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THE CAPABILITY OF A PROPORTIONAL-TYPE LATERAT, CONTROL
SYSTEM IN PROVIDING AERODYNAMIC HEADING-ANGLE
TRAJECTORY CONTROL DURING REENTRY

By Gene W. Sparrow
Langley Research Center

SUMMARY

An analog investigation has been made to determine the capability of a
proportional-type lateral control system of providing aerodynamic heading-angle
control of a vehicle having a maximum lift-drag ratio of 2.0 during reentry
into the earth's atmosphere. Heading-angle changes were acccmplished by means
of a heading-angle-command step input to control equations which caused the
vehicle to assume a roll attitude. Both roll and Dutch roll damping were aug-
mented. The investigation was conducted at altitudes of 100,000, 150,000, and
210,000 feet, Control-system gains were varied at each of these flight condi-
tions in an effort to determine the effects of these gains on the vehicle
response. Results indicate that a sideslip-rate damper was superior to a yaw-
rate damper in minimizing the magnitude of sideslip angle during roll. Though
it was found necessary to adjust control-system gains at each flight condition
for the most desirable vehicle response (minimum sideslip, rapid heading-angle
response), results indicate that a partial relaxation of these desirable
responses could simplify the system with the result that only one of the many
control-system gains, the roll damper gain, need be varied with flight condition.

INTRODUCT ION

Considerable research has been conducted on the problem of controlling and
guiding a reentry vehicle from the fringes of the earth's atmosphere to a
landing on the earth. Results of these investigations have resulted in defining
a "footprint," or an accessible landing area which is subject to initial con-
ditions and restraints (such as aerodynamic heating and accelerations) of the
reentry vehicle. Basically, research has been concerned with controlling the
trajectory of the reentry vehicle by way of treating the vehicle as a particle
subject to aerodynamic 1ift, drag, and side forces (see refs. 1 to 4) with
little attention being given to the dynamics of the vehicle necessary to provide
trajectory control.

In the present paper the problem of providing lateral control to produce
lateral range capability during reentry is considered. A proportional-type
lateral control system is utilized, which provides lateral range capability by



producing a wind-heading-angle change by means of banking the vehicle in
response to a step input of wind-heading-angle command. An analog investiga-
tion of the problem was conducted, and results presented show the effects of
control-system gains, heading- and bank-angle inputs, and yaw- and sideslip-rate
dampers on the vehicle response and stability over a range of flight conditions
from 210,000 to 100,000 feet. Results are presented as time histories.
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BCY

CYB = SE_

D drag force, 1lb

Fs,X’Fs,YJFs,Z forces along Xg-, Yg-, and Zg-axes, lb
Fw,X’Fw,Y’Fw,Z~ forces along X,-, Yy-, and Zy-axes, 1b
g acceleration due to gravity, 32.2 ft/se02

h altitude, Tt

IX moment of inertia about X-axis, slug—ft2

Iy, moment of inertia about Z-axis, slug—ft2
Kl’KE’KB’KM’KB control-system gains

L 1ift force, 1lb

L/D lift-drag ratio

(L/D)pax meximum value of L/D

m mass of vehicle, slugs

M Mach number

P roll rate about X-axis, radians/sec

aq dynamic pressure, lb/sq ft

2}

43}

X,Y,z

XS"YS»'ZS

force term defined in appendix
yaw rate about Z-axis, radians/sec
force term defined in appendix
wing area, sq ft

time, sec

velocity, ft/sec

body axes

stability axes



Xys¥Yy,2, wind axes

Y side force, 1b

a angle of attack

B angle of sideslip

Y flight-path angle

B, aileron deflection

8a" aileron deflection as defined by control equation (2)
Op rudder deflection

&y rudder deflection as defined by damper equation (3)
[/ command bank angle

¢c' command bank angle as defined by control equation (1)
W,6,¢ body-axis Euler angles

Vi s8y, @, wind-axis Euler angles

command wind-axis heading angle
W,C d wind is headi 1
€¢ bank-angle error

ew)w wind-axis heading-angle error

Dots above quantity denote differentiation with respect to time. All
angles are in radians unless otherwise noted.

