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ON THE DYNAMICS OF CAPTLLARTES AND THE EXTSTENCE OF
PIASMA FLOW IN THE PERICAPTLLARY LYMPH SPACE™*

By John T. Howe and Yvonne S. Sheaffer
Ames Research Center

SUMMARY

In 1958, Sapirstein proposed that the surplus plasma associated with low
organ hematocrits resides in an external annulus about the capillary endothe-
lium. This hypothesis was based on observations of such an annulus by
Heimberger in 1926 (although Heimberger supposed the annulus to be filled with
lymph). The pericapillary space has since been observed by Gibson, Bosley,
and Griffiths (1956) and Ehring (196k4). Sapirstein suggested that the capil-
lary endothelium is not a real barrier to macromolecules; instead, the "true
hematolymph barrier" is actually the outer wall of the Heimberger annulus.

The present paper describes the results of an analysis of this double-walled
capillary model from the hydrodynamic point of view.

The hydrodynamic analysis shows that even without the annulus, one can
account for organ hematocrits as low as 50 percent of the large blood vessel
hematocrits. But the corresponding pressure gradients fall outside the range
of those cited in the literature. Moreover, without the plasma annulus one
cannot readily account for those hematocrit ratios below 0.5 (actually as low
as 0.35) that have been observed experimentally. However, the analysis shows
that with the annulus of plasma, hematocrit ratios as low as 0.27 can be
explained, and the corresponding pressure gradients fall within the range
cited in the literature.

Although the annulus of plasma was proposed by Sapirstein to explain the
surplus of plasma in some organs, it (surprisingly) allows a deficit of plasma
under some circumstances. The explanation lies in the dynamics. The analysis
shows that for this condition the endothelium radius is only slightly larger
than that of the red cells. Thus the pressure gradient can drive plasma
against the low resistance of the annulus (and on to the large vessels) at a
greater rate than it can drive cells along inside the endothelium because of
the snug fit.

INTRODUCTION

In 1926, Heimberger (ref. 1) observed that intradermal gas produced
electrolytically (by use of a fine needle introduced through the skin) forms
a large gas bubble in the surrounding tissue. But if the needle is brought
close to a capillary wall, the picture changes suddenly to an enormous number
of very small bubbles, which form a veil all around and along the capillary.
From the veil, branches sometimes go to other capillaries or end somewhere

 lThis baper Was pfeéénted at the Intérhational Symbosium on the Human
Capillary Circulation, Jamaica, 1966.



within the tissue. He noted that the shape of the capillary is surprisingly
unaffected by the bubbles. From this experiment, he suggested that a peri-
capillary lymph space exists all along and all around a capillary.

Further anatomical evidence of a pericapillary space has been obtained
photomicrographically in the human nailfold in vivo by Bosley (ref. 2) and his
assoclates.

The Heimberger concept of the pericapillary lymph space was drastically
modified by Sapirstein (ref. 3) in 1958 to account for organ hematocrits that
are much lower than the large blood vessel hematocrits. In the rat, he found
excess plasma in every organ and concluded that wherever a vascular bed exists
there 1s excess plasma. Sapirstein argued that the annular space around capil-
laries observed by Heimberger does not contain lymph at all, but rather,
plasma, and inferred the existence of such capillaries in other organs. He
postulated that the old capillary endothelium is confining for red cells only,
the plasma outside the endothelium being gquite accessible to macromolecules.
Thus he suggests that the real barrier, across which Starling's hypothesis is
made manifest, is a second membrane between the pericapillary lymph (which is
really plasma) and the true lymphatic.

The excess plasma in some organs has been observed and explained in a
different way by others. Pappenheimer and Kinter (ref. 4) studied the hemato-
crit of the mammalian kidney and proposed a theory to account for the excess
plasma in the organ. It supposes that incoming plasma and cells are progres-
sively separated by plasma skimming, and that cell-rich blood passes through
a short circulation while the plasma passes through a long circulation in the
capillary network. That is, cells pass through the organ more rapidly than
does plasma. The suggestion is that they both move at comparable velocities,
but over different distances.

The Pappenheimer-Kinter theory says that the excess plasma in the organ is
explainable only in terms of the aggregate of flows from all the vessels of the
organ. But the theory suffers from the fact that plasma skimming actually
occurs at random rather than in the systematic way required by the model. On
the other hand, the Sapirstein viewpoint carried to its 1limit would be that
the excess plasma in the organ is explainable in terms of the flow in any
single capillary; the capillaries in a bed have a common hematocrit - that of
the organ. In the first theory, plasma skimming plays a dominant role. In
the second, its effect on organ hematocrit is small.

