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ON THE STABILITY OF THE BOUNDARY OF 

THE GEOMAGNETIC FIELD 

By John R. S p r e i t e r  and Audrey L. Swnmers 

Ames Research Center 
Moffett  F ie ld ,  Calif. 

SUMMARY 

The response of t h e  magnetosphere boundary i n  a s teady  s o l a r  wind t o  
s m a l l  i n i t i a l  depar tures  from equi l ibr ium i s  i nves t iga t ed  i n  accordance with 
t h e  c l a s s i c a l  model of Chapman and Ferraro.  If t h e  wavelength and amplitude 
are s u f f i c i e n t l y  s m a l l  t h a t  curvature  and second-order e f f e c t s  can be d i s r e -  
garded, a l l  pe r tu rba t ions ,  except those having wave f r o n t s  a l i n e d  with t h e  
d i r e c t i o n  of t h e  l o c a l  magnetic f i e l d ,  a r e  found t o  damp exponent ia l ly  with 
time and t o  d r i f t  along t h e  boundary w i t h  the t a n g e n t i a l  component of t h e  
s o l a r  wind, Alined waves, which n e i t h e r  damp nor amplify i n  t h i s  approxima- 
t i o n ,  are examined f u r t h e r  by inc lus ion  of curvature  and h igher  order  e f f e c t s .  
A f i r s t - o r d e r  ana lys i s  shows t h a t  curvature  in t roduces  a d e s t a b i l i z i n g  e f f e c t  
i n  s m a l l  regions i n  t h e  v i c i n i t y  of t he  n e u t r a l  p o i n t s  and a s t a b i l i z i n g  
e f f e c t  elsewhere. Poss ib l e  geophysical consequences, such a s  the  p e r s i s t e n t  
magnetic a g i t a t i o n  of t h e  p o l a r  regions,  are  discussed.  An exact  so lu t ion  f o r  
an  a l i n e d  c y l i n d r i c a l  s o l i t a r y  wave having an  i n i t i a l  form of a c i r c u l a r  a r c  
i s  a l s o  presented  t o  i l l u s t r a t e  a mode of response t h a t  appears t o  permit 
i n j e c t i o n  of elongated and widely separated columns of s o l a r  wind plasma i n t o  
t h e  magnetosphere under c e r t a i n  condi t ions and t o  provide a mechanism f o r  
momentum t r a n s f e r  from t h e  s o l a r  wind t o  t h e  ambient magnetosphere plasma. 

INTRODUCTION 

This paper  i s  concerned with a t h e o r e t i c a l  determinat ion of t h e  dynamical 
response of t h e  boundary of t he  geomagnetic f i e l d  i n  a s teady s o l a r  wind t o  a 
s m a l l  i n i t i a l  dis.-turbance from t h e  equilibrium conf igura t ion .  It d i f f e r s  from 
previous r e l a t e d  s t u d i e s  by Dungey ( r e f s .  1 and 2 )  and Parker  ( r e f .  3) il? t h a t  
(a )  t h e  a n a l y s i s  i s  based on s t r i c t  app l i ca t ion  of t h e  c l a s s i c a l  theory of 
Chapman and Fer raro  and does not  invoke add i t iona l  assumptions, such as those  
brought over from t h e  s tudy of somewhat analogous hydrodynamic problems 
r e l a t e d  t o  t h e  generat ion of sur face  waves by wind, and ( b )  e f f e c t s  of non- 
l i n e a r  terms and of curvature  of t h e  equilibrium shape of t h e  boundary a r e  
included i n  those  cases  t h a t  are neu t r a l ly  s t a b l e  i n  t h e  f i r s t  approximation. 

Although t h e  Chapman-Ferraro theory i s  i t s e l f  a h igh ly  s impl i f i ed  theory,  
it has emerged from numerous comparisons with experiments conducted i n  space 
as t h e  l ead ing  theory f o r  explaining many f e a t u r e s  of t h e  i n t e r a c t i o n  between 
t h e  geomagnetic f i e l d  and t h e  s o l a r  wind. It i s  t r u e  t h a t  such comparisons 



, 
and other  cons idera t ions  have shown t h a t  a d d i t i o n a l  f e a t u r e s ,  such as a 
detached bow wave or viscous or t u rbu len t  mixing a t  t h e  boundary, are probably 
important, bu t  t hey  appear more as add i t ions  than  a l t e r a t i o n s  t o  t h e  b a s i c  
theo ry  (e.g. ,  see  refs.  4 and 5 f o r  recent  r&sum&s). 
app l i ca t ion  o f  t h e  Chapman-Ferraro theory  i s  in te rmedia te  between t h e  two 
p r i n c i p a l  previous app l i ca t ions  t o  t h e  i n t e r a c t i o n  .of t h e  geomagnetic f i e l d  
with a steady s o l a r  wind and wi th  t h e  f r o n t  of an immense and r a p i d l y  advanc- 
ing  cloud of s o l a r  plasma ( see  ref. 6 f o r  an ex tens ive  review of t hese  a p p l i -  
c a t i o n s ) ,  it i s  a n t i c i p a t e d  t h a t  t h e  r e s u l t s  w i l l  have t h e  same genera l  degree 
of v a l i d i t y  and usefulness .  A t  very least ,  t h e  r e s u l t s  have mer i t  i n  t h e i r  
own r i g h t  as p a r t  of a c o n s i s t e n t  se t  of formal  deductions and consequences 
of t h e  bas ic  Chapman-Ferraro model of t h e  i n t e r a c t i o n  of t h e  geomagnetic f i e l d  
and s o l a r  plasma, 

Inasmuch as t h e  p re sen t  

The r e s u l t s  themselves have a number of f e a t u r e s  i n  common with those  
given previously by Dungey and Parker,  and some f e a t u r e s  t h a t  d i f f e r  substan-  
t i a l l y  therefrom. 
geomagnetic f i e l d  i s  uns tab le  i s  not  supported i n  genera l  by t h e  p re sen t  
r e s u l t s ,  
Dessler ( refs .  7 and 8) t h a t  magnetmeter  and plasma d a t a  ind ica t e  the  bound- 
a r y  t o  be s t a b l e ,  
t hese  papers . )  
i n  t h e  present  ana lys i s  i s  more complicated than  can be descr ibed by a simple 
statement of  s t a b i l i t y  o r  i n s t a b i l i t y .  It i s  found, f o r  ins tance ,  t h a t  a 
s m a l l  po r t ion  of t h e  boundary over t h e  p o l a r  regions is  always uns tab le  f o r  a 
c e r t a i n  c l a s s  of i n i t i a l  dis turbances.  A major p o r t i o n  of t he  boundary, how- 
ever, i s  s t a b l e  t o  s u f f i c i e n t l y  s m a l l  d i s turbances ,  although uns tab le  t o  
l a r g e r  dis turbances,  
appears t o  permit i n j e c t i o n  of e longated and widely spaced columns of snlar 
plasma in to  t h e  magnetosphere under c e r t a i n  condi t ions  and t o  provide a mech- 
anism f o r  momentum t r a n s f e r  from t h e  s o l a r  wind t o  t h e  plasma contained i n  t h e  
magnetosphere. 

I n  p a r t i c u l a r ,  t h e  conclusion t h a t  t h e  boundary of t h e  

The r e s u l t s  thus  appear t o  be more i n  keeping with t h e  suggest ion of 

(See, however, r e f .  9 f o r  a commentary on t h e  e a r l i e r  of 
I n  some re spec t s ,  however, t h e  dynamical response determined 

The ana lys i s  a l s o  d i sc loses  a mode of response t h a t  

A somewhat similar i n j e c t i o n  mechanism has a l s o  been proposed r e c e n t l y  by 
Bar the l  and Sowle ( r e f .  10) .  Details of t h e  a n a l y s i s  are d i f f e r e n t  i n  s e v e r a l  
r e spec t s ,  however, and t h e  f i n a l  conclusion d i f f e r s  i n  one very important f e a -  
t u r e .  
only i f  the re  i s  a very sudden inc rease  i n  the  i n t e n s i t y  of t h e  s o l a r  wind, 
such as might occ.ur with a frequency of about 10 p e r  year  fol lowing l a r g e  
s o l a r  f l a r e s .  The p resen t  a n a l y s i s  suggests ,  however, t h a t  i n j e c t i o n  w i l l  
occur with even very modest i r r e g u l a r i t i e s  i n  t h e  s o l a r  wind, such as might 
be capable of forming an elongated dent  i n  t h e  magnetosphere boundary having 
an i n i t i a l  depth of only a few t e n s  of k i lometers ,  

I n  p a r t i c u l a r ,  Ba r the l  and Sowle conclude t h a t  i n j e c t i o n  w i l l  occur 

STATEMENT OF MATHEMATICAL PROBLEM 

The theory of Chapman and Fer raro  provides  a p r e c i s e ,  although idea l i zed ,  
representa t ion  of t h e  i n t e r a c t i o n  between t h e  geomagnetic f i e l d  and t h e  s o l a r  
wind, b e  it steady or unsteady. According t o  t h i s  theory,  t h e  s o l a r  wind i s  
considered t o  be f r e e  from s i g n i f i c a n t  in f luence  of magnetic f i e l d s ,  and t h e  
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e a r t h  i s  considered t o  be devoid of any atmosphere i n  t h e  region pene t r a t ed  
by t h e  s o l a r  plasma. 
l i s h e d  which te rmina tes  t h e  geomagnetic f i e l d  ab rup t ly  a t  a d i s t ance  of t h e  
order  of t e n  or more e a r t h  r a d i i  from t h e  ear th ,  and which leads  t o  fo rces  
t h a t  r e t a r d  and r e p e l  t h e  advance of solar plasma toward t h e  ea r th .  
way, t h e  geomagnetic f i e l d  i s  confined t o  a hollow or c a v i t y  carved out  of 
t h e  s o l a r  plasma. 
satisfies t h e  equat ions df a s t a t i c  magnetic f i e l d  i n  a vacum, t h a t  i s  

The i n t e r a c t i o n  i s  such t h a t  a cu r ren t  system i s  e s t a b -  

