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USE OF REACTION WHEELS AND NONLINEAR CONTROL FOR 

A SATELLITE SCANNING A SMALL CELESTIAL AREA 

By Frederick G. Edwards 
Ames Research Center 

Several  schemes have been s tudied f o r  control l ing the  raster scanning 
maneuver of a sa te l l i t e  system scanning a s m a l l  c e l e s t i a l  area. The cont ro l  
torque i s  supplied by an i n e r t i a  wheel i n  combination with a torque motor. ,, 

The e n t i r e  satel l i te  maneuvers i n  two phases, a scanning phase and a turn- ',, 
around phase a t  the  end of each scan l i n e .  The study o f  the  scanning phase 
considers a s ingle  cont ro l  loop with various modifications t o  the  cont ro l le r  
component of the loop. Control lers  of the  l inear ,  nonlinear, and dual-mode 
types are considered. The scanning system w a s  analyzed on the  b a s i s  of 
response t o  large disturbances,  t racking accuracy, and performance degradation 
due t o  t h e  buildup of i n e r t i a  wheel momentum. A t heo re t i ca l  invest igat ion,  
consis t ing of a l i nea r  analysis ,  a nonlinear analysis  based on a phase plane 
approach, and an analog computer study, indicates  t h a t  the  system with e i t h e r  
the  l i n e a r  or dual-mode cont ro l le r  can perform the  high prec is ion  scan 
required.  The nonlinear con t ro l l e r s  w e r e  unacceptable because of t h e i r  unde­
s i r ab le  " j i t t e r "  c h a r a c t e r i s t i c s .  

Vehicle turnaround performance w a s  found t o  be very sens i t ive  t o  the  
geometry of the  command input s igna l .  Various shape s igna ls  w e r e  analyzed. A 
complex adaptive type of command s igna l  which ad jus t s  t o  changes i n  cont ro l  
torque l eve l  w a s  found t o  be necessary f o r  e f fec t ing  t h e  smooth, e f f i c i e n t  
turnaround de s i r ed . 

The e f fec t  of i n e r t i a  wheel sa tura t ion  w a s  found t o  be  pronounced during 
scan and turnaround. When operating with high wheel speeds, the  system can be 
subject  t o  large overshoots and chat ter ing.  Various procedures are presented 
t o  compensate f o r  t h i s  loss i n  performance. I n  a l l  cases, the  torque motor 
must be operated over a r e s t r i c t e d  speed range. 

INTRODUCTION 

For a vehicle,  such as the  Advanced Orbiting Solar  Observatory, t he  
demands on t h e  cont ro l  system t o  achieve high pointing accuracies are qui te  
s t r ingent .  The raster scanning mode presents  some of t he  more demanding 
requirements of the  a t t i t u d e  cont ro l  system. The c r i t e r i a  f o r  the  performance 
of t he  raster scanning mode are discussed i n  d e t a i l  i n  reference 1. The sys­
t e m  i s  required t o  scan an area, centered on the  so l a r  d i sk  or on a prescribed 
point  i n  the v i c i n i t y  of the  sun, within a specif ied accuracy. An a r t i s t ' s  
conception of t h e  spacecraf t ' s  raster scanning operation i s  shown i n  figure 1. 
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Sketch (a) shows more d e t a i l s  of t h e  vehicle 
motions. The ent i re  vehicle i s  maneuvered about 
t he  yaw axis  and small pi tch ing  motions are 
introduced as t h e  scan reverses at  t h e  end of 
each l i n e .  This ana lys i s  wi l l  be concerned only 
with t h e  dominant motions about the  yaw axis and 
w i l l  therefore  be r e s t r i c t e d  t o  a s ingle-axis  
c o n t r o l  system. An i n e r t i a  wheel i n  c o ~ i n a t i o n  
with a torque-motor w i l l  be  considered as a con­
t r o l  torque source. The use of i n e r t i a  wheels 
f o r  cont ro l l ing  the  a t t i t u d e  of s a t e l l i t e  vehi­
c l e s  i s  discussed i n  reference 2. 

The problem w i l l  be t o  devise a system t o  
cont ro l  the raster scan maneuver and s a t i s f y  the 
c r i t e r i a  of high point ing accuracy, smooth and 
e f f i c i e n t  turnaround, and adequate response t o  
i n t e r n a l  torque disturbances.  The maneuver has 
t w o  phases of operation: (1)scanning a l i n e  
and (2) turning around. They are  examined 
separately.  

The ana lys i s  of the  turnaround i s  b r i e f .  
After a method of a t t ack  i s  discussed, a few 
possible  schemes a re  examined and t h e i r  perform­
ance compared. The s tudies  of scan c o n t r o l  a re  
de ta i led .  Several con t ro l l e r s  are analyzed t o  
determine which con t ro l  w i l l  s a t i s f y  t h e  perform­
ance requirements of t he  advanced O S O .  The t w o  
phases a re  then combined i n  an analog computer 
study of t he  complete r a s t e r  scan maneuver. The 

r e l a t i v e  performance of the  various systems based on spec i f ied  problem c r i t e ­
r ia  a re  presented. 

Disturbance torques on the vehicle a re  of t w o  types:  ex terna l  and 
in t e rna l .  The ex te rna l  disturbances, which a re  due t o  solar pressures,  g rav i ty  
gradient ,  magnetic f i e l d ,  and atmospheric drag, have long period var ia t ions  
and are r e l a t i v e l y  s m a l l .  The peak values of each have been estimated t o  be 
l e s s  than 7X103 dyne-cm. These torques w i l l  be neglected.  An i n t e r n a l  torque 
disturbance r e su l t i ng  f rom motions of machinery within t h e  spacecraft  i s  r e l ­
a t ive ly  large and i s  considered i n  t h i s  study. 

SYMBOLS 

1, moment of i n e r t i a  of  s a t e l l i t e  vehicle,  gm-cm2 

Jm moment of i n e r t i a  of i n e r t i a  wheel, gm-cm2 

K 2  loop gain, V/arc m i n  
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torque motor back emf' gain, radians/sec/V 


gain of d i f f e r e n t i a t i n g  network, V/arc min/sec 


torque motor gain, dyne-cm/V 


motor amplifier gain, V/V 


maximum value of  f i r s t - o r d e r  rate t e r m  i n  dual-mode switching equation 


transform variable ,  s ec - l  


sa tura t ion  


algebraic  s ign of quant i ty  


control  torque, dyne -cm 


i n t e rna l  disturbance torque, dyne-cm 


minimum torque l e v e l  of system, dyne -cm 


s t a l l  torque, dyne-cm 


time, sec 


t o t a l  s e t t l i n g  t i m e  f o r  a given i n i t i a l  condition, sec 


voltage input t o  motor,  V 


angular ve loc i ty  of i n e r t i a  wheel, radians/sec 


T +e , a r c  min/sec2

Iz Tm 


incremental change 


time increment, s e c  


e r r o r  s igna l ,  V 


normalized damping r a t i o  


time constant of torque motor and i n e r t i a  wheel, sec 


t i m e  constant of d i f f e r e n t i a t o r  network, sec 


t i m e  constant of sun sensor, sec 


time constant of tachometer, sec 


angular pos i t i on  of sa te l l i te  vehicle,  a rc  min 
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j, angular rate of satel l i te  vehicle,  a r c  min/sec 

Wn system na tu ra l  frequency, radians/sec 

Subscripts 

0 i n i t i a l  value of  var iable  

1,2,3~.- * intermediate values of variab le  

C commanded value 

e e r r o r  

max maximum allowable value of quant i ty  

min minimum allowable value of quant i ty  

ss steady s t a t e  

t t o t a l  

ANALYSIS 

I n  t h i s  sec t ion  severa l  possible  cont ro l  schemes will be presented f o r  
performing the  r a s t e r  scan maneuver. Motions w i l l  be considered about a 
s ingle  ax is  of freedom. The turnaround phase and the  l i n e  scanning phase of 
the maneuver will be analyzed separately.  Five possible  schemes f o r  gener­
a t ing  the  turnaround command s igna l  will be explored, s t a r t i n g  with a simpli­
f i e d  closed-loop system and progressing t o  more complex adaptive and open-loop 
type systems. The l i n e  scanning phase o f  the  study w i l l  consider a s ingle  
cont ro l  loop with various modifications t o  t he  con t ro l l e r  component of the  
loop. Five d i f f e ren t  con t ro l l e r s  a re  analyzed, one l i n e a r  switch curve type, 
th ree  nonlinear switch curve types, and one dual-mode type. The turnaround 
phase of t h i s  study w i l l  be considered f i r s t .  