ANATYSIS

Scope of Problem

The investigation of the problems of providing lateral vehicle control
during reentry was conducted by way of analyzing the vehicle lateral response
characteristics at several discrete points along a typical reentry trajectory
by means of linearized equations of motion. Three flight conditions of alti-
tudes 100,000, 150,000, and 210,000 feet representing a range of flight environ-
ments were chosen for the investigation from the trajectory of a reentry vehicle
descending in an unbanked attitude at a constant angle of attack of 250 from
nearly circular orbital conditions at 380,000 feet to an altitude of
100,000 feet. The flight-path angle was initially at 0°. Although all aero-
dynamic and trajectory parameters were held constant during an investigation at
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a particular flight condition, results obtalned were assumed to be valid since
the duration of a particular investigation was held to less than a minute of
real time. Control-system gains were selected and adjusted empirically in a
prescribed order (to be subsequently described) at each flight condition on the
basls of observed vehicle responses.

Control System

Control-system description.- The block diagram of the lateral control sys-
tem used in the investigation is shown in figure 1. Prior to a step input to
the control system, the reentry vehicle was assumed to be in stralght and level
flight. A command wind-axis heading angle ww,c: subsequently referred to as

command-heading angle, serves as input to the control system and together with
heading-angle V¥, and heading-rate V¥, feedbacks form the mathematical con-
trol equation

¢c' = Kl<¢w¢c - Ww) - K2¢w (1)

commanding a body bank-angle attitude ¢c'. ‘Control-system gains K; and K,

are, respectively, heading-error and heading-rate gains. The command bank
angle @, 1is limited to 450, a value that will yield maximum lateral range for
small heading-angle change and small fiight-path angle. (See ref. 2.)

The cormand bank angle serves as input to the bank command loop of the con-
trol system and together with bank-angle ¢ and bank-angle-rate ¢ feedbacks
form the second mathematical control equation

8" = Kz(8c - @) - Kué (2)

which commands the aileron deflection &, ’. Control-system gains K5 and K

are, respectively, bank-angle-error and roll-rate gains. The alleron-control
deflection is limited to *30°. )

The aileron and rudder (&,) deflections serve as inputs to the wvehilcle
lateral equations of motion (see section entitled Vehicle and Equations of
Motion) and result in an output of bank angle. The rudder control was limited
to *30° and provided damping in yaw or sideslip through the damper equations

[0/
I

r = KsT
or (3)

Bp' = -Kgf



vhere r and B are, respectively, yaw and sideslip rates. The third control
equation

t
Yy = 9;%%@& »K; sin ¢ dt ()

generates heading angle from the Euler body-axis angle @. Equation (4) is an
spproximate expression based upon an assumed coordinated turn maneuver and was
derived from reference 5. The derivation of equation (4) is given in the

. Appendix.

Selection of control-system gains.- Control-system gains Kp, Kj, and K5

were selected at each flight condition on the basis of observed vehicle responses
and in a prescribed order described in the following paragraph. On the basis of
a preliminary investigation 1t was found that gains Kp and Kz could be held

constant over the complete flight region with adequate control of the vehicle
being provided with the remaining control-system gains. The values of Ko and

K3 chosen were 50 and 23, respectively.

In selecting control-system galns at a given flight condition, the bank-
angle command loop (fig. 1) was first considered independently of the complete
control system. A step input of @o = 45° was used as input to the bank com-

mand loop since it represented the maximum value of ¢c that could be generated
by the outer loop. Control-system gain K) was then selected to provide a roll

response on the verge of overshooting the command bank attitude. It was
believed that the utilization of this easily observed roll criteria resulted in
a satisfactory rapid well-damped roll response. A yaw damper was used to pro-
vide oscillatory stability of the vehicle during the rolling maneuver. Following
the selection of X) the effects of yaw and sideslip dampers on the control

system were examined and a damper gain K5 was selected. Roll damper gain K)
was subsequently adgusted to correct for the effect of gain K5 For the com-
plete control system, the bank command loop gains (K3’ Ky, K5) were held con-
stant and the gain Kj was varled to provide satisfactory heading-angle

response for a range of heading-angle-command step inputs. This sequence of
selecting control~system gains was repeated at each flight condition.