I n  t h i s  

Within t h i s  cav i ty ,  o r  magnetosphere, t h e  magnetic f i e l d  

The t o t a l  magnetic f i e l d  i n  t h e  magnetosphere i s  t h e  sum of t h e  permanent 
magnetic f i e l d  I& of t h e  e a r t h  and induced magnetic f i e l d s  ,B' due t o  e l e c -  
t r i c  cu r ren t s  i n  t h e  ionosphere, t h e  magnetosphere, and a t  t h e  i n t e r f a c e  
between the  magnetosphere and t h e  s o l a r  wind. 
i s  usua l ly  represented  i n  s t u d i e s  of t h e  boundary of t h e  geomagnetic f i e l d  by 
a simple magnetic d ipo le  placed a t  t h e  center  of t h e  e a r t h  and a l i n e d  with 
t h e  geomagnetic axis as determined from magnetic surveys.  
e l e c t r i c  cu r ren t s  wi th in  t h e  ionosphere and t h e  magnetosphere are usua l ly  con- 
s ide red  t o  be too  s m a l l ,  and a l s o  too  uncer ta in ly  known, t o  be included i n  t h e  
ana lys i s ,  al though t h e  e f f e c t s  of t h e  presence of a s u b s t a n t i a l  r i n g  cu r ren t  
on t h e  l o c a t i o n  of t h e  boundary of t h e  geomagnetic f i e l d  i n  a s teady s o l a r  
wind have been inves t iga t ed  by S p r e i t e r  and Alksne ( refs .  11 and 1 2 ) .  
t h i s  paper,  we are concerned only with t h e  dynamical response of an  element 
of t h e  boundary t o  a small i n i t i a l  displacement from i t s  equi l ibr ium loca t ion .  
For t h i s  purpose a d e t a i l e d  s p e c i f i c a t i o n  o f  magnet izat ion and cu r ren t  d i s -  
t r i b u t i o n  a t  p c i n t s  Yar removed from t h e  element i s  not  required.  

The permanent magnetic f i e l d  

The e f f e c t s  of 

I n  

A complete mathematical desc r ip t ion  does r equ i r e ,  however, t h a t  appro- 

Since the  l o c a t i o n  of t h e  magnetopause i s  unknown and 

One i s  t h a t  t h e  normal 

p r i a t e  condi t ions  be spec i f i ed  a t  t h e  boundary of t h e  magnetosphere, t h a t  i s ,  
a t  t h e  magnetopause. 
must be determined as p a r t  of t he  so lu t ion ,  it i s  necessary t o  spec i fy  two 
boundary condi t ions  t o  determine a unique so lu t ion ,  
component of t h e  geomagnetic f i e l d  vanish a t  t h e  magnetopause, t h a t  i s  

where I& refers t o  t h e  value of Jj a t  the magnetopause and 5, r e f e r s  t o  
t.he u n i t  normal t.aken p o s i t i v e  when d i r ec t ed  i n t o  t h e  magnetosphere. 
second i s  t h a t  t h e  p re s su re  exer ted  on t h e  boundary by t h e  p a r t i c l e s  of t he  
s o l a r  wind b e  balanced by t h e  magnetic pressure  This r e l a t i o n  may 
be  w r i t t e n  as 

The 

Bs2/8n. 

where m, n,  and 
ions  ( g e n e r a l l y  considered t o  be p r i n c i p a l l y  pro tons)  of t he  undisturbed 
inc iden t  stream, ,v 
pause,  and K i s  a constant  c o e f f i c i e n t .  It i s  required,  i n  a d d i t i o n  t h a t  

refer  t o  t h e  mass, number dens i ty ,  and v e l o c i t y  of t h e  

r e f e r s  t o  t h e  l o c a l  ve loc i ty  of an  element of t h e  magneto- 
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i n  order  t o  avoid t h e  occurrence of regions of t h e  magnetopause t h a t  are 
shielded from d i r e c t  impact by p a r t i c l e s  of t h e  s o l a r  wind, and f o r  which 
equation ( 3) would be  inappropr ia te .  

specular ly  r e f l e c t e d  a t  t h e  boundary i n  which case K = 2 ( s e e  r e f s .  1 3  and 1 4  
f o r  a discussion of o the r  values f o r  K t h a t  have sometimes been used f o r  t h i s  
ca se ) .  It has been argued r ecen t ly  by Axford ( r e f .  15), Kellogg ( r e f .  16), 
S p r e i t e r  and Jones ( ref .  l7), and o the r s ,  however, t h a t  t h e  presence of a weak 
in t e rp l ane ta ry  f i e l d  may have t h e  important e f f e c t  of causing the  s o l a r  wind 
t o  behave as a continuous f l u i d  over length  sca l e s  t h a t  are l a r g e  compared 
with t h e  pro ton  Larmor rad ius .  Since t h e  Larmor rad ius  i s  about 600 km f o r  a 
300 km/sec proton i n  a magnetic f i e l d  of 5 y  and a t y p i c a l  dimension of t h e  
magnetosphere i s  of t h e  order  of lo5 km, i t  follows t h a t  t h e  s o l a r  wind would 
f low around the  magnetosphere much as a f l u i d  about a s o l i d  objec t .  Since, 
moreover, t h e  e f f e c t i v e  Mach number based on t h e  speed of a magnetoacoustic 
wave i s  much g r e a t e r  than  uni ty ,  t h e r e  would b e  a detached bow wave upstream 
from t h e  magnetosphere. Nevertheless,  t h e  aerodynamic pressure  exer ted  by the  
wind on the  boundary would s t i l l  be represented,  according t o  t h e  Newtonian 
theory of hypersonic flow, by t h e  r i g h t  s i d e  of equat ion ( 3 )  with K = 1. 
This change from K = 2 t o  K = 1, without f u r t h e r  change of t h e  governing 
equations (1) through (4), leaves t h e  ca l cu la t ed  form of t h e  magnetopause 
unal tered,  although a l l  l i n e a r  dimensions from t h e  cen te r  of t h e  e a r t h  t o  t h e  
magnetopause increased by a f a c t o r  of 21f6. 
shown ( I G  B u l l e t i n  84, June 1964) t o  be i n  exce l l en t  agreement with da t a  
obtained i n  space with IMP-I s a t e l l i t e  (Explorer X V I I I ) .  
a change are of even less importance i n  t h e  p re sen t  i nves t iga t ion ,  s ince  we 
are concerned with devia t ions  from t h e  equi l ibr ium conf igura t ion ,  and K 
cancels  out of t h e  ana lys i s  i n  most cases .  

enclosed magnetic f i e l d  i s  defined by t h e  same se t  of equat ions,  except t h a t  
y i s  equated t o  zero i n  equat ions ( 3 )  and ( 4 ) .  Equation ( 3 )  i s  thus  replaced 

It has h i s t o r i c a l l y  been considered t h a t  t h e  p a r t i c l e s  a re ,  i n  e f f e c t ,  

Resul ts  so  obtained have been 

The e f f e c t s  of such 

The equi l ibr ium s t eady- s t a t e  conf igura t ion  of t h e  magnetopause and t h e  

by 

(5) 2 
B$e/8n = Kmn(V - . Ase) 

z =  

Y 

h1. 
SOLAR PLASMA 

vhere the  subsc r ip t  e i nd ica t e s  
values  a s soc ia t ed  with the  equi l ibr ium 
conf igura t ion .  

Solu t ions  or t h e  foregoing equa- 
t i o n s  t o  be presented  i n  t h e  remainder 
of t h i s  paper are concerned with the  
behavior  of l i m i t e d  p o r t i o n  of t h e  mag- 
netopause, and are expressed i n  terms 
of t h e  l o c a l  r ec t angu la r  Car tes ian  
coordinate  system i l l u s t r a t e d  i n  f i g -  
u re  1. I n  a l l  cases ,  t h e  o r i g i n  i s  
p laced  a t  t h e  cen te r  of t h e  region of 
i n t e r e s t ,  e i t h e r  a t  o r  near  t h e  mag- Figure  1.- View of coordinate system and an 

element of t he  magnetopause. netopause, and t h e  z a x i s  i s  d i r ec t ed  
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normal to the boundary and into the magnetosphere. 
represent the coordinates of the boundary by 
time. 
magnetopause that Z is small compared not only with the over-all dimensions 
of the magnetosphere, such as the distance from the center of the earth to the 
nearest part of the magnetopause, say 60,000 km under representative condi- 
tions, but also with the dimensions in the directions of the mag- 
netopause element under consideration. 
incident solar plpma is expressed in terms of the components 
the unit vectors i, 3, parallel the 

It is thus convenient to 

Further, attention is confined to a sufficiently small portion of the 
z = Z(x,y,t) where t represents 

x and y 
The velocity of the undisturbed 

x, y, z axes, respectively; {bus, Vx, V , Vz, and 
A h A 

V = iVx + jVy + kVZ - 
The equilibrium magnetic field can be expressed similarly as 

where 
of the unit normal ;s to the magnetopause are 

Be, = Be cos 8, Be - Be sin 8, and BeZ s 0. The Cartesian components Y -  

Since, furthermore, 

v - * 8, = (az/at)i; - As 

at any point xy on the magnetopause, 

-vxaz/ax - v az/ay + vz - az/at ( v  - ,v) * ?ls = 2 
[1 + (az/ax)2 + (az/ay)2I1" 

(9) 

(10) 

The foregoing equations completely describe the mathematical model on which 
the remainder of .the discussion is based. 
concerned with the determination and discussion of solutions for the dynami- 
cal response of the magnetosphere boundary to a variety of initial displace- 
ments from equilibrium. It is assumed throughout that the undisturbed 
incident solar wind is uniform and steady in space and time. 

Pie remainder of this paper is 

FIRST-ORDER SOLUTION FOR SMALL AMPLITUDE WAVES ON AN 
OTHERWISE FLAT MAGNETOSPHERE BOUNDARY 

Consider first the case of small amplitude waves of sufficiently short 
wavelength that curvature of the equilikrim magnetosphere boundary can be 
disregarded. Neglecting the effects of curvature is permissible under most 
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circumstances i n  which t h e  wavelength i s  small compared with t h e  rad ius  of 
curvature  of t h e  equi l ibr ium boundary. Under r ep resen ta t ive  condi t ions ,  t h e  
l a t t e r  dimension i s  of t h e  order  of 60,000 km o r  more everywhere except i n  a 
s m a l l  region i n  t h e  v i c i n i t y  of each n e u t r a l  p o i n t .  
t h a t  t he  r a t i o  of t he  amplitude t o  t h e  wavelength i s  s u f f i c i e n t l y  small t h a t  
we can s a f e l y  d is regard  a l l  terms of h igher  order  than  t h e  f i rs t  i n  
i t s  de r iva t ives ,  where 
f l a t  equi l ibr ium boundary, and 
boundary . 

