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1., Introduction

A knowledge of the transfer of infrared radiation in and
through clouds is of fundamental importance in the overall
investigation of:radiative transfer in the Earth's atmosphere,
It will e the purpose of this paper to further progress foward
placing the physical understanding of the radiative character-
istics of watfer clouds on a more nearly equal footing with that
of the cle;r atmosphere, To this end we shall be concerned
with: a) the numeriCal:determination of the role and importance
of diffuse reflection and transmission anc of thermal emission
in and from clouds, b) the angular distribution and net flux
'of.outgoing ra&iation in selected Wavenumber intervals at the
top of certain model cloudy atmospheres, é) an interpretatioh
- 0f the main radiative features in-terﬁs of the relevant physiéai
parameters, and d) a qualitative extrapolation to probable ‘
radiative characteristics of clouds and cloudy atmospheres at
other regions of the spectrum and for otlier physical situations
not explicitly covered by the computations in this paper.

In order to maintain physical rigor it is imperative to
eliminate'approximat;ons based on intuition insofar as possible
in the mathematical formﬁlation of the general problem. It is
further required to maintain as much generility in the formu-
lation as possible in order that the range of validity nét be
overly restrictive. These objectives require solutio#s to

rather sophisticated equations of radiative transfer; a poweriul
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technique developed primarily by Chandra. .ihar for thc purposc
. obtaining these solutions will be the one exploited here.
L full account of the Mie theory for single scattering ond the
theory of the transfur of radiation throush the surrounding
caseous aimosphere will be included in the computatiocins which
are .required in order to fix the boundary conditions und des-
cribe the microscopic scattering processes. A conplete des~
cription of multiple'scattering processes then follows irom

the solutions to the Treleviat equations of radiative transier.

2. The Equation of Transfer

" The cloud models adopted are plane-parallel and of arbitrary
normul optical thickness, The particle size distribution’is
naintained independent of optical depth, although the mass dis- .
tribution with'height‘is left arbitrary. Each mass element in -
the cloud is assumed to emit radiation thermally\én accordaﬁce
with Kirchhoff's law and scatter radiation in accordance vith
the Mie theory. The temperature is assumed to0 be a monotonic
function of fhe optical depth and independent of horizqnfal
displacement. The (thermal) radiation field is assumed 0 have
axial symmetry shout any normal to the plane ofstratificéfion;

this immediately eliminates any outside discrete souirce of



vadintion (e.g. the sun) from consideration. The siate o
polarization of the radiation field is ncolected, thereby
rec cing the transfer eguation to a scalar equation. Since
ve are interested in both the magnitude and angular distii-
bution oi radiation, the specific intensity is our choice
f¢:r the dependent variable. In order to maintain as muchk phy~
sical rigor as possible, no quantities which are not strictly
independent of the radiation field are allowed to enter the
equation as free parameters.

It has been shown by Samuelson (1964) that the basic e¢: tionm

of transfer which satisfies these requirementé is of the form

A LM
AT

= I

! . - / / (2°1)
by jdbg,«,/)_:.(z;ﬂ) d’/‘
R

v—“ (-=) 8@

- where the relevant parameters are define.d below,
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The specific intensity I (7, u4) 1is the rate at which
radiant energy confined to a unit solid angle and a unit wave-
nuxier interval crosses (at a level 7T ) a unit surface area
normal to the direction of propagation. The direction cosine L«
- specifies the cosine of the (zenith) angle between the directién
of propagation and the outward normal to the plane of strati-
fication,

The normal optical depth 7 41is defined by

: -
v - (Bade @D
] 2, ' ’ : . '

wvhe‘re 2, is the height of the cloud ftt;p, z°1is -the height 'og. the
level of interest and,'hﬁ is,the‘total ﬂumﬁer of»ﬁarticles '
per unit volume, The e:fective cross;sectiqas per particle fdr
extinction ( X;), absorption (X,), and scatteriﬁg ( Xs) are

- defined_by' _ . - o |

= o rdee sEAs) (2.3
Xj .[szfr Dindr »L(} E:,,) s

where @& (,’é E,AS)  are 'Vrespiect’ively the Mie of;iciénqy
- factors for extinction, absorytion, and Jdcattarn}g for ‘p'arti.clofs'

~
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of radius r., D(r) is the ratio of the number of particles per
unit volume per unit radius range (centerad about r) to A, ,
i.e. the pari’ :le size distribution function,

The integrated phase function for’Fingle scattering

is defined by

ar a
o & nr' Dr) g @l |
Py = {;3: I = & de-p), *
o JI Q,mr Do) Ar -

wﬁere ‘ 'ft(c‘gyév is the ph#so,tunction for single scattering
through the angle @ for particles of radius r. It can be shown
from spheriﬂca'i_v trig;.mmtry that & may ‘be expressed 11; ternms

of the coordinate mélas 9,0, é N ,f “through the relation

08 enbend +omBanden@-4), @5
where /uf v:mé-" and e T e O are respectively the
" direction cdsinos of ihé facident and scattered radiation referred
" to the outwzrd n.cmi to the plane of stratification, and | ¢ ~and
¢’ are the corresponding azimuthal angles measured in ﬁa
plane of stratificstion. | -
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f{,“,//) is normalized to the albedo for single

scattering, @, , defined by

j Qﬂrr’ o) o/r‘

_[jEEWPF'IJleﬂlr'

(2.6)

S~
o

The quantities &, Q; , and Pr (o O) may be calculated
from the Mie theory. |

B( T°), the Planck function in 1ntanéity unit;, is assumed
to be a monotonic function of T <aicae) |

=

It shonld ‘be noted.that all- de*rﬁtéﬁ quantities in (2. l) are

o functions of the wavenumhwr 7% fhus &2 1} 15 valid only over ‘a

i ‘wavenumbezr interval sm:sl.l. enoagh such that the derivad quantities

jﬂ, remain sensibly cona’c’*ﬁt across the 1nterv31 « It should furthe_r
"s,.v_'._i)e noted . at’ this po;,n | “hat IC G refers e the ._1_:9_3_:_;%}_ “
‘radiation field, and thve jmplicitly 1acludes :11 radiation from
the ground and pounding @fmosphare wh‘ich_haffﬁaen 't’ransm:l.tféd
directly to the level ‘u"'r,” without 4720 j.-.ld‘;;;*;ny“infemediate -

scattering and/or absorption and emissivu processes.

oy
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2. Input Data
Certain input data axe required before the paramaters &,
Rs » and Hlcen @) can be calculznted, These data include
the complex index of refraction of water, % = 7-ik , the
particle size distribution; D(r), and the wavenumber i.tervals
of interest, av . | |
Figure 1 is a plot of the real (rt) and imaginary (k) parts

o2 M vs. wavenumher v . The curves are £1tted *o the data

published by Centano -Johnson and Terrell, Hbrman, and Staphens

2

ﬂ”;'as listed by Pesindor? (1963) . The section of the A ve. ¥ ° curva — -

hES

“l¢' v 2 1450 ca™b) was obtained by

.;raﬁher arbitrarily weighting the mOre recent data by Herman and
“;Stephens twice as heayily as the older data. This is a very

’ifcrﬁrical section of tha curve, siuce only a modest shift of the

"‘he shaded pﬂrttm ét the 1igure :.na.é-m tw 'da.vemmber _

 intervals which will be considered in this paper, Table 1 gives . .
the Trange- (m s 'V‘s “Vm) an& the mau (1'- '27) ot these -

A
BN




Table 1. Wavenumber intervals ( Y. € V £ “Vmax ) and

-, -mean (¥ ) used in the computations.

—

, Viing Voman ' v
. Interval ~ (em~1) (cm—1) (cm=1)
1 - - 475 500 487.5
9 871 908 ' 889.5
.3 1149 1198 1173.5
B 4 1425 1450 : 1437.5

~The first'two<intervals were selected:to be representativeiof the

highest and lowest values of n, The last. two values were -

e

o selected for the purpose of testing the region of the spectrum

ﬁ*; where :jt ‘is a’ minimum.

