

cident particles that
experience one Or more
wall collisions before
B passing out of the tube,
B P\\“-\\\\\\\j or slot, is simply equal

to Py - P3. This frac-
tion may be determined
from the values given in
(e) tables I and II and is
compared for the case
where B = 0 with total
and direct transmission probability values in figure 5. The Py - Pg curve
passes through a maximum for this case as the length to inlet-radius ratio or
length to inlet-width ratio increases. This behavior of the Py - Pg curve is
to be expected if the total and the direct transmission probabilities each
approach zero with increasing length-radius or length-width ratios as they do
for zero or negative wall half-angles. For the divergent configurations, how-
ever, the total and the direct transmission probabilities do not approach zero
(figs. 3 and 4) and a maximum in the Pt - Pg curve does not generally occur.

Equations (21) to (24) may be used in connection with the data of tables I
and IT to obtain reverse-flow transmission probabilities for the various con-
figurations. For example, consider a slot of length to inlet-width ratio of
1/2 and a wall half-angle equal to 450, The reverse-flow-configuration param-
eters are a wall half-angle of 45° and from equation (24), a length to exit-
width ratio of 1/4. From table I(b)

Py = (Pig)q, = 0.986
—,B
W1

For flow in the opposite direction, equation (23) is used to calculate Py

Py = (P4:1)L = 0.493

WL’

This value, calculated from equilibrium requirements, is identical with the
value given in table I(b) that was calculated from the theoretical flow equa~
tions.

Wall Flux Distributions

Tubes. - Values of the incident flux or arrival rate at the wall of the
convergent or divergent tube are given in table ITI(a). Several illustrative
plots of data from this table are shown in figure 6. Wall flux varies nearly
linearly along the tube length for B = 0, is concave downward for the con-
verging tube, and is concave upward for the diverging tube.

12



Slots. - Wall flux values for the convergent or divergent two-dimensional
slots are presented in table III(b), and several illustrative plots are shown
in figure 7. The wall flux distributions for the slots follow qualitatively
the same behavior as those for the tubes.

This behavior of the tube and slot wall flux distributions with varying
wall half-angle is due to the varying magnitude of contributions received
directly from the inlet and contributions from particles reflected from the
walls. :

The qualitative behavior of these components of the flux curves is shown
in sketch (f) for a length to inlet-width ratio of 1 and wall half-angles of
+200°. A

Convergence half-angle,
B, ~-20°
Divergence half-angle, Total

B, 20°
\\\\Pirect

Relative wall Tlux

— —Reflected
/’//”/— \~‘\‘\\\\
e ~— =~
\
\
_________ — e
0 Reflected _—
Distance B
(£)

The wall fluxes presented herein for both the tube and the slot configu-
rations may be used in equation (17) to obtain flux values for reverse flow
through each of the configurations. These correlations are not obvious in the
plots of figure 7, since the dimensionless parameter length-radius or length-
width ratio given thereon is expressed in terms of the flow entrance aperture.
Equations (22) or (24) should be used along with equation (17) to determine
the appropriate reverse-flow configurations.

The accuracy of the flow equation calculations may be checked by using
some results given in table ITII. TFor example, length to inlet-radius ratios
and wall half-angles of 1 and 45°, and 1/2 and -45%, respectively, result in
similar tube configurations. The calculated values from table IIL(a) (rounded
off to three places) are reproduced and summed for comparison in the following
table:

13



Axial distance, |Length to inlet-radius ratio,|Sum of flux
x/L or 1 - x/L L/Rl ratios
1 | 1/2
Wall half-angle,
B, deg
45 [ -45
Flux ratio,
ng/ny
0 0.166 0. 834 1.000
.1 .135 . 865 1.000
.2 L1311 . 889 1.000
.3 . 093 . 907 1.000
.4 .078 . 922 1.000
.5 . 066 . 934 1. 000
.6 . 056 . 944 1.000
.7 . 048 . 952 1. 000
.8 . 042 . 958 1.000
.9 . 036 . 964 1. 000
1.0 . 031 | + 969 - 1.000

The equilibrium requirement of equation (17), that the sum should equal
1.000 at each point, is thus satisfied.

Exit~Plane Flux Distributions

The integrals in the exit-plane flux distribution equations (egs. (8) and
(13)) for both the tubes and the slots contain functions that become somewhat
difficult to evaluate accurately by numerical methods at the exit plane near
the wall. The problem may be overcome to a great extent by use of very small
increments; however, practical considerations arise in deciding on an appro-
priate increment size. Results were determined to be fairly accurate over at
least 95 percent of the exit opening. There is a possible error over the re-
maining 5 percent, and this possibility is indicated in the figures by the
dashed portions of the curves near the walls.

Tubes. - Flux values across the exit plane at different radial distances
from the tube axis are presented in table IV(a) for the convergent and the
divergent tubes. Flux distributions across the exit plane of the cylindrical
tubes of various lengths are shown in figure 8. The distributions tend to
become flat with increasing length to radius ratio.

Flux distributions across the exit plane of tubes of various wall half-
angle are shown in figure 9 for length to inlet-radius ratios of 0.5, 2,
and 16. As would be expected from the transmission probability results, the
magnitude of the curves decreases with increasing length to radius ratio.

Slots. - Flux values across the exit plane at different lateral distances
from tThe centerline of the slot are given in table IV(b) for the convergent

14



and the divergent slots. Flux distributions at the exit plane of the parallel-
walled slots of various lengths are shown in figure 10, and several illustra-
tive plots of the variations of exit~plane flux distribution with wall half-
angle are shown in figure 11l. As is true of the wall flux curves, the general
behavior of the exit-plane curves is qualitatively similar for slots and tubes.

CONCLUDING REMARKS

The object of this report was to determine the flow characteristics of
converging or diverging tubes and slots under conditions of free-molecule
flow. An iterative numerical method of solution of the integral equations
that describe the flow was employed. With this method, no a priori knowledge
of the flux distribution along the wall was required, as it would be if closed-
form analytic solutions were sought. Wall flux distributions, exit-plane flux
distributions, and total and direct transmission probabilities were determined
for a wide range of configuration length to radius (or, width) ratio and wall
half-angle. Relations were also developed that may be used to determine the
"reverse-flow" wall flux distribution and the transmission probability of a
given configuration directly from the computed "forward-flow" results.