It i s  f u r t h e r  assumed 

Z and 
z = 0 i s  taken t o  represent  t h e  coordinates  of t h e  

z = Z(x,y , t )  represents  those of t h e  per turbed 

Under t h e  above condi t ions,  we can approximate ( v  - x) As by t h e  
numerator of t h e  r i g h t  s i d e  of equat ion (lo), and i t s  square by 

The equi l ibr ium magnetic f i e l d  a s soc ia t ed  wi th  t h e  undis turbed f l a t  boundary 
i s  simply Be = const .  The t o t a l  f i e l d  can be expressed by 

where i s  a func t ion  of space and t i m e  t h a t  r ep resen t s  t h e  pe r tu rba t ion  
magnetic f i e l d  due t o  t h e  departure  of t h e  magnetosphere boundary from i t s  
assumed f la t  equi l ibr ium shape. To f i rs t  order  i n  b _ ,  we have 

b, 

Since t h e  d i f f e rence  between t h e  value for b, 
boundary and a t  the  equi l ibr ium p o s i t i o n  (z = 0) i s  given by an expression of 
t h e  form ( & / a z ) Z  and i s ,  hence, a product  of small q u a n t i t i e s ,  it i s  s u f f i -  
c i e n t  t o  evaluate  Bs2 a t  z = 0; thus ,  

a t  t h e  a c t u a l  l o c a t i o n  of t h e  

€jS2 = Be2[1 + 2(bx cos 8 + by s i n  8)/BeIZ,o (14) 
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Subs t i t u t ion  of equations (11) and (14)  in to  equation ( 3 )  y i e l d s  

Since t h e  equi l ibr ium surface l i e s  i n  t h e  xy plane,  As, = 2 f o r  t h i s  case, 
and equation ( 5 )  reduces t o  

Combining equations (15) and (16) y i e l d s  

cos 8 + by s i n  e'\, 
/ Be ' z=o 

The r i g h t  s ide  of equation (17) can be s implif ied by transforming t o  a coor- 
d ina t e  system f ixed  with respec t  t o  t h e  t angen t i a l  component of t h e  s o l a r  
wind. We thus introduce the  new var iab les  

Equation (17) thus becomes 

I n  order  t o  proceed f u r t h e r ,  it i s  necessary t o  determine t h e  appropriate  
r e l a t i o n  between b, and Z .  
wi th  Be = const ,  shows t h a t  d i v  b, = 0 and c u r l 2  = 0. This implies t h a t  

Subs t i tu t ion  of equation (12)  i n t o  equation (l), 

where R i s  a so lu t ion  of Laplace's equation 

7 



P R = O  

The boundary condi t ions  f o r  are t h a t  

= o  

and 

The corresponding condi t ions  f o r  R are 

(”+ = const  

which ca,n b e  equated t o  zero without loss of gene ra l i t y ,  and 

A genera l  so lu t ion  of equat ion (21) 
found by  separa t ion  of va r i ab le s  t o  

cos e + s i n  e a.r, - 
a5 

t h a t  vanishes  at i n f i n i t e  5 can be  
be  a summation of terms of t h e  form 

11 2 
R = (A  s i n  kl6 + B cos klk)(C s i n  k27 + D cos k27)exp[-(k12 + kZ2) ( 1  

(26)  

i n  which the  i n t e g r a t i o n  cons tan ts  may vary wi th  t i m e .  If a t t e n t i o n  i s  con- 
f i n e d  t o  wavelike boundary pe r tu rba t ions  having nodal l i n e s  at T = 0 
arranged in  t h e  form of a rec tangular  g r i d ,  and t h e  coordinate  system i s  o r i -  
ented without f u r t h e r  r e s t r i c t i o n  so t h a t  t h e  5 and 7 axes w e  p a r a l l e l  t h e  
nodal l i n e s  at t h a t  time, w e  can write 

The proper eva lua t ion  of t h e  c o e f f i c i e n t s  of equat ion (26) so as t o  s a t i s f y  
equat ions (25) and (27)  y i e l d s  t h e  fol lowing expression for R at T = 0: 

8 



"\ e -k!, k2 
/ 

= -E(O) r$ cos e s i n  klk cos k2-q + s i n  8 cos kl6 s i n  k27 
( ' ) T = O  

(28) 

where 

(29) 
l/ 2 

k = (k12 + k,') 

The l e f t  s i d e  of equat ion (19) thus becomes, a t  T = 0 

a[(k12 cos2 8 + k22 s in2  B)cos  klE cos k2-q 
f k  cos 8 + bn s i n  8 

Be 
T=O 

(30) - 2klk2 s i n  e cos 8 s i n  klk s i n  k271 

It i s  convenient t o  r e s t r i c t  a t t e n t i o n  at  t h i s  po in t  t o  t h e  not  inconsid-  
erable c l a s s  of  cases  i n  which any one of the  fol lowing a d d i t i o n a l  condi t ions  
ho Id  

The f i rs t  two condi t ions  permit t h e  wavelength t o  be a r b i t r a r y  i n  bo th  direc- 
t i o n s  b u t  r equ i r e  t h a t  the equi l ibr ium magnetic f i e l d  be p a r a l l e l  t o  e i t h e r  
of t h e  two sets  of nodal l i n e s  of the i n i t i a l  boundary pe r tu rba t ions .  
l a t t e r  two condi t ions  permit a r b i t r a r y  o r i e n t a t i o n  of t h e  nodal l i n e s  and the 
equi l ibr ium magnetic f i e l d ,  b u t  r equ i r e  tha t  t h e  boundary pe r tu rba t ion  be 
two-dimensional, t h a t  i s ,  have t h e  form of c y l i n d r i c a l  corrugat ions.  Equa- 
t i o n s  (19) and (30) i n d i c a t e  that the nodal l i n e s  remain f i x e d  f o r  a l l  t i m e  
f o r  t hese  cases ,  and t h a t  t h e  so lu t ion  i s  given by 

The 

Z = E(T) cos kl[ cos k27 

where the amplitude E ( T )  satisfies t h e  equation 

& 
dT k 

-v,(k12 cos2 e + kZ2 s in2  e ) €  
= -Kc€ - -  - (33) 

The s o l u t i o n  i s  

-KO 7 
E = E o e  (34) 
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where represents  t h e  amplitude a t  I- = 0; t h a t  i s ,  = ~ ( 0 ) .  It should 
be observed t h a t  t h e  behavior  of t h e  boundary i s  considerably more complicated 
if none o f  t he  fou r  condi t ions  given i n  equat ions (31) apply,  s ince  then  
(aZ/ai-) f a i l s  t o  vanish on t h e  nodal l i n e s  where ( Z )  = 0 and t h e  form of 

t h e  boundary pe r tu rba t ion  depar t  immediately from t h e  o r i g i n a l  cos k,( cos k2q 
form . 

T= 0 T= 0 

Subs t i t u t ion  i n t o  equations (32), ( 3 3 ) ,  and (34)  of t h e  o r i g i n a l  phys i -  
c a l  var iab les  using t h e  r e l a t i o n s  given by equat ion (19) y i e l d s  

where the  time cons tan t  tz i s  given by 

k - 1 - -  t; = 
2 V,(k12 cos2 8 + k2 s in2  0 )  

AXAY 
2 2 2 s in-  e t cos 

and 

represent  t h e  wavelengths measured i n  t h e  
Two general  conclusions fo l low immediately from t h e  above r e s u l t s .  
i s  t h a t  the presence of t h e  q u a n t i t i e s  
of t h e  cosines of equat ion (35)  i n d i c a t e s  t h a t  t h e  wave system d r i f t s  along 
t h e  magnetosphere boundary wi th  t h e  t a n g e n t i a l  component of t h e  s o l a r  wind. 
The second i s  t h a t  t h e  t i m e  constant  t g  i s  p o s i t i v e ,  i nd ica t ing  t h a t  t h e  
waves damp wi th  t i m e ,  or at  least  never grow. 

x and y d i r e c t i o n s ,  r e spec t ive ly .  
The f i r s t  

i n  t h e  arguments x - V,t and y - V y t  

If kl or k2 vanishes,  t h e  boundary pe r tu rba t ions  are two-dimensional 
corrugat ions with the nodal l i n e s  and o t h e r  genera tors  p a r a l l e l  t o  t h e  
y axis, respec t ive ly .  

x o r  
The time cons tan ts  f o r  t h e s e  cases  are given by 

10 
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A p l o t  of t h e  v a r i a t i o n  of ( tz)a,=jo 
e = 750 

with wavelength Ax for various o r i en -  
t a t i o n s  8 of t h e  equi l ibr ium magnetic 
f i e l d  i s  shown i n  f i g u r e  2 f o r  a r ep re -  
s e n t a t i v e  case i n  which Vz = 500 km/sec. 
We see, f o r  instance,  t h a t  t h e  time con- 
s tan t  f o r  decay of corrugat ions having 
east-west  genera tors  (Ay = w )  and s i t -  

30° 
15" 
00 uated near  t h e  e q u a t o r i a l  plane (8 = 0') 

i s  of t he  order  of a second f o r  wave- 
lengths  as g r e a t  as 3000 km, and propor-  
t i o n a l l y  less  f o r  s h o r t e r  wavelengths. 
It increases  t o  i n f i n i t y ,  implying no 

nodal l i n e s  are r o t a t e d  so as t o  become 

V z = 5 0 0  km/sec 

0 1000 2000 3000 4000 5000 
damping, as 8 goes t o  gov and the  WAVELENGTH, A x  ,km 

p a r a l l e l  t o  t h e  geomagnetic f i e l d  l i n e s .  
This example i l l u s t r a t e s  t h e  genera l  

Figure e . -  Variation of time with 
wavelength f o r  two-dimensional corruga- 
t i o n s  on a f l a t  equi l ibr ium boundary. 

r e s u l t  t h a t  corrugat ions having genera- 
t o r s  a l i n e d  with t h e  equi l ibr ium f i e l d  a r e  n e u t r a l l y  s t a b l e  t o  f i r s t  order  i n  
s m a l l  pe r tu rba t ions .  
order  of accuracy subsequently here in .  