Goresky (ref. 5) in a recent two-compartment model of the microcirculation
of the 1liver uses an extravascular space readily accessible to plasma, but not
to cells. He assumes that the extravascular plasma is at rest. We shall see
as a consequence of the present analysis that for low hematocrit ratios that
occur in the liver, the pericapillary plasma may be almost at rest - but not
guite.

In this paper, we shall examine the Heimberger-Sapirstein model of the
capillary. If we are to believe the anatomical evidence, the fluid annulus
about the endothelium exists, at least near the skin. Since the endothelium
is permeable to water, plasma has access to the annulus. The question is, to
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what extent? To the extent that there is an important axial flow of plasma in
the annulus that is driven by the same axial pressure gradient as the flow of
cells and plasma within the endothelium? And since we will carry the
Sapirstein viewpoint to its limit, what of the heterogeneity of the capillary
bed? Can the capillaries have a common hematocrit and still have different
diameters, cell spacings, and cell velocities?

We approach this problem from the hydrodynamic point of view. The hydro-
dynamic analysis will lead to & prediction of the radii of both the endothelium
and the outer "true hematolymph barrier" of Sapirstein as a function of hemat-
ocrits. It will yield velocity profiles across the capillary and will give a
useful linear relationship between cell speed and pressure gradient.

It will be shown that even without the annulus, one can account for organ
hematocrits that are as low as 50 percent of the large blood vessel hematocrits
on the basis of flow in a single capillary. No "mechanisms" are needed, no
short path for cells nor long path for plasma; but without the plasma annulus,
one cannot readily account for those hematocrit ratios below 0.5 (actually as
low as 0.35) that have been observed experimentally. The analysis shows, how-
ever, that with the annulus of plasma, hematocrit ratios as low as 0.27 can be
explained.

Although the annulus of plasma was proposed by Sapirstein to explain the
surplus of plasma found in some organs, it (surprisingly) also allows a deficit
of plasma under some conditions. The simple explanation will be revealed by
the dynamics. Moreover, a caplllary having a hematocrit higher than that of
the large blood vessel (plasma deficit) will be shown to have a special char-
acteristic which quite possibly is observable experimentally. In general, the
analysis will show what experimental observables should be measured in a given
organ to give a conclusive answer about the existence of a flow of plasma in
the lymph space.

ANALYSIS

The model of the capillary is shown on the left in sketch (a). The radius
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of erythrocytes is designated by Ti; the (as yet) unknown radius of the
endothelium is To; and the (as yet) unknown radius of the true barrier between

pericapillary plasma and the true lymphatic is Tas.

The mathematical details of the hydrodynamic analysis of the blood flow
through this capillary model are presented in the appendix, along with an
evaluation of the model. Briefly, the principles of momentum and mass con-
servation as set forth in any standard work on hydrodynamics (ref. 6) are
employed. Solutions of the momentum eguation yield expressions for the veloc-
ity profiles across the capillary (shown schematically on the right in
sketch (a)). These profiles are used in mass conservation expressions written
in terms of the large vessel hematocrit, hy, the organ hematocrit, h., and the
fraction of the cell train that is actually cells, k. The result is a fourth
degree expression relating these quantities to rso (the endothelium radius
normalized with respect to cell radius, r1). Thus our results and conclusions
will be obtained by studying the roots of this relatively simple algebraic

expression,
[<£i>2 - re® - (re® - 1) <§§ - > J in —éé?§> = <§%—— r2%>2 (1)

DISCUSSION OF RESULTS

Capillary Radii, Hematocrits, and Associated Quantities

Numerical solutions of equation (1) show that for a given k/hc there are
typically three kinds of roots numbered 1, 2, and 3 in sketch (b). The first
of these has no pericapillary plasma
(ro = r3). The other two roots, 2 and
3, do have pericapillary plasma (ro is
less than rs3). They form a pair of
roots having a common value of k/hm.
We will refer to root 2 as lying on the

" 2 upper branch of the root having peri-
r2773 (N0 PERICAPILLARY PLasuA) i capillary plasma (solid line) and root 3
/iw%wmgMT as lying on the lower branch of the root
3, having pericapillary plasma (dashed line
- in sketch (b)). In figure 1, we show a

-

— - family of such roots having pericapil-
lary plasma (each root characterized by
a given k/hy). The overlay of light
Sketch (b) lines of constant he/hy will be dis-
cussed subsequently. Now let us examine roots without and with pericapillary

plasma separately.

Roots With No Plasma Outside the Endothelium

Unlike the roots having plasma outside the endothelium, this root (the
upper curve in fig. 1) is not characterized by a single value of k/hm.
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Instead, there is a different value k/hm for every point along the root. By
use of equations (A10), (A12), (A7), (A8), and (A5) the relationship between
k/he and k/h, for this root is readily found to be

k

k
h_c+l 2hm (2)

If the large vessel hematocrit is 0.4, the maximum value that k/hc can
have is L4, and figure 1 shows that the maximum radius of the endothelium is
twice the cell radius. At this maximum k/hc, it is clear that the capillary
hematocrit must not exceed 0.25. This limit is not subject to the approxima-
tions made about bolus flow because it corresponds to k = 1 (full cylindrical
train) for which the analysis should be strictly correct. At values of k/hc
less than the maximum, k will be less than unity, and h, will be greater
than 0.25 (with hy still 0.4) as shown in figure 2.