It was found that values of transmission probability for the configura-
tion having a wall half-angle of zero were in agreement with values determined
by other investigators. Some values presented for other configurations (i.e.,
wall half-angle not equal to zero) were found to be in agreement with graphic
results of another investigation.

Wall flux distributions for the tubes and the slots were qualitatively
similar to each other and were found to vary nearly linearly with distance for
the zero wall half-angle configuration. For the divergent configurations the
wall flux varied more sharply with distance near the entrance, while for con-
vergent configurations it varied more sharply near the exit.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, February 11, 1964
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APPENDIX A

SYMBOLS
area
length of configuration, measured normal to entrance plane
length of slot wall, measured along wall
length of line, see sketch (b)
tangent of angle S of tube or slot
flux or arrival rate, number/(unit area)(unit time)

direct transmission probability, fraction of entering particles that exit
downstream without a wall collision

total transmission probability, fraction of entering particles that exit
downstream

inlet radius of axisymmetric configuration
exit radius of axisymmetric configuration
radial distance

length of surface normal from point on surface to centerline of configu-
ration

distance, for example, tijJ distance from point i +to end of S 3 that is
on centerline

width of exit, two-dimensional configuration
width of inlet, two-dimensional configuration
axial distance

lateral distance

position angle in cylindrical coordinate system

wall half-angle of tube or slot, positive for diverging and negative for
converging configuration

angle between surface normal and line 1, see sketch (v)



Subscripts:

a,b general polnts

1 inlet plane
2,3 wall

4 exlt plane
Superscript:

(_) dimensionless quantity for tube configuration when divided by Rl and
for slot configuration when divided by Wy

17



APPENDIX B

IDENTITIES FOR INTEGRATION OF EQUATIONS

The following identities for the tube configuration may be noted from
figures 1(a) and (b):

X2

cos 019 = 755

2 2 2
112 + 52 - tlz

cos 891 =
211252
tiz = r% + (x5 + ro tan )@
Ziz = r% + rg - 2r1r2 cos aq + x%
dAz = rz dxz doz sec B
2 2 2
1 + sz - t
cos 055 = 23 %5 7 723
2 2 2
1 + 50 - &
cos O,z = 23 2 32
Elzz®2
t%z = rg + (x5 - % - rp tan B)Z

t%S = rg + (x3 - X5 + Tz tan B)2

I

sz = r3z sec B

f

So ro sec B

Tz = Ry + Xz tan B

ro = R + %5 tan B
Z%S = rg + r% - 2rprz cos az + (xz - xz)2

18



L
cos 0O = Ccos 6 = =
14 41

114

dA,

ro dag dxo sec B

154 = r% + rz - 2ryry cos(al - aé) + L2

2

224 = r5 + rZ - 2r2r4 cos agp + (T - xz)2

L - Xz
Ccos Oyp = — =

l24
2 2 2
log *+ 83 - Bp
212432

cos 624 =

2

2

The following identities for the slot configuration may be noted from
figures 1(c) and (d):

a¥ = dxz sec B

CcOos 912 = X—Z
li2
2 2 2
i1z + 83 - 75
cos 921 = 211252

80 = yo sec B
2
tlz = yi + (XZ + Yo tan B)Z
Z%Z = x% + (yo - yl)2

2 2 2
igz + 83 - 135

cos 923 = 222352
2 2 2
1 + sz - &
cos 932 ~ ‘23 3 23
2lyzSy
8z = ~yz sec B

19



W
y2=_23_-+xztanB

vz =-<% + Xz tan B)

2 2
t32 = ys + (XB - XZ - y2 tan B)Z
2
th =y + (%3 - %, + y3z tan B)2
12, = (%2 - %)% + (yz2 - yo)°
23 3 2 3 2
cos 6 = cos 6 =L
14 ~ 41 3
14
Z§4 = L2 + (yl - Y4)2
I -
cos 94:2 = *2
log
2 2 2
1 + 82 -t
cos Oy, = 24 T 2~ T4

2

2 2
t4:2=y4:+(L-X2-y2tanB)

2
124 = (L = XZ)Z + (yz - y4)2

W = W + 2L tan B

20



APPENDIX C

FORTRAN II CODE FOR TUBES AND SLOTS
by Carl D. Bogart

The FORTRAN IT programs that calculate the wall and exit-plane flux dis-
tributions and the transmission probabilities follow essentially the same
format for both the tube and the slot configurations. Thus, while both pro-
grams are included herein, only one set of control words, one set of problem
specifications, one flow chart, and one set of sample data are given.

Control words:

IS positive, set first guess equal to YO; zero or negative, read in first
guess from binary cards

KO maximum number of iterations on solution
KPR frequency of intermediate print
M number of heading cards

Problem specifications:

ER maximum percentage change for convergence
H reciprocal of mesh size for wall
HH reciprocal of mesh size for exit plane

XLOR length of tube or slot
XM tan (beta)

YO first guess at solution

21



Data input Calculate Find maximum
Start KOR = O » wall percentage
KOC = O Plux change from
‘_> last iteration
4 Change < ER
Print wall KOR 2 KR N\ KOC = KOC + 1
fluxes e T KOR = KOR +1
KOR = O
——