This case w i l l ,  therefore ,  be  re-examined t o  higher  

If, on t h e  o the r  hand, ne i the r  kl nor k2 vanishes,  bu t  8 = 0 0 or 90 0 , 
s o  t h a t  t he  nodal l i n e s  form a rec tangular  g r i d  and t h e  equi l ibr ium f i e l d  
l i n e s  are a l ined  with one se t  of nodal l i n e s ,  we have the  following expres-  
s ions  f o r  t h e  time constant  

This r e s u l t  shows t h e  t i m e  constant  i s  inverse ly  p ropor t iona l  t o  
1/ 2 propor t iona l  t o  t h e  mean s c a l e  of t h e  wave system (AX2 + Ay2) 

i n  addi t ion ,  on t h e  r a t i o  of wavelengths 
i n  t h e  x and y d i r e c t i o n s .  A p l o t  of 
t h e  r e s u l t s  for (t") for 
v, = 500 km/sec i s  shown i n  f i g u r e  3. 
We see, once again,  t h a t  t h e  t ime con- 
s t a n t  i s  of t h e  o rde r  of a second f o r  a 
wide v a r i e t y  of condi t ions when mean 
wavelengths of t h e  order  of a f e w  thou- 
sand ki lometers  are considered. It 
should be noted t h a t  f i g u r e  3 i s  not 
appropr ia te  f o r  d i sp lay ing  t h e  t i m e  con- E 

2 1 1  2 0 s ince  then  (Ax + Ay2) goes t o  i n f i n -  
i t y  and an indeterminate  form appears.  

Vz, l i n e a r l y  
, and depends, 

O e=71/2 

I /2 

s t a n t s  for a two-dimensional corrugat ion 0 
J 

2000 4000 6000 0000 10,000 
MEAN WAVELENGTH, (A: + A $ ) ' / 2 ,  km 

mean wavelength for rec tangular  wave g r i d  
on a f l a t  equilibrium boundary. 

Figure 3 . -  Var ia t ion  of time constant wi th  Results f o r  t h i s  case a r e  given Correct ly  
by equat ion (39) ,  however, or, more 
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e x p l i c i t l y  and more genera l ly  with r e spec t  t o  t h e  r e l a t i v e  o r i e n t a t i o n  of t h e  
d i r ec t ions  of t h e  nodal l i n e s  and t h e  equi l ibr ium f i e l d ,  by equat ions ( 3 6 ) .  

I 

3 -  

/-- 2 -  

/ AMPLIFICATIoN* 'lvZ damp rap id ly  with very l i t t l e  d r i f t  
near  t h e  nose of t h e  magnetosphere, 
b u t  damp slowly as they run r ap id ly  
along t h e  f l a n k s .  

_ _  I 
Figure 4 has been included togi,:e 

I 
MAGNETOSPHERE a more q u a n t i t a t i v e  understanding of 
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normalized d r i f t  ve loc i t j -  V2:/V as a func t icn  of ( r / r o ) c o s  cp where r r ep -  
r e sen t s  t h e  geocent r ic  d i s tance  t o  t h e  b :~udary  and 
mensured from t h e  d i r e c t i o n  of approach of t h e  undisturbed inc ident  s o l a r  
wind. They are ca l cu la t ed  using t h e  r e l a t i o n s  

'9 i s  a longi tude angle  

v/vz = (40) 

FIRST-ORDER SOLUTION FOR SMALL AMPLITUDE WAVES ON A SLIGHTLY 
CURVED MAGNETOSPHEEE BOUNDARY 

The preceding ana lys i s  w i l l  now be  extended t o  include t h e  e f f e c t  of 
s l i g h t  curvature  of t h e  equi l ibr ium magnetosphere boundary. 
a l l  terms of h igher  order  than  t h e  f i rs t  i n  
r e sen t s  t h e  displacement 
displacement Ze of t h e  curved equi l ibr ium sur face  and confine a t t e n t i o n  t o  
t h e  case i n  which t h e  rad ius  of curvature  o f  t h e  equi l ibr ium sur face  i s  much 
g r e a t e r  than  bo th  t h e  wavelength and amplitude of t h e  boundary per turba t ions .  
Under these  circumstances, it i s  permissible  t o  represent  t h e  e f f e c t s  of 
boundary displacement from z = 0 a t  any po in t  by superpos i t ion  of e f f e c t s  of  
t h e  equi l ibr ium curvature  displacement and t h e  pe r tu rba t ion  displacement.  The 
equi l ibr ium magnetic f i e l d  can no longer  be regarded as a constant  i n  a region 
extending s e v e r a l  wavelengths i n  a l l  d i r ec t ions  in s ide  t h e  magnetosphere from 
t h e  o r ig in ,  as ind ica ted  previous ly  i n  connection with equat ion (12), however, 
s ince  t h e  i r r o t a t i o n a l i t y  condi t ion given by equat ion (1' i nd ica t e s  a ncn- 
vanishing f i e l d  g rad ien t  a t  a curved boundary. The consequences of t h i s  con- 
d i t i o n  can be  i l l u s t r a t e d  i n  terms of  a l o c a l  coordinate  system i n  which t h e  
a axis i s  a l i n e d  with t h e  equi l ibr ium magnetic f i e l d  vector  and t h e  v a x i s  
i s  t h e  normal t o  t h e  IS a x i s  i n  t h e  plane determined by t h e  l o c a l  curvature  
of t h e  f i e l d  l i n e .  
l eads  t o  

We again neglec t  - 
Z, where Z(x,y, t )  = Z - Ze rep-  

Z of t h e  per turbed magnetopause r e l a t i v e  t o  t h e  

Then c u r l  B, = 0 evaluated a t  t h e  equi l ibr ium sur face  

where Bse refers t o  t h e  magnitude of $3 a t  t h e  equi l ibr ium surface,  and 
R refers t o  t h e  l o c a l  rad ius  of  curvature of  t h e  f i e l d  l i n e .  Since v i s  
thus  very nea r ly  p a r a l l e l  t o  t h e  d i r ec t ion  of  
we have the fol lowing expression for t h e  equi l ibr ium magnetic f i e l d  i n  
t h e  v i c i n i t y  of  t h e  magnetopause 

z f o r  t he  condi t ions described, 
?e 



The t o t a l  f i e l d  a t  t h e  boundary i s  thus  

If a t t e n t i o n  i s  r e s t r i c t e d  t o  the  c l a s s  of cases  f o r  which any one of t h e  fou r  
condi t ions given by equat ions (31) holds ,  t h e  same l i n e  of reasoning as t h a t  
descr ibed previously t o  solve equat ion (19) shows t h a t  t h e  s o l u t i o n  i s  given 
by 

1 4  

- 

- 
where b_, i s  t h e  pe r tu rba t ion  f i e l d  a s soc ia t ed  with t h e  depar tures  Z from 
t h e  equi l ibr ium sur face .  
way as i n  t h e  preceding sec t ion  f o r  t h e  - f l a t  equi l ibr ium boundary. 
f o r  a pe r tu rba t ion  shape def ined by 
mined before  f o r  a pe r tu rba t ion  shape def ined by Z(x,y).  
equat ion (15) i s  thus  

The pe r tu rba t ion  f i e l d  may be evaluated i n  t h e  same 

Z(x,y) i s  found t o  be t h e  same as d e t e r -  
The counterpar t  of 

The r e s u l t  

Subtract ing t h e  corresponding expression f o r  t h e  equi l ibr ium state 

and r e t a in ing  only terms of f i rs t  orr?er i n  bx, by, and 2 y i e l d s  

- 
where Bs, i s  a constant  equal  t o  t h e  value of Bse a t ,  say, t h e  o r i g i n .  

Introducing t h e  va r i ab le s  5 ,  7, (, T, defined by equat ions (18) t r a n s -  
forms equation (47) i n t o  



where E ( T )  i s  given by 

-TI%* 
E = E o e  

represents  t h e  amplitude a t  T = 0, and 

k12 COS' 8 + k22 s in2  
t* = [V. (+ + k 

where Ax and Ay represent  t he  wavelengths i n  t h e  x and y d i r ec t ions  as 
def ined by equat ion ( 3 7 ) ,  and t: 
t i o n  (36). 

i s  t h e  time constant  defined by equa- 
I n  terms of t h e  o r i g i n a l  var iab les ,  equations (49) and (50) a r e  

This r e s u l t  shows, again,  t h a t  t h e  wave system dr i f ts  along t h e  magneto- 
sphere boundary with the  t a n g e n t i a l  component of t he  s o l a r  wind, and t h a t  t h e  
amplitude damps with a time constant  t*. Now, f o r  R = 00, t* i s  always 
p o s i t i v e ,  and t h e  wave amplitude can never grow, as discussed i n  t h e  preced-  
ing  sec t ion .  When R i s  f i n i t e ,  however, more p o s s i b i l i t i e s  a r i s e .  I f  R 
i s  p o s i t i v e  ( t h e  cen te r  of curvature  of the  equi l ibr ium sur face  i s  on the  
magnetic f i e l d  s i d e  of t h e  boundary, t h a t  i s ,  i n s ide  t h e  magnetosphere), 
t* < t g  
a l e n t l y ,  t o  increase  the  r a t e  a t  Ghich the d is turbed  boundary r e tu rns  toward 
t h e  equi l ibr ium shape. If, on t h e  o ther  hand, R i s  negat ive,  t he  p o s s i b i l -  
i t y  e x i s t s  t h a t  't* may become negat ive,  i nd ica t ing  t h a t  boundary pe r tu rba -  
t i o n s  grow i n  amplitude with time. The c r i t i c a l  radius  Rcr f o r  n e u t r a l  
s t a b i l i t y  i s  obtained by equating t* t o  i n f i n i t y  and solving.  The r e s u l t  
i s  

and t h e  e f f e c t  of curvature  i s  t o  reduce the  t i m e  constant  or, equiv- 