Vehicle and Equations of Motion

The reentry vehicle used in this investigation has a maximum L/D capa-
bility of 2. The physical and inertial characteristics of the reentry vehicle
are as follows:

My SIUZS + ¢ + o o o o o o o o s s s o s s o s s s o s o o o o o o s o 310
S, SATE « o 4 4 e e e e e e e e s e e e e e e e e e e e e e e e e .. koo
1= S = o I
TX, STUB~TEZ v v v v e e o o o o o o o o o o o o s s o o o o o o o w o 3,950
Tz, STUB-TEE v 4 v 4 o o 4 o 4 o o o o o 4 o e e s e e e e s e e e e . 17,300
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The equations of motion that define the vehicle lateral degrees of freedom
in the body-axis system are as follows:

\
bC
Ix . ZP
_—P=_—P+CZB+CZ o
ashb v B Og
Iz . bcnr
—_— 7 = r+C, B+ C 5. + C S} >
ash v ng n8r r nBa a (5)
. . as
= -T COS + sin a + — C
B a p v YBB
,

Since small angle displacements are assumed

¢=fpdt (6)

The aerodynamic moment coefficients and parameters used in the equations of
motlon previously given are presented in table I as functions of the three
flight conditions used.

RESULTS AND DISCUSSION

Bank Command Loop

Selectlon of roll damper gain.- In figure 2 the effect of the roll damper

gain K, on the roll response 1s shown for several velues of Kj at altitudes

of 100,000, 150,000, and 210,000 feet. Bank angle and aileron-control deflec-
tions are shown plotted against time. A value of @, of 45° is used with bank

command loop galn of Kz = 25 and K5 = 2.5. A yaw damper was used to provide
damping in the lateral modes of oscillation.

An examination of figure 2 shows that the roll response times vary in the
usual sense with dynamic pressure (table I), with the fastest response time of
less than a second occurring at the maximum dynamic pressure (fig. 2(b)) and the
slowest response time of about 2 seconds occurring at the minimum dynamic pres-
sure (fig. 2(c)). The alleron-control motion is characterized by considerable
limiting in figure 2 as it is throughout the entire investigation and is due
principally to the rather large value of K5 that was used.

The roll damper galn required for satisfactory roll response also changes
with flight condition. In figure 2(b) a satisfactory roll response 1s obtained
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with a roll damper galn of 2.0. However, a roll dasmper gain of 2.0 results in
a much more oscillatory roll response at 100,000 feet (fig. 2(a)) than at
150,000 feet. Increasing the value of K) to 3.0 in figure 2(a) produces a
better damped and more satisfactory roll response. At 210,000 feet (fig. 2(c))
an even larger value of K)i 1is required since the dynamic pressure 1s smallest
at this flight condition. A roll damper gain of 5.0 was considered satisfactory
at the 210,000-foot flight condition. Roll response results were also obtained
for wvalues of ¢c of 30° and 15° by using roll damper gains found satisfactory

for @¢ = 45°, but are not presented. However, results did show satisfactory
roll responses for the smaller wvalues of ¢c although as might be expected the
roll responses were better damped and somewhat slower.

Before a final selection of K); 1s made it is necessary to consider the

complete motion of the bank command loop and the effect of yaw- and sideslip-
rate dampers since the cholce of dampers would probably require an adjustment

of K.

Comparison of yaw- and sideslip-rate dampers.- Since damping augmentation
in the lateral modes is required to provide satisfactory lateral stability of
the vehicle during rolling maneuver in the flight region considered, the ques-
tion of whether a yaw- or sideslip-rate damper 1s more desirable is examined.
The effects of yaw- and sideslip-rate dampers on the wvehlcle lateral responses
are shown in figures 3 and 4, respectively. The 150,000-foot flight condition
was chosen for the comparison since 1t represented the flight condition with
maximum dynamic pressure and corresponding faster vehicle responses. The vari-
ables ¢, %ay Or, B, and r are plotted agalnst time for damper gains Ks

of 0.5, 3.0, and 10.0. A step input of @, = 45° 4is used and & roll damper
gain K) of 2.0 found satisfactory at this flight condition (fig. 2(v)) is

also used. A roll damper gain of 2.5 is used for one curve in figure 4(b) as
is explained subsequently.