Y

Print wall
fluxes

Y
Calculate
exit-plane
fluxes

Y

Print
exit-plane
fluxes

Y

Calculate
transmission
flux

Print
transmission
flux

|
End

FLOW CHART



NN NN

AN YN

PROGRAM LISTINGS

PROGRAM TO CALCULATE SIDEWALL AND EXIT PLANE FLUXFS FOR sSLOT
COMMION Y 97 oW
DIMENSTION Y(10060)sW(1000)sZ2(1000)
1 READ INPUT TAPE 7s1N1sMsKOsKPR SIS
M=NUMRBRFR 0OF HEADING CARDS
KA=MAXIMUM NUMBER 0OF ITFRATIDONS
KPRP=FPEQUENCY NF PRINT
1S=0s—- CALL FIRST GUESS FROM BINARY CARDS
1S=+ SFT FIRST GIIFSS=Y0D
Df} 2 J=1lsM
READ INPUT TAPE 7,104
2 WRITE QUTPUT TAPE 65104
READ INPUT TAPE 79100sXMeXLORsHER YO sHH
XM=TAN(BFTA)
XLNR= /W
H=1/MFSH ST7F
FR=PFRCFNTAGF CHANGF FOR CONVFRAFNCE
YO=FIRST GUESS AT SOLUTIAN
HH=STEP-~SI1ZF FOR END
FLOR=4 #XLOR* %2
KNR=0
KNC=nN
HX=1e/H
N=XLOR¥H+1 45
XC=XM¥EXM
C=14+XS
SC=SORTF(C)
05C=1./5C j
CA=,5%Ncar
TXM=2 4 #XM
FXM=TXM%3%2
21 N 2 J=14N
XJ=J-1
XJ=XJ/H
3 Y(J)=YD+XJIH* 5% (45-Y0)
4 K=1
X=0,
8 DN 6 J=14N
XJ=J=-1
YY=XJ/H
Z0J)=(1 e+ X+YY)XTXM+FXMEXXYY ) HY (J)
6 20U)Y=Z D)/ LIX=YY ) # %2+ (1 o+ XMHE(X+YY ) ) #¥2)%3#] .5
=N,
55=0.
DO 7 J=2sN 2
S=S5+7Z(J)
7 §55=85+Z2 (J+1)
SOM=(7 (1)1 =Z (N)F+4 ¢ ¥5+24%55)%#4333233333/H
CNN= SC—(XM+X*¥C)/SQRTF (X*¥X#CH+TXM*¥X+1,4)
WK Y=CAX(CNN4LSOM)
K=K+1
X=X+HX
IF(K-N) 59548
8 CK=0e
DN 10 J=1sN
A=ABSF(W(J)=Y(J))/Ww(J)
IF(CK=A) 9510410
9 CK=A
K=J
10 Y(J)y=w(J)
CK=CK*100,

Ve
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24

31

30
18
19

39

4n

41

42

100
1n1
1n2
103
1n4

105
106
107

KNC=KOC+1

KOR=K{JR+1

IF{KOR-KPR) 30931331

WRITE OUTPUT TAPE 6s1025sK0OCsKsCK
WRITE OUTPUT TAPE 651035 (Y(J)sJ=1sN)
KOR=0

IF(ER-CK) 18419519

IF(KDC~KB) 4919,19

WRITE DUTPUT TAPE 6s102sKOCsKsCK
WRITE CQUTPUT TAPE 64105

WRITE OUTPUT TAPE 65103s(Y(J)sJ=1sN)
UN=1e+TXM%XLOR

HN=UN/HH* 5

NN=HH+1e5

K=1

X=0.

TX=2e#X

DN 40 J=1sN

XJd=J-1

YY=XJ/H

A= ( XLOR=-YY)

AA=4 o ¥ A¥A

B=1es+TXM%YY

ZOUY=Y (J)#A* ((UNHTX )}/ (AA+(B+TX ) #%2) %% 145+ (UN=-TX) / (AA+(RB-TX) %%2)
#¥%] 45)

CONTINUF

5=0.

S8=0Ns

DO 41 J=2sNs2

S=5+21(J)

55=55+Z2(J+1)
SOM=(Z{1)~Z(N)+4e¥S+24%55)%,666666666/H
CON=a5%((1e-TX)/SQRTF(FLOR+(1e=TX)#%2)+{14+TX)/SQRTF(FLOR+(1e+
TX)y*#2))

W(K)=SUOM+CIN

X=X+HN

K=K+1

IF(K=-NN) 3943942

WRITE CUTPUT TAPE 6,106

WRITE QUTPUT TAPE 691034 (W(J)sJ=14NN)
S=0.

55=0.

DO 43 J=2sMNNs?2

S=S4+W(J)

SS=SS+WIJ+1)

SOM=4666666A66F [WI1)=WINN)+4e%¥5+2 %S5 ) ¥HN
WRITE OUTPUT TAPE 6s1074S0M

CALL BCDUMP (Y{N)sY(1))

~n TN 1

FNRMAT(7F1C45)

FARMAT(1415)
FORMAT(2IHCITERATION/K/EPSILON 2165F843)
FORMAT(1HO8E15e6)

FORMAT (72H

FORMAT(22HUFLUX ON SIDE WALLS )
FORMAT (16H™ FLUX [0OUT FND )
FARMAT(16HOTOTAL OUT FND Fl0e6}
N



NN OO

NN NN

61

60
99

11

12
12

14

PROGRAM TO CALCULATE SIDFWALL AND FXIT PLANE FLUXFS FOR TUBFES

COMMON Yas2Z oW

DIMENSION Y(2000)sZ7 (27000)sW{200C)

RFAD INPUT TAPE 745101sMeKMNyKPRHIS
M=NUMFER 0OF HEADING CARNDS
KO=MAXIMUM NUMBER 0OF TITERATIOMS
KPR=FREQUFNCY NF DRINT
IS=0s~9 s CALL FIRST GUESS FR{M BINARY CARDS
1S=+sSET FIRST GUESS=YD

DN 7 J=1sM

READ INPUT TAPE 74104

WRITE QUTPUT TAPF 6,104

PFAD INPUT TAPE 7100 sXMeXLMIRsHsFR YD sHH
XM=TAN(BETA)
XLOR=L/R
H=1/MFSH SI1ZF
FR=PERCFNTAGE CHANGF FDOR CONVFRGFNCE
YO=FIRST GUESS AT SOLUTIDN
HH=STCP~SIZE FOR END

KOR=0

C=1 ¢ +XM¥XM

SC=SORTF(C)

0SC=14/5C

KOC=0

N=XLOR*H+1e5

IF(1IS) 616146

CALL BCREAD(Y(N)sY (1))

GO TO 8

DO 99 J=1sN

Y(Jr=yQ

K=1

NS=1

XX=0,4

A=] ¢ +XMHXX

AA=45/A

DN 10 J=1sN

XJ=J-1

X=XJ/H

BR=1e¢+XM*X

AL=ABSF (X=XX)

20y =AL® ( (ALXALXC)+64%*A*B)

ZUJY=Y ()Y #INSC=7(J) /7 LIALXALRC ) Hh o ®ARD ) H¥H] 45)