< Z S -

The particle size distributions considered are taken (with

ﬁﬁﬂ%;a: . minor modifications) frOm Neiburger (1949) and are represented

.. ’ in Eigures 2a— d. The narrower distribufion, Dl(r), centered
about d Iz;c is representative of California stratus,
exeludinv the hase of the cloud, “the broader distrxbution D (r)
glis representative of the base.

)

The graphs -of Gk and Gh are suﬁerposed over D(r).

”3mipv1mese values, as we11 as all subsequent Mie scattering para-

meters, were obtained from a program furnished to the author by

o B. Dpnn and‘T. Miohels of. the Theoretical Division, Goddard

Spaee Flight Centar., The aetual computations were performed on
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the IDY 7094 electronic computer., All minor wigzeles in the

calculated curves have been suppressed,

Four points should be mentioned: - a) Decreasing the wavenumber
has the effect of spreading the curves out to the right,
b) increasing Kk has the effect of increasing &y, c¢) increasing
7 has the effect of increasing Qg , and d) decreasing «
beyond a certain point has the effect of magnifying the oscillatory
nature o2 Q5 = Q¢ - Q4 .

» In general every mass element in. a cloud will extinguish
(absorb and/or scatter) incident radiation a2t a rate in accord-
ance with an effective cress—sectien‘for extiectioévwhieh depends
-upon the aéserpfipn properties of the pervading geseous atmqs;
_phere as well es the absorption and scattering prOpefties‘of “
the particles present, Defiue g to be %he probabilify that the
'1n01dent radlation which is extingulshed is extinguished by the‘
particles., It can be shown (Samuelson, 1964) that, if g is
i“dependent of T , equations (2.1) - (2.2) remain valid 51mp1y
by replacing' "u‘),‘with 900, and M w:.th g/% .

Deviatlons of g from uni y~in,the wavenumber‘intervals

"l and P = 1427.5 cn”' are dus

centered about 'V = 487.5 cm
‘alqut exclusively to, absorpiion by water vapor. Tbe exact

. amounts of these deviations depend very critically upon the
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abSOlute humidity. To further comp}icate matters the water
vapor spectrum is extremely variable over very small intervals
of wavenumber, and the transmission functions over these
intervals are correspondingly far removed from simple expon~
entials. Hence, 9%, , and therefore also 0!79«)/«/) axce
funcnions of T , and the equation of transfer cannot be treated
~ correctly by the method used in this paper.

In order to obtain an_appr0ximate idea of how water vapor
affects &,, transmission functions (T ) were ealculatedifor
various thickneSseg of atmosphere containing saturation mixing
rn%ios:of water'vapor. The two sets of'valhes,of,the mean
'pressure and temperature used were. [P = 950 mb; T = 287 K] and
[P = 417 mb; T = 259 K] and the increments of thickness of all
layers were restricted to those which correspond to pressure
: 1ncrements of between one and flve mlllibars. An attempt was
hen mnade to determine an emplrlbal absorptlon coeff101ent

'for_each wavenumber interval considered, such that thevexpression '

T o ERleds o 1-heds
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is approximately valid for short path lengths and for the two
wavenumber intervals of interest. The coefficient .4&,

was found to vary by a factor of about three over the path

lengths considered. Since the generalized absorption coefficient
( /, ) of Elsasser fcr water vapor, as adopted by Wark et al.
(196?) for the samé two wavenumber intervals considered here,

arve within £ the relevant ranges of £, , it was decided to

>rep1ace . Aédy with these values of _&y explicitly in order to

resolve any rmpiguity‘in the choices of Aégy o

Table .2 gives .th'e values of X, X, , &, , a.x_:ld g for ea;:h
of the particle size distributions depicted in Figure 2. The
inherent crudeness in calculating_the valges of g urequirgs
that these values be considered oﬁly for the purpose of illus-

tration, We shall therefore restrict ourselves for the most:

-

part 7> the wavenuaber intervals centered about % = 8895?2 m
and 7 = 1173.5~cm"1, where water. vapor plays .a negligiblég
rolérin the transfér problem. It should be noted that clouds
will be most trénsparenﬁ'in the inﬁrared window, since'elsewheré
water vapor, as well as ca;bon‘dioxide and perhaps ozone, will
tend to increase thereffectiveghormal;optical thickness

[eq. (2.2); cf. also Table 2 ‘and Figure 1]}
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The solid curves in Figures 3a-3d are the phase Ilunctions
for single scattering integrated over all particle sizes and

noraalized <o 5550 . Thus

o( Q1w Dir) plm @) v

5’9(003 @) = = (3.1)
J e, 7P D) A
and '
fﬁ’(m@) %_ = 32?5, ' L | (3.2)
W ‘ ,

- where the integration in (3.2) is performed over all solid angles.
The dashed curves in the figure are l4-term Legendre polynominal
expansions which represent bect fits iu the sense of least

scuares. The fits are expressed in the form

13 _
plem 8 = > g&"g{ Llen® | (3.3)
' L=0 '

where the coefficients aﬁ’ are constants independent of @ .
Thése approximations to the relevant phase fqnctions will be the
~ ones used iﬂ the'remaining‘nume;icalrsolutions. Although the

fit for ¥ = 487.5,cm"1 is very good, not enough~terms»are
retained‘to-give cémpletely satisfactory results at lu.'g?r wave-
numbers. More will be said about limifations this will impose

~ on the accuracy of the results in Section 8,
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4, Formal Solutiong

The sp2cific intensity  I(7, ) refers to the intensity
of radiation in the direcetion i at a level T ., In order to
specify correcily t..& boundary conditions in a simple manner we
shall require that  I(7,#) refer only to the diffuse radiation
fielq which has arisen.through one or more scattering and/or
emission processes within the cloud itself; thus any radiation

from zn ouiside source directily traasmitted to the level T will

not be included in the- solution. Since (2.1) refers to the total
ra&iatidﬁ field, it must be modified accordingly.
. The intensity of the diffuse rzdiation field in the
- direction +w at a level 7 may be thought to be composed .of
thfee cOmponehts:
1) That component of the intensity which has arisen as
| a result of fhe radiation field (frOm'the upper
' hemisphere) being diffusely reflected by the cloud
into the direction ¢ ,
2) That component of the intensity which has afiséﬁ as
a result of the radiation field (from the lower |
nemisphere) being diffusgly transmitted by fhe.
cloud into -the directica ¢ |
3) That>¢omp0nent of the intensity which has arisen as
a result of thefmal enission by the particles withiﬂ

the cloud itself.
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Ve sball suppose that the individunl radiation fields do no

Prlo

nteriere, and hence may be trcated independently.