Examination of figure 3 shows that rather large transient sideslip angles
occur during the roll response at this flight condition. Even though the range
of yaw damper gains has considerable effect on the damping of sideslip and yaw
rate following the initial roll disturbance, the yaw damper itself has little
effect on the magnitude of the initial sideslip disturbance. The minimum side-
slip angle which occurs is 16.5° and represents a lateral acceleration of 1.30g
at this flight condition. Since the range of yaw damper gains has little effect
on the roll response, only one roll response is plotted for clarity.

Examination of figure 4, excluding the curves corresponding to Ky = 2.5,

shows that the sideslip-angle excursion following the initial roll disturbance
decreases in magnitude as the sideslip damper gain increases., Notice also that
the yaw rates are larger in magnitude following the roll disturbance for the
larger sideslip damper gain. The larger yaw rates which are obtained through
the Cna term in the yaw equation with the larger sideslip damper «galns are

T
responsible for the smaller sideslip angle since the vehicle 1s tending to

coordinate a turn. A sideslip damper gain of 3.0 appears to be the most
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satisfactory at thls flight condition since its use results in about the
smallest B obtainable, and it has the advantage of a better damped B motion
than is evident with the use of a gain of 10.0.

Unlike the yaw damper, the sideslip damper affects the roll response by
tending to produce roll overshoot as the sideslip damper galn increases. The
roll overshoot is the result of decreasing the opposing rolling moment due to
B 1in the rolling-moment equation. Figure 4(b) also shows the case where Ky

is increased from 2.0 to 2.5 to reduce the roll overshoot present in the satis-
factory case where K5 = 5.0. Increasing K) from 2.0 to 2.5 has little effect

on the vehlcle motlon except to reduce the roll overshoot. The general proce-
dure of adjusting Kj after the selection of a sideslip damper gain at each

flight condition is followed., The amount of adjustment necessary depends pri-
marily upon the amount the sideslip angle can be reduced which in turn depends
upon the effectiveness of Cn6 which varies with flight conditions. Since

: T

the utilization of a sideslip damper resulted in smaller sideslip angle than
the use of a yaw damper as well as providing satisfactory overall system sta-
bility, it was decided that a sideslip damper was suitable and would be used in
the evaluation of the complete control system.

Results of using &a sideslip damper at the two other flight conditions are
shown in figures 5 and 6. The same varlables are plotted agalnst time as in
figures 3 and 4. A range of sideslip damper gains was used. Roll-rate damper
gains found acceptable (as far as roll response is concerned) with the use of
a yaw damper at each flight condition (fig. 2) are used together with an
adjusted roll damper galn to reduce roll overshoot due to the sideslip damper.
Examination of figure 5 (h = 100,000 feet) shows that the magnitude of sideslip
angle is very small at this flight condition (compared with the 150,000-foot
flight condition). The fact that the sideslip angle was reduced considerably
by using the sideslip damper is evident by the considerable roll overshoot
since the roll damper gain of 3.0 was origlnally adjusted for little or no over-
shoot with a yaw demper. The fact that B can be reduced to such a small value
as indicated previously 1s the result of a more effective Cnar term in the yaw

equation at this fiight condition as shown in table I. A sidesllp damper gain
of 10.0 appears to be the most satisfactory at this flight condition together
with a roll damper gain of 5.0 to reduce the roll overshoot.

Inspection of figure 6 shows that at 210,000 feet the sideslip damper does
not succeed in reducing the magnitude of sideslip as well as at the 100,000~
foot flight condition, but the magnitude produced is comparable to results from
the 150,000-foot flight condition (fig. 4). On this basis, i1t is interesting to
note that the wvalues of Cn6r at the 150,000- and 210,000-foot flight condi-

tions are comparsble whereas at the 100,000-foot flight condition the value is
approximately twice that of the 150,000- and 210,000-foot flight conditions.