Vehie  l e  Turnaround 

General considerations.  - The problem i s  how t o  t u r n  t h e  whole vehicle  most 
expeditiously from one scan l i n e  t o  t h e  next. To  accomplish t h i s ,  t h e  maximum 
avai lab le  cont ro l  torque is  applied a t  t h e  end of a l i n e  of scan i n  t h e  d i rec­
t i o n  t o  oppose t h e  vehic le  motion. The torque i s  appl ied u n t i l  t h e  vehicle  i s  
t rave l ing  i n  t h e  opposite d i rec t ion  a t  t h e  correct  ve loc i ty .  A smooth rever­
s a l  i n  vehicle  scan d i r ec t ion  i s  desired.  The turnaround maneuver and i t s  
r e l a t e d  s e t t l i n g ,  or damping sequence, takes  place outs ide a usable scan 
region. When t h e  vehic le  again enters  t h e  scan area, t h e  pos i t ion  and ve loc i ty  
e r ro r  should be s m a l l  s o  t h a t  t h e  t r a n s i t i o n  i n t o  t h e  l i n e  scanning phase i s  
smooth. I n  t h i s  maneuver as l i t t l e  time as possible  should be expended. 

4 
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Sketch (a) ind ica t e s  t h a t  a sawtooth shaped command s igna l  would be 
e f f ec t ive  i n  producing the  des i red  motions; of t he  spacecraft ,  bu t  it w i l l  be 
shown t h a t  a simple sawtooth command s igna l  i s  not e f f i c i e n t  f o r  cont ro l l ing  
the  vehicle through the  turnaround phase. A s  indicated i n  sketch (b) half t he  

1Vehicle 

3 Simple sow-
$ tooth command 
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0 

g* Time 4-0) 

.-0 Usable scan 
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Sketch ( b )  

Vehicle 
trojectory 

tooth command 

Time 

I w 
L' 

Sketch ( e )  

avai lable  t i m e  f o r  t he  turnaround 
maneuver i s  not used s ince the  cont ro l  . 
system senses no e r r o r  s igna l  u n t i l  
the  scan command has reached the  
extreme of t h e  s a w  tooth.  The command 
s igna l  may be modified so t h a t  a 
greater  port ion of t he  turnaround time 
i s  used. Three approaches were 
studied . 

Posi t ion-l imited command. - Sketch 
( c )  shows the  shape of t he  pos i t ion  
command input s igna l .  The f l a t t e n e d  
apex of t h i s  s igna l  w i l l  cause a satur­
a t ion  l eve l  s igna l  t o  t he  cont ro l  
torque motor and thus r e s u l t  i n  m a x i m u m  
avai lable  torque t o  t u rn  the  vehicle .  
The duration of t he  sa tura t ion  may be 
selected t o  correspond t o  the turn­
around time f o r  t he  s t a l l  or mean 
torque l eve l .  Consequently, t he  per ­
formance of t h i s  system may be expected 
t o  be degraded at  o ther  than t h i s  mean 
leve l .  

One other problem may be a n t i c i ­
pated with t h i s  type command input .  
Jus t  p r i o r  t o  completion of t he  tu rn ­
around maneuver when the  pos i t ion  e r r o r  
i s  r e l a t i v e l y  s m a l l ,  t he  cont ro l  system 
would attempt t o  a l i n e  the  vehicle-

t r a j e c t o r y  t o  the  e f f ec t ive  zero r a t e  command input,  causing an undesirable 
r eve r sa l  of the  torque s igna l .  When the  command i s  again a ramp, the  system 
would immediately switch t o  t h e  cor rec t  sign, but t h i s  "undesirable switch" 
would introduce an undesirable error in to  the  system. The ex ten t  t o  which 
these problems degrade the  performance will be discussed i n  d e t a i l  i n  a l a t e r  
sect ion.  

Compensated posi t ion-l imited command. - The pos i t ion- l imi ted  command may 
be modified t o  improve performance f o r  operating a t  other  than the  s t a l l  torque 
l eve l .  The extent  of the command s igna l  f l a t t e n i n g  may be made var iable  and a 
funct ion of t he  cont ro l  torque l e v e l  of the system. This i s  accomplished by 
measuring the  i n e r t i a  wheel speed, r e l a t i n g  t h i s  t o  t h e  ava i lab le  cont ro l  
torque, and then determining the  duration of the f l a t t e n i n g  required f o r  t he  
turnaround maneuver. I n  essence, t h e  command geometry i s  matched to  t h e  
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expected vehicle  t r a j e c t o r y  as indicated i n  sketch (a ) .  I n  t h i s  sense, t he  
command c i r c u i t  may be thought of as an adaptive system. The obvious advan-

Vehicle tro jectory 

3 
e, Compensated saw-= tooth command 
C 
0 

x 
6 

Time ­-e .-0 
c 	 Usable scon 
e region> f 


-\-/- .)Settling region 

Sketch (a) 
,LOODclosed at 

Open loop 

1 

S ow-toot h 

Time ----c 

Sketch ( e )  

tage of  t h i s  system i s  t h a t  it elim­
i n a t e s  overshoots and undershoots 
t h a t  would appear i n  t h e  simple 
pos i t ion- l imi ted  system, but  it a l s o  
permits b ias ing  the  l i m i t e r  so as t o  
e l iminate  t h e  undesirable switching 
mentioned i n  the  previous sect ion.  

Open-loop command. - An externa l  
con t ro l  s igna l  a l s o  might be used 
f o r  t he  turnaround. The log ic  f o r  
opening and closing the loop could 
be qui te  simple. The feedback loop 
would be opened by the  pos i t ion  com­
mand s igna l  outs ide the  use fu l  scan 
zone. An ex te rna l  constant- level  
s igna l  would energize the torque 
motor t o  produce the  maximum ava i l ­
able  torque during the  turnaround. 
A t  the  completion o f  the  maneuver 
the  loop would be closed. The time 
o f  loop closing may be control led by 
the  vehicle  pos i t ion  command (pos i ­
t i o n  sens i t i ve  closing)  o r  by the  
vehicle  r a t e  e r r o r  ( r a t e  s ens i t i ve  
c l o s i n g ) .  The shape of  the  command 
s igna ls  f o r  these t w o  approaches i s  
shown i n  sketch ( e ) .  There i s  a d i s ­
cont inui ty  i n  the pos i t ion  command 
s igna l  for the  open-loop portions 
when the  ex te rna l  s igna l  commands 
the  vehicle .  For pos i t ion  sens i t ive  
closing (upper f igu re )  the  loop i s  
closed a t  the  apex of the  s a w  tooth 
which i s  known even during the  open-
loop por t ion .  I n  the  case of  r a t e  
s ens i t i ve  closing ( l o w e r  f i gu re )  t he  
loop i s  c losed when the  vehicle rate 
equals t he  commanded r a t e .  The per­
formance with each type of  cont ro l  
w i l l  be demonstrated i n  the  later 
sec t ion  on analog computer 
simulation. 

Line Scanning 

General considerations-.- The scan problem can be s t a t e d  as f o l l o w s .  
S t a r t i ng  with an i n i t i a l  pointing e r r o r  r e su l t i ng  f rom the turnaround, get  the  
vehicle i n t o  t h e  propek. pos i t ion  with the  cor rec t  steady ve loc i ty  as soon as 

6 



I 
poss ib le .  Perform the  steady scan within a prescr ibed amount of  j i t t e r  and 

I fP.,\\within a spec i f ied  pos i t ion  e r r o r .  Di f fe ren t  type con t ro l l e r s  w i l l  be consid- 9$&)
ered i n  analyzing the  system for conducting t h i s  scan. 