Considexr now a point source removed to infinity in the
s&

ouivnrd hemisphere, Let #/4 be iL2 flux of beam radiation
v this peint source crossing a unit surface area normzal o
the beam; Zuvther let (- 4., z,) be the direction of propagation

ci inis beam. The azimuth-dependent equation of transier

describing the resultant diffuse radiation field may be written

as (ci. Chandrasekhar, 1960; Samuelson, 1964)

AL 8)
27‘4/

47’.‘/ de%ﬁ Wl ¢{/ I (z /’/,J)ﬁ/ /’/¢ (4.1)

%, ,
-G EEeT plutimp),

* Ve conelder the atmosphere outside the cloud, and the ground,
to conotribute a radiation field which is made up of a ulscrete
nunber 0f point sources. The separazte coniributions Irom each
point source are added up later in calculating the total
coatribution, .
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& J i3 the phase function for radiction singly

o, N4
AU SRR AT j:: (‘;:v )

Y
seaticred throush T ancle deiined by the direciion of incidence

EEE and Eae direction of scattering (&, %) . TFor a

Lhrse Junoiion expuessinlice as o dinilite series expansion Of
T s 1 st » o - LR . . - {
ccandre polyacuials [ef. eg. (3.3} ] the solution to {(4.1) can be

-2 memy 3 S ~
.Lol).c\l.f..,n.y W ueen as

. 7 oy - [ | v
(z;/u),g’) =y T U H) comn@,-2) . - (4.2)

Zn wariicular, “he zzimuth-iandependent term in (4.2) obeys the

(4.3)
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P

T -
e iy ) relers o the arzimuth~indeperndent terms in
I Va
. . . -z . . r N . . .
wie erpansicon Iin sonorical harmonics ol ;?GJQJQJ in (3.3);
~
—_— -t
v
Ml —— > J /o~ —~ N
' P = 4 A ) T 4 = <
AR s V{.{(//)Q,VJ (£ C/b& . (4.4)
ARG

As we s..all presently see, the soiutions for the remaining

2xt of an axially~

-~

Temies in (L.2) are of no interest in the con

[

sviLn.2trice rodiction £leld. We should further note at this time

cha (2.1) is The correct eguation governing the daffuse radiation

- field arising frow Thermal emission; i.e., no wmodification of

(2.1) is reguired in describing the third intensity component
cited at the beginning of this section,

The nett

0d o7 Giscrete ordinates (Chandrasekhar, 1980;
Semuelson; 1864) is the method used in this paper to solve (2.1)

and (4.3). The coniinuous radistion field is replaced by 2n

7

‘linearly indepgendent beams of radiation,n each in the upward and

cownward directions. This artifice allows the integrals in (2.1)
saud (4.2) to be replaced by sums, and the resultant system of

» First order differential ecuatlons admit closed solutions.

4

oo e
PR YL

7Tac solutions are not analytic in‘ﬁ{, of course, since they are

evaluated only at 21 discrete intervals,
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iThe solution to (4.3), ia the wih approximation, is of

s 2
cae Lorm

wvhere

Sy T

¢, =

Led
-

5,

- 22'[‘/" ;‘lJ
y YD)

pi-

h.M

3

3,

o
/

e ——

4 L+

5 msRe |
Ik

(4,5)

3

-
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zud
-~ - / / .
q'/:' - hl L/L‘I a} Iz :./ '/"b ) /
where
2 '
" / ATt - (4.9)
/ el . .
S = :
L ) /;(’, e . ,b(,ql 1 -',) ‘% )
’ , ; (1+A48%. :
&= . 7

Once n and ¥ .ave been chosen, the discrete ;nterva‘s Y ( &5t F

+=n) .&nd the Gaussian weights :t (,‘.. :tl “eee, zn)

CO‘.,
s,

may pe obtain. ! respectxvely as, the zercs of the Legendre poly-

nomial ‘xng*f) and from the formulaif

- TR S
| _6{_____5/_"_),, | f -ﬂw——f?’w’-aﬂA , 4.8) .
xr —_ /,(—/9{‘0 .

s Au |
17 is always true that: “ i
A = A N
A = “-j
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for all values of n, Tor X = 13, n = 7 (vhe values used in
T 2 . 2 r, - - PR ]
this paper) the values of Sy oand ey o= 4y, 7,) are

found to be those listed bolev in Tabie 3. Ecuations (4.6) and

(4.7) can then be solved interdcpendenily on the electronic

computer to obtain tThe various valees of iﬁd) and 2, Cx* f‘),.. Z*
A

s O

sy

This leaves only the 21 constan integration My (¥= / ... %)

et

T0 he solved. The recuirement that the diffuse radiption field
-

contribute nothing from the upper and iower hemisphere at

respectively the Top and the botitom of the cloud yields the 2n-

- boundary ébnditions
Oy oy =T, ) = O (il ) L
T (o54) = (G, t4) = A=l ., . = (4.11)

From (4.11) we obtain the 2n éQuations réquired to solve for the
2n unknowns, /Wia\r(d =4 7y2 b:éﬂQ.The angular dependence Of
tﬁe,outgoiﬁg intensity at the<top of fﬁe cloud is then given by
1%, tuy and. at the bottom of the cloud by 17, -/,-)
(i=1, eees D If the cloud is Seml—lnIlnite in extent, all the

Lerms in (4. 5) containing  M_, (a =/

- 5 ») 'gre suppressed,

,jand only the n conditions

%4L~;;ﬁ'  ‘fn - o » ‘ B
e I (o, =0 (F2,00,2) - @2

-, are appliad.
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Table 3, Caussion v2ichis ana ircrete nloervals sclevant

0o o l4-Poial cuadrature yormula over the saterval
(-1, +1) '

; ¢

-~ S cle

-1 0.£5623831 0.33511246

2 C.22043<28 0.83C15809

3 0.827201352 0.12151857

4 0.687252580 0.15720317

S 0.51524854 0.18553840

6 0.31511237 0.20519846 )

7 0.10805455 0.21526385

Let 1(7, &) ~  be the axially-symmetric intensity of

racization wvhich has arisen as thermal emission in the outward
4 B oo

hemisprhere =nd is incident on the cloud at a level T and in
. vs - / . - : . . .
the direction -« (formeriy = ). It is convenient to
s s - L. PR 4 . s
defire a scattering funciion S( ¢, , o, « ) and a transmission
function T( 7, " #”) such ithat the, intensity of radiation

l L e ~) ) /{4 j /M ) - ‘\a ? X . - 7
from the entire upward hemisplere which is diffusely reiflected

by the cloud into the direction Vo is given by

: ‘ { - _ o . T
Is(yp) = 2 fS(z*, ") S (0 g’ (4.13)
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wid the intensity of radiation Irom The criire lower hemisphere

h:

diffusely transmitted ithrough the cloud into the direction P is

ziven by

/
T / ) - _.4/—»—- y’t (v— / Z- /‘!
_Ll..‘,_{o///‘) 2/% J I} (//,’ l/’/ \/ L L I)/ f;‘,/ (4914)
- ) 7 -

where ¥°% and T=¢ are respeciively the normal cpt 1cal depths
at which the cloud bottom and the .cloud top are located. In the
context of the soluticn to {(4.1) it can be showa (Samuelson, 1964)

that S and T obey the relations

27 <
, 2,4 (- A L “
- o 7 I _
and ) - N
S , 2.-7° o
— . ) gasl - W2 PP
[mpmA) = S5 j L. @,mPA P, (4.16)
. - -6 R '

or, by virtue of the axial symmetry ekhlblted by & and the -

form of I(’C‘/l);") Lcﬁoﬁ(‘/.).)r_.! P

& e ,..(0)

-  .§(‘4‘,)‘,€,//) - F 4 /’) o A. - (an
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and
o 3,
- p— /\ - "/”" -{-1 ’ .
/ &s cot, ) = e L (G /4)
Sl T (4.18)
I3 should bLe noloo hat The sense of airection G AL (7T, is
a J

reversaed in the present context from what it.is normally.
Zcuations (4,.13) and (4.14) comprise the solutioas to the
components of the total outgoing intensity at the cloud top which
érise in the first case Zrom thz upper, and in th2 secona case
from the lower, hemisphere, and are respectively diffusely
reflected from and .transmit ted through the cloud. 'Upon replacing

B{T ) with the ‘finite pownw series representation

/ S =

B(T) : Z ’ o B - ‘(4;'1‘9-)7

i%t can be shown (Samuelson, 1264) that the solution to (2.1) for

" the radiation thermally emitted by the cleud is of the fornm

o

- 4 - ‘ I : L ‘}
{g4) = g P W, L kb, ‘_{ o o
IE‘ ,‘)'/yll)r Z_ /7,_/&}3,& Lg;o 74 ég( \az){gp;/%) v

Moa h@?i—

S +A 1//1 /zx Iy Q"”')_ o (4f20}

i -
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and

e

P o) Lm0
S— J
;’_2('/5/—;3‘ -1 _
TPEZIZN
CEPE S|
Tora v )
e+ DW= =)
20-r) - 3
Prtard -
I wl\/—f-l :

|

j_} B 2-ri =1 -(t": 0

~
e, -l

N-2)

2,

NrE, PR

(r=0,.00,/2)

(4.21)

(4.22)

(4.23)

(4,24)

(4.25) .
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ALs=lyrl i
(= ru ‘-
B -k .-y .
\b [ P l}/

: S=r r !