We may note in figure 2 that the meximum value of ho/hy is unity. By

use of equation (2) rewritten as
C 1 he
—_— = =] + =
ol (3)

and the fact that k/h > 1, it is easy to see that, generally, a vascular bed
hematocrit larger than the large blood vessel hematocrit cannot be reconciled
by use of a capillary that does not have an active flow of excess plasma out-
side the endothelium. However, we shall see subsequently that a portion of
each root having extra plasma outside the endothelium does allow the capillary
hematocrit to exceed that of the large vessels.

=

Roots With Plasma Outside the Endothelium

For a given k/hm, there are two branches of these roots. The upper
branch corresponds to large endothelium radii relative to those of the lower
branch as can be seen in figure 1. Roots are shown for values of k/hm
between 2.5 and 1.25. These values cover a range of practical interest. TFor
example, if the large vessel hematocrit is 0.4, k/hm = 2.5 means that k = 1,
which corresponds to a full train of cells moving along the capillary axis;
and k/hm = 1.25 means that k = 1/2, which corresponds to every other cell in
the train being missing and its space filled with plasma.

For a given k/hy, figure 1 shows a maximum allowable value of k/h, for
these roots. The maxima are presented graphically in figure 3. These maxima
relate importantly to the question of existence of the annulus of plasma about
the endothelium as follows. The maximum allowable value of k/h at a given
value of k/hy means that there is a minimum value of hc/hm:

< 1">m1n (k/l;/hm ()

max

which is shown graphically by the lower curve in figure 4. For comparison, the
ratio hc/h for a capillary that has no annulus of plasma outside the endo-
thelium is a single-valued function of hm/k as can be seen by rewriting



equation (2) to yield

he 1
h_m=2 —hm/k (5)

which is shown by the upper curve in figure L. Here we have an interesting
result. Without the annulus of plasma outside the endothelium, the lowest
possible value of he/hy is 0.5. If hy = 0.4 (a typical value for humans),
the minimum possible ratio is raised to 0.625. Sapirstein lists values of that
ratio as low as O.44 and 0.46 for the liver and kidney of the rat, and refer-
ence 4 lists 0.35 for the kidney of the dog. The figure shows that such low
ratios (actually as low as 0.27) can be reconciled on the basis of a single
capillary only if the annulus of plasma exists outside the endothelium. It is
important to note that this result has not been significantly influenced by the
approximations of the model analyzed. That is, the minimum he/hy for a given
hy occurs when k =1 (which is easily deduced from fig. 4, and is seen in
fig. 2). This corresponds to a full train of cells, which is our model at its

best.

We turn attention now to the problem of vascular hematocrits larger than
those of large blood vessels (deficit of plasma in organ). It is easy to see
in figure 1 that any root for which hc/hm”Z 1 must lie below the line
hc/hm = 1 at the bottom of the figure. For k/hm < 2.5, the root corresponds
to a capillary whose endothelium radius is, at the most, 5 percent larger than
the cell radius. The radius of the true hematolymph barrier is, at the most,
60 percent larger than the cell radius. A mechanism for the deficit of plasma
in the organ relative to the large blood vessels i1s at once apparent from the
dynamics. That is, the pressure gradient will drive plasma along the wide
annulus between endothelium and true barrier at a higher velocity than it can
drive cells along inside the endothelium because the close clearance between
the cell and the endothelium offers so much fluid resistance. Thus the rela-
tive excess of plasma in the large blood vessel can be supplied by plasma that
moves more rapidly through the space outside the endothelium than the cells
move along inside the endothelium, which will subsequently be shown gquantita-
tively (e.g., in the profile k/ho = 2 in fig. 7(a)). That is the means for
reconciling such hematocrits by use of a single capillary having a double wall.

Heterogeneity of the Capillary Bed

A comparison of the two capillary models on the basis of a capillary bed
leads to an interesting result. If there is no annulus of plasma, rs = rs

and equations (Al2) and (3) yield
1 1
=3 <é +3E;§> (6)

Thus, for a given hc/hm there is one value of 1, and, from equation (5),
there is one value of k/hm. If hyp d4s fixed, there is one value of k. This
means that if we are to reconcile a capillary bed hematocrit h. <o a large
blood vessel hematocrit hy on the basis of flow in a single capillary, all
the capillaries in the bed must have the same diameter and the same cell
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spacing, provided there is no annulus of plasma about the endothelium. But
experiments show that the sizes and cell spacings differ among neighboring
capillaries (ref. 7).