L 

If the nodal l i n e s  of t h e  pe r tu rba t ion  wave system form a square g r i d ,  
t h a t  i s ,  Ax = Ay = A, equat ion (53) reduces t o  

The formal ana lys i s  thus ind ica t e s  t h a t  t h e  boundary i s  uns tab le  t o  s m a l l  
d is turbances i f  t h e  cen te r  of curvature  i s  outs ide  t h e  magnetosphere and t h e  
rad ius  of curvature  of t h e  equi l ibr ium sur face  i s  less than  & 
per tu rba t ion  wavelength. Since t h e  l a t t e r  i s  required t o  be  much less  than  
t h e  rad ius  of curvature  a t  t h e  o u t s e t  of t h i s  ana lys i s ,  it must be concluded 
t h a t  a l l  square g r i d  boundary pe r tu rba t ions  f o r  which t h e  p re sen t  r e s u l t s  a r e  
appl icable  a r e  s t a b l e  i n  s p i t e  of poss ib l e  d e s t a b i l i z i n g  inf luences due t o  
curvature  of t h e  equi l ibr ium su r face .  

times t h e  

If k, o r  k, vanishes and t h e  boundary pe r tu rba t ions  are two-dimensional 
corrugat ions as noted previously,  t h e  t i m e  cons tan ts  a r e  given by 

Since 7,x and A, are supposed t o  be  very much smaller than  1 RI i n  t h e  p r e s -  
e n t  ana lys i s ,  wg see t h a t  i n s t a b i l i t y  
s m a l l  0 i f  Ax = 00, o r  f o r  0 very 

- X Y  
R 

'IT 0, deg 
-15 -10 - 5  I 5 IO 15 

STABLE 

Figure  5. - Stability boundary for t w i ) -  
d immsional  cor ruga t ions  (A, ~ a) on a 
curved equi l ibr ium sur face .  

(nega t ive  
nea r ly  equal  t o  fi/2 i f  Ay = a. For 
example, if Ax = a, -\x = 1000 km, and 
R = -60,000 km, I s i n € \  = (120n)-"* 
= 0.0515. The c r i t i c a l  values f o r  8 
are thus  about + 3 O  f o r  two-dimensional 
boundary p e r t urb a t i o ns having nodal 
l i n e s  a l i n e d  with t h e  x a x i s .  We 
can conclude a l t e r n a t i v e l y  by a simple 
r o t a t i o n  of t h e  coordinate  system t h a t  
on ly  those  waves having t h e i r  nodal 
l i n e s  wi th in  3' of t h e  d i r e c t i o n  of 
t h e  f i e l d  l i n e s  w i l l  grow with t i m e .  
All o the r s  w i l l  damp out ,  and even- 
t u a l l y  disappear .  For o the r  values  
f o r  
w i l l ,  of course,  d i f f e r .  Figure 5 i s  
a p l o t  of t h e  v a r i a t i o n  with 9 of 
t h e  c r i t i c a l  value of t h e  r a t i o  Ay/R 
f o r  waves having Ax = m. Two- 
dimensional cor ruga t ions  having Ay/R 
less  than  t h a t  i nd ica t ed  by t h e  curve 

t*) occurs oniy f o r  very 

Y 

\sy and R, t h e  numerical r e s u l t s  
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are uns tab le  and, conversely,  as ind ica ted .  Thus, on a f l a t  sur face  f o r  which 
R = 03 and AY/R = 0, a l l  two-dimensional waves are s t a b l e ,  except those p e r -  
f e c t l y  a l i n e d  with t h e  f i e l d  d i r e c t i o n  ( e  = 0') which have n e u t r a l  s t a b i l i t y .  
A l l  waves on equi l ibr ium sur faces  wi th  R > 0 are a l s o  s t a b l e ,  b u t  those s u f -  
f i c i e n t l y  c l o s e l y  a l i n e d  with t h e  f i e l d  a re  unstable  on equi l ibr ium sur faces  
with R < 0. Although R > 0 nea r ly  everywhere on t h e  magnetosphere boundary, 
bo th  cases  occur.  I n  p a r t i c u l a r ,  negat ive values  f o r  R occur i n  l imi t ed  
regions i n  t h e  immediate v i c i n i t y  of t h e  neu t r a l  p o i n t s  N, as i l l u s t r a t e d  i n  
f i g u r e  6 by t h e  dot ted  po r t ions  of 
t r a c e s  of t h e  magnetosphere boundary 
( r e f .  19). Also  included and ind ica ted  
by dashed l i n e s  are s e v e r a l  magnetic 
f i e l d  l i n e s  f o r  t h e  noon-midnight merid- 
i a n  plane,  as given by Mead ( r e f .  20). 

Since only t h e  nea r ly  a l ined  two- 

NOO -STABLE 
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dimensional waves a r e  s i g n i f i c a n t l y  
a f f e c t e d  by curvature  of t h e  equi l ibr ium 
Surface,  it i s  O f  i n t e r e s t  t o  examine Figure 6 . -  Traces of t h e  magnet-sphere bound- 
t h e  special form to which equations (55)  ary  i n  t h e  equa to r i a l  plane,  noo l -mih i&t  

meridian plane,  and severa l  intermediate 
and (56)  planes ( r e f .  1 9 ) .  Magnetic f i e l d  l i n e s  i n  
waves, namely the  noon-midnight merl-dian plane ( r e f .  20) . 

s impl i fy  f o r  p e r f e c t l y  a l ined  

t* = R/Vz (57 1 

The t i m e  cons tan t  i s  thus  equal  t o  t h e  t i m e  requi red  f o r  a p a r t i c l e  wi th  
v e l o c i t y  Vz t o  t r a v e l  a d is tance  R.  Representative values  f o r  condi t ions 
a t  the  nose of t h e  magnetosphere may be  R = 60,000 km and Vz = 500 kmlsec, 
f o r  which t* = 120 see .  The time constant increases  beyond a l l  bounds a t  
t h e  n e u t r a l  po in t s  and a l s o  far downstream along t h e  f l anks  of t h e  magneto- 
sphere boundary, s ince  Vz approaches zero and R does not  vanish.  Alined 
two-dimensional boundary pe r tu rba t ions  thus n e i t h e r  damp nor grow a s  they 
d r i f t  a long t h e  magnetosphere boundary i n  t hese  reg ions .  
downstream from t h e  n e u t r a l  po in t ,  we may have R = -60,000 km and 
VZ = 100 km/sec, i n  which case 
I n  a l l  cases ,  t h e  time constant  i s  long compared with t h e  values  representa-  
t i v e  of less  elongated rec tangular  g r i d  pe r tu rba t ions .  

A s h o r t  d i s tance  

t* = -60 see,  and t h e  waves grow with time. 

The s m a l l  regions of i n s t a b i l i t y  near t he  n e u t r a l  p o i n t s  are of p a r t i c u -  
lar  i n t e r e s t  because they  provide a means by which s o l a r  plasma can be con- 
s t a n t l y  admit ted i n t o  t h e  magnetosphere, and may very we l l  be  assoc ia ted  with 
t h e  cons tan t  magnetic a g i t a t i o n  of  t h e  po la r  regions,  as summarized, f o r  
ins tance ,  by Fukushima ( r e f .  2 1 ) .  He  assembled a considerable  body of ground- 
based magnetometer da t a  gathered during t h e  I G Y  ( J u l y  1957 - December 1958) 
and t h e  Second Po la r  Year (August 1932 - August 1933), and analyzed it i n  va r -  
ious  ways according t o  t h e  time of day and year,  and the  degree of dis turbance 
of t h e  world-wide geomagnetic f i e l d .  The r e s u l t s  show t h a t  t h e  p o l a r  regions 
are cons t an t ly  dis turbed,  even a t  periods when t h e  p l ane ta ry  geomagnetic f i e l d  
i s  very q u i e t .  Two of t h e  many summary p l o t s  presented  by Fukushima a re  
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Figure 7 . -  Polar magnetic disturbance near 
t he  noon and midnight meridians a t  times 
during t h e  IGY when Kp = 0, and the  
sun-earth l i n e  i s  inc l ined  a t  0' and 
34.5" t o  the  geomagnetic equa to r i a l  
plane ( r e f .  21). 

reproduced i n  f i g u r e  7 .  These show t h e  
l a t i t u d i n a l  d i s t r i b u t i o n  of t h e  average 
geomagnetic dis turbance near  t h e  noon 
and midnight meridians f o r  t h e  case of 
K - 00, t h a t  is ,  f o r  t h e  very q u i e t e s t  
tunes as indica ted  by t h e  p l ane ta ry  
geomagnetic index, a t  two se l ec t ed  s e t s  
of times extending over t h e  e n t i r e  
pe r iod  of t h e  IGY.  The r e s u l t s  show 
t h a t  t h e  magnitude of t h e  polar-cap 
dis turbance i s  of t he  order  of a f e w  
or s e v e r a l  t e n s  of gammas, t h a t  bo th  
p o l a r  caps are equal ly  d is turbed  when 
t h e  sun-ear th  l i n e  i s  perpendicular  t o  
t h e  geomagnetic d ipo le  axis, and t h a t  
t h e  dis turbances a r e  a m a x i m u m  a t  sum- 
m e r  noon, and a minimum a t  win ter  

P -  

midnight. 
changes i n  t h e  loca t ions  of t h e  n e u t r a l  po in t s ,  such as ca l cu la t ed  by S p r e i t e r  
and Briggs ( r e f .  14), appear cons i s t en t  wi th  what might be  a n t i c i p a t e d  on t h e  
b a s i s  of  d i r e c t  invasion of charged p a r t i c l e s  or propagation of hydromagnetic 
waves i n t o  t h e  p o l a r  regions along t h e  f i e l d  l i nes  from t h e  v i c i n i t y  of t h e  
n e u t r a l  po in t s  on t h e  magnetosphere boundary. 