A block diagram f o r  t he  single-axis cont ro l  scheme i s  shown i n  figure 2. 
The vehicle  scan pos i t ion  i s  measured by the  sun sensor and compared with the  
commanded pos i t ion .  The difference i s  used as  the e r r o r  s igna l  f o r  vehicle 
cont ro l .  The error  s igna l  i s  processed by the con t ro l l e r  t o  produce t h e  con­
t r o l  s igna l  f o r  t r a n s i t i o n  f r o m  the  i n i t i a l  t o  t he  commanded state.  The con­
t r o l l e r  i s  capable of providing l i n e a r  o r  nonlinear re la t ionships  between the 
input and output s igna l .  The torque motor i s  assumed t o  have a l i n e a r  torque-
speed re la t ionship .  The transfer funct ion f o r  t he  motor- iner t ia  wheel combi­
nation, derived i n  appendix A, i s  of the  form 

where the  f o r m  of the  input voltage Vin w i l l  be spec i f ied  i n  accordance w i t h  
the  type of con t ro l l e r  used i n  the  control-system loop. The s tored  momentum 
o f  the i n e r t i a  wheel i s  proport ional  t o  the i n i t i a l  wheel speed, which i s  
designated Wwo i n  equation (1). 

The s a t e l l i t e  body i n  t h i s  s ingle-axis  study i s  represented by the  
funct ion ~ / I , s ~i n  f igu re  2.  

To simplify the  following analysis  t he  dynamics of t he  sun sensor a re  
neglected.  This assumption i s  va l id  s ince the  bas ic  design c r i t e r i a  f o r  such 
a sensor would requi re  t h a t  t he  response be fas t  compared t o  the  a t t i t u d e  con­
t r o l  system. The design c r i t e r i a  f o r  the  sun sensor a re  discussed i n  
reference 3. 

-~a n e a r  con t ro l l e r . - The l i nea r  switch curve con t ro l l e r  shown i n  sketch 
( f )  uses the  t r a n s f e r  funct ion f o r  the  con t ro l l e r  network 

For a t h e o r e t i c a l  analysis  it w i l l  be 
Sketch ( f )  convenient t o  consider an approxima­

t i o n  f o r  t h i s  con t ro l l e r  funct ion.  
The r e su l t i ng  t r a n s f e r  funct ion f o r  t he  cont ro l  system w i l l  then be l imi ted  t o  
second order t o  a l l o w  a phase plane representat ion of t he  motion. The va l id­
i t y  of t he  approximation requi res  some discussion. 

Expanding the  denominator of equation (2)  i n  a s e r i e s  g ives :  

- TrS f . . ( 3 )  

- = 1 + K p T $ . $ 2 + . . .  (4)E 


+e 
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The t i m e  constant -rr associated with t h e  lag i s  designed t o  be s m a l l  i n  com­
parison t o  Kr ( T r  < O . l K , ) .  Thus it becomes evident t h a t  t he  coe f f i c i en t s  of  
t he  second and higher order t e r m  are negl ig ib le  i n  comparison with t h e  first.  
A reasonable approximation for t he  con t ro l l e r  network thus would be:. 

-6 = 1 + KrS 
+e 

The switching func t ion  i n  the  time domain w i l l  be 

E = 'ke + Kr'!e 

The output E i s  f e d  t o  a l imi t e r  which obeys the following equations: 

f o r  IK6cl <_ V,, then Vin = Kcc ( 7 )  

Small s igna l  error funct ions:  If the  above s impl i f ica t ion  of the  cont ro l ­
l e r  network i s  made, the  closed-loop t r a n s f e r  funct ion f o r  the  cont ro l  system 
may be obtained with a second-order c h a r a c t e r i s t i c  equation. The r e l a t ionsh ip  
of the vehicle pos i t i on  error  and t h e  commands, torque disturbance, and i n i t i a l  
wheel speed may be obtained i n  the  fo rm 

where the  system frequency i s  

K l
wn2 = -

Tm 

the  loop gain 

Also, from t h i s  expression the  damping coe f f i c i en t  i s  seen t o  be 

The s teady-state  error  r e su l t i ng  from a s t ep  input ,  a ramp command, a torque 
impulse, and an i n i t i a l  wheel speed may be determined by applying the  f i n a l -
value theorem t o  t he  e r r o r  equation. This has been done and the r e s u l t s  a re  
s t a t e d  here.  
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1 

Step pos i t ion  command 

Ramp command 

Torque pulse disturbance 

I n e r t i a  wheel speed 

These s teady-state  r e s u l t s  w i l l  
paper t o  specify the  gains f o r  

%S 1 

*es  s A t-
Td IzTmwn2 

(16) 

be used i n  the  analog computer sec t ion  of t h i s  
a p r a c t i c a l  scan system. 

The r e l a t e d  t i m e  equation of the  system Cor operation within the  propor­
t i o n a l  zone i s  determined by taking the  inverse L?place transform o f  equa­
t i o n  ( 9 ) .  If the  i n i t i a l  conditions o f  $eo and +eo are  specif ied,  the  
pos i t ion  e r r o r  equation may be determined as a funct ion of  wn and 5 .  

where 

and 

The corresponding r a t e  equation i s  found by d i f f e ren t i a t ing  Q e ( t )  with respect  
t o  t i m e .  This r e s u l t s  i n  

IGe(t)= Aomne -5wnt[cos(wn J D t+ Po) -5s i n ( w n  mt + Po)]m 
( 2 0 )  

Equations (17)and (20) w i l l  prove use fu l  f o r  evaluating response t i m e s  f o r  t he  
system with the  l i n e a r  con t ro l l e r  during operation within the  proport ional  
region. 

Large s igna l  e r r o r  funct ion:  For large e r r o r s  i n  the  vehicle pos i t i on  and 
rate, t h e  system will be operating outs ide  the  range o f  proport ional  cont ro l .  

9 



I n  t h i s  region a d i f f e r e n t  set of t r a j e c t o r y  equations will define the vehicle 
motions. The bounds of t h e  region a re  defined by equation (7) .  I n  terms of  
t he  state variables f o r  t h i s  l i n e a r  switch curve system, t h e  boundary equation 
w i l l  be : 

We will now proceed t o  determine the shape of t he  vehicle  t r a j e c t o r i e s  
outside t h i s  region of proport ional  cont ro l .  The dynamical equation of the  
vehicle motion i s  of t he  general  form 

$(t)= To 
I Z  

where the  torque T ( t )  may be expressed i n  terms of t h e  input voltage, Vin and 
and the  wheel speed Ww, by performing the  inverse Laplace transform of equa­
t i o n  (A2). This gives the  expression 

If  the  ex terna l  torque disturbances are zero, the  conservation of angular 
momentum requires  t h a t  

[Ww(t> - w w O l ~ m =[jl(t)- G0~1z (24) 

The so lu t ion  of  t h i s  equation f o r  t he  wheel speed W,(t)  i s  subs t i tu ted  in to  
equation (23 )  t o  ob ta in  the  expression 

or simply 

I n  equation (26) R ( V i n  - Wwo/Km) i s  replaced by i t s  equivalent expression 
To, where To i s  the  magnitude of  the i n i t i a l  torque a t  time equal t o  zero. 
(This equivalence may be v e r i f i e d  f o r  a s t ep  voltage input from equation (1) 
by use of the  i n i t i a l  value theorem.) 