However, a capillary bed with an annulus of plasma about the endothelium
has no such restriction, as illustrated by the family of light lines in fig-
ure 1. Each line is the locus of points which have a fixed he/hy; if we view
hy as fixed, then h, is constant all along the line. The abscissa shows,
however, that k/h. varies along a light line and thus k varies, and, of
course, both rp and rs vary; that is, we can reconcile a capillary bed hemat-
ocrit he to a large blood vessel hematocrit hy on the basis of the flow in
a single capillary, and the capillaries in the bed can be different sizes and
carry different flows with different cell spacings. All such capillaries have
the same hematocrit h,. The annulus of plasma about the endothelium is all
that is needed to make this possible.

To this point, we have not needed to consider pressure gradients or cell
speed quantitatively. Indeed, the results are independent of specific values
of these quantities.

Cell Speed and Pressure Gradient

We may compare our theoretical results with existing experimental results
to assess how reasonable the pericapillary plasma model is. TIdeally, we
should have simultaneous experimental measurements of cell speed and spacing,
pressure drop from one end of the capillary to the other, large blood vessel
hematocrit, and the hematocrit of the vascular bed? so that we can compare
item by item. However, simultaneous measurements are available only for the
two hematocrits. Although capillary pressure drops or pressure gradients are
mentioned in the literature (refs. 10-20), they are not associated with any
k/hc. Thus we simply represent the values obtained from the references as
tick marks along the ordinate of figure 5.2 The cell velocity associated with
the pressure drops in dogs was cited (refs. 12 and 13) as 0.5 and 0.4 mm/sec
(the former being derived from observations on capillaries in regions showing
a brisk blood flow), but was not mentioned elsewhere. However, Bard noted
that the average rate of flow in the systemic capillaries of the human body at
rest is far below the 0.5 mm/sec (ref. 12). Best and Taylor (ref. 11) pre-
sented a graph for pressure drop in human skin capillaries (p. 163) and listed
a cell speed of 0.5 mm/sec for resting dogs (p. 176).

25uch measurements are not unreasonable. For example, cell speed and
spacing should be readily measurable from motion pictures (such as those
obtained by Nicoll and Webb (ref. 8)) of cells moving through capillaries in
a bat's wing or in a webbed foot. Pressure drop could possibly be measured at
the same time by a technique such as Landis (ref. 9) used on the skin of the
hand, and finally, large blood vessel and vascular bed hematocrits could be
obtained from the specimen.

SWhere pressure drops are cited in the literature, we have calculated
pressure gradients by associating the pressure drops with capillaries O.k mm
long (100 cell radii long approximately).



The theoretical pressure gradients corresponding to the various roots of
ro are plotted as heavy, solid or broken lines in figure 5 for a cell speed
of 0.4 mm/sec. (A similar plot for another cell speed could be obtained sim-
ply by shifting the ordinate scale, because the pressure gradient is simply
proportional to cell speed (eq. (A5).) It is seen that the lowest pressure
gradient for a given k/hc is associlated with the root which has no peri-
capillary plasma. For each root having pericapillary plasma, the upper branch
(defined by sketch (b) and fig. 1) has a lower pressure gradient than the
lower branch. Loci of constant hc/hm have been overlaid (light lines) in
figure 5. .

A comparison of the pressure gradients cited in the literature with that
corresponding to the root for no pericapillary plasma leads to the following
argument. (1) For a cell speed of 0.4 mm/sec and a pressure gradient not less
than Lx10* dynes/cm® (the lowest cited), the ratio k/h. for the capillary
without the annulus of plasma about the endothelium is between 1.5 and 1
according to the figure. (2) The corresponding range of hc/hm from equa-
tion (3) is 0.833 to 1. (3) If the organ hematocrit is to be less than
83 percent of the large blood vessel hematocrit, we must have an annulus of
plasma about the endothelium in order to reconcile the hematocrits on the
basis of flow in a single capillary. (4) If cell speed is indeed much less
than O.4 mm/sec (ref. 12), organ hematocrits must be essentially the same as
large blood vessel hematocrits unless there is a plasma annulus outside the
endothelium.

On the other hand, if we allow the annulus of flowing plasma, the minimum
pressure gradient cited in the literature (bx10* dynes/cms) can be achieved by
a range of cell spacings and hematocrits. More importantly, the annulus
allows many ratios of hc/hm which are much lower than the 0.833 mentioned
above. For example, if k/hyp is 1.875, we see that k/hC is 3.5 for that
pressure gradient, for which the ratio he/hy 1s 0.536, a very agreeable
number in the light of Sapirstein's data. This ratio is still not the mini-
mum allowed at that pressure gradient. (We estimate that the minimum for this
case is about 0.5.)