Sl 7 —/" Lr+; :'4 (4e26)
o] 2'8-r) =} y, 3
~—d

0y e, W=3)

The srocedure for solving (4£.20) is exnctly the same as that for
{£.8,; in particular the boundary conditions (4.11) are incor-
»oratad in solving doxr the Z2n coustants iMaa ct= / P 7z) P

used, and the constants Mo (e«

all supvoressed,

Se Cloud Top Radiances

L2 tae cloud is semi-~infiniteée in exient, conditions (4.12) are

= /)...) ?1) 7 are

¢ »sider now a plane-paraliel moael cloudy atmosnhere composed

Of on optically finite cloud imbedded
scatteripg’ﬂ"mocphere oouvded on the

and o“'the.top side by outer space.

in an o*herw1se non-

pottom side by the ground,

et (( T = 0, G, 4)

se respectively the optical depths a® which the cloud top , cloud

botton, and the ground are located. Further let .

‘ ,I'GV/' . -
o L) = e Mg (,,/)/ug) (B



Lo othe ccaponent of Tiie Lovoasluy Zoolownd Lover hemisphere in

C.ooolmeenion 2y walch s divecetly transuitied through the

cloud,. ‘o2 Totnl inteasily 2.(¢ ) Zrom the cloud top in

The diveeilion My s then the sum of tTie cozponeantis directly
%

‘'or, by virtue of (4.13), (4.14), {4.20), and (5.1),

(5.3)
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raiuation of the ineosroals in (5.3) recuires o

SUnAnTTIOoN, Tnoordcyr To neid tne numbor of terms

- - sl LTI . ~ .
cund.otivre fornmula {Ciaso and sLorcnce, 1864) iw the one
2OCNLS are approriiiniaed by

S
Cile

;/ /
N p A N "~ P 4 /
2 Vs R RO - ! ) ! il ) f (5 1)
7 CL g T = AR 2 A FiH ) A o
o g N / u/ 7 c’/ J y //)/
ey o
[4)

weighis <¢r and the discrete .intervals /ZZ are listed

d

Veights and clSCfeo' iatervals relevent 1o 2
,-oint :“adr ture rermula cver the jnterval

‘ oy = . ) )
v /. ‘29’,

3316 . 0.347£548

0,6521452
0.652145:
0.3478548

[ Su I (T 29

o O O

W o O

) o
L C v O
: (@)

(@)

[44)

"

[¢a)

[ \V)

A=Y
o
©
o
2]
329
0%
*.-t
<o
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, R T R S R | ey W PRV N P P - ~ 5 2w gy emenn
c.ooos Zulilotuia stratus might Loglcorlly cceur im atnosphere #55
T et e, T N7 e on m ey e ~ . ) - ; . . 1
Tooord nr awln, Yomanmoto, and Lloncsen (L882) and rervcluced
. . - — e R - PR A - e T e 1 = D T o
CiTh L inor medifications in Tupgile & Leiov, The intconsity components
T o s e 7 gvora (Y et had P
., ; SOU e s =) P IO were ciLcanned 1ircénm
L T T, -~ R s
v v cres NP a D e AT Ty A o G0 Ll R ST T
the wirzssuly levels P o= 417 wh and 7 = S5C mk from an IL.I 7094

couputer program ior calculating the inirzyved radiance 0x a
s»herical atmosphsere which was furrished 10 the zuthor by
F. Van Clecef of the liéteorolojical Satellite Laboratery, U. S.

wr

Weather Bureau (cf. VWark, Alishouse, and Yamamoto, 1884).
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cagied oL ll . sozuricted to throe

coilell icimesses (Tp= 001, 0.5, -5, wwo cicud top Iressure
oL oamnoonteve levels {Po= 4.7 ah, o= 289 X ooad 2 o= 950 mb,
“oo- W27 L., nad oae pariicle ol.e dlisTyrioviTion ,«v . LT will
srosmlen in Sectien 9 taot veclistic coviations from isothermal

g IR SRR
CLOWG oLl oroquece neyg

oi cutzociaz radiation in
of wuoter ia the models |
in*ervals'considered in
about ¥ 889.5 cn—1

do-4F show

+:4

tigures
interval centered about
in each separate figure

poncat of the intensity

N (RIS R SO TR o g\ e - k)
1i~i%lo chutnpos in the compute

outgoing’

ontieal LL.chkiess ou isocthermal clouds

distribution aad net Tlux

0
L
o
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i
=3
)J-
o
o
[
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depencent o0i the aciuval mas

cf. eq. (2.2)).  The two wavenumoar

detail ore the canes (Table 1) centered

and ¥ = 1173.5 ca~l.

the campuied results for the wavenumber
¥ = £35,3 en”—. The dotted curve (S§)

refers to the diffusely reflected com-

(cf. eq. (5.3) 14

l
A
a,; J :5 ‘rfy/”,>tﬂu‘~9 /A();a//

vhile the lower solid curve (E) reiers to the thermallyenitted

component,

I.le,4) .
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indicned in the Zigures by (D) and () res pectively, the

con saente °of the intensity wal

nhere and are raspectively diractly transmitted and:diffﬁseky

transmitied throuch the cloud into the direction /pt . ‘Thessc
last ©vo ccaponents, 0f couwrse, 4o uoct contrlbu e to che net

raciasion field if the cloud is semi-~infinite in extent.

he upper solid curve in 2ach Figure is the sum (C) of the

four cerresnonding components, and Thus réfers to the—nét

N

cooiation ficld. The dash=Cot curve in each case is the standard

T of ccmparison (3%, i,e., the tch al xntenbitv vhich would result

ot the cloud top i7 the cloud were of the sanme 0ptical thicknass
but composea Of noascaitering paciicles, computed.fram the

expression

Lo = BT+ Suleyp) B E%

¢ origina t in the _ower héris—~ -

R
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cre 3(W ) is the Flouck funceion -1 incensity units integrated

over the yolevant wavenumber ioterval ond ceasutea for oz cloud
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nie general feature eviacent in

Tiawes 4o-4f is the lack o ca overnili aaried Ceviation from
gréyi;ss Zor the realistic cicud modzls, in spite ol the Zact

) whnt the albedo f6. single scriteriny is ravher hish (20, = .403).
This is especially itrue of the lew cloud meodels, where the

cdifference in temperature batween the cloud and ground is

W

<~ * - - Tigures 5a-5f are the same as Figures 4a- .. except tThat the

)

. . . — - = 1
venumber interx val is now centered about </ = 1173.5 cm —, and

s &y is the higher value of .768. Tae differences between the

- S e

1}

b oy s ok

“o C.upward intensities relevant £0 the realistic cloud models and

rhomnty

. 4: bia0

‘giihOSe of the corresponding standards 0f~comparison‘are more
- Qe

‘marized than the differences illustrated in Plaures 4a~4%, This

'.'»:iscc;early a result of the higher albeqo for singile scattering
- - B ~ =7 - . _1

e g
g

-

,in,ﬁhe wavenumnbar interval,centered arou:d Vo= 1173.5 cm

:' ‘> B 4 . Te

& A T

%ﬁ . -In bOth wavenumber 1ntervu*s tho“e is a surplus of radiation
%>Cj*f;:(compared wzth tne standwras) for ootically thin clouds at
G '
'§u£}j,‘sma¢7 zenltn adgles and a Lendency toward a deficit of radiation
BT - o }

¢
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o

LUoAnige Lol dagles. USon war dnvowcoapariscn ol Fisuves 4da-4d
vith TLgloes Oo-5d fom small €., iv iz noticed that the
sLomliuds ¢l i sasplus incroases os £, , 24, , and the

: avcor difiorence (EC—TC) Letues: wne Jround and the cloud

- R - RO, o -~ 1 Y cmy e Cim e . ] - - - .-
SITIABC] @ aulnciionad agjendence JiCh st , however, siays

T TS P - « v S tae MM APINT MIonres LAl A

O il SNILS . AZAaLl, upll inTercomparing rigures {L2-~47 and

- = S e 3 e~ 31 %A N aq2an 3 3 o -~ SN} - o~

-Z=ClL, 1T i noliced That tals surplus bocomes a deficit as

— 1 ? =~

wiiced tavdugh the clouds; this radiation is. lost from <The

radiatibn field in the cases of the standards of comparison.,

the cogular distribution of radiation and the deficit of radiation

ircm thick clouds. These explanaiions are readily obtained

s

Zrom shysical considerations discuss:zd in the next section.