These r e su l t s ,  when taken i n  conjunct ion with the  corresponding 

EXACT SOLUTION FOR ALINED WAVES ON A FLAT 
MAGNETOSPHERE BOUNDARY 

The an lys i s  presented i n  t h e  preceding sec t ions  i s  r e s t r i c t e d  t o  consid-  
e r a t i o n  of only f i r s t - o r d e r  terms i n  t h e  pe r tu rba t ion  q u a n t i t i e s .  It i s  thus  
s u f f i c i e n t  f o r  t h e  ana lys i s  of decaying waves of s m a l l  amplitude, and of t h e  
i n i t i a l  behavior of amplifying waves. It cannot be  used, however, t o  provide 
information on t h e  subsequent behavior of amplifying waves. Although t h e  
genera l  t reatment  of' such cases  p re sen t s  a ve ry  complex problem, the  ana lys i s  
of t h e  s p e c i a l  case of a l i n e d  two-dimensional waves on a f l a t  equi l ibr ium 
surface,  while nonl inear ,  remains t r a c t a b l e .  This case i s ,  moreover, an 
informative one s ince  such waves were found i n  t h e  f i r s t - o r d e r  ana lys i s  t o  b e  
n e u t r a l l y  s tab le ,  and a more accura te  ana lys i s  i s  requi red  t o  e luc ida te  t h e i r  
p r o p e r t i e s .  

For sake of de f in i t eness ,  consider  t h e  equi l ibr ium magnetic f i e l d  t o  b e  
i n  t h e  d i r ec t ion  of t h e  p o s i t i v e  y ax i s ,  and t h a t  t h e  d i s t o r t i o n s  of t h e  
boundary surface change with x, b u t  not wi th  y .  For such two-dimensional, 
o r  cy l ind r i ca l ,  a l i n e d  boundary d i s t o r t i o n s ,  t h e  pe r tu rba t ion  magnetic f i e l d  
vanishes and the  t o t a l  f i e l d  remains cons tan t  and equal  t o  t h e  value Be 
f o r  t h e  f l a t  equi l ibr ium sur face .  Equation ( 3 )  t hus  becomes 
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and when combined with t h e  corresponding equilibrium r e l a t i o n  given by equa- 
t i o n  (16)  y i e l d s  

Introducing t h e  new va r i ab le s  

y i e l d s  

It can be  demonstrated by d i f f e r e n t i a t i o n  that  a s o l u t i o n  of equat ion (61) i s  

(62)  
2 (z - A)2 + ( 5  - B)2 = ( T  - C) 

The equiva len t  expression i n  terms of t he  o r i g i n a l  va r i ab le s  i s  

(63) 
2 2 2 ( Z  - V,t - A) + (X - Vxt - B) = ( V z t  - C) 

This s o l u t i o n  r ep resen t s  a c i r c l e  with center  a t  
and rad ius  
ing  t h e  coordinate  system s o  t h a t  t he  center  of t h e  c i r c l e  i s  on t h e  
5 = x - V x t  = 0 a x i s  and, hence, d r i f t s  with t h e  t a n g e n t i a l  component of t h e  
s o l a r  wind. The remaining i n t e g r a t i o n  constants  A and C can be evaluated 
by  l e t t i n g  t = T a t  t h e  i n s t a n t  when the cen te r  of t h e  c i r c l e  i s  a t  t h e  
o r ig in ,  and not ing t h a t  z = Z, = +c0 a t  E, = 0 f o r  a l l  time. The l a t t e r  
condi t ion  fol lows from t h e  f a c t  t h a t  
coord ina te  system descr ibed above, toge ther  wi th  t h e  consequence ind ica ted  
by equat ion (59) t h a t  
becomes 

zc = V Z t  + A, xc = V,t + By 
l V z t  - CI . We can s e t  B = 0 without loss of g e n e r a l i t y  by l o c a t -  

aZ /ak  = 0 a t  5 = 0 for t h e  choice of 

I n  t h i s  way equat ion (63) a Z / a t  =- 0 a t  such a p o i n t .  

(64) 
2 2 

[Z - V z ( t  - T)I2 + (x  - V x t )  = [V,(t - T)  - 

The boundary pe r tu rba t ion  i s  thus  described by a c i r c u l a r  a r c  of rad ius  
given by 

R 



R = I V Z ( t  - T) - Ziml 

with  i t s  center  loca ted  a t  

The center  thus  moves wi th  t h e  v e l o c i t y  components of t h e  undisturbed inc iden t  
so la rwind  V, and Vz. Although t h i s  so lu t ion  i s  not  u s e f u l  f o r  determining 
t h e  dynamical response of t h e  magnetosphere boundary t o  an  i n i t i a l  dis turbance 
i n  t h e  form of a pe r iod ic  wave, it i s  appropr ia te  f o r  t h e  s tudy of t h e  resronse 
of t h e  boundary t o  an i n i t i a l  displacement i n  t h e  form of a s o l i t a r y  segment 
of a c i r c l e .  This i s  not  t oo  r e s t r i c t i n g  t o  render the  so lu t ion  u n i n t e r e s t -  
ing, however, s ince  t h e  reg ion  of maximum displacement of any continuous d i s -  
t o r t i o n  w i l l  approximate a c i r c l e  i n  form. 

Two cases are poss ib le ,  depending on whether t h e  c i r c u l a r  segment bulges  
i n  t h e  d i r e c t i o n  of t h e  plasma o r  t h e  f i e l d  s i d e  of t h e  boundary, o r  equiva- 
l e n t l y  on whether Z, i s  negat ive o r  p o s i t i v e .  The case of negat ive Z, 
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PLASMA 

€0 

E 
FiiTire 3. - View of t race i n  F, ,z p l m c  L ) Y  

perturbed boundary w i t  1 1  tiegat ive Zln. 

- i l l u s t r a t e d  i n  f i g u r e  8 w i l l  be  con- 
s ide red  f i r s t .  An expression f o r  t h e  
ha l f  width W a t  t > T f o r  t h i s  case 
can b e  obtained r e a d i l y  from equa- 
t i o n  (63) by equat ing x t o  W, Z t o  0, 
and so lv ing  f o r  W. It i s  

A t  g r e a t  t ime, t h a t  i s  when 
E O / V Z ( t  - T) << 1, W 
approximately as 

grows wi th  time 

With 
€0 = 100 lm = lo7 ern, and an i n i t i a l  
hali' width 
according t o  equat ion (68) occurs a t  
t i  - T = 10 see,  W i n  em i s  

Vz = 500 km/sec = 5x10' cm/sec, 

W i  = 1000 km = 10' ern which 
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It thus r equ i r e s  30 see t o  double t h e  width of t he 'bu lge ,  and 150 see  t o  
quadruple t h e  width. Since t h e  maximum displacement I remains constant  
as the  width increases ,  t h e  bulge c l e a r l y  smooths out  with the  passage of  
t ime. It should be observed, however, t h a t  t h i s  process i s  slow compared with 
the  r a t e s  c h a r c t e r i s t i c  of unalined waves. 

pe r tu rba t ion  i s  charac te r ized  by a pos- 
i t l v e  value for Z, = c0 and negative FIELD 

We next consider  t h e  a l t e r n a t i v e  
case of a dent i n t o  t h e  magnetic f i e l d  
s i d e  of t h e  boundary. Such a boundary 

PLASMA 

(70) 
2 4  

A t  g r e a t  values  f o r  T - t, t h i s  expres- 
s i o n  approximates 
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W z [2VZco(T - t ) ]1 '2  
Zm=E0 

11 2 
= {2Vz€o[(T - ti) - (t  - t i ) ] ]  

(71.) 
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used t o  descr ibe t h e  shape of t h e  e n t i r e  dent,  p a r t  of t h e  sur face  would be  
sh ie lded  from t h e  s o l a r  wind, and t h e  condi t ion  spec i f i ed  by equat ion ( 4 )  
would not be  s a t i s f i e d .  

The appropr ia te  s o l u t i o n  f o r  t h e  model def ined by equat ions (1) through 
(5) i s  as follows f o r  t h e  f u r t h e r  development of t h e  dent  fol lowing t h e  t i m e  
t = T a t  which the  dent i s  semic i rcu lar  with t h e  cen te r  of t h e  o r i g i n .  The 
p o r t i o n  of t h e  dent t h a t  pene t r a t e s  most deeply i n t o  t h e  magnetosphere i s  
semic i rcu lar  and def ined f o r  z > zc by equat ion (64) .  The remainder of t h e  
boundary connecting t h e  ends of t h e  semic i rc le  and t h e  undeformed equi l ibr ium 
p o r t i o n  of t h e  boundary i s  s t r a i g h t  and p a r a l l e l  t o  t h e  z axis. This f o l -  
lows from t h e  f a c t  t h a t  t h e  magnetic pressure  on t h i s  p o r t i o n  of t h e  boundary, 
as indeed on ;he e n t i r e  boundary i n  t h i s  example, i s  equai  t o  Bs2/&r = KmnVz2. 
Since fis = _+i on these  s e e e n t s  of t h e  boundary, equat ion (3 )  shows t h a t  

Hence, 

where v, represents  t h e  v e l o c i t y  of t h e  boundary, p o s i t i v e  i n  t h e  d i r e c t i o n  
of t h e  pos i t i ve  x axis, and t h e  s igns  are a s soc ia t ed  with t h e  two segments 
i n  such a way t h a t  t h e  s t r a i g h t - s i d e d  i n t r u s i o n  i n t o  t h e  magnetosphere c o l -  
l apses  r a t h e r  than  expands with t h e  passage of t i m e .  Viewed i n  t h e  k,z 

FIELD I 
coordinate  system t h a t  d r i f t s  a long 
t h e  boundary with t h e  t a n g e n t i a l  compo- 
nent  of t h e  s o l a r  wind V,, t h e  
s t r a i g h t  segments t r a v e l  toward t h e  z 
a x i s  with a uniform v e l o c i t y  equal  t o  
Vz. The s t r a i g h t  s i d e s  thus  remain 
connected t o  t h e  ends of t h e  semi- 
c i r c l e ,  and a l l  condi t ions are satis-  
f i e d .  The r e s u l t i n g  form of t h e  

PLASMA 

i nden ta t ion  i s  i l l u s t r a t e d  i n  f i g u r e 1 0  
f o r  t h e  s e t  of numerical condi t ions 
given above fol lowing equat ion (71). 
O f  p a r t i c u l a r  note  i s  t h e  r e s u l t  t h a t  
t h e  dent  co l l apses  from a semic i rc le  
t o  a l i n e  along t h e  z axis i n  
1/5 see .  