Equation (26) may now be wr i t ten  i n  terms of t he  e r r o r ,  where $e i s  
defined as $e 3 $c - $. If the command input,  qC, i s  l imi ted  t o  a combination 
of a s t ep  and ran-p, the  following expression i s  determined f o r  t he  system d i f ­
f e r e n t i a l  equation. 

m 

We WeExpressing P e ( t )  as -- - and rearranging terms, we put equation (27)
We d t  
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i n  a form convenient t o  in tegra te  

Integrat ing,  we obtain t h e  r e l a t ionsh ip  of pos i t ion  and r a t e  e r r o r ,  

Equation (29) represents  t he  general  t r a j e c t o r i e s  of t he  motion i n  the  phase 
plane (qe vs $ e ) .  The constant of in tegra t ion  i s  determinedby specify­
ing the  i n i t i a l  pos i t ion  and r a t e  e r ro r s ,  qeo and qeo; equation (29) then 
becomes 

Time response: A t y p i c a l  phase-plane t r a j e c t o r y  representing the  vehicle 
motion will be both within the  proport ional  region and i n  the sa tura ted  region. 
For large i n i t i a l  e r r o r s  the  t r a j e c t o r y  w i l l  be composed of severa l  d i s t i n c t  
segments. The computation of t he  response time will be ca r r i ed  out on a piece-
wise b a s i s .  A s  an example, the phase-plane t r a j e c t o r y  i n  sketch (g)  i s  divided 

0 	 int:, four  segments, t w o  i n  the  sa tu ra t ed  region
and t w o  i n  the  proport ional  region. The boundaries 
of the  proport ional  cont ro l  region of sketch (g )  
are  phase-plane p l o t s  of  equation (21) for pos i t i ve  
and negative values of  VmF. The four  segments 

JIB 	 are  representat ive o f  t he  d i f f e ren t  types of seg­
ments which would be general ly  encountered. The 
time increment for each segment i s  determined sepa­
r a t e l y .  The t o t a l  s e t t l i n g  time w i l l  be obtained 
by summing the time increments required t o  t raverse  
the  individual  t r a j e c t o r y  segments. 

n 
t s  = C A t ,  (32)0 


Sketch (g)  
The t r ans i en t  t i m e ,  for a pa r t i cu la r  set of  i n i t i a l  conditions f o r  which 

the  t r a j e c t o r y  remains within the  proport ional  zone, i s  determined by using 
only the  exponential  envelope of t he  curve expressed i n  equation (17). A 
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t y p i c a l  t r a j e c t o r y  of t h i s  type i s  shown i n  sketch ( h ) .  The time f o r  the  
c envelope of t h e  e r ror  funct ion t o  decay t o  a value smaller than t h e  allowable 

t racking error  w i l l  be designated the  
t r ans i en t  t i m e .  From equation (l7), t h i s  
i s  obtained i n  the  form: 

when i s  the  allowable s teady-state  
t racking e r r o r  (ramp input)  and A.
defines  the  i n i t i a l  conditions of  error  
and e r r o r  r a t e  (eq. (18)).  

The s i t u a t i o n  i n  which the  t r a j e c -
I t o r y  passes through the  proport ional  zone

Sketch (h)  and in to  the  sa tura ted  region must be 
handled d i f f e ren t ly .  This i s  the  type 

o f  t r a l e c t o r y  shown between points  1 and 2 i n  sketch (g)  . If the  error r a t e  
changes apprkciably during the  t r ans i t i on ,  an accurate '  expression may be 
obtained by evaluat ing the  expression 

A t l - 2  = p 2 (34) 

+e1 

If the  e r r o r  r a t e  does not change appreciably, then a good approximation of  
t i m e  may be obtained by assuming a constant rate e r r o r .  During the  time i n t e r ­
val, t h i s  r e s u l t s  i n  a much simpler expression of t he  fo rm 

where Aqe i s  the  change i n  the  value of +e which w i l l  be the width of 
the  proport ional  zone. This width i s  determined by evaluating the  change i n  
$e across the  boundaries f o r  constant rate e r r o r  from equation (21) 

thus the  t i m e  increment w i l l  be 



If the in i t i a l  e r r o r  i s  l a rge  i n  comFarison t o  the width of the  propor­
t i o n a l  zone, then the  t r a j e c t o r y  would pass through t h i s  zone rapidly.  The 
t i m e  increment involved may represent  a small addi t ion  t o  the  t o t a l  t r ans i en t  
time involved. A reasonable approximation could then be obta ned by neglect ing 
the  s m a l l  s i gna l  segments as indicated i n  sketch (i). This type of approach 

i s  described f u l l y  i n  reference 4 and i s  known as 
the  switching t i m e  method. 

The expressions f o r  the  t r ans i en t  t i m e s  i n  
the  proport ional  regions have been found and are 

+e 	 represented by equations (32) and (38). The t i m e  
required t o  reverse a t r a j e c t o r y  segment i n  the  
sa tura ted  region w i l l  now be developed f r o m  equa­
t i o n  (28) .  The t i m e  increment i s  defined as i n  
equation (33) 

At,-, = f% 2 (39) 

J'e0 
Sketch (i) where the  subscr ipts  r e f e r  t o  the  t r a j e c t o r y  seg­

ment f r o m  0 t o  1 i n  sketch ( g ) .  Subs t i tu t ing  equation (28) in to  (39), i n t e ­
gra t ing  and subs t i t u t ing  t h e  appropriate  l i m i t s ,  we obtain the  incremental time 

The error r a t e  $el a t  which the  t r a j e c t o r y  en te r s  the proportional zone i s  
determined f r o m  the  simultaneous solut ion of  t he  boundary equation (21) and 
the  t r a j e c t o r y  equation (30) .  This r e su l t i ng  equation may be expanded i n  a 
Maclaurin s e r i e s  t o  give the  approximate r e s u l t :  

where a. i s  defined i n  equation (31) .  

The corresponding pos i t ion  e r r o r  qel i s :  

The torque magnitude a t  the  t i m e ,  t = t l  i s :  



i 	 The t r a j e c t o r y  segment f r o m  2 t o  3 i n  sketch (g)  may be handled i n  the  same 
manner, the  difference being t h a t  t h e  cont ro l  torque f o r  t h i s  port ion i s  nega­
tive; whereas f o r  t h e  i n i t i a l  segment, it was pos i t i ve .  The increment of t i m e  
f o r  t h i s  por t ion  may be expressed as: 

where 

with 

AS noted previously, $e2 M 

The error r a t e  Si,, i s  determined as w a s  equation (41) by the simulta­
neous solut ion of t he  t r a j e c t o r y  and the boundary. This r e s u l t  will be 

Nonlinear con t ro l l e r .  - It i s  noted t h a t  i n  the  previous sect ion the  
t r a j e c t o r i e s  f o r  t he  system incorporating the  l i n e a r  cont ro l le r  with l i n e a r  
switching l i nes  w i l l  overshoot t he  or ig in  for a l l  b u t  small i n i t i a l  e r r o r  con­
d i t i ons  ( see  sketch ( g ) ) .  This cha rac t e r i s t i c  will r e s u l t  i n  long t r ans i en t  
times f o r  the system. The overshooting may be eliminated if  the switching 
funct ion i s  modified s o  t h a t  the torque r eve r sa l  occurs a t  the times corre­
sponding t o  the m i n i m  t i m e  response f o r  a l l  i n i t i a l  e r r o r  conditions.  Sys­
tems of t h i s  type axe discussed i n  references 5, 6, and 7. For minimum t i m e  
response, the  system will operate at the  m a x i m  ava i lab le  cont ro l  torque a t  

e a l l  times. The operation of the system may be 
+e explained with the a i d  of  a phase-plane p lo t  such 

t T  as  presented i n  sketch ( j ) .  The t r a j ec to ry  appeap 
ing i n  the  sketch i s  a t y p i c a l  one which r e l a t e s/ t h e  motions of t h e  vehicle ,  i t s  posi t ion,  and 

0' 	 rate e r r o r  f o r  a constant voltage input. The 
t w o  branches which pass through the  o r ig in  a re  the  
terminal t r a j e c t o r i e s  f o r  every aybi t rary s e t  of 

Trajectory 	 i n i t i a l  conditions.  These t r a j e c t o r i e s  are  used 
as  the  switching curves ( r e f .  5 ) .  The switching 
network performs as f o l l o w s :  For an i n i t i a l  s e t  
of e r r o r  conditions the  cont ro l le r  network de ter -

Switch line mines the  proper s ign f o r  t he  torque motor input 
voltage. The torque motor w i l l  accelerate  the  

Sketch ( j )  vehicle along an appropriate t r a j ec to ry  u n t i l  it 
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i n t e r s e c t s  the  switching curve. A t  t h e  switch l i n e  the  torque s i g n a l  i s  
reversed, the  vehicle  w i l l  follow t h i s  t r a j ec to ry  in to  the o r i g i n  and set t le  
the  e r r o r  with only one s ign  r eve r sa l .  