Thus the comparison of the theoretical result with existing pressure data
favors the existence of the annulus of plasma outside the endothelium.

The comparison between the single-walled capillary and double-walled i
capillary can be restated more generally. That is, given one of the quanti-
tiles rp, k/hc, and k/hm, the sleeveless capillary has no choice of the other
two, but the capillary having an extra sleeve of plasma can have any number of
combinations of the other two. If, in addition, either wu. or dﬁ/df is
specified, the sleeveless capillary has no choice of the other one, but the
capillary having the extra sleeve of plasma can have a range of values of the
other. Thus, capillaries having an annulus of plasma outside the endothelium
can accommodate blood flows over a much wider range of conditions than can
sleeveless capillaries. This argues in favor of the existence of plasma in

the pericapillary lymph space.




Blood Velocity Profiles

The velocity profiles across the capillary, normalized with respect to
cell velocity, are shown in figures 6, 7, and 8 corresponding to the three
roots, r,, of equation (1) shown in figure 1. Velocity profiles for the root
having no pericapillary plasma (r2 = rs) are shown in figure 6.

The velocity profiles corresponding to the lower branch of the roots in
figure 1 having pericapillary plasma are shown in figure T(a) for k/hm = 2.5
and in figure T7(b) for k/hm = 1.25. A typical overall profile is shown by
the heavy line in figure 7(a).

The profile for k/hc = 2 1in that figure is of special interest in that
it corresponds to a capillary hematocrit greater than that for the large blood
vessel (by a factor 1.25). The maximum plasma velocity for that case occurs
in the annulus outside the endothelium and is almost twice the cell velocity.
For hc/hm = 1.5, the corresponding maximum plasma speed would be about 3.5
times that of the cell speed. In such a capillary, the difference between the
transit times of labeled plasma and labeled cells would gquite likely be
observable experimentally.

The velocity profiles with pericapillary plasma, corresponding to the
upper branch of the roots in figure 1, are shown in figure 8(a) for k/hm = 2.5
and in figure 8(b) for k/hy = 1.25. For k/hy = 2.5, the maximum k/he is
6.92 (fig. 1), so the profile for k/h. = 6.92 in figure 8(a) actually per-
tains to the lower root as well and could have appeared in figure 7(a). Sim-
ilarly, for k/hy = 1.25, the profile for k/he = 2.16 in figure 8(b) is
applicable to figure T(b) as well. The interesting feature of the upper
branch roots is that the pericapillary plasma moves very slowly. There is a
marked contrast in pericapillary plasma velocities between the upper and lower
roots for a given k/hm and k/hc. In particular, for k/hm = 2.5 and k/hC = 5,
the upper root (fig. 8(a)) shows a maximum velocity in the pericapillary
plasma of only 1 percent of the cell speed, while that of the lower root (not
actually shown in fig. T(a)) is 120 percent of the cell speed. This suggests
that after labeled plasma enters the capillary, the length of time required for
the concentration of labeled plasma leaving the capillary to become constant
will be governed by the pericapillary plasma speed. The time may be of the
order of 100 times cell transit time and thus may be observable experimentally.

CONCLUSTIONS

The results of this approximate analysis of the dynamics of the capillary
and plasma-filled pericapillary lymph annulus suggest a number of gqualitative
properties and lead to a number of gquantitative conclusions about capillaries,
which may be stated briefly as follows.

For a given pressure gradient, the cell velocity of a train of cells
moving along the axis of a capillary is less than the maximum parabolic veloc-
ity (Poiseuille flow) that plasma alone passing through the capillary would



have. Thus for a train of cells passing through the capillary such that the
cells are not butted against one another end to end but are instead separated
by a cylinder of plasma, there is a defect in cell speed, or more Iimportantly,
a defect in mass flux, relative to that of Poiseuille flow of plasma. This
defect is likely to be the cause of bolus flow, a doughnut-shaped vortex in
the plasma between cells.

The analysis predicts a linear relationship between the pressure gradient
and volume rate of flow of whole blood in the capillary. This theoretical
result is in agreement with results of previous experiments on the flow of
whole blood in glass tubes of capillary diameter.

We have explored the point of view that the organ hematocrit can be
reconciled with the large blood vessel hematocrit on the basis of flow in any
single capillary; that is, the organ hematocrit is essentially the same as the
capillary hematocrit. Although ratios of organ hematocrit to large blood ves-
sel hematocrit of less than 1 have been explained by plasma traveling a long
path and cells traveling a short path through an organ, we have shown that
ratios between 0.5 and 1 (but not greater than 1) can be accounted for even if
plasma and cells travel the same distance through a common capillary without
an annulus of flowing plasma outside the endothelium. But only those capil-
lary pressure gradients for ratios of hematocrits above 0.83 agree with those
cited in the literature. Moreover, without the plasma annulus one cannot
readily account for those ratios of hematocrits below 0.5 (actually as low as
0.35) that have been observed experimentally. However, the analysis shows
that with the annulus of plasma, ratios as low as 0.27 can be explained. The
pressure gradients for ratios of hematocrits above 0.5 fall within the range
cited in the literature.