Figures 6 and 7 illustrate the effe- 've emissivities of

2

©
(=
e
i

}.

}%)
s
M
g
34
98}
0}

moael clouds for the wavenumber intervals ceantered

' L . , -1 — - -1
regpectively about ¥ = 889.5 cm ~ and T = 1173.5 cm as a

function"OI_/L o In either figure the upper-soiid curve (AS) is



the ¢ iecTive emissivity [€ =L%(g/9/13{ﬂ)_; ci o clcud having
a puouicas =ize distribuiion 0yic) . The lover soiid

cure iillusirates the effcective enissivity

oL o ziovL comztsed of particles scoctiring radiation isotropically

-

S hne same respactive values of &9, . These latier curves

the aid of the expression (cf. thie Appendix)

/':.' o N : —
T (o) = (1-@)E BT Hie) 6.1

-_”7/ // \lh/ ]]/’-/ )

4w is the wavenumber interval of interest and H({«) is

A
VSRS

“—
2T

Chandrasekhar's H-function (cf. Chundrasekhar, 1930; Table XI,

Cg:oter V) defined by che nonllnear ¢nuugr 1-eguation

i

/ -
. Y 1gr I
P / / Fiet) . 7
h&a) = | + z'ﬁiyf!"/v‘j ‘"’%f’T gﬁz . (6.2)
’ ' b Y .

ch

It is immediately ev1dent from tThe figures that the Forward
scattering nature of realistic particles is responsible for the
- ’ - Cad Ll - - - - o~ ,_, - - -
hizher values of & , and that higher values,ox W, tend to

reduce the magnitude-of & in all cases., .
- Consider now a semi~infinite plane~parallel isothermal

“cloud composed’of,partly thermally emitting, partly isotropically



‘ot oa rate ¢l only about half, say, ¢of vhic rate at which particles
$o.n witiin Che cioud will scolier roadloticn, since only about

2 <tho radiaticn available To tre particies deeper in the
cloud s availrble to the particles zear the top (the upward
heﬁisphere can contribute nothing at the top). Since the
raciatlon is assumed tO be scattered isotfopically by each
particie.- the rate at which raula““ is scattered by any particle
into any direction in dependent only upon uhe ‘level T where the

E TN

0ne o

=

scailering tTakes place, IHeace, tegnsity of outgoing

1 over the intensity of radiation in the direction it~ O
bz cause deep layer s contribute morea to the outgoing intensity in

The former case tinan in the latter for eguivalent optical path. -
lengths. Limb darkening is thus explained on paysical grounds.,

- -

We now overlay the cloud wi- th an ontﬁcaTIy semi- —-irn :finite

isothermal slab held at the same temperature as the cloud and
zllow the radiation field betveen the two boundaries to

achieve a steady state. Conditions at the tep of the cloud are

now eguivalent to conditions w1th1n a p2 rfecxly insulated B

radiation at the top of the c¢loud vili be enhanced in the direction

?
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R g R ER
A CT e p.l.on O 1ncLae

25C 00 Wi L cmelosure, and the radiation is 'Hlack™,  The
i nic vadiation field from the TQWL*Q hemisonhere incldent

C. Unt CLowl TG must thercefore contribute 0 tThe intznsity

oo PO A e - e — e 2 s 2 T ey eama?T caA
. hﬁ:ucVNOA/pL) 2 comscneat of difiusely reilec.zd

SR P I K o~ o - - -~ -~ 3 - a 3 2
. ica Juo % sufficient to increasc tThe intensity of radiation
B AT e S Y < fm 3 -1~ 3 - et EPN . e
chewn nlly aiiitted by the cloud (in the dirsciion 4 ) by an

Tae Functiconal relation between this diffusely scaitered radioction

and AL is thus the mirrox image" o the functional relaticn

~

bz Treen the outgoing uherma;ly enitted radiation at the clou

a
toOD and S and is illustrated oy the upper dashed curves (IS)

in Figures 6 and 7.

b

The lower dashed curves (AS) in th2 figures refer o the

. -~

same -incident radiation fieid which is now diZfusely “e flected:

from a cloud composed of highly forward scatiering particles
v

obeyiigz the s ze alstr buxlon DGy . In this-carz2, on the

~

avorage, each onOtoq is not deviaied far from the original -

3

]
[0

nce even after e of four SC°“ter-ﬁo pro-
C2SSes. . Quc‘tO the rather high finite probability of abscrp%ion
cof vmcn phole: —partlcle lnteractlon, The relative nunber of photons

scattered back into the outward hemisphere is rather small,

except for those incident on the cloud top in directioas neax

~ ]
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razing incidence., Again, because of the exireme 7orward
scattering nature ©f the cloud particles, even these latter
photons must bz diffusely reflected primarily into directions
corresponding to very small values of M . Hence, the intensity
of radiantion diffusely reflected (except perhaps in directions
corgesponding Lo /ﬁA'\/ O ) must be substantially reduced with
respect to the intensity of diffusely }eflected radiation arising
i 2 medium of isotiropically scattering centers. Increasing
Z;g - .has the eifect of raising the curves in general;

however, we would not expect a large fraction of the incident

.radiation to be diffusely reflected (due to the extreme forward

scattering nature of the particles) until o, " becomes almost
unity. It siould be noted that in the limit, as the phase
function for single sCatterihg beQOmes completély forward
scattering [ P e @ =6 for @& # © ] o radiation can be
diffusely reflected into the oﬁtward hemisphere in any direction
(@, # 1) . The gffectiﬁe emissivity of the cloud must be

tinilty for all /u,-in this case. We copclude from the foregoing

“discussion that: (1) incr;asing &, has the effect of

decreasing the overall effective emissivity, (2)  the rather high

efiective emissivity at moderate to large values of & is due

primarily to forward ééatfering,,and (3) the rapid decline in

~ irom complete forward scattering.

in effectivé emissivity for smail'values of,/4_1s:due'to departures
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Al1alogous arguments may be usced o goin insight 1i.to the
scacvering properties of opticnlly thin clouds. In this case we

Dot sides of the cloud with iscinermal scni-infTiawtce

.
-

“ -

. Ll es ., The contributica to the Yilazcex' radiatica ot the
'\Zu;“ Ten in the direction /u.which resulis from the ditfuse
valloctica o radiation originating in the upper blackbody is
ir genreral less than if the cloud were scmi-infinitely thick,
since some Of the radiation from the upper h;misphere passes

]

cemnietely through thé cloud in the downward direction and cannot

o
w
L}
(0]

covered as outigoing radisztio... An 1qo thermal ccnp051te

3

made up of an optically finite c. ad Qfarlying a- semi~infinite

veriect avbsorber and emltter is thus sec¢l . nave an effective

:

enissivity somewhere beitween those of a semi-iniinite cloud and

.ri ct blackbody.