IFINS) 11412412

JJI=XX#H+1 o5

SOM=Z(1)4e5%¥72 (JJ=1)=Z(JJ)+eD%Z(JIJ+1 =7 (N)

GN TN 13

SAM=7 (1)=-7Z (N}

=N,

S58=0,

DN 14 J=29Ns?2

$=5+72(J)

S8=8&+7 (J+1)

SOM= (SOM+4 4 #S5+24%55) / (R e ¥%H)

CNN=( (CHXXFEXX I3 g hXMEXX+2 6 ) /SQRTF { { CHXXEXX ) +4 o *A)
1 —(XX+XMEAY #NSC

WIK)Y=(CNNELENM)) XAA

NS=-=NS

XK=K

XX=XK/H

K=K+1

IF(K=N) 959,415
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26

15

16

17

31

30
18
19

100
1n1

CK=0e

PN 17 J=1sN

A= ABSEF (WS =Y J)Y/W )

IF(CK=A) 16417917

CK=A

K=J

YUU)r=wih

CK=CK*10n,

KAC=KNC+1

KNR=KNR+1

IF(KOR=KPR) 30s31+31

WRITE LUTPUT TAPF 641N24KNCsKsCK
WRITE QUTPUT TAPE 641034 (Y(J)sJ=1sN)
KOR=C

[FIER=CK) 18419419

TF(KOC—KN) 8419419

WRITE DUTPUT TAPE 6s102sK0OCsKs»CK
WRITE MITPUT TAPE 64+1N05

WRITF DUTPUT TAPE 691039 (Y (J)sJd=1sN)
XK=XM#XLNR+1,

NN=HH+145

HH=XK /HH

k=1

X=0e

DN 110 J=1sN

XJ=J-1

Q=XJ/H

B=1e+XM*%Q

C=XLOR-Q

ZJ)=Y (D1 #B3#CH ((CHCHOHBHXRX) #XK-2 4 #BHFXFX)

ZUIY=2 ()7 (X¥HL42 ¢ (CHC—B#B) #X#X+(CHCHB*B) #3#2)*¥%¥]1 .5

SOM=Z(1)1=-Z (N)

s=0,

SS=N,

NN 111 J=2sNy2
S=5+21(J)

S5=85+472(J+1)
SOM=(SOM+4 ¢ #S+2 %55 )% 4666666666 /H
CON= 5% (1 og— ( (XLOR*#2-1 4 ) +X¥X)/SQRTF ( X¥¥4+42 %
(XLOR%#24] 4 )%%2))

WK)=S0OM+CON

X=X+HH

K=¥+1

IF(K=NN) 11241124113

WRITF NUTPUT TAPF 6,106

WRITE QUTPUT TAPE 6+103s(W(J)sJ=1sNN)
X=0,

DO 114 J=1sNN

Z(J)=W(iJ)*X

PN 1168 J=2sNN»s2

S5=S+Z(J)

§5=85+7(J+1)

SOM=HH*¥(Z (1) =Z (NN)+4 4 %5+2 4 %55 )% .666666666
WRITE OQUTPUT TADF A41N74%MM

CALL 2CSUMP (Y (N)YsY (1))

-noTn 1

FARMAT(T7F1045)

FARMAT (1415)

(XLOR*#*2-7 4 ) ¥ X¥X+




1n2
103
174

105
1né
107

*DATA

i
FARMAT(21HITERATINN/K/FRSILAON zI16sFBe3)
FNRMAT(1HO8F1546)

FARMAT ( 72H

FARMAT(22HOFLUX N SIDF WALLS ]
FORMAT (16HO FLUX OUT FND )

FORMAT (16HCTOTAL OUT END F10e46}
FND
40 41 1

XM=el8 s XLOR=2¢9H=20e9ER=6eN1sY0=0esHH=200,

18

2eN 20 W01 D 200,
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TABLE I, - TOTAL TRANSMISSION PROBABILITY

(a) Tubes
Length to Wall half-angle, B, deg
inlet-radius
ratio, Diverging walls Parallel Converging walls
L/Ry walls
75 60 45 20 20 10 5 0 =5 | 10 | =20 | =30 | =45 | =80
Total transmission probability, Py
\
0.5 0,999 0.996 |0.984 0.953 0.917/0.869|0.834| 0.801 |0.763|0.712 0.609|0.475|0,245, 0,022
1 «999 | +996 | .979 .934 .874| .792| 730 «B7L | «B06| «516 347 | »16Ll| mmmme=| m——ea
2 »999 | 4996 | 976 .918| .834, 708 .608 +DL3 | +408| L2701 +0B2 |mmrmrmem | e | i o
4 «999 | 995 | .975| .910| .807| .638| .495 #»355 | 0204 | 045 e m————| e ———] ————
8 T m—hat | v . 975 » 908 - 795 - 594: » 4:10 > 225 '044: S | o e | e (o
16 ----- ———mam | memm——— * 907 - 791 L 4 573 . 359 v 130 | emevm s | mamemem i | e | mm e |
(b) Slots
Length to Wall half~angle, B, deg
inlet-width
ratio, Diverging walls Parallel Converging walls
L/Wi walls
75 60 45 20 20 10 5 0 -5 | =10 | =20 | =30 | ~45 | =60
Total transmission probability, Py
0.25 0.999 0.9975/0.990 0,973 0.953 0,927 |0,908| 0.889 |0.868 |0.838|0,775|0.686|0,493 0,149
«D » 999 .9970| .986, .958 .924 .876| .840 . 804 + 163 | + 704 | «D78| 394 |mmmmm= m=mmm
1 £999 @ .9966| 4983 ,944 .8%1 .812| .748| .884 + 607 | + 483 | 237 |=~=cm|mmmme —eeen
2 » 999 . 9964 - 981 v 955 . 865 »* 750 - 64:8 . 54:1 - 4:05 » 188 ettt | e o | i | e
4 «999 | .996 | .981| .930| .848| .701| .560| .398 e 10T [mmmm o | | e | e
8 m———m | ———— .981l| .928| .839| .671] .495 N A R e Ll ettt EEE S PR R
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TABLE II. - DIRECT TRANSMISSION PROBABILITY
(a) Tubes
Length to Wall half-angle, B, deg
inlet-radius
ratio, Diverging walls Parallel Converging walls
L/Ry walls
75 60 45 30 20 10 5 0 -5 ~10 ~20 ~-30 -45 | =60
Direct transmission probability, Py
0.5 0.966(0.910|0.849(0.780|0.727|0.673 | 0.639 | 0.610 |0.578 |0.538 |0.460 |0.362 |0.1910.0179
1 .955| .865 764| .649| .563| .478 | .426 . 382 . 337 28l | 184 | JOB4AB|mmmmm [mmmmem
2 94:6 . 823 - 675 .510 . 391 -282 -220 '172 0126 -0768 10155 ------ - —— ] e - e
4 .940| .790| .604| .399] .262| .149 | .0934| .0557 <0265 0048 | mmmmmm| cmmemm | mme [
8 W mmmemmmaeea .557| .330 .188| .0840 .0398, .0152 ¢ 0020 | mmmmem [ mmmamin| mmm e | m———— [ ———
N il eitted ettt .292] .151] .0553 .0198| 00388 ===-=n|—meo=m|cccmme| cmmeee | ————— | ——————
(b) Slots
Length to Wall half-angle, B, deg
inlet-width
ratio, Diverging walls Parallel Converging walls
L/w, walls
75 60 45 30 20 10 5 0 -5 =10 -20 -30 -45 | -60
Direct transmission probability, Py
0.25 0.983|0.954|0.921|0.883|0.853|0.820 | 0.799| 0.78L |0.761 |0.733 |0.678 |0.602 |0.437|0.134
.5 L9771 .930| .874] .805| .750| .691| .852 .618 .58L | .530 | .429 ¢ 290 | = | m———
1 .972| .907| .B22] .714| .B25| .53l | .469 414 .356 | 277 v124 | mmemm | s ——————
2 .969| .889| .777| .632| .512| .386 | .308 -236 2163 | L0678|mmemm | e ———— | ———
A e e 746! 574 434| .290 | .199 .123 20446 mmmemm | e | mmn [ ———
8 @ mmememmcman | mem—— , +540| .389| .235 L1411 0623 | mmmmmm | mmcmmm | memmn | e | -