Although the annulus of plasma was proposed by Sapirstein to explain the
surplus of plasma found in all organs except the spleen, it (surprisingly)
could also explain a deficit of plasma under some conditions. That is, the
annulus also allows high ratios of hematocrits. The explanation lies in the
dynamics. The analysis shows for this condition that the endothelium radius
is only slightly larger than that of the red cells. Thus the pressure gradi-
ent can drive plasma against the low resistance of the annulus (and on to the
large vessels) at a greater rate than it can drive cells along inside the
endothelium because of the snug fit. Because of the velocity difference,
labeled plasma should be observed to pass through the capillary more rapidly
than the labeled cells.

In general, it was shown that the existence of a flow of plasma in an
annulus about the endothelium is advantageous in broadening the range of flow
conditions that can be accommodated by a single capillary.

With reference to specific organs, the analysis shows that the ratio (as

cited in the literature) of organ hematocrit to large blood vessel hematocrit
for the heart, lungs, brain, gut, and carcass can be explained on a single
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capillary basis with or without the pericapillary plasma. But the ratio for
liver and kidney can be explained on a single capillary basis only with the

pericapillary plasma.

Ames Research Center
National Aeronautics and Space Administration

Moffett Field, Calif., April 26, 1966

11



ol

ol

APPENDIX A
HYDRODYNAMIC ANALYSIS
SYMBOLS

dynamic hematocrit of capillary or organ

bulk hematocrit (in general), or (if average cell speed equals average
blood speed in large vessel) dynamic hematocrit of large blood vessel

fraction of cells present in a train of cells
pressure

mass rate of flow in annulus between radii Fj and ?k
dimensionless radius; 7/T1

radius

radius of cell as it moves through endothelium (0.4 u)
radius of endothelium

radius of true hematolymph barrier

velocity parallel to capillary axis

velocity of cells

distance from capillary entrance measured along capillary axis
viscosity coefficient of plasma (1.9 cp. at 23.5° C)

mass density

CAPILLARY MODEL

The model of the capillary that we studied was shown in sketch (a).

Specifically, our model is that of a continuous train of cells moving

along the axis of a coaxial capillary. When cells in the train are missing,
we simply assume that their space is filled with plasma which moves along with
the train without changing the velocity. Some of the advantages and disad-
vantages of this model are discussed subsequently.

12




MOMENTUM EQUATION

The ordinary differential equation expressing the conservation of momentum
for a small fluid element of plasma flowing steadily parallel to the capillary
axis X 1is

2

— du K du dp
e =0 (A1)
Y& T
Consideration of a balance of forces on a cylindrical train of cells
moving at uniform velocity 71U, leads to the relation
ﬁﬁzcﬂ 5
2 dx s =7 (A2)

Use of this expression and the no-slip boundary condition at each wall in the
integration of equation (Al) leads to the velocity profile in each region.
Thus the velocity profile for the plasma between the cells and the endothelium
(ri < T <7Tp) is

a=_§ﬁ D (7,2 _ 72) (A3)

BitS|

while that between the endothelium and the true barrier (ro < T < Tz) is

R R R e ) ()

in(T>/Ta)

it

Note that U =T, at r = Tr; and equation (A3) yields a useful linear
relationship between cell speed and pressure gradient

1 dp ,— —
uc=—ﬁ%(22 - T17) (A5)
MASS FLOW

In an annulus between any two radii, ?j and Ty, the rate of mass flow
along the capillary is

N
Qjx = enﬁf_ UF a7 : (46)

3
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Thus the mass-flow rate in the cell region (0 < r < r;) is

Qoy = 7PUT17 (A7)

The mass-flow rate of the plasma between cells and endothelium obtained by use
of equations (A3) and (A6) is

%% (r2® - E12)2 (a8)t

o)A
2ol

Qiz2 = -

while that between endothelium and true barrier obtained by equations (AlL) and

(46)

G5

(2% - 72°) {é?sz - (3% - T2%) [l + Egzgi7§;3J }' (A9)

The hematocrit of the large blood vessels feeding or fed by capillaries
like this one is

Qoz = -

Qo)A
t”Dl

kQ'Ol
QOl + Ql2 + Qos

hy = (A10)

where k 1is the fraction of the cell train cylinder that is actually cells.
That is, if k = 1, the cells in the train are butted against one another; if
k = 2/3, the cell train is two-thirds cells and one-third plasma.