It is also interesting to note that the roll overshoot evident in figure 6 is
not as pronounced as it was in figure 5. A sideslip damper gain of 3.0 appears
more desirable at this flight condition since its use yields about the smallest
value of B possible and results in a fairly damped sideslip and yaw motion.
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Finally, the selection of Ky = 3.0 at the 150,000~ and 210,000~foot
flight conditions, and K5 = 10.0 at the 100,000-foot flight condition, appears
to be the most satisfactory. However, the cholce of K5 = 5.0 over the com-

plete flight region would also provide satisfactory damping and have the advan-
tage of simplifying the selection of K5 during reentry. The use of K5 = 3.0

over the complete flight region would result in larger sideslip angles at the
100,000-foot flight condition than would be necessary (fig. 5), but its use
would still provide smaller sideslip angles at the 100,000-foot flight condition
than at the 150,000- and 210,000-foot flight conditionms.

Complete Control System

For the analyses of the complete control system all bank command loop gains
are held fixed at values found sultable at each flight condition. The gain X,

is also held constant at a value of 50 during the analysis at each flight con-
dition. This value of K, was found to provide adequate damping of the heading-

angle response following a heading-angle-command step input. For the study of
the complete control system a range of step input values of Ww,c from 0.25°

to 2.0° is used and the heading-angle-error gain Ky 1is varied in order to

provide satisfactory heading-angle response as well as sa;isfactory overall
system response at each flight condition. Figures 7, 8, and 9 show the effect
of step inputs of Ww,c on the wvehicle lateral responses at the 100,000-,

150,000~-, and 210,000-foot flight condltions, respectively. Time histories of
the system variables Vi, @, @, B, and r are shown.

Figure 7(a) with Ww,c = 0.25° shows a range of heading-angle responses
from overdamped (K; = 90) to underdamped (Ki =150, Kj = 160). The variable
f. never reaches the limit of 45° and @ itself never exceeds 18°. Thus, the

maximum heading-rate capability for @ = 45° is not utilized for the small
Ww’c value. Both 8 (only one curve 1s used to represent the B motion in
the interest of clarity) and r do not experience the magnitude present in
figure 5 (bank cormand loop) as the result of the smaller amplitude of ¢ in
figure 7(a) compared with the larger @ of 45° in figure 5. Figure 7(b) shows
the results of increasing Ww,c from 0.25° to 0.5°. A comparison of the two

cases of K; =150 in figures 7(a) and 7(b) shows that increasing ww,c from

0.250 to 0.5° results in creating instability and divergent motion of the con-
trol system. However, when K; 1s reduced to a value of 115 the control-

system response becomes falrly well behaved and may be considered satisfactory.
Notice also that larger magnitudes of @., @, B, and r are present for K3

of 115 in figure 7(b) than in figure T(a). This result is expected since ww,c
is larger in figure T(b).

Figure T(c) shows the result of increasing Ww,c from 0.5° to values of
1.0° and 2.0°. When the two cases of Kj = 115 are compared in figures T7(b)
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and 7(c) for Ww,c valueg of 0.5° and 1.0°, it is observed that increasing

ww,c again tends to destabilize the wvehicle response with resulting increased
oscillations. However, when K; 18 reduced to a value of 90 for Ww,c of 1.0°,
the vehicle motion becomes more satisfactory. When Ww,c is increased from
1.0° to 2.0° for Ky = 90, it is observed that the increase tends to stabilize
the system. Values of Ww,c up to 5.0 were used at this flight condition
(though not presented), and results showed that a value of Ky of 90 was sat-
isfactory for Ww,c values of 2.0° to 5.0°. The result that K; must decrease

with increasing input to produce satisfactory wvehicle responses is not an

Vo, ¢
?

unexpected result for a control system being saturated (¢c limiting) with a
ww,c input. In reference 6 the author shows the nonlinear relationship that

must hold for a lower order system between an error gain and input for a time-
optimum response.