The equation f o r  these switching curves i s  determined from equation (29) 
f o r  t he  general  t r a j e c t o r y  of t he  motion i n  the  sa tura ted  region of  t h e  phase 
plane.  

Since the  switching l i n e s  are represented by the  t w o  t r a j e c t o r i e s  which 
pass through the  or ig in ,  then the  constant C i n  equat$on (29) i s  evaluated 
by subs t i t u t ing  the  terminal  condition of qe = 0 and \Ire = 0 t o  ob ta in  

c = -Tm 
2a, 2n TmUo (46) 

The switching l i n e s  a re  then 

From this equation the  cont ro l  funct ion i s  

The con t ro l l e r  network i s  required t o  solve equation (48).  The d i r ec t ion  of 
the  cont ro l  torque wil lchange when E changes sign. This means t h a t  t he  sys­
tem operates a t  e i t h e r  f u l l  pos i t ive  or f u l l  negative cont ro l  torque even f o r  
small e r r o r  magnitudes. The con t ro l l e r s  which produce t h i s  type of output w i l l  
w i l l  be r e fe r r ed  t o  under the  general  name of nonlinear con t ro l l e r s .  This 
bang-bang output i s  a l so  t y p i c a l  of r e l ay  systems discussed i n  references 6 
and 7. It i s  indicated i n  these references t h a t  s m a l l  t i m e  l ags  and hystere­
s i s  i n  the system will cause the  motion t o  terminate i n  a l i m i t  cycle operat­
ing near t h e  or ig in .  

A computer mechanization of equation (48) i s  complex i n  t h i s  f o r m  due t o  
t he  presence of the  logarithmic t e r m .  The expression i s  s impl i f ied  by expand­
ing the log term i n  a Maclaurin series f o r  log (1+ x )  

If the torque motor time constant i s  large,  then a good approximation f o r  t he  
switching funct ion may be obtained i n  the  f o r m  



Solutions t o  equation (50) f o r  E = 0 give the approximations of the  two 
terminal t r a j e c t o r i e s  shown i n  sketch (k)  . The t e r m  $el $el i s  the  s ign 
square of square of the yaw rate e r r o r  and, i n  effect ,  i s  

used t o  eliminate t h a t  half of t he  t r a j e c t o r i e s
lib (switch l i n e s )  which lead  away from the or ig in .  

These parts have no rea.1 meaning f o r  t h i s  con­
t r o l l e d  system. The neglected parts are the 
dashed l i n e s  leading away from the  o r ig in  andf 

f 

J 

Sketch (k)  

*e 

where Ts i s  the  

located i n  the  f irst  and t h i r d  quadrants of 
sketch (k) . The con t ro l l e r  network i s  shown i n  
sketch ( 2 ) .  

T i m e  response: For t h e  system with t h i s  non­
l inea r  cont ro l le r  there w i l l  be only two t r a j e c ­
tory  segments as indicated i n  sketch (j). The 
t o t a l  s e t t l i n g  t i m e  w i l l  be t h e  sum of these two 
t i m e  increments. Since t h e  torque motor t i m e  con­
s t an t  i s  assumed t o  be l a rge ,  equation (@) f o r  
t i m e  response i n  t h e  sa tura ted  region w i l l  reduce 
t o  

At,-, = 
+eo - +el (51.)
T,/IZ 

-
I S +e

* r r S + I  2 T  

Bistable 
Ab.V. element 

Sketch ( 2 )  

s t a l l  torque. The t i m e  increment f o r  the  segment from 1 t o  
2 may be found t o  be 

The t o t a l  s e t t l i n g  t i m e  expressed i n  t e r m s  of i n i t i a l  conditions o f  4feo and 
$eo resul ts  i n  t h e  equation: 

Torque decay problems. - I n  the  previous sect ion the  switching function, 
equation (5O), represents  minimum t i m e  switching only f o r  s i t ua t ions  i n  which 
the  motor t i m e  constant i s  equal t o  i n f i n i t y  and the  cont ro l  torque magnitude 
i s  e s sen t i a l ly  constant and equal t o  the  s t a l l  torque a t  a l l  t i m e s  during the  
error correct ing maneuver. For t he  operation of a practLcal system the moto r  
t i m e  constant i s  much less than i n f i n i t y  and the  i n i t i a l  torque level may vary 
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i over a wide range, depending on the momentum which has been s tored  i n  the  
i n e r t i a  wheel. The e f f e c t s  of t h i s  var ia t ion  i n  cont ro l  torque l e v e l  w i l l  be 
discussed next. 

It was  s t a t ed  previously t h a t  t he  i n i t i a l  torque l e v e l  may be expressed 
as 

or i n  more fundamental terms 

To = Ts - Jm-
Tm wwO (54) 

where Ts i s  the s ta l l  torque ( r a t i n g  of the motor at Ww = 0) and JmWwo i s  
the  i n i t i a l  momentum of the  wheel. This r e l a t i o n  expresses the f a c t  t h a t  t he  
avai lable  cont ro l  torque decays as a function of wheel speed a t  a r a t e  
- (Jm/Tm).  A t y p i c a l  torque-speed curve f o r  such a motor could be represented 

Toraue 

\ 
Sketch ( m )  

Sketch (n )  

by sketch ( m )  . A s  an example of t he  type of 
problems which would be encountered with such 
a motor, consider i t s  operation i n  a system 
incorporating the nonlinear cont ro l le r  pre­
sented i n  the previous sect ion.  If an e r r o r  
correction maneuver i s  performed with a nega­
t i v e  momentum stored by the i n e r t i a  wheel 
the  system would be performing i n  the  region 
indicated by the arrows i n  sketch ( m ) .  A 
higher torque l eve l  i s  applied during the 
accelerat ion (+T) than during the decelera­
t i o n  (-T)  periods.  This change i n  torque 
l eve l  w i l l  r e s u l t  i n  reshaped t r a j e c t o r i e s  i n  
the phase plane. For the  system operating 
i n  the range of  wheel speeds indicated above, 
the phase-plane p lo t  would appear as i n  
sketch ( n ) .  The s teep i n i t i a l  t r a j ec to ry  
f r o m  0 t o  1 corresponds t o  the  high l e v e l  
torque from 0 t o  1 i n  sketch ( m ) .  The sha l ­
l o w  segment indicates  a lower torque l e v e l  
f r o m  2 t o  3. This t r a j ec to ry  w i l l  overshoot 
the or ig in .  If the  t r a j ec to ry  segments are  
t raced  f o r  the condition o f  pos i t ive  wheel 
speed, the terminal t r a j ec to ry  w i l l  tend t o  
undershoot the or igin,  which i s  equally 
objectionable and w i l l  r e s u l t  i n  a condition 
known as chat ter ing.  The t r a j e c t o r y  w i l l  
a l t e rna te ly  be driven back and f o r t h  across 
the switching l i n e  while proceeding toward 
the  or ig in .  Motions of t h i s  type a re  
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i l l u s t r a t e d  i n  sketch (0). Clearly,  these types o f  operation may no longer be 
considered as minimum time switching. Two approaches f o r  remedying these prob ­
lems w i l l  be considered next .  

?e 
I 

\ 
X 

\ 
I \ 

Sketch (0) 

Switching curve approach.- On the bas i s  of 
the  above discussion, the  pos i t ion  may be taken 
t h a t  the nonoptimum switching occurs because the 
switching l i n e  i s  in sens i t i ve  t o  the  system 
torque capabi l i ty .  If the switching funct ion 
could take i n t o  account the va r i a t ion  i n  
torque magnitude, then the system would switch 
a t  the  time corresponding t o  m i n i m u m  s e t t l i n g  
time. Proceeding with t h i s  idea,  equation (50) 
f o r  the  switching func t ion  i s  put i n  the more 
convenient form: 

T 

I n  t h i s  equation the torque magnitude IT1[ becomes one of the system vari­
ab les .  This torque magnitude may be determined by measuring the  instantaneous 
wheel speed and r e l a t i n g  t h i s  t o  a knowledge of the  torque speed cha rac t e r i s ­
t i c s  o f  the  pa r t i cu la r  motor. The cont ro l le r  using t h i s  type of compensation 
i s  shown i n  sketch ( p ) .  