Once a segment of t h e  boundary 
becomes p a r a l l e l  t o  t h e  z axis, it 
l o s e s  i t s  a b i l i t y  t o  diminish t h e  z 
component of t h e  v e l o c i t y  of t h e  i n c i -  Figure 10.-  Traces i n  (,z plane a t  suc- 

cessive times during la te  s tages  of  
col lapse of dent  i n  magnetosphere dent  p a r t i c l e s .  Whether considered 
boundary. 
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from t h e  c l a s s i c a l  Chapman-Ferraro po in t  of view i n  which t h e  ind iv idua l  p a r -  
t i c l e s  of t h e  s o l a r  wind a r e  specular ly  r e f l e c t e d  from t h e  boundary ( K  = 2 i n  
eq. (3)), or from t h e  more r ecen t ly  proposed po in t  of view i n  which a f l u i d  
flows along the  boundary ( K  = l), p a r t i c l e s  encountering the  s t r a i g h t  segment 
of t he  boundary a r e  merely shunted toward the opposi te  s ide  of t h e  dent  as 
they  continue t h e i r  progress  toward the  c i r c u l a r  nose of t he  dent .  
e f f e c t s  of a s ing le  p a r t i c l e  experiencing mul t ip le  encounters with t h e  bound- 
a r y  a r e  not  included i n  t h e  foregoing ana lys i s ,  it i s  evident  t h a t  t h e  number 
of p a r t i c l e s ,  or t h e  dens i ty  of t he  f l u i d ,  confined wi th in  t h e  dent  increases  
with time as the  dent co l lapses  i n  width. A s  a r e s u l t ,  t h e  nose of t h e  dent 
i s  sub jec t  t o  an a d d i t i o n a l  pressure  f o r  a small i n t e r v a l  of time immediately 
before  t h e  f i n a l  co l lapse .  This po r t ion  of t h e  boundary w i l l  thereupon com- 
mence t o  move i n  t h e  d i r e c t i o n  of t h e  p o s i t i v e  z a x i s ,  and it appears 
i nev i t ab le  t h a t  a narrow column of compressed s o l a r  plasma w i l l  be  i n j e c t e d  
i n  t h e  magnetosphere. I ts  width w i l l  be  a f r a c t i o n  of c o y  and qu i t e  unre- 
l a t e d  t o  t h e  i n i t i a l  width o f  the  dent ,  The time t o  co l lapse ,  however, 
depends very nea r ly  on t h e  square of t h e  i n i t i a l  width, as ind ica ted  approxi- 
mately by equat ion (71). 
t h e  dent and poss ib l e  e f f e c t s  of double or mult ip le  encounters i s  provided i n  
t h e  following sec t ion .  

Although 

Further  ana lys i s  and discussion of t h e  behavior of 

The a c t u a l  magnetosphere boundary i s  not  f l a t  as assumed i n  t h i s  sec t ion ,  
bu t  curved. We have seen i n  the  preceding sec t ion  t h a t  curvature  e x e r t s  a 
s t a b i l i z i n g  or d e s t a b i l i z i n g  inf luence on t h e  boundary pe r tu rba t ions  accord- 
ing  t o  whether t h e  center  of curvature i s  on t h e  f i e l d  or plasma s i d e  of t h e  
boundary. 
a l ined  waves diminishes by a f a c t o r  e i n  a t h e  t c u r  = R/VZ. It i s  of 
i n t e r e s t  t o  compare t h i s  time with the  time co l lapse  
c u l a r  dent  of i n i t i a l  width W and amplitude c 0 .  The r a t i o  of these  two 
times 

For t h e  former, equations (52) and (57) show t h a t  t h e  amplitude of 

t c o l  of a shallow c i r -  

provides  a measure of which tendency w i l l  tend t o  dominate. 
i s  much g r e a t e r  than  uni ty ,  t he  s t a b i l i z i n g  e f f e c t  of curvature  w i l l  be s m a l l ,  
and a dent  w i l l  tend t o  co l lapse  much as i n  t h e  case descr ibed above f o r  t he  
f l a t  equi l ibr ium surface.  If, on t h e  other  hand, t h i s  r a t i o  i s  much l e s s  
than  uni ty ,  the col laps ing  a c t i o n  w i l l  have l i t t l e  time t o  develop and t h e  
s t a b i l i z i n g  e f f e c t  of curvature  w i l l  dominate. I f ,  f o r  a numerical example, 
R = 50,000 km and W = 1000 km, then  t cu r / t co1  = 1 for c0 = 10 km. Thus, 
such dents  w i l l  tend t o  smooth out  with time i f  co i s  s u b s t a n t i a l l y  l e s s  
than  10 km, and co l lapse  with subsequent p a r t i c l e  pene t r a t ion  i f  eo i s  sub- 
s t a n t i a l l y  g r e a t e r  than 10 km. 
i r r e g u l a r i t i e s  i n  the  s o l a r  wind could r e s u l t  i n  i s o l a t e d  columns of s o l a r  
plasma pene t r a t ing  the  boundary of t he  magnetosphere i n  s p i t e  of t h e  s t a b i l i z -  
ing inf luence  of curvature .  The plasma i n  these  columns would, moreover, 
r e t a i n  i t s  t a n g e n t i a l  momentum as it i n i t i a l l y  pene t ra tes  i n t o  t h e  magneto- 
sphere.  Subsequent i n t e r a c t i o n  with t h e  ambient magnetosphere plasma would 
l ead  t o  a t r a n s f e r  of momentum across  the boundary t h a t  might be roughly 
equiva len t  t o  t h e  e f f e c t i v e  viscous i n t e r a c t i o n  pos tu l a t ed  i n  t h e  

If t c u r / t c o l  

It would thus  appear t h a t  even qu i t e  modest 



magnetosphere convection model of Axford and Hines ( re f .  22) .  
o the r  hand, t h e  s o l a r  wind i s  p e r f e c t l y  s teady  and f ree  of i r r e g u l a r i t i e s ,  no 
pene t r a t ion  would occur, except i n  t h e  v i c i n i t y  of t h e  n e u t r a l  po in t s  where 
t h e  boundary curvature  reverses .  

If, on t h e  

MOTION O F  PARTICLES DURING F I N A L  STAGES OF COLLAPSE OF 
A CIRCULAR DENT I N  THE MAGNETOSPHERE BOUNDARY 

A c r i t i c a l  po in t  i n  t h e  development of a semic i rcu lar  c y l i n d r i c a l  dent  
i n  t h e  magnetosphere boundary i s  reached when t h e  dent assumes such a form 
t h a t  a rebounding p a r t i c l e  has p o s i t i v e  r a t h e r  than  negat ive Since a 
p a r t i c l e  with p o s i t i v e  w i l l  i nev i t ab ly  h i t  t h e  boundary of t h e  dent  a 
second t i m e ,  and add an e f f e c t  not included i n  t h e  foregoing ana lys i s ,  it i s  
of i n t e r e s t  t o  i nqu i r e  whether t h e  dent  reaches t h e  semic i rcu lar  form before  
t h e  f i r s t  double bounce occurs.  If it does, t h e  preceding d iscuss ion  of t h e  
f i n a l  s tages  of t h e  co l lapse  and poss ib l e  i n j e c t i o n  of p a r t i c l e s  would have 
t o  be modified subs t an t i a l ly .  
s trate,  within t h e  c l a s s i c a l  Chapman-Ferraro formulat ion of t he  problem with 
specular  r e f l e c t i o n  a t  t h e  boundary, t h a t  such double bounces do not occur 
before  t h e  dent  becomes a semic i rc le .  Double bounces do begin t o  occur 
s l i g h t l y  l a te r ,  however, and t h e  s e c t i o n  i s  concluded with some q u a n t i t a t i v e  
remarks on t h e  consequences thereof .  

V,. 
V, 

It i s  t h e  ob jec t  of t h i s  s ec t ion  t o  demon- 

I n  a s , z  coordinate  system 
d r i f t i n g  along t h e  boundary with the  
t a n g e n t i a l  component of t h e  s o l a r  wind, 
and with t h e  angles  X and Xo and 
o the r  q u a n t i t i e s  as i l l u s t r a t e d  i n  f i g -  
ure  11, equat ions ( 3 )  and ( 5 )  combine 
t o  y i e l d  t h e  fol lowing expressions f o r  
t h e  normal v e l o c i t y  vn of a segment 
P of  a c i r c u l a r  dent 

P a r t i c l e s  of t h e  undisturbed inc iden t  
s o l a r  plasma approach P with veloc-  
i t y  components VI, and perpendic-  

u l a r  and p a r a l l e l  t h e  l o c a l  sur face  
element given by 

+ €  
FtGire 11.- V L e r  ~f trace i n  5,z plane ~ f '  VIo = v, cos x , Vlj0 = V, s i n  X 

( r(G 1 c i r c u l a r  detil i n  rnagrie 1 L)rphere btiiiiidary. 
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Relative t o  P, which i s  i t s e l f  moving with normal v e l o c i t y  vn, t h e  co r re -  
sponding component v e l o c i t i e s  of t h e  p a r t i c l e  are 

Upon impact, t h e  t a n g e n t i a l  v e l o c i t y  component remains unchanged, and t h e  nor-  
m a l  v e l o c i t y  component re la t ive t o  P i s  reversed.  Designating t h e  v e l o c i t y  
components a f t e r  rebound by subsc r ip t  1, we have 

Returning t o  t h e  o r i g i n a l  6 ,z  coordinate system, we have 

(-9) 
vlll = vz sin 

Vll = -vz cos X + 2vn = v,(cos x - 2)  , 

Resolut ion i n t o  components p a r a l l e l  t o  the  k,z coordinate  axes, t h a t  d r i f t  
wi th t h e  t a n g e n t i a l  component Lrx of t h e  s o l a r  wind, y i e l d s  

The r e s u l t a n t  speed of t h e  rebounding p a r t i c l e s  i s  thus  ( i n  t h e  d r i f t i n g  coor- 
d ina t e  system) 

11 2 11 2 
v, = ($ + Lf1) = vz(5 - 4 cos X) 

1 

Equation ( G o b )  shows t h a t  a p a r t i c l e  t h a t  s t r i k e s  t h e  edge of t h e  dent 
where Y = x0 rebounds exac t ly  along the a x i s  with V, = 0 if 
cos XO = 1/2 .  The c r i t i c a l  value for XO i s  thus  60'. Equation (81) shows 
t h a t  t h e  rebounding p a r t i c l e  travels with ve loc i ty  fiVz 
o r i g i n  a t  exac t ly  t h e  same i n s t a n t  as the cen te r  of t h e  dent ,  s ince  t h e  ha l f  
width of t h e  dent i s  4 7  times 

1 

and a r r i v e s  a t  t h e  

t h e  c i r c u l a r  a r c  def in ing  t h e  
moving wi th  v e l o c i t y  Vz .  It 
experience a double c o l l i s i o n  
semic i r cu la r  form. 

t h e  d is tance  from t h e  o r i g i n  t o  t h e  center  of 
dent  when Xo = 60' and t h e  cen te r  i s  i t s e l f  
i s  thus  evident t h a t  t h i s  p a r t i c l e  w i l l  not  
p r i o r  t o  the  time a t  which t h e  dent  a t t a i n s  a 



. 