Substituting equations (A7), (A8), and (A9) into (A10) leads to

CRRR NCON e

when we have noted that the capillary hematocrit is

&l

2
- —132— (A12)
3 rs

1l

i

iTr equatlon (A5) is substltuted into equatlon (A?) and the result added
to equation (A8), an expression is obtained for the mass (or volume) rate of
flow of whole blood within the endothelium as a linear function of pressure
gradient. This linearity was one of the conclusions drawn from experiments
(ref. 21) on whole blood flowing in glass tubes of capillary diameter. A
linear relation between flow and pressure gradient also prevails for the
capillary having an annulus of plasma about the endothelium as can be seen by
adding equation (A9) to the above.
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where the normalized radii rs and rs are
ro
r = =
2 Ty
Ta (A13)
YYo= ="
3 T

Equation (All) is the basic relationship employed in the text (eq. (1)). If
we regard k/hc and k/h as known, we at once know 1rs from equation (All)
and rz from equation ?AlE) (independent of any knowledge of pressure gradi-
ent and cell speed). Thus, if rs dis smaller than rs, pericapillary plasma
1s necessary in order to satisfy mass and momentum conservation.

EVALUATION OF FLOW MODEL

If the cells in sketch (a) are butted against one another forming a
continuous cylindrical train moving along the axis with velocity TU., the
velocity profile across the capillary would be as shown qualitatively by the
solid curves on the right of the sketch. Thus the velocity of the plasma in
the annulus between the cell train and the endothelium varies from U, adja-
cent to the cell tc zero at the endothelium, and the plasma velocity in the
annulus between the endothelium and the true hematolymph barrier varies
parabolically and logarithmically between zero on each membrane.

On the other hand, if there were only plasma and no cells in the capil-
lary, the velocity profile within the endothelium plasma would be the
Poiseuille parabola shown gqualitatively by the dashed line on the right of the
sketch, which for a given pressure gradient coincides with the profile between
the endothelium and the cell wall (full train).2

The actual cell pattern will typically be between the two extremes above;
that is, the cells in the train do not form a continuous cylinder - some of
the cells in the cylinder are missing and plasma occupies the space between
cells. The velocity profile across a cell in the capillary may still be rep-
resented by the solid curve on the right of the sketch, and the velocity pro-
file across the plasma where cells are missing would tend toward (but not
attain) the parabola shown in the sketch. Since the mass flux along the axis
is larger for the parabola than it is for the flattened cell profile, a local
adjustment in the flow must be made. The adjustment may be accomplished by
the doughnut-shaped vortex observed (ref. 22) between boluses flowing through

This result that the presence of a core of cells does not disturb the
streamlines of the surrounding fluid is a consequence of the force balance

(eq. (A2)).
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impermeable tubes. TIndeed, this mass flux defect is likely the cause of the
vortex. The double-walled capillary may permit adjustment by local radial
leakage of plasma through the endothelium.>

Prothero and Burton (ref. 21) observed experimentally that at large
Reynolds numbers the viscous resistance of bolus flow in impermeable tubes was
as much as ten times that of Poiseuille flow: However, at small Reynolds num-
bers (still 500 times that which obtains in the capillary), the bolus flow
resistance was only 30 percent greater than that of Poiseuille flow. We sup-
pose that the similarity between the bolus flow of cells and the full train is
as good as, and possibly better than, that between bolus flow and Poiseuille
flow. For these reasons, and because of the enormous simplification they
afford, we neglect any details of the adjustment and, insofar as momentum
considerations are concerned, assume that the cells are arranged in a
continuous cylindrical train.

However, in our mass conservation considerations (as they relate to
hematocrit) we account, in an approximate way, for the fact that cells in the
train need not be butted together; some fraction (1 - k) of the cells of a
full train may be missing. In this regard, we need not be too concerned that
the velocity profiles across the capillary between cells, obtained from solu-
tions of the momentum equation for a full train, are not strictly correct in
detail for the fragmented train. The reason is that we still require the
axial mass flux (the integrated velocity profile) to be the same for a cross
section of the capillary between cells as it is for one through the cell.

Finally, the results have some features which redeem the model; that is,
some of our conclusions about the existence of the extra flow of plasma out-
side the endothelium are deduced from what the capillary can accomplish under
the most favorable condition, the favorable condition being a full train of
cells.

SIt is possible that this is part of the means by which the plasma
annulus is filled outside the endothelium. Thus, as the mixture of cells and
plasma entering a capillary adjusts to a single file of cells along the axis,
a simultaneous adjustment in the axial mass defect between plasma and cells is
accomplished by plasma leaking through the endothelium into the lymph annulus.
During that adjustment, cells would move closer together axially, making a
more complete train of cells along the axis.

16



10.

11.

12.

13.

1h.

15.