I Sign A b 

I only valve 


Sketch ( p )  

A s  the  sketch shows, the  ava i lab le  tarque i s  determined by a tachometer 
which measures the wheel speed. The magnitude o f  t h i s  to rque . i s  obtained and 
mul t ip l ied  by '$e. This product i s  added t o  t he  product of $e and i t s  mag­
nitude t o  give the cont ro l  funct ion.  The torque ITl] appearing here i s  not 
the instantaneous torque l e v e l  of the  system, but  i s  the l e v e l  t h a t  would be 
present  if  the funct ion switched a t  any i n s t a n t .  I n  t h i s  sense , th i s  funct ion 
a c t s  as an an t i c ipa to r  and cont inual ly  adapts the switching curve t o  cc r r e ­
spond t o  the  torque level. t h a t  w i l l  be present when the cont ro l  f u n c t i m  
switches s ign.  This nonlinear con t ro l l e r  w i l l  be r e fe r r ed  t s  as the var iab le  
switch curve or V.S .C . con t ro l l e r .  

Time constant approach: One other  approach w i l l  be presented which 
compensates f o r  the decay i n  torque output of the  m o t o r .  For t h i s  method the  
tachometer i s  used i n  an inner  loop around the  torque moto r .  The tachometer 
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output i s  ca l ibra ted  and used t o  cont ro l  the  l e v e l  of the torque motor input 
voltage i n  such a manner t h a t  t he  output torque w i l l  be a constant throughout 
the operating speed range. The motor would have e f f ec t ive ly  a time constant 
o f  i n f i n i t y .  Sketch (4 )  shows a block diagram o f  the mechanization and torque-
speed curves f o r  the  motor. Essent ia l ly ,  the tachometer i s  used t o  compensate 

f o r  the back emf of t he  motor  by adding t o  the 
"in 

.) Motor 	 input voltage an amount equal t o  the back emf. 
It should be r ea l i zed  t h a t  since the  voltage t o  

I 
Tach wW 

Kh * 
value, then the t o t a l  input voltage,  V i n  + Vemf, 
w i l l  be less than the  maximum value f o r  wheel 

K,Kh* Tt s+I speeds less  than Wwr;lax. This means t h a t  the 
moto r  does not produce "maximum avaiLable torque" 
a t  any t i m e  except at the  extremes o f  the operat-

the motor  must not exceed a spec i f ied  maximum 

Torque ing range. Sketch (9)shows the  two curves f o r  

\ 
 t he  maximum avai lable  torque and the ac tua l  output 
\ 
 Maximum torque f o r  the moto r .  The approach would not be 

availableActual \ considered an e f f i c i e n t  way o f  using the motor 
torque \ even though the  scan system incorporating the 
output \ approach po s s e s ses f avorab l e  character is t i c  s as 

w i l l  be demonstrated i n  a l a t e r  sect ion.  The 
\' switch funct ion o f  equatiDn (50)would be appl i -

W w  cable with t h i s  scheme which w i l l  be designated 
="nonlinear cont ro l le r  ( T ~  m ) "  i n  the  remainder 

range of t h e  paper. 
- (Ww)max +(WW),ax 

Sketch (9) Dual-mode cont ro l le r .  - The system incorporat ­
ing the  cont ro l le rs  ccnsidered thus far  has had 

Vin ob j ectionab l e  cha rac t e r i s t i c s  t h a t  cause e i t h e r  
overshooting, l i m i t  cycling, chat ter ing,  or a 
combination o f  these e f f e c t s .  A cont ro l le r  w i l l  
now be considered which combines some of the b e t ­
t e r  features of each of the others  while e l i m i ­
nating the  objectionable ones. 

To t he  bas ic  nonlinear cont ro l le r ,  a region 
of proportional cont ro l  i s  added which w i l l  be  
e f f ec t ive  i n  the v i c i n i t y  of the switching l i n e s .  
The normal bang-bang element i s  replaced by a 
narrow proportional band amplifier with l imi t ing  
cha rac t e r i s t i c s  as indicated i n  sketch ( r ). ThisSketch ( r )  

l inea r  region w i l l  produce a smooth torque reversal ,  el iminating chat ter ing 
around the  switch l i n e  while permitt ing a region of damped l i n e a r  operation t o  
be added i n  the v i c i n i t y  of the  or ig in .  This r e su l t i ng  cont ro l le r  i s  known as 
dual mode and i s  discussed i n  reference 8 .  The switching funct ion i s  repre­
sented by 

. . .  . 



I 	 The f i r s t  order e r ror  rate t e r m  i n  t h i s  switching func t ion  will damp s m a l l  
amplitude o s c i l l a t i o n s .  The magnitude of this  term i s  l imi ted  t o  have negl i -

I g ib le  e f f e c t  i n  comparison with t h e  second-order rate t e r m  for l a rge  amplitude 
rate errors.  The torque magnitude, Tminy i n  equation (56) i s  a constant and 
i s  equal t o  t h e  m i n i m  operating torque l e v e l  f o r  t he  system. The use of t h i s  
value w i l l  give a shallow switching curve which w i l l  correspond t o  the  shallow­
e s t  terminal  t r a j e c t o r y  f o r  t he  system. Under t h i s  condition once a vehicle 
tra;iectory entered the  proport ional  region it could not e x i t  and overshoot t he  
or ig in .  The con t ro l l e r  would appear as i n  sketch ( s ). The operation of this 

rrS + IF 

system w i l l  be explained with the 
w i l l  have three  d i s t i n c t  types of 

Sketch ( t)  

-

Sketch ( s )  
a i d  of  sketch ( t ). The switching funct ion 
operation. I n  r e g i o n a t h e  e r r o r  s igna l  E 
w i l l  be la rge  and w i l l  s a tu ra t e  the narrow 
band amplif ier .  The output V i n  w i l l  drive 
the torque motor at m a x i m  ava i lab le  torque. 
This cont ro l  voltage w i l l  be: 

V i n  = Vmax s ign K& 

I n  t h i s  region the  t r a j e c t o r y  motion w i l l  be 
the same as t h a t  f o r  a system with the  bas ic  
nonlinear con t ro l l e r .  When the  t r a j e c t o r y  
en te r s  r e g i o n a  the  magnitude of the  e r r o r  
s igna l  w i l l  be within the  proport ional  band 
of t he  amplif ier .  There w i l l  be a smooth 
var ia t ion  i n  the  e r r o r  s igna l  and a r e su l t i ng  

smooth t r a n s i t i o n  i n  the  s ign of the cont ro l  torque. The f i r s t - o r d e r  r a t e  
term of the switching funct ion w i l l  be sa tura ted  and the  cont ro l  voltage w i l l  
be the  form: 

The operation i n  region 0 i s  quas i - l inear .  The second-order r a t e  term of the  
switching funct ion w i l l  have negl ig ib le  e f f e c t  and the  cont ro l  voltage may be 
approximated by equation (58) . 

Vin = K, (+e + Kr4e) (58) 
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The system operating i n  this region w i l l  damp any o s c i l l a t i o n  and thus elimi­
nate  the  l i m i t  cycle which i s  cha rac t e r i s t i c  of t he  nonlinear systems. 

ANALOG COMrmTER S m T I O N  

A simulation was  made of a system with the  various con t ro l l e r s  on an 
analog computer. The operat ional  cha rac t e r i s t i c s  of the  system were f i rs t  
determined and then a performance comparison was  made with the  d i f f e ren t  con­
t ro l l e r s .  The various components of  t h e  sirrmlated cont ro l  loop are presented 
i n  block diagram f o r m  i n  f igure  2. There w i l l  be a t o t a l  of f i v e  var ia t ions  
of t h i s  system under consideration. The differences come about as a r e s u l t  of 
changes i n  the con t ro l l e r .  The components of t he  remainder of  t he  loop are not 
changed. Deta i l s  of the con t ro l l e r s  were presented i n  sketches ( f ) ,  (2), ( p ) ,  
(q)  , and ( s )  f o r  t he  l i n e a r ,  nonlinear, nonlinear var iab le  -switching curve , 
nonlinear (Tm = m), and t h e  dual-mode cont ro l le rs ,  respect ively.  