o
'u

I7T is guifte clear, therefore, that the surplus ¢ outgoing
roazation at the top of the optically finite cloud models
depicted in FiguresA4a-4d and Sa—Sd, compared with the relevant
pericctly ao;orblng and emitting standards, 1s due to the

~

cmperature difference between the (wa rmer) ground and the cloud
nodels, The difference iS‘accentuated by the forward scattering
nature of the cloud particles; i.e., thé radiation incident on

each cloud bottom, which,is scattered, is primarily diffusely

transmitted through the cloud in the forward direction, and

very little is diffﬁse;y reflected back into the lower hemisphere
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Toon cedoerslion To Tabie 2 we note that the effective cross

LLetolns ﬂsﬂ;) of a unit vclume muass ¢lcment is smallex
-, r,‘r"_' — -‘1 - -1 . s o - -'1
o= LLuL0 e and 1173.5 cm than at % = 4857.5 cnm

- sy .- -

L3700 et T for the particle size distribution O, ¢vu , and

oowliecrive wibedos for single scatteriag, ‘g.ﬁz, , are
- o - . L L
~oroer,  “Yhe smuiler values of ;-N Aﬁ will have the effect of
o

-

docrensing thz normal optical thickness ¢ of a given cloud,

oand the larger values of gMZL will have the eifect of increasing
cirz net jlow ot outgoihg radiation througn the cloud. Both
consideratlons would lead us 1o expect a surplus of net ouﬁgoiﬁg
radiation in the window region of the infrared spectfum compared
to that which . .uld be calculated under the assumption oi '"grey"
cloucs, where the ground is considerably warmer than the cloud.

We should, of course, expect a deficit if the grouad is cooler-

than the cloud, or if the cloud is very thick.

7. Tas Fet Iux and Angular Distribution of Radlatlon From
the Top o the Atmospher
it is evident that the outgoing intensity I/lo,«4) at

[ 9]
L

o]

@

top of a cloud atmosphere is given by the relation

I( om) = M) + Ty I, (0, M) | RS
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e 2ol A ) is the total intensity in the direction i,

oo waz ton of the cloud as previousliy coasidered, 7’£A¢)

5 2 tronsmission function through the overlying atmosnhere

1 a2 direction . for ihe wavenumber interval ¢l interest,
! / . - - - . o - N -~ .
aag w~;ﬁg) is the outgoing intensitiy at the top of the

cverlying atmosphere due To thaermal emission from that stratum.

-~ - "f ) ) oy s - . R )
Leiha CJCﬁV) aad 73/&/ were calculated with the program

Zurnished by ¥, Van Cleef which was mentioned previously,
rigures‘8a~8b and”92~9b illustrate the limb darkening at
che top of the atmosphere for each of the‘previously considered
cloudy atmcsphere models, and Jable 6 gives the nef outgoing

flux 7rF , derived from the expression (cf. Table 3)

7 .
— T T o i) - (7.2
F=22 40Tl ‘
. J - -

Zor .each of these models. All values in the table are relative
to the fiuxes Ffor clear sky conditions, and these fluxes have

~

seen normalized to unity for each wavenumber interval.
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io iasediately obvious Irom the figur:s that thin clouds
CO. -l 2Ty cooler than the effective raaiating suriace below
“re nost effective in producing strong limk darkening. In
2L .riscn with the relevant standards, l1limb darkening in
“Lstic cnses is somewhat less at modcrate values oi 4 and
Loviewr otovery small values of M . The lov cloud cases studied
show 2imb darkening comparable in magnitude to those of clear

siky conditions, while the high cloud cases show much =ironger
cayizening, -

Atnospheres containing optically thick clouds still show
lizub darkening, but to a muéb smalle legree, Since we have seen

cualitatively that the sharp increase in darkening at small

vaiues of o is a function of the degree of forward scuttering

oy Zndivicual particles, it should be possible in principlc to

ooinia an idea of the effective particle sizes near the fops of

chicl: cloud systems through an analycis of limb darkening curves

obtaised by airborne radiometers. Measurements necar grazing

“angles would be most critical.

Table 6 shows, in effect, the relative surplus (compared witu
the relevant standards, subscripted with B) of the net outgoing

flux at the top of the atmosphere in which are imbedded clouds oi
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s Locpuicis Thickness, and the relative deficit of Zlux
voaeae the epiical thicknesses of the imbedded ~louds aive Znfinate,
o Le o seen vhat the respective surpluses ond deficits are most

oo fer 7= 1173.5 cm-l. In particular, the outgoing nex

Tiioou wne wop of the atmosphore containing a semi-infinite
T .iw .the top of which is located at P = 417 mb) is only .927 of "
weo Cutoolag net flux computed on the basis of assuming the cloud

v s black. Conversely, the corresponding flux ratio at the

zp of the atmosphere containing a cloud of normal optical thiCkfs T

ness % = 0.1 at the same level is 1,050, For a cloud of~
nornal optical thickness %, = 0.5 this ratio becomes 1,203. Other

ratios derivable from the table, while not so dramatic, follow

the sane pattern,

. <Couputationil Errors 3 LT

% is desirable to retain as many terme iu (3.3) as possiblée .. . i
fcr obvicus reasouns (ci. Figures 3a-3d). There wiil, however, be -

oxnt veyond which N cannot be increased without destroy{ng

S
oo}

accepiable accuracy in the solutions to (4.5) aud (4.20) as a .-
resuli of rounding errors in the corputer program. Oae coitical T

area of computation cznters around the simultaneous solutionﬁ'P;:

(4.6) and (4.7) for the values of A (4‘-.-“_-;-/) res,272) and
5, o) (4= 0) ver V) . A check on the accuracy of the

‘various values of §,(k,) was obvained from the exprezsion
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'1 »-2-—-1 G\)/ :';-\ \.‘.)Q// I/\‘ (."'/7;’ /
- ,/ Z < ,1,\ ; /\;a - - ~ “
;,\’ZL‘”’/‘ —’z 2«2"55{%"/« | I-;—“”" - O S.1»
’ I -5 .ﬂ"' A At
i L LT
7 e . = /)
;\i‘ — I /) P ) v /:{ ) /( — 0) ¢ 2 ¢ ) / ,)

~ ~ /7», ’ LR - ﬁ 3)
for ool values o1 6x s 6...) ‘ﬂ) . It is el ar from (4.6)
. , . . . .o - - P ; . 0= N
tha cae greatest trouble will occur for [®] <[] aad A=
1

~a

“his was in fact verified numerically from (8.1). The criterium
Flually mavrived at by trial and error was that the magnitude of
. “ . " -4 .
the left-hand side of (8.1) should always be less than 107 ° in

crder to guarantee a comparable accuracy in (4.5) and (4.20)

o T, = /| . This required, uncer the present computiational

schene, o limiting of the values oi N and n to those indicated

in this paper. It should be noted that increasing the magnitude

of Z, bzyond unity will correspondiagly decrease the
)
*3,7

accuracy of (4.8) and (4.20), since terms of the form g
ozcur in pairs in these equations, and the matrix solutiions for
the “n cor stants My (A= [ ...,n) from the 2n boundary
co~ i “ons [ef. eq. (4.11) ] are critically dependent upon tue
diffe.ence in maegnitudes of the various terms i.. the systems oif

ecuations to be solved. In order to be on the safe side it was



. .. a vo restrict the study of optically finite cloud
.- %o “sose of normal optical thichkness T, £ 0,5, As we

........ sve Lo Secewion 9, this does not unduly restrict thc
L8O 22 O lRe STULY.