From results presented (fig. T7) it is evident that at this flight condition
Ky cannot exceed 90 for system stability if X; 1s to be held at a constant

value for the complete range of Ww,c values. Using a constant K; of 90 (as
opposed to perhaps generating K; as a function of Ww,c) for a range of ww,c

values appears to be more satisfactory since it is the simplest method. Also,
its use does not sufficiently penalize the vehicle response except to produce
slower heading-angle responses for the smaller values of Ww,c (figs. T(a) and

7(b)) which may be tolerated in the interest of simplicity in selecting X;.

Figure 8 shows the effect of Ww,c on the vehicle lateral responses at

150,000 feet. A range of values for Kj; 1is used. Inspection of figure 8(a)
(Ww,c = 0.259) shows that much larger values of Kj are requlred to cause a
¥, overshoot at 150,000 feet than at 100,000 feet (fig. T(a)). A control-

system galn K3 of 300, which causes a Vy overshoot for Vy,c = 0.259, does
not result in an overshoot for ww,c = 0.50°. Thus, it appears that the prob-

lem of decreasing K; as Ww,c increases is not as critical at 150,000 feet
as it was at 100,000 feet. The reason is attributed to the fact that the

quantity O.mSGL (table I) is much smaller at 150,000 feet than it is at
100,000 feet. As a result smaller heading-angle rates exist for a given value
of ¢. The slower heading-rate responses due to the smaller value of ﬁ% can

be quickened by lncreasing Ky to generate larger values of ¢ for the smaller
Ww,c values. When ww,c is increased sufficiently to a value of 2.0°

(fig. 8(a)) @. is characterized by considerable limiting due to the relatively
large ww,c input. As a result, the first portion of the wvehicle response

11



(fe 1limited) is identical to the inner loop case for @c = 459, K) = 2.5, and
K5 = 3.0. (See fig. 4(v).)

The extensive limiting of ¢c (fig. 8(d)), as opposed to short-time
limiting of ¢c, is beneficial as it allows the transient motion following the

initial control-system disturbance to damp out before the system is disturbed
again by ¢c coming off the limits. As a result smaller negative magnitudes

of sideslip angle are present for the largest values of YV (fig. 8(d)) than

for the smaller values of Vy ¢ (figs. 8(a), 8(v), and 8(c)) where @,
limiting occurs.

Examination of figure 8 shows that a value of K; of 200 would provide a

satisfactory rapid heading-angle response. However, in the interest of keeping
K; constant over the range of flight conditions, it appears that a Ky of 90

would also appear satisfactory at this flight condition, and that the faster
heading-angle responses with K] = 200 are not as advantageous as the simplic-

ity of a constant K; over the complete flight region. Keeping K; small also

has the advantage that smaller f magnitudes are generated. (See, for example,
figs. 8(a) and 8(b) for cases of K] = 200 and Kj = 90.)

Finally, figure 9 shows the effect of using a Kj of 90 at 210,000 feet.
Because the value of 0'm36L is much smaller at this flight condition than at

the previous two flight conditions, the heading-angle response times are much
longer with the heading-angle response time at Ww,c = 2.0° taking about

50 seconds for Ww to reach 2.0°. It is believed that Kl = 90 provides sat-
isfactory heading response times for the range of Ww,c values-utilized as
evidenced by considerable bank-angle limiting at 45° (maximum V) for the two
larger Vy,c values.

CONCLUDING REMARKS

An investigation has been made to determine the capability of a
proportional-type lateral control system of providing aerodynamic heading-angle
control of & vehicle having a maximum lift-drag ratio of 2 during reentry into
the earth's atmosphere. Results indicate that the control system is capable of
providing satisfactory heading-angle control over the flight region consildered.
A sideslip damper was found more suitable than & yaw damper since its use
resulted in smaller sideslip angles during the rolling maneuver. The sideslip
damper gain was required to vary over the flight region if minimum sideslip at
each flight condition was to be obtained. However, results obtained tend to
indicate that the sideslip damper could be held constant over the complete
flight region at a value of 3.0 and still provide satisfactory damping in side~
glip. The roll demper galin was required to vary over the flight region as the
result of the large range of dynamic pressures.