Length to
inlet-radius
ratio,

L/Ry

16

75

0.0176
.0l24
.00911
.006390
. 00535
.00424
.00341
.00279
. 00231
.00194
.00184

0.0176
.00913
. 00537
.00343
.00233
.00166
.00122
.000924
-000717
. 000588
. 000457

0.0176
.00537
. 00233
.00122
. 000722
.000462
.000314
. 000223
.000164
.000124
. 0000965

0.0176
. 00234
.000723
.000315
.000165
. 0000976
. 0000625
. 0000425
. 0000302
. 0000222
. 0000168

| e |

0.0727
.0614
.0523
.0449
.0388
.0338
. 0296
. 0260
.0230
.0204
.0182

0.0734
.0530
.0396
. 0303
.0237
.0189
.0153
.0126
.0104
.0088
.00741

0.0737
.0399
.0241
.0157
.0108
.00775
.00576
.00440
.00343
.00273
.00220

0.0737
.0242
.0109
. 00587
.00354
.00231
.00160
.00115
. 000856
.000654
.000511

TABLE III. - WALL FLUX DISTRIBUTIONS

(a) Tub

Diverglng walls

0.1861 0.286 0.388

.145 .265 .367
130 .247 346
.118 .230 .327
.106 214 .308
.0964 .197 .290

.0876 -185 .273
.0798 .172 .257
L0727 .1860 242

.0664 .148 .227
. 0608 .139 .213
0.1686 0.302 0.420
.135 .264 .380
.111 .232 .344
.0927 .204 .311
.0779 179 .280
. 0659 .158 . 253
.0562 -140 .228
.0482 -124 .205
.0415 .109 .184

.0360 . 0969 .1865
L0313 . 0859 .148

0.168 0.315 0.450

.114 247 .378
.0811 .198 .318
.0595 .157 .269
. 0449 .127 .227
. 0347 .104 .192

.0273 .0854 .163
.0218 .0708 .138
.0177 . 0590 .116
.0145 . 0492 .0982
.012 .0412 .0824

0.169 0.322 0.469
.0824 .204 344
0463 137 .257
.0288 .0959 .195
.0192 .0698 .151
.0134 . 0522 .118
.00980) .0399 .0935
.00734| .0309 .0740
.00564( .0242 . 0587
.00441| .01¢2 .0464
.00349| .0l152 .0364

0.170 0.325 0.478

.047 .140 .270
.020 .074 .168
.010 .044 .112
.0061 . 029 .078
.004 . 020 .056
.0027 .014 .042
.0019 .010 .031

.0014 .0079 .023
.0011 -0060 .017
.00085| .0045 .0129

0.326 0.482
.0750 .173
.0302 .0849
.0157 .0491
.00936f .0312
.00606| .0210
.00415] .0147
.00294| .0105
.00213| .00753
.00157| .00540

es

Convergling walls

-5 I -10 | -20 I -30 | ~45 -60

Wall half-angle, B, deg

Parallel

walls

0| s | o
Flux ratio, np/nj

0.491 | 0.553 0,604
.470 .532 583
<449 .511 .562
.428 .490 .542
.408 .470 .521
.388 449 .500
.369 .429 .479
.350 .409 .458
.332 .389 438
314 .370 417
297 .350 .396
0.541 [0.614 0.674
.502 .578 .640
.4865 .542 . 605
.430 .506 570
.396 471 .535
+363 . 437 500
.332 . 403 .465
+303 371 .430
.275 339 .395
.249 .308 +360
.225 .278 - 326
0.595 | 0.685 0.758
.529 .626 .707
.468 .569 . 656
.412 .514 .604
.362 +461 .552
316 <411 . 500
.275 .363 .448
. 237 «317 .396
.203 .274 .344
J172 .233 .293
.144 .194 .242
0.638 [ 0.748 0.836
.526 . 656 769
.433 .572 .701
.357 .495 + 833
295 .426 566
.242 .363 .500
.198 .306 .433
.161 .253 .366
.129 .204 .298
.101 .159 .230
L0770 117 .1863
0.665 | 0.793 0.899
476 . 650 -816
. 349 .533 .734
.e262 437 . 655
.200 . 357 .577
.153 .290 500
.118 .231 <422
. 090 .181 .344
.087 136 . 265
. 049 .0959 .184
.034 .0608 .101
0.678 | 0.820 0.942
.375 .594 .847
.232 442 757
.155% 335 .670
.108 256 .584
.0769] 195 .499
-0554 .147 +413
.0399| .1l08 .327
.0282| .0764 .241
.0192| .0494 .152
.0122| .0267 .0579