.a0cher inpertant source OF error centers arouna replacing
Toe vVAarlous *ALU”“alb encountered with Gaussian sums, Since
sir io scattering contributes significantly ©o the di
» Sisvion FTield For the values of &, used, thz diffuse
relzection and fransmission functions S and T tend to maintain
1.e cscillatory nature of the plase function for single scatiering

cof, Picures 3a-3d), and are thus not amenable to reproduction
o 2 Fy

@]
[0

t..ocuszh the use of polynomials lcw degree. Hence, the use

~

gree [eq. (5.4)] for evaluating

8

L
[0}

. n cuadrature formula of low
wne fatesrals in (5.3) will be source of considerable error,
Tho owaxinum errors were found to be involved in calculating the
“...2 als of the scattering function illustrated in Figuve 7,
and the integrals of the transmission functions illustrated in
ures 3¢-5d, as indicated by the cfosses in each figure. It

is guite clear that the actual -computations will not yield

acceptable accuracy as they stand.
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liowever, it is extremely desirable to limit the number of
explicit calculations of &,(%, %) and ,ﬂ“(oj—/ﬂi) in (5.3)
t0 a minimum, é&nce each of these computations is in i{self
quite involved. Th2 artifice of correcting the computations
by means of physical considerations brought out in the last
section appear to yield quite satisfactory results. The format
for making and applying these corrections is given below,

1. The computed values of I (o, #) are assumed to be
correct as they stand.” It should be notgd that the oscillatory
nature ol the phase function for single scattering is not
maintained in the thermal component of the intensity, due to the
diffuse nature of the radiation source., The correctness of the
quadrature formula incurporated implicitly in the solutions of
" (4.20), and thus also in (4.5) and (7.1), would appear to be
established in view of the essentially identical results obtained
for Ik(@/&J (j =/ Yy ?L) for several test computations
involving different values of N and n. In particular, the
values of N tested were N =7, 9, 11, 13, and 15, and the
corresponding values of n were n = 45 o, 6, 7, and 8; only for
N =7 and n = 4 did the smooth curve fitted through the computed

values differ from the smooth curves fitted through the values

for other cases,



"

2. The only additional component to the outgoing radiation
ficid at the top of semi-infinite clouds is the one due to
difiuse reflection, The relevant integral (4.13) was evaluated
2o conditions equivalent to those inside a perfectly insulated
isotheirmal enclosure; i.e., JK (0/ “/:"j) was set equal to B(TC)
Zovrall L (04 S, e, 1) , and I5 {0, ) evaluated
for all A (4 = /) . ,)7) . Each computed value of Is<9/”/)
was then corrected by the relative amount required to agree with
the corresponding mirror image of 'IE(CD/‘V) . These
relative corrections were then applied té the integrals computed
which describe the intensity of radiation arising from the
anisotropic radiation in the upward hemisphere that is diffusely
‘reflected into the relevant direction 4« . In all cases

considered the absolute corrections required were very small,

primarily because the diffusely reflected component its~lf is
cuite small (cf. Figures 4e-4f and 5e-5%).

3. Corrections for the diffusely transmitted components
thirough clouds of small optical thickness were computed in
essentially the same way. In this way all the values of Ju (67‘7;

and CQL(Z;)/ZE) in (4.13) and (4.14) were set equal to B(Tc)g
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The computed values of IE((?/,og) , I’D(a}/u‘.) , and ,7:, (O/,u;) i
5.2) were then added »nd the sum subtracted from B(TC). The
calculated values of J;'<QVA9) were then corrected to these
values, and the relative corrections thus obtained applied to
“he rcelevanti diffuse transmission integral in (5.3) describing
the radiation diffusely {ransmitted through the cloud arising
from the anisotropic radiation field of the lower hemisphere.
The errors introduced by assuming L (ghfﬁ) to be exact
should be negligible by virtue of the smallness of JQ;CQNﬂQ)
itself. The corrccted points, illustrated for example in Figure
4c-4d and 5c-5d by the Opeh circles, were gratifyingly close
to a smooth curve fitted through the points in all cases,

The essential assumption required in making these correctior

is that the form of the integrals thus corrected does not depenc

criticallyv on the nature of the incident radiation field. Since
only the integrals over the transmission functions would appear
10 be a cause of much concern in the cases studied, and siace

4

the radiation fizld in the lower hemisphere is essentially

isotropic in all cases, the corrections applied may coniidently
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be expected to effect a quite accurate solution., Inaccuracies
of up to one percent may still be inherent in t%o solutions,

Tests of other possible sources of error in the computations
verc made wherever required, and all errors thus found were

determined to be negligible ~- on the oraer of 10"7 or less.

9, Effects of an Arbitrary Temperature Gradient and Normal
Optical Thickness

The cloud models adopted in this study have been isothermal.
Table 7 shows the effect on I (6, 4;) which is obtained

1 through a

by assuming a moist adiabatic lapse rate of 5K km
semi-infinite cloud. The particle densities assumed are No = 100
particles cm™3 for a cloud top temperature T, = 259K, and

N_ = 300 particles cm™> for T_ = 287K. It is seen that the
effect of a realistic temperature gradient through the cloud is
quite small in comparison with a zero gradient, and hence

may in general be quite safely neglectled,
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Tae effect of a temperature gradient on an optically
thin cloud would be expected to be much less. An idea of the
relation among T, 2, and z; calculated with the aid of equation
(2.2) and Table 2, is illustrated in Figure 10 for the particle
density N_ = 100 particles cn™3 previously cited. This figure
is also useful for obtaining an estimate of the normal optical
thicknesses to be associated with the geometrical thicknesses
of various clouds.

Consider now a perfectly absorbing and emitting (nonscattering
cloud having a temperature Tc and overlying an isotropically
emitting ground radiating at twice the rate characteristic of a
semi-infinite blackbody of temperature Tc' Figure 11 is a
parametric representation in terms of T, of the angular dis-
tribution of radiation at the top «f the cloud, computed from
expression (5.5), where JL(E)/AQ) = 2B(Tc). It would appear
from the figure that the values of T, considered in this
study are quitle representative of the extreme cases of
interest, and *hat judicious interpolations for the scattering
properties of clouds having other optical thicknesses are

quite rfeasible,
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10. <Conclusions

Some general summarizing statements may now be made
regarding the infrared radiative characteristics of plane-
parallel clouds. If a cloud is much cooler than the effective
radiating level below the cloud, it follows that:

1. A considerable surplus flux of outgoing radiation in
the window region of the infrared spectrum would be expected
for thin clouds compared to what would be calculated if
scattering were not taken into uccount.' In general we would

also expect clouds to be considerably poorer absorbers in the
window region than over the infrared spectrum as a v-:ule, This
is due to the fact that clouds are both optically thinuner and
beiter scatterers in the window. We would furthermore expect
the scatt.red radiation to be predominantly diffusely trans~
mitted through the cloud rather than diffusely reflected by

the cloud because of the forward scattering nature of the
individual particles making up the cloud. This in gerneral would
lead to a "surplus" of outgoing radiation in the wiadow.

2, A deficit of outgoing radiation would be expecte& in thoe
window from optically thick clouds (i.e. €& < [ ), and from
thin clouds warmer than the effective radiating layer-below them.,
This deficit, however, is minimized considerably by the forward

scattering nature of individual particles.
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3. Limb darkening in general is evident in all cases to a
greater extent than would be anticipated by treating clouds as
infinitely thick isothermal blackbodies. Limb darkening is
considerable at very large zenith angles, and even more greatly
cnhanced in general ii the clouds are thin and much cooler than ti
cficective radiating layer below them.