As  an example f o r  t h i s  study the  vehicle i n e r t i a  cha rac t e r i s t i c s  and the  
spec i f ica t ions  f o r  the  scan cont ro l  system f o r  the Advanced Orbiting Solar  
Observation (AOSO) w i l l  be used t o  determine the  control-system parameters. 
The e n t i r e  AOSO vehicle (Iz= 2.O3x1O9 g-cm2) i s  required t o  scan a 40 arc-min 
square area with 120 scan l i n e s  i n  a t o t a l  time of 30 minutes. The maximum 
scan rate may not exceed 3.6 arc-min/sec and the  absolute point ing e r r o r  may be 
no grea te r  than 5 arc-see.  J i t t e r  i n  pointing i s  l imi ted  t o  fl arc-see,  with 
a maximum r a t e  of  j i t t e r  not t o  exceed kO.5 arc-sec/sec.  

From these spec i f ica t ions  the  m a x i m  time avai lable  f o r  vehicle tu rn­
around may be determined t o  be about 3.89 see. A corresponding average value 
of turnaround torque t o  complete t h e  maneuver within this t i m e  would be approx­
imately 1.N106 dyne-em. This value would represent the  m i n i m  acceptable 
average torque magnitude. Since the  torque i s  not constant but  decays with 
t i m e ,  it requires  t h a t  t he  i n i t i a l  and f i n a l  magnitudes be d i f f e ren t  from t h i s  
average value. These values w i l l  be a funct ion of  the  s t a l l  torque and the  
operating range o f  the moto r .  For the  purpose o f  t h i s  study, a s t a l l  torque 
magnitude of 3.39X106 dyne-em (0.25 f t - l b )  w a s  se lected.  A n  operating range 
which corresponds t o  a momentum capaci ty  of +1 .36X1O7 dyne-em-see (1 f t - l b - see )  
i s  large enough t o  absorb the  momentum exchange of t he  turnaround and has been 
shown by previous s tud ies  t o  be adequate f o r  absorbing the  ex terna l  d i s t u r ­
bances expected f o r  the  AOSO vehicle .  This range i s  se lec ted  and corresponds 
t o  a motor time constant of 7 see.  For convenience, t he  i n e r t i a  wheel speed 
of 100 radians/sec w i l l  be equivalent t o  a momentum of 1 . 3 6 ~ 1 0 ~dyne-em-see; 
thus J m  = 1 . 3 6 ~ 1 0 ~g-cm2 (0.01 s lug - f t2 ) .  Note t h a t  t h e  extremes of t h i s  oper­
a t ing  range do not correspond t o  torque motor s a tu ra t ion  bu t  t o  the  poin t  at 
which minimum operating torque l e v e l  i s  rea l ized .  Thus, i f  a turnaround i s  
i n i t i a t e d  with a wheel speed of  100 radians/sec, t he  tu rn  w i l l  be  accomplished 
i n  3.89 see ( the  maxim" ava i lab le  turnaround t i m e )  wi th  an average con t ro l  
torque of 1 . ~ 1 0 ~*ne-em. 

A determination w i l l  now be made of  t he  various gains which correspond t o  
the proport ional  region of t h e  l i n e a r  and t h e  dual-mode con t ro l l e r .  The 
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n a t u r a l  frequency i s  related t o  the acceptable s teady-state  t racking e r r o r  as 
given i n  equations (14), (15), and (16). For the  condition o f  a saw-tooth ramp 
command, an i n i t i a l  wheel speed bu t  no disturbance torques,  t he  s teady-state  
e r r o r  equation w i l l  be the  sum of equations (16) and (18). Rearranging and 
expressing the  system frequency i n  terms of t he  s teady-s ta te  e r r o r  gives 

O f  course, t h i s  equation could be obtained d i r e c t l y  by applying the f i n a l  value 
theorem t o  equation (9)f o r  the  i n i t i a l  condition stated. Evaluating equa­
t i o n  (59) at the  extreme of  t h e  torque motor operat ing range (100 radian/sec) 
f o r  an e r ro r  of 5 arc-sec with m a x i m u m  scan rate gives  a system frequency of  
6.74 radians/sec . 

For a damping r a t i o  of 0.7,  equation (12) is  evaluated t o  give a r a t e  gain 
for the  con t ro l l e r  of  K r  = 0.2045V/arc-min/sec. To evaluate the  gain 
f o r  t h e  proport ional  zone of the  l i m i t e r ,  it i s  necessary t o  specify a maximum 
motor input vol tage.  For maxim V. of 28 V, K t  = l.21X105 dyne-cm/V, 
and by combining equations (10) and &), and the  d e f i n i t i o n  of  the motor t i m e  
constant,  ‘Tm = J”/Kt, K, may be found as: 

2, 

Evaluating t h i s  expression gives K, = 222 V/V. 

With the  evaluat ion of these gains the  c h a r a c t e r i s t i c s  of t he  system are 
defined with the  exception of t h e  sun sensor. The dynamics of  t h i s  component 
have been ignored thus fa r .  A bas ic  design c r i t e r i a  f o r  this type sensor 
requi res  a bandwidth of  approximately 40 radians/sec (ref. 3). This i s  consid­
ered fast  i n  comparison with the  cont ro l  system freqxency. The output of t he  
sun sensor i s  not l imi ted  i n  the range of  the  a t t i t u d e  variable change, and for 
these reasons the  t r a n s f e r  funct ion i s  e s s e n t i a l l y  u n i t y  and i s  neglected i n  
the  study. 

FU3SULTS AND DISCUSSION 

The r e s u l t s  of  t he  analog computer study w i l l  be presented i n  three 
phases. The i n i t i a l  discussion w i l l  be concerned with the  scan phase i n  which 
the  system with each of t he  f i v e  cont ro l le rs  w i l l  be  examined f o r  response t o  
a s t ep  error input and torque disturbances.  A second phase w i l l  present the  
r e s u l t s  of t he  simulation of t he  turnaround maneuver with the f i v e  mechaniza­
t i o n  schemes examined. F ina l ly ,  the  complete r a s t e r  scan maneuver i s  examined 
i n  which the  t w o  phases are combined in to  the  complete system. 
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Scan System Error  Response 

The performance of  the  systems f o r  l a rge  i n i t i a l  e r r o r s  i n  pos i t inn  
pointing i s  shown i n  f igu res  3 (a )  through 3 ( e ) .  An i n i t i a l  e r r o r  of the mag­
nitude shown (3 arc-min) i s  large i n  comparison t o  the acceptable point ing 
e r r o r  ( 5  arc-see)  bu t  i s  of t he  s i z e  which could r e s u l t  f r o m  an i n e f f i c i e n t  
turnaround maneuver. The i n i t i a l  r a t e  e r r o r  and r a t e  command are both assumed 
t o  be zero. Presented i n  f igu re  3(a) a re  t y p i c a l  phase-plane t r a j e c t o r i e s  f o r  
t he  system with the  l i n e a r  con t ro l l e r .  I n  addi t ion,  t h e  corresponding t r an ­
s i en t  response curves a re  shown. The three t r a j e c t o r i e s  i n  each p l o t  repre­
sent  the  vehicle  recovery f r o m  the point ing e r r o r  with three  d i f f e ren t  i n i t i a l  
torque-motor wheel speeds, -50, 0, and +5O radians/sec (50  radians/sec corre­
sponds t o  50 percent of t h e  allowable operating range) .  An obvious t r a j e c t o r y  
overshooting problem i s  encountered f o r  t h i s  system. I n  general ,  f o r  i n i t i a l l y  
pos i t ive  e r r o r s  the  overshoots and t r ans i en t  times a re  increased f o r  i n i t i a l l y  
pos i t ive  wheel speeds because the  magnitude of cont ro l  torque i s  lower. The 
opposite occurs f o r  i n i t i a l l y  negative wheel speeds where higher torque i s  
dr iving the  system. 