REFERENCES

Heilmberger, H.: Kontraktile Function and Anatomischer Basa der Mensch-
lichen Kapillaren. Z. F. Zellforschung, 4:713, 1926.

Bosley, P. G. H. J.: The Concept of a Capillary Unit and the Probable
Relaticnship of a Nerve Fiber, and Related Tissues, to the Capillary in
the Human Nailfold. Third European Conf. Microcirculation, Jerusalem
196L4. Bibl. Anat. 7:31k4, Karger, Basel 1965.

Sapirstein, L.: Macromolecular Exchanges in Capillaries. The Microcir-
culation, Univ. Illinois Press, 1958, p. L47.

Pappenheimer, J. R.; and Kinter, W. B.: Hematocrit Ratio of Blood Within
Mammalian Kidney and Its Significance for Renal Hemodynamics. Am. J.
Physiol., 185:377, 1956.

Goresky, C. A.: A Linear Method for Determining Liver Sinusoidal and
Extravascular Volumes. Am. J. Physiol., 204 :637, 1963.

Lamb, H.: Hydrodynamics. Dover Publications, New York, 1945.

Bloch, E. H.: A Quantitative Study of the Hemodynamics in the Living
Microvascular System. Am. J. Anat., 110:125, 1962.

Nicoll, P. A.; and Webb, R. L.: Blood Circulation in the Subcutaneous
Tissue of the Living Bat's Wing. Ann. N. Y. Acad. Sci., 46:697, 1946.

Landis, E. M.: Capillary Pressure and Capillary Permeability. Physiol.
Rev., 14:404, 193k4.

McDonald, D. A.: Blood Flow in Arteries. London, Edward Arnold (pub-
lishers) Ltd., 1960, p. 35.

Best, C. H.; and Taylor, N. B.: Physiological Basis of Medical Practice.
Williams and Wilkins, Baltimore, Md., 1955, pp. 163, 320.

Bard, P., editor: Medical Physiology. C. V. Mosby Company, St. Louis,
1961, pp. 43, 5h.

Winton, F. R.; and Bayliss, L. E.: Human Physioclogy. Philadelphia, The
Blakiston Co., 1948, p. 45.

Wiggers, C. J.: Physiology in Health and Disease. Philadelphia, Lea
and Febiger, 194k, p. 660.

Altman, P. L.: Handbock of Circulation. WADC Tech. Rep. 59-593, Oct.
1959. '

17



16.

17.

18.

19.

20.

21.

22.

18

Eichna, L. W.; and Bordley, J., III: Capillary Blood Pressure in Man.
Direct Measurements in the Digits of Normal and Hypertensive Subject
During Vasoconstriction and Vasodilation Variously Induced. J. Clin.
Invest., 21:711, 1942.

landis, E. M.: Micro-injection Studies of Capillary Blood Pressure in
Human Skin. Heart, London, 15:209, 1930.

TLandis, E. M.: Micro-injection Studies of Capillary Permeability.
ITI. The Effect of Lack of Oxygen on the Permeability of the Capillary
Wall to Fluid and to the Plasma Proteins. Am. J. Physiol., 83:528,
1928.

Landis, E. M.: The Capillary Blood Pressure in Mammalian Mesentery as
Determined by the Micro-injection Method. Am. J. Physiol., 93:353,

1930.

TLandis, E. M.: Capillary Pressure and Hyperemia in Muscle and Skin of
the Frog. Am. J. Physiol., 98:70L4, 1931.

Prothero, J. W.; and Burton, A. C.: The Physics of Blood Flow in Capil-
laries II. The Capillary Resistance to Flow. Biophys. J., 2:199,
1962.

Prothero, J.; and Burton, A. C.: The Physics of Blood Flow in Capil-
laries. I. The Nature of the Motion. Biophys. J., 1:565, 1961.



6T

3.0

2.5

ro =r3 (NO PERICAPILLARY PLASMA)

k/h=2.5
/ 1.875 A
-— ene ey -~ !
~
\

/ )
h~/hm=0.50
4 e m 625
4"”// = 4 — .75
(D2 === e
— | | L L
) 4 8 10
k/hc(=r32)

Figure 1.- Roots of equation (1).
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Figure 2.- Relationships for capillary without plasma sleeve outside
the endothelium (large blood vessel hematocrit = 0.4).
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Figure 3.- Maxima in k/h. for capillary with pericapillary plasma.
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hematocrit that can be reconciled by a single capillary.
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Figure 6.- Velocity profiles - no pericapillary plasma.
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Figure T7.- Velocity profiles - lower branch of roots with pericapillary
plasma.
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Figure T7.- Concluded.
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Figure 8.~ Velocity profiles - upper branch of roots with pericapillary
plasma.
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(b) k/hp = 1.25

Figure 8.- Concluded.
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