.00117| .00384

0.712|0.804|0.887[0.969(0.999
.694| .789| .876| .964| .999
.675| .773| .864| .958| .999
.855| .756| .854| .952| .998
.835| .738| .836| .944| .998
.614| .718( .819| .934| .997
.593| .698) .80l .922| .995
.571| .676| .781] .907| .992
.549| .653] .759| .889| .986
.526( .828| .734| .8B65| .972
.503| .603) .706}f .834| .926
0.798(0.896(0.967} ~--~=|---—~
L7721 .879] .960f----=|~---=~
.744| .860] .952
.714| .8381 .941
.682| .812| .928
.648} .784| .910
.611 751 .888
.572] .713] .858
.532| .669| .818
.489| .618( .761
.443| .560( .682
0.901

.875
.845
.811
773
.728
.677
.818
.549
.468
.375

0.985
977
967
.953
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TABLE IIT. - Concluded. WALL FLUX DISTRIBUTIONS

(v) Siots
Length to |Axial Wall half-angle, B, deg
inlet-width| dis-
ratio, tance, Diverging walls Parallel Converging walls
L/uy x/L , walls
|
75 60 l 45 ! 30 20 ] 10 5 o] -5 l -10 ' -20 -30 l -45 I -60
Flux ratio, np/ny
0.25 ¢] 0.0175 0.0716 |0.156 0.271 0.365 |0.458 |0.515 0.561 |0.607|0.662[0.75210.838|0.938[0.9395
.1 .0147 .0656 147 .261 +333 .4486 .503 .549 .595| .650| .741| .830] .933| .994
.2 L0124 .0602 +139 .250 . 342 .434 .491 .537 .583] .639| .731| .820] .927| .993
.3 .0107 .0555 <132 .240 331 .422 .478 .524 .571) .627( .719| .811] .920| .992
.4 .00927 .0513 125 .231 320 .411 .466 .512 .558| .615] .708( .800| .913| .990
.5 00812 . 0475 118 .222 .309 .399 .454 .500 .546| .602| .696] .789| .904| .988
.8 .00717 .0441 J112 213 .299 .388 442 .488 .533f .590| .683F .777| .894| .985
.7 .008638 0411 .106 .205 .289 377 -431 .476 .521| .577] .870f .765{ .883| .979
.8 .00571 .0383 .101 .197 279 .366 . 419 <463 .508| .564| .657| .751] .871| .971
.9 .00514 .0358 .09861 .189 .270 .355 .407 451 .496| .581| .643| .737] .8586| .956
1.0 .00465 .0336 L0915 .182 .261 .344 .396 .439 .483] .538| .628| .722} .840| .927
0.5 ¢] 0.0176 0.0724 }0.160 0.285 0.383 j0.495 [0.560 0.613 | 0.666]|0.730|0.831
.1 .0125 .0611 <144 .264 . 367 473 .538 .591 .645| .710] .816
.2 .00931 .0522 129 245 .345 450 .515 .569 .623] .690| .799
.3 .00721 .0450 +117 .227 .325 428 4982 .546 .601| .668| .780
.4 .00574 L0392 .106 .211 . 305 .406 .470 .523 .578] .645] .760
.5 .00469 .0344 . 0960 .196 287 .385 .447 .500 .554| .622( .737
.6 .00390 .0304 0875 .182 .269 .364 .425 477 .530| .597| .713
<7 .00329 .0271 0800 .170 253 345 .404 .454 .506| .571| .686
.8 .00281 .0243 0734 .158 .238 .326 .382 .431 .481) .545] .657
.9 .00246 -| .0218 .0875 147 <223 . 307 . 362 .409 .457| .518| .625
1.0 .00213 .0198 0822 .138 210 .290 .342 387 .433| .491| .592
1 o] 0.0176 0.0730 |0.164 0.300 0.418 [0.544 | 0.623 0.688
.1 .00932 .0528 +133 261 377 .503 .584 .653
.2 .00576 .0398 .110 .227 338 .464 .546 .816
.3 .00391 .0310 .0917 .199 +304 .425 507 578
.4 .00283 .0249 <0776 .175 .273 .389 .468 .539
.5 .00214 .0204 .0664 .154 .245 .355 431 .500
.6 .00168 .0170 .0573 L137 .220 323 <395 .461
T .00135 ,0144 +0500 122 -198 .293 .360 .422
.8 .00111 .0123 .0440 .109 .178 285 .327 .384
.9 .000934 .0107 .0389 L0975 181 .240 .296 .347
1.0 .000794 .00937| .0347 .0878 .146 217 .267 .312
2 0 0.0178 0.0732 |0.166 0.310 0.442 |0.590 | 0.688 0.770
-1 . 00577 . 0401 .112 .239 387 .520 .B825 .719
.2 .00284 .0252 .0803 .188 . 305 .455 .564 .665
.3 .00169 .0173 .0802 .151 . 255 397 .505 .610
.4 .00112 L0127 .0468 .123 .21l5 . 345 . 450 .555
.5 . 000800 .00968| .0374 .102 .183 .300 .398 +500
.6 .000600 .00765| .0306 .0858 .156 .261 .349 . 445
7 . 000467 .00621| .0255 .0723 134 .225 .304 .390
.8 .000374 .00514| .02186 . 0625 . 115 .194 .261 +335
.9 .000306 .00433| .0185 .0541 .0996| .166 222 .281
1.0 . 000256 .00370| .0161 .0471 .0862| .142 .186 .230
4 0 0.0176 0.0733 |0.167 0.315 0.457 [0.624 [0.740 0.843
.1 . 00284 .0253 .0815 .195 -325 .502 .640 .773
.2 .00112 .o128 . 0482 .132 240 .405 .549 701
<3 .000802 .00779| .0321 .0950 .183 +331 471 .632
.4 .000376 .00528| .0231 .0720 .144 .273 . 403 .565
.5 .000258 .00383] .0175 .0565 .118 .226 L343 .500
.6 .000188 .00292] .0137 .0454 .0948| .187 .288 +433
.7 .000143 .00230} .0111 .0372 .0778] .154 240 366
.8 .000113 .00187( .00914| .0309 .0645| .127 185 .298
.9 .0000914| .00154| .00767| .0260 .0538| .103 .154 .226
1.0 .0000755] .00130! .00653) .0221 .0451) .0829} .117 .156
8 0] 0.167 0.317 0.464 |0.644 | 0.776 0.899
o1 .0486 +135 251 +439 +613 .810
.2 .0236 .0762 .159 L3117 .492 .725
=3 0143 . 0501 2111 .240 . 400 .847
.4 .009786| .0358 .0824| .187 .327 .571
.5 .00714| .0270 .0634| .148 .267 .496
.6 .00547| .0211 .0498( .117 .216 422
.7 .00433| .0168 .0397| .0932] .172 . 347
.8 .00352[ .0137 .0320| .0733] .133 .2B69
.9 .00232{ .0113 L0261 L0569 .0977 .187
1.0 .00246| .00949| .0213} .0436] .0673 .09390
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Length to
inlet-radius
ratio,
L/Ry