12




The heading-error gein was found to be dependent upon the command heading
angle particularly at the 100,000-foot flight condition if as rapid a heading-
angle response as possible was to be obtained. However, results also show that
the heading-error gain could be held at a constant value of 90 over the complete
flight reglon and still provide satisfactory vehlcle responses though the
heading-angle response time at the smaller values of command heading angle
tended to be somewhat slower than 1f larger heading-error gains were used. The
heading-error gain of 90 represents the largest gain value that could be toler-
ated over the complete flight region 1if control-system stability is to be main-
tained,

Finally, if the sideslip damper gain and the heading-error galn are held
constant over the complete flight region (as results indicate they could be),
the only gein of the control system that need be varied during reentry is the
roll damper gain. This 1s evidently desirable as it greatly simplifies the
mechanization of gain control during reentry.

Langley Research Center,
National Aeronsutics and Space Administration,
Langley Station, Hampton, Va., February 28, 196k.
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APPENDIX
DERTVATION OF HEADING-RATE EQUATION
From reference 5, the rate of change of the wvehicle wind heading angle is

&w = 36%—5;(Rw cos @y + Qw sin @y)

where Gw and ¢W are Euler angles as measured in wind axes. The terms Ry,
and Q, are related to the force terms in the wind-axis system as follows

(from ref. 5):

my

where Fw,Y and FW,Z are aerodynamic forces along Y., and Z,, respectlvely.
Substituting the equations of FW,Y and FW,Z from reference 5 into the equa-~
tions of Ry, and Qy ylelds

Ry = %(-FS’X sin B + Fg,y cos B)

where FS,X’ sty, and Fs,Z are aerodynamic forces'acting along Xg, Yg, and
Zy, respectively. The aerodynamic forces along the stability axes are

FS,X = -D cos B
FS,Y ==-Degin B + 7Y

-L

Fs,Z

where L and D are, respectively, 1lift and drag. The term Y is side force
defined by the equation

1k




Y = qscyﬁﬁ

Substituting the equations of FS,X) Fy ¥’ and Fs,Z into the equations of Rw
J
and Q, Ylelds

Finally, substituting R, and Q; Into the equation of &w yields

. . l

Yy = EV_ESE_g;(Y cos B cos @, + L sin @)

Since Oy =7 =0
Yy = iV(Y cos B cos @, + L sin @)

For a coordinated turn maneuver (B = Y = 0)

j _Lsin B

w my

In order to determine ¢w in terms of body bank angle ¢, the equation of
tan ¢w (from ref. 5) is used with the agsumption that B =0 and 6 =a = 250,

These assumptions yleld the equation

0.906 sin ¢
t = -
an 0.179 + 0.821 cos ¢

A good approximation for sin ¢w was found to be

sin @, = 0.906 sin @
The substitution of sin ¢w = 0.906 sin ¢ into the equation of &w gives

¢w _ O.QO6L sin ¢

mV
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which may be written in the form
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TABLE I.- AERODYNAMIC MOMENT COEFFICIENTS AND PARAMETERS

Ex =25%; 7¥ = 00]

Mach number . .

Velocity, V, ft/sec .

Dynamic pressure, q,

lb/sq £t . . .

Lift coefficient, Cj,

0.906L/mVv . . .
Czp, per radian .

CzB, per radisn .
Czaa, per radian
Cnr’ per radian .
CnB’ per radian .
Cn8r’ per radian
Cnﬁa’ per radian

CYB’ per radian

h = 100,000 Tt

3.03
3,040

153
0.422

0.0248
-0.305

-0.0321
0.149
-0.31
0.033

-0.0321

0.00106

~0.361

18

h = 150,000 ft

12.43
13,633

327
0.369
0.0103
-0.305

-0.0321
0.17k4
-0.27
0.033

~-0.0160

-0.0031

-0.344

h = 210,000 ft

14%.50
14,854

k7.0
0.369
0.00136
-0.305

-0.0321
0.174
-0.27
0.033

-0.0143

~-0.0031

-0.344
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Figure 1.- Block diagram of heading-angle control system.
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