4, A realistic i mperature gradient in clouds is of alwst n
importance. It should be noted, however, that we have considered
only single layers; mﬁltiple decks of clouds have not been treate

In practice the concept of plane-parallel clouds is quite
unrealistic except in special circumstances. Clouds are generall,
quite "corrugated'" at the top. These corrugations may take the
form of mounds, billows, waves, and many Other shapes. Turthermo:
clouds do not havs infinite horizontal exient, and because they ar
often quite thick geometrically there is a profection factor to be
taken into account. This projection facior is necessary to proper
account for the apparent greater cloud cover at large zenith angl.
then at small angles. Any general statistical analysis of the
radiaiive characteristics of the Earth's cloudy atmosphere must
tnerefore be modified in accordance with these views,

Nevertheless the preceding calculations are of considerable ai
in obtaining a qualitative picture of what one would expeét to fin

from statistical studies. In particular, if clouds are primarily
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cumulus in type, one would expect € to be slightly less than
unity ond ailmost independent of zenith angle., This follows from
considersng cumulus clouds to be optically thick and somewhat
hermispherical in shape. Anry zenith angle would correspond
roughly 1o normal viewing incidence becausc¢ of the hemispherical
shape of the cloud. Hence, € (cf. Figures 6-7) would be rather
higg regardless of the value of « .

If thin clouds over very warm surfaces are »nresent, a surpl
flux of radiation would still be expected ir the inirared window
for the reasons previously ciied, since.very thin clouds would
be expected to behave as though they were stratified. If the
effective radiating level were cooler than the cloud a flux
deficit could be expected in the window.

Multiple cloud decks have not heen treated because of the
cornsiderably greater complexity in the theory resulting from
ihe scattering of radiation back and forth between layers.

In reality, of course, multiple cloud systems are not uncommon.
If the particle size distrib.tion remains constant from layer

to layer, and the effects of the gaseous atmosphere between
layers is iguored, thea, in the first approximation, tﬁe several
dacks may be regarded as one continuous cloud., Because this
"single" cloud is extended over a larg: vertical distance, the

temperature becomes a strong fuanction of optical depth., Thus



B(T ) is no longer sensibly constant over the entire range
of T . The effect o2 increasing B( T ) with increasing
T would be that of causing stronger limb darkening than
calculated previously in this paper (cf. Table 7).

It woild be very uscful to extend the investigation to
include more intervals of the infrared spectrum, as welil as to
expan: the investigation to include more particle size dis-
tributions and values of the normal optical thicknnrss T, . It
should Iurther be n ;gg that an extension to ice clouds would
be of paramount ii tcrest, since absorption by ice in the infrared
window is ruch lower in general than absorption by water
(Kislovskii, 1963). Consequently @, in general should be much
higher for ice particles and deviations from unit emissivity
possibly quite large Tor clouds composed of such particles.
Since these particles (crystals) arc in general not splherical,
the Mie theory, strictly speaking, is inapplicable in describirz
single scattering; it follows that a discussion Of effective
emissivities of ice clouds is kcyond the scope of tnis paper.
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APPENDIX

Solution to Ig(¢, 4) in the Context

of Isotropically Scattering Particles

The law of diffuse reflection from a semi-infinite medium
in the context of isotropically scattering particles is given

by (Chandrasekhar, 1960)

@ ., - —~ /Ma
Is)caj/«) = —,5-0005 /“————-—%0 /L/ﬂw)tL//éU.) (A.1)

where /5 is the incident flux of beam.radiatibn from a point
source which crosses (in the direction -4 ) a unit area normal

to the beam, and where }Iga) is defined by the nonlinear integral

equation
/

Hio = 14 & 2o, u Hpy [ LD ol 0 (4.2)

AW
By virtuz of (4,13) andi (4.17) the intensity of radiation from

all directions in the upward hemisphere which is diffusely

reflected into the direction /u is

: /
1}(9/:) = ,2/.?1_‘2(»(9/) rﬂ“(e/ ) 4%) (A.3)
, 0o ° , '
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or, from (A.l),

I (oM ) = 4 ,H/(«)fl ‘-Jlu,(o o) At . (A.4)

/«M

Now let

dy (o, 4) = gm/(-,;_) (a.5)

for all 4, , where E&V(?Z) is the Planck function over the
interval A4v characteristic of the cloud temperature Tc‘ This
artifice renders conditions a‘ e zloud top equivalent to
conditioné within o perfectly insulated isothermal cavity, and

(A.4) becomes

' ] = /Wo A/Qo)
I (o= 50 (‘rc)/j@ T Au, . (A.6)
Upon using (A.2) and replacing Mo in the integrand of (A.6)
Ao

with

e | - A ) (A.7)

o MM |
we obtain

(o) = B, ()] £ Hio [ My +1- ], ww
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Again, upon multiplying (A.2) by é:EZL and integrating over
the range of A, we obtain
/
’/V /-— ’
——W‘, . - ) ' -t —- (A.g)
3 [Hnch = L@+ 3 [ o) ol
o

or, upon interchanging’/x and '/a; and adding,

/
/z’ﬁf/f/{u) /«] [;‘w J/ﬁy)pﬂuj (A.10)
Solving the quadratic in (A.10) for +he intergral gives us
/
/” w—— . p—
2 “e f"//")oﬁa = | = (1~-@)* (a.11)

Since hﬂu} converges uniformly to unity as @, uniformly approaches

zero [cf. eg. (A.2)], we must choose the minus sign in (A.11) in

o~

order to preserve the identity for all %@, ,

By virtue of (A,11) we obtain for (A.8) the result

Llopm) = ‘527(75-)[1— (/—&'%fz/ﬂ«)j ] (A.12)



‘ APPENDIX (Continued)

We have solved the problem in the context of conditions
within an isothermal cavity, where the cloud top is one of the

periectly insulated bounding surfaces., It follows from

Kirchhoff's law that the thermally emitted component of radiation

from the cloud is given by

Llom) = () — L (om (.13

or, from (A.12),

(A.14,

| L
Ilom) = (-z)"5,T) Hiw) |

and the desired result is established.
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Figure 1.

, Figure 2.

Figure 3.

Figure 4.

Figure S.

me e LN

FIGURE LEGENDS

—
Complex index of refraction of water (A = n~- ko)
as a function of the wavenumber % in inverse
centimeters,
Pariicle size distributions {modified from Nc,ourger)
representative of California stratus and the Mie
efficiency factors Qg and Qa as a function of ¥ and
particle diameter d. e computed points for QE and
Qq are indicated respectively by circles and triangles.,

Phase functions for a single scattering p(cos &) in

. arbitrary uvnits as a function of the scattering angle

Contribution toc the total intensity (C) at the cloud
top from the compcnents respectively diffusely
reflected (S), theimally emitted (E), directly
transmiited (D), and diffusely transmitted (T) for

the wavenumber interval centered about ¥ = 889.5 CI-I.
All intensities, including the standard of comparison
(B), are on the same (but arbitrary) scale.

Same as Figure 4 for the wavenumber interval centered

about ¥ = 1173.5 cn T,



Figure 6.

Figure 7.

Figure 8.

Figure 9.

Figure 10.

Figure 1il.

FIGURE LEGENDS (Continued)

Effective emissivities (solid curves) .and diffuse
reflectances (dotted curves) of semi-infinite clouds
for @, = .403. The curves labeled (AS) and (I8)

refer to anisotropic and isotropic scattering
respectively. All curves are normalized tc unity.

Same as Figure 6 ior &,= .768.

Limb darkening at the top ofi the atmusphere in the
wavenwaber interval centered about ¥ = 889.5 cm-l.

The normai-optical thickness of each cloud model
imbedded in the atmosphere is indicatied by the

relevant value of T, , and each cloud is iocated

at a height characteristic of the indicated pressure P.
Same as Figure 8 for the wavenumber interval centered
about ¥ = 1173.5 cm L.

Relatvion among the temperature difference AT,
geomeirical depth AZ, and normal optical depth T for
a particle density No = 100 particles cm'3 and a

cloud top temperature '1‘c = 259K,

Limb darkening for isothermal nonscatte:ing clouds of
temperature Tc as a fuuction of the parameter T, . The

ground is assumed tc be a blackbody of temperature TG
radiating at a rate B(TG) = ZB(Tc).
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