186

Radial
dis-
tance,
r/RL

0.802
.780
.699
.515
.287
.113
.0513
.0265
.0152
.00946
+00763
.00461

0.504

. 450
.303
.153

. 0691
.0329
.0171
00971
. 00530
.00378
.00308
. 00209

0.204
-164
.0912
.0426
. 0200
.0100
00546
.00318
.00196
.00127
.00104
.000762

0.0609
20471
.0251
.0118
. 00564
00263
00153
.000333
. 000573
. 000377
. 000308
. 000238

&0

0.810
.802
773
<717
.619
.474
.315
.193
.119
.0758
.0615
20331

0.520
.502
.450
.368
274
.188
-125
.0823
052
L0377
L0313
.0131

0.220
.208
.176
2135
.0973
. 0673
. 0459
0314
.0217
.0152
.0l28
.00867

0.0694
. 0653
.0548
. 0420
. 0304
.0213
.0l48
.0103
.00713
.00510
.00431
.00318

TABLE

IV. - EXIT-PLANE FLUX DISTRIBUTIONS

(a) Tubes

Wall half-angle,

Diverging walls

0.824
.819
.803
772
.720
. 641
.531
.406
.293
.206
172
.0903

0.550
.541
.513
.468
.408
2340
.271
.210
.159
.119
.102
.0539

0,252
.246
.230
. 205
.176
.146
.118
.0930
.0724
.0556
. 0484
.0314

0.0879
.0859
.0802
0717
. 0619
.0518
0423
.0333
. 0268
. 0203
.01u3
.0130

0.0264
.0258
L0241
.0217
.0188
. 0152
.0131
.01086
. 00845
. 00687
. 00590
.00446

0.846
.843
.832
.813
.782
735
.669
.582
.481
.380
2333
.180

0,600
.595
.579
553
.517
471
.419
. 363
. 307
. 253
.226
£133

0.313
2310
+.301
.286
266
.243
.217
.191
.164
138
125
.0797

0.128
.126
123
. 117
.109
.101
.0308
. 0805
L0700
.0538
-0544
.0373

0.0431
0427
.0416
L0397
.0373
.0344
.0313
0279
.0245
L0211
.0194
.0141

0.0127
.0l26
.0123
.0118
0111
.0103
.00336
.00840
00743
.00645
.00596
. 00457

346
306

.134

0,179
.178
175
170
.164
.156
. 147
.136
124
.111
.103
.0701

0.0684
.0681
0871
. 0654
.0831
.0602
. 0568
.0529
.04886
20437
.0411
.0292

0.0221
. 0220
0217
.0212
.0205
.0136
.0185
.0173
.0160
.0145
. 0137
.0101

| o |

5

B, deg

Parallel
walls

0

Flux ratio, na/ny

0.884
.882
.876
.866
.851
.828
.795
750
.691
.617
<473
. 343

0.700
.698
.691
.678
.661
.638
.810
.575
.534
.486
.456
.286

0.4863
.462
2457
. 449
439
.425
.408
.387
«362
333
315
.208

0.257
256
.254
. 250
.245
.238
222
.218
. 205
- 130
. 180
122

0.118
.118
.117
-115
112
.109
.106
2101
.0953
.0885
.0845
.0590

0.04486
. 0445
. 0441
. 0435
.0428
0415
.0401
.0384
0364
. 0339
. 0325
.0233

0.896
.894
.890
.881
.869
.850
.824
.788
. 740
676
.637
.395

0.734
.732
.726
L7137
.703
.685
.862
.634
.599
.555
.528
»340

0.522
.521
.518
.511
.502
<491
476
.458
435
407
. 389
.258

0.325
325
L322
2319
.314
307
238
.28y
2275
.258
.247
.169

0.174
.173
L1172

.148
.139

. 0931

0.0782
.0781
.0776
.0768
.0757
.0742
. 0723
. 0899
- 0670
0632
.0609
0430

0.306
.904
.901
.894
.883

Converging walls

| -10 I -20 I -30 | -45 l -60

0.927
.927
.324
.920
.913
.903
.890
.871
.846
.809
.784
.539

0.8286
.825
.823
.818
.812
.803
<791
776
.756
.728
.709
. 495

0.965
. 965
.064
. 983
.961
.958
.954
.948
.940
.928
.918
.725

0.934
.934
.933
.932
.930

0.388
.985
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34

Length to

WL;Q
75 60 I 45 | 30 I 20 l 10 I 5 o]

Lateral
inlet-width dis-
ratio tance,
L/vWy
0.25 o] 0.896
.1 .877
.2 .805
.3 .627
.4 .361
.5 .175
.6 .0918
.7 .0541
.8 .0351
.9 .0244
.95 .0206
1.0 .0132
0.5 o] 0.710
.1 .652
.2 .480
.3 279
.4 .149
.5 . 0835
.8 . 0505
o7 . 0327
.8 .0225
.9 .0161
.95 .0138
1.0 . 00987
1 o} 0.452
.1 .384
.2 .245
<3 137
.4 .0770
.5 . 0457
.6 . 0289
.7 .0192
.8 .0134
.9 .00969
.95 .00834
1.0 . 00645
2 [¢] 0.247
-1 .204
.2 .127
.3 .0715
.4 .0411
.5 .0248
-8 .0159
.7 .0107
.8 .00746
.9 . 00541
.95 .004686
1.0 .003792
4 o] 0.127
.1 .104
.2 . 0650
<3 0371
.4 .0215
-5 .0131
.8 .00840
7 . 00565
.8 . 00396
.9 .00287
.95 00248
1.0 . 00207
8 o]
.1
.2
.3
.4
.5
.6
.7
.8
-9
.95
1.0

TABLE IV.