Since it i s  not  immediately evident  t h a t  t h e  p a r t i c l e  t o  which a t t e n t i o n  
i s  d i r ec t ed  i n  t h e  preceding paragraph i s  t h e  f i r s t  t o  a c t u a l l y  experience a 
double c o l l i s i o n ,  it i s  important t o  inqu i r e  f u r t h e r  and determine t h e  coor-  
d ina tes ,  a t  t he  moment t h e  dent becomes semic i rcu lar ,  of a l l  t h e  p a r t i c l e s  
t h a t  h i t  the  dent i n  a l l  preceding time. To be  p rec i se ,  consider  t h e  loca t ion  
a t  t = T of  t h e  p a r t i c l e s  t h a t  co l l i ded  wi th  a n y - p a r t  of t h e  dent  a t  an 
e a r l i e r  time t, when t h e  cen te r  of t h e  dent i s  a t  

zc = -v,nt , kc = 0 (82) 

the  radius  R i s  

R = c0 + VzAt (83) 

and the  angle X, i s  

(84) 
-1 Xo = cos (VzAt /R)  

where A t  = T - t,. The coordinates  of an a r b i t r a r y  p o i n t  P a t  time t, 
a r e  

= -R s i n  X 

= R(cos X - cos Xo) 

6Fc 

zpc 

where, as always, 1x1 5 1x0 . P a r t i c l e s  c o l l i d i n g  with t h e  dent a t  t, thus  
t ravel  f o r  a n  i n t e r v a l  of t ne A t  with v e l o c i t y  components given by  equa- 
t i o n  (80) and arrive a t  the  following coordinates  a t  T. 

5 = Sp, + VE A t  = R s i n  X ( - 1  + 2 C O S  Xo) (864  -1 

This r e s u l t  shows t h a t  t h e s e  p a r t i c l e s  a r e  s i t u a t e d  on t h e  po r t ion  of a c i r -  
c u l a r  a r c  of rad ius  

t h a t  extends over t he  range of angles  given by 
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The r e s u l t s  a r e  p l o t t e d  i n  dimensionless 
form i n  f i g u r e  12. The var ious c i r c u l a r  
a r c s  def ine t h e  l o c a t i o n  a t  t = T of 
t h e  p a r t i c l e s  t h a t  co l l i ded  with t h e  
dent a t  such e a r l i e r  times t h a t  t he  J 
r a t i o  V,At/Eo had the  numerical value 
ind ica ted .  The f i n a l  conclusion i s  t h a t  

boundary is  ab le  t o  co l l apse  a l l  t h e  way 
t o  a semic i rc le  before  t h e  f i rs t  double 
bounce occurs.  

a c i r c u l a r  dent i n  t h e  magnetosphere 2 

For a c e r t a i n  i n t e r v a l  of time a f t e r  
t he  cen te r  of t h e  c i r c l e  passes  t h e  o r i -  1, 
gin,  t h e  dent w i l l  continue t o  co l lapse  Figure 1 2 . -  Locatior 
without any double encounter with a p a r -  c l e s  t h a t  were SI 

t h e  dent a t  e a r l i  t i c l e .  During t h i s  time, t h e  nose of 
t h e  dent w i l l  continue t o  be described 
by a semic i rc le  as discussed previous ly  
and as i l l u s t r a t e d  i n  f i g u r e  12. The 
rad ius  of t h e  c i r c u l a r  nose i s  
fo - V , ( t  - T ) ,  and t h e  s i d e s  are p a r -  
a l l e l  t o  t he  z axis. The f l a t  s ides  
of t h e  dent a r e  thus  t r a v e l i n g  toward. 
t h e  z axis with v e l o c i t y  equal  t o  V,, 
and p a r t i c l e s  encountering these  surfaces  

// 
/ w i l l  be  de f l ec t ed  with a v e l o c i t y  compo- 

nent  i n  t h e  5 d i r e c t i o n  equal  t o  +2V, 
while t h e  component i n  t h e  z d i rec t ion  
remains unchanged and equal  t o  V,. 

A s  demonstrated near  t h e  beginning 
of t h i s  s ec t ion ,  t he  f i rs t  p a r t i c l e  t h a t  
i s  de f l ec t ed  i n  such a way as t o ' i n s u r e  
a double impact i s  t h e  one t h a t  makes 
i n i t i a l  contac t  with t h e  edge of t he  
dent  when Xo = 60°. It i s  def lec ted  
so  as t o  t r a v e l  exac t ly  along the  5 
axis wi th  v e l o c i t y  6 V z ,  and hence 
passes  through t h e  o r i g i n  a t  the  same 
i n s t a n t  (t  = T) as t h e  cen te r  of t he  
dent .  This p a r t i c l e  continues on i t s  
way, and makes i t s  second encounter with 
the  su r face  of t h e  dent  a t  the  i n s t a n t  
when t h e  rad ius  of t he  c i r c l e  i s  equal  
t o  f0(3 - &)/2 iJ 0.63~~. The center  
of t h e  c i r c l e  i s  thus  a t  about 0.37~~, 
and t h e  conf igura t ion  of t he  dent i s  
as i l l u s t r a t e d  i n  f i g u r e  13. The addi -  
t i o n a l  pressure  exer ted  on t h e  boundary 
by these  and succeeding p a r t i c l e s  w i l l  

\ 

it time T of p a r t i -  
:u la r ly  r e f l e c t e d  from 
r t i m e .  

Figure 1 3 . -  Configuration of dent a t  i n s t a n t  

Xo = 60° makes i t s  
when p a r t i c l e  which was de f l ec t ed  from 
edge of t h e  dent when 
second impact. 
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cause the  po r t ion  of t h e  f l a t  sur face  nea res t  t h e  a x i s  t o  be  slowed somewhat 
i n  i t s  advance toward t h e  z a x i s .  This e f f e c t  must be of  a r a t h e r  t r a n s i e n t  
na ture ,  however, because t h e  i n i t i a l  d e f l e c t i o n  must occur a f t e r  t h e  time when 
Xo = GOo, and t h e  e n t i r e  e f f e c t  i s  terminated w e l l  before  t h e  time when 

- v Z  

Figure 14. - Conf igu ra t ion  of dent at instant.  
when f i r s t  p a r t i c l e  t o  be def l ec t ed  f r \ > m  
t he  f l a t  sur face  of the dent makes i t s  
second impact. 

Xo = 90'. 
e f f e c t  i s  e q e c t e d  t o  be  too  weak and 
t r a n s i e n t  t o  prevent  t h i s  po r t ion  of 
t h e  dent from cont inuing i t s  advance 
toward t h e  z a x i s  u n t i l ,  eventua l ly ,  
t h e  two s ides  meet and the  o r i g i n a l  
plane boundary of t h e  geomagnetic f i e l d  
i s  r e s to red  along t h e  k a x i s .  

I n  any case,  t h e  t o t a l  

A t  a s l i g h t l y  l a t e r  i n s t a n t ,  when 
t h e  cen te r  of t h e  semic i rc le  progresses  
t o  2 ~ ~ / 3 ,  t h e  f i r s t  p a r t i c l e  t o  bounce 
o f f  t h e  f l a t  sur face  w i l l  encounter t h e  
opposi te  s i d e  of t h e  dent.  It w i l l  h i t  
a t  exac t ly  t h e  junc t ion  of t he  s t r a i g h t  
and c i r c u l a r  elements, as i l l u s t r a t e d  
i n  f i g u r e  14, and moreover, w i l l  be  
followed by a s teady stream of p a r t i -  
c l e s  extending over a s t e a d i l y  widen- 
ing po r t ion  of t h e  s i d e  of t h e  dent .  
The p a r t i c l e s  approaching t h e i r  second 
encounter wi th  t h e  dent  i n  x > 0 have 
v e l o c i t y  components ITz = Vz, -X V = 2Vz, 
and number dens i ty  n = n/2 where n 
i s  t h e  dens i ty  i n  t h g  undisturbed 
stream. Then equat ions ( 3 )  and ( 5 )  
combine t o  y i e l d  t h e  following expres-  
s ion  f o r  t h e  ve loc i ty  of t h e  a f f e c t e d  
po r t ion  of  t h e  s t r a i g h t  segment of t h e  
dent  

SEMICIRCULAR MULTIPLE- BOUNCE PENETRATION 2 

= m n ( 2 ~ z  - vn) (89) ,DENT\ AND PINCHING OFF 

@-  
Solving f o r  vn/VzJ we ge t  

We thus  f i n d  t h i s  p o r t i o n  of t he  dent  
bulging out  i n t o  t h e  magnetosphere a t  
t h e  same time as t h e  p o r t i o n  of the  
dent  near  t h e  5 a x i s  i s  snapping 
shu t  much i n  t h e  manner i l l u s t r a t e d  i n  
f i g u r e  15. This ana lys i s  supports  t h e  

28 



more qualitative discussion provided in the preceding section, and lends sup- 
port to the conclusion presented there that this mechanism appears capable of 
injecting widely separated columns of solar plasma into the magnetosphere 
under all but the steadiest of conditions. 

Ames Research Center 
Rational Aeronautics and Space Administration 

Moffett Field, Calif., June 11, 1964 
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