- Concluded.

(v

Diverging walls

0.909
.904
.890
.864
.818
744
.638
507
.384
.288
.250
.138

0.743
733
.705
.656
.589
.509
. 425
. 347
.279
.223
.199
124

0.502
.493
.467
.428
.380
.329
.279
233
.193
.158
2143
.0991

0.295
.290
275
.252
<226
.197
.169
.143
.120
.100
.0913
-0691

0.161
.158
.150
.139
«125
.110
.0850
.0812
.0688
.0579
.0530
.0428

0.0841
.0827
.0788
.0730
.0659
.0582
. 0507
.0436
.0372
.0315
.0290
.0245

0.920
.917
.908
.892
.865
.823
.761
.676
.575
473
. 425
.240

0.774
. 768
.752
.725
.687
.638
.581
.518
.453
.390
.359
.223

0.554
.550
.536
.515
. 487
. 453
-4186
377
.336
.296
.275
.188

0.349
. 347
339
.327
311
.291
.270
.247
.223
.199
.186
.138

0.201
.200
.196
.189
.181
.170
.159
.146
«133
.120
.113
.0898

0.109
.108
.106
.103
.0984
. 0931
.0872
.0808
L0741
.0674
.0639
.0532

0.929
.927
.821
.909
.890
.861
.818
.759
.B882
.594
547
.322

0.800
797
.786
.768
. 743
.709
.B868
.621
.568
.510
-479
.304

0.803
.6800
.592
.578
.559
-536
.509
.478
443
. 405
.384
.263

0.405
.403
.398
.390
.379
565
«3549
«330
.309
.286
.273
.201

0.246
.245
.243
.238
.232
.225
.2186
.205
.194
.181
174
.135

0.138
.138
-137
.134
.131
.127
.123
.117
<111
105
.101
.082

EXIT-PLANE FLUX DISTRIBUTIONS

) Slots
Wall half-angle, B, deg

Parallel
walls

Flux ratio, ng/ny

0.939 [0.944 0.949
.937 | .943 .948
.932( .939 .945
.924| .932 .939
.910| .921 .930
.890| .905 .916
.860| .881 - 897
.819 | .848 .870
.763| .803 .832
693 | .745 .783
653 .710 .752
.403 | .453 .493

0.828 (0.845 0.860
.826 | .844 .858
.819 | .838 .854
.807 | .829 .847
.790] .8186 .836

.767} .798 .822
.739| 776 -804
.705| 749 .782
.664| .716 754
.617| .875 -719

.590( .651 .698
.385| .435 . 475
0.657 |0.692 0.723
.855} .691 .722
.650| .887 719
.641| .680 .714
.629 ] .671 .706
.6131{ .659 .696
.594 | .644 .684
.571| .625 .669
.544| .603 . 650
.512| .575 .625
.493 | .557 .610
.341 1 .391 . 432
0.47310.522 0.568
.472| .521 .567
.469 | .519 .565
.463| .514 .562

.456 | .509 .557
446 .501 .550
434 .491 .542
.420| .479 532
.403 | .464 .519

.382| .446 .502
370 435 .492
.271| 318 .361

0.309 |0.360 0.416
.308| .360 .415

.306 | .358 .414

.303 | .356 .412

299 | .352 .408

.293| .348 .404

.286| .342 .399

.278 | .334 .392

.268 ) .325 .384

.256 | .314 373

.249 .308 .364

.192| .234 .278
0.184 (0.228

.184 ] .228

.183 | .227

.181| .225

179 .223

176 221

172 217

.168 | .213

.163| .208

156 | .202

.153 | .198

71 .122} .156

Converging walls

-5 l -10 I -20 I -30 l -45 I -60

0.954
.953

0.960
.959
. 957
.953
. 947
.938
.926
.910
.886
.854
.833
.582

0.892
.892
.889
.885
.879
.871
.880
.847
.829
.807
<791
587

0.795
794
.793
790
.785
.780
.1772
. 763
.750
733
.722
.529

0.694
.693
.692
.690
.686
.682
.676
. 669
.659

0.978
.978
.978
.976
974
.972
.968
.963
.956

0.990
2990
.989
.989
.988
.988
-987
.985
.983
- 980
978
.851




LT

(a) Tube; wall flux. (b) Tube; exit-plane flux.
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{c) Slot; wall flux. {d) Slot; exit-plane flux.

Figure 1. - Schematic illustration of configurations showing geometric relations involved in flux determinations.
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\\L\ o Present investigation

IR R

Data from -

Ref. 3, Demarcus
— —— Ref. 3, Clausing

i

2 .3 .4 .6
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Total transmission probability, Py

81

2 3 4 6 810 20 30

Length to inlet-radius ratio, L/Ry

(a) Tube.

7
N /|

5.6 .7.8.91 2 3 4 5 6 7 8910
Length to inlet-width ratio, LWy

{b) Slot.

Figure 2. - Variation of total transmission probability with aperture length to inlet-radius or length to inlet-width
ratio for a wall half-angle of zero.
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Total transmission probability, Py
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Figure 3. - Variation of total transmission probability of convergent and divergent tubes and
slots with tube and slot length. (Diverging walls, positive B8; converging walls, negative 3.)
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Direct transmission probability, Py
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Figure 4. - Variation of direct transmission probability with wall half-angle.
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Transmission probability
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Figure 5. - Comparison of transmission probabilities through cylindrical tubes and

parallel-walled slots.
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Ratio of wall flux to inlet flux, ny/ng
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Figure 6. - Variation of flux along wall of convergent and divergent tubes. (Diverging walls; positive B; converging walls, negative S.)



Ratio of wall flux to inlet flux, ny/n;
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