The extent  of t he  overshooting i s  a l so  dependent on the  slope and width 
o f  t he  proport ional  zone, but  as  demonstrated i n  a previous sect ion,  these 
f ac to r s  are  spec i f ied  by the na tu ra l  frequency and damping cha rac t e r i s t i c s  
desired within t h i s  zone. The proportional zone i s  shown as the  shaded region 
i n  the  phase-plane p l o t .  

The c h a r a c t e r i s t i c  motions of  t he  system with the  bas i c  nonlinear control­
l e r  a re  shown i n  f igu re  3 ( b ) .  The switching curve presented i n  the phase-plane 
p l o t  i s  se lec ted  t o  correspond t o  the  terminal t r a j e c t o r y  which would r e s u l t  
f r o m  operating a t  t he  s t a l l  torque l e v e l  of t h e  cont ro l  motor.  A s  predicted 
i n  the  analysis  sect ion,  overshooting o f  the  o r ig in  occurs when t h e  system i s  
operating a t  torque l eve l s  l e s s  than t h i s  s t a l l  torque value. The other  unde­
s i r a b l e  e f f e c t s  a re  present t o o .  Chattering i s  apparent i n  the  phase plane 
when the  system operates a t  a torque l e v e l  higher than the  s t a l l  torque. The 
t r a j e c t o r y  motion w i l l  always terminate in to  some degree of l i m i t  cycle opera­
t i o n  i n  a r e a l  system due t o  the presence of hys te res i s  e f f e c t s  and component 
time lags .  

The operation of the  system with the nonlinear var iable  switching curve 
con t ro l l e r  i s  shown i n  f igu re  3 ( c ) .  It i s  apparent from the  phase-plane repre­
senta t ion  t h a t  the  shape o f  t he  switching l i n e s  has changed f o r  each of t he  
three  t r a j e c t o r i e s  i n  t he  f igu re .  This change i s  due t o  an automatic ad jus t ­
ment o f  t he  gains of the  switching network s o  as  t o  shape the  switching curve 
t o  correspond with t h e  t r a j e c t o r y  a t  t h e  d i f f e ren t  torque l eve l s .  The torque 
l e v e l  i s  obtained by measuring the  instantaneous "inertia wheel speed and re la t ­
ing t h i s  t o  the torque capab i l i t y  through a knowledge of t he  torque-speed 
curve. 

The three t r a j e c t o r i e s  i n  f igu re  3 ( c )  show an apparent improvement i n  
performance i n  terms of smoothness of operation, overshooting, and t r ans i en t  
times. I n  the  phase-plane p l o t  t he  tendency t o  overshoot the  o r i g i n  has com­
p l e t e l y  disappeared. The cha t te r ing ,  which comes from an undershooting 



tendency, has a l s o  been eliminated. The time response p l o t s  show t h a t  t he  
t r ans i en t  times are e s s e n t i a l l y  equal f o r  a l l  three i n i t i a l  wheel speed condi­
conditions.  

The other  method presented i n  t h e  analysis  f o r  compensating f o r  torque 
decay problems w a s  termed "the time constant approach." I n  t h i s  method the  
tachometer output i s  used t o  ad jus t  -the motor input voltage so  t h a t  t he  output 
torque w i l l  remain constant.  This type of operation would correspond t o  t h a t  
of a torque motor  with an e f f ec t ive  time constant of i n f i n i t y .  Figure 3(d)  
shows the  response of t he  system with the  nonlinear con t ro l l e r  f o r  t h i s  type 
of compensation. The shape of t he  t r a j e c t o r i e s  w i l l  no longer vary with wheel 
speed; thus, they appear as only one t r a j ec to ry  i n  the  f igure .  The time 
response of  t he  system i s  about equal t o  t h a t  f o r  the  var iable  switching curve 
(V.S.C.) approach. I n  order f o r  t he  time responses of the  t w o  systems t o  be 
equal, it was necessary t o  assume a motor f o r  the  "time constant scheme" 

=( T ~  a) with a constant torque output equal t o  the s t a l l  torque value o f  the 
motor used with the  V.S.C. control ler .  A s  a r e s u l t ,  the  s t a l l  torque r a t ing  

=of the  motor f o r  t he  ( T ~  a) scheme i s  about 60 percent higher than t h a t  used 
with the  V.S C .  scheme. This means t h a t  a l a rge r  motor w a s  needed t o  give 
equivalent performance. It i s  in t e re s t ing  t h a t  although the  response of t h i s  
system i s  fas t ,  it i s  no faster than the more e f f i c i e n t  var iable  switch curve 
scheme even though it requires  a la rger  torque motor.  Unfortunately, the sys­
tem with e i t h e r  nonlinear con t ro l l e r  has the  undesirable c h a r a c t e r i s t i c  of a 
terminal l i m i t  cycle i n  the  region of the  o r ig in  i n  the  phase plane.  The mag­
nitude of t h i s  l i m i t  cycle o r  j i t t e r  r a t e  would make a l l  t h ree  nonlinear sys­
tems unacceptable under t h e  c r i t e r i a  spec i f ied  f o r  the  advanced OS0 vehicle .  

The performance of t h e  system with the  dual-mode con t ro l l e r  i s  presented 
i n  f igu re  3 ( e ) .  The switching curves were chosen t o  correspond t o  t he  terminal 
t r a j e c t o r y  f o r  t he  minimum operating torque l e v e l  of t h e  system (at  Wwo = 100 
radian/sec) . The gains f o r  t he  quas i - l inear  region (K,,Kr) were equivalent t o  
those ca lcu la ted  f o r  t h e  l i n e a r  sa tura t ion  system. It i s  apparent from the  
f igu re  t h a t  there  i s  no tendency f o r  the  t r a j e c t o r i e s  t o  overshoot t he  or ig in .  
The l i m i t  cycle problem of  the  nonlinear con t ro l l e r s  i s  not present ,  and there  
i s  no tendency toward cha t te r ing  i n  the v i c i n i t y  of t he  switching l i n e s .  I n  
the  switching zone, there  i s  a gradual reversa l  of t he  control  torque magnitude 
which i s  favorable f rom the  standpoint o f  motor r e l i a b i l i t y .  The appearance 
of the t r a j e c t o r i e s  on t h e  t r ans i en t  response p l o t  ind ica tes  t h a t  t he  system 
i s  s l i g h t l y  overdamped. A f a s t e r  system could be achieved with the choice of 
a more su i tab le  s e t  of  gains f o r  the proport ional  regions.  

The e f f e c t  of a la rge  torque disturbance can be seen f rom the  computer 
runs f o r  t he  system with the  various cont ro l le rs  presented i n  f igu re  4. For 
zero i n i t i a l  wheel speed, the  performance o f  each of the systems i s  adequate 
with respect  t o  holding the  mean point ing d i rec t ion  within the  5 arc-see c r i ­
te r ion .  A small increase i n  point ing e r r o r  i s  apparent after the  disturbance 
has been damped. This i s  due t o  an increase i n  i n e r t i a  wheel speed r e su l t i ng  
from the  exchange of momentum. The magnitude of the  s teady-state  e r r o r  may be 
determined from equation (15)  of the analysis  sect ion.  The response with the  
dual mode and l i n e a r  con t ro l l e r  i s  qui te  s imi la r  as i s  t h a t  f o r  the system 
with the  nonlinear con t ro l l e r s .  The " j i t t e r "  i n  point ing due t o  the  nonlinear 
cont ro l le rs  i s  more apparent i n  t h i s  f i gu re  than i n  the preTrious ones. I n  the 
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r i g h t  half  of f i gu re  4, the effect of an increase i n  the  i n i t i a l  w h e e l  speed *,
Y b ,  may be seen. The s teady-state  t racking errors a re  l a rge r  f o r  t he  l i n e a r  and 
-4
dual  mode case by the  amount predicted i n  equation (16).  The e f f e c t  of wheel %$$& 


speed f o r  t he  nonlinear case i s  t o  increase the  amplitude of the  j i t t e r  and 

decrease the  frequency. There i s  a l s o  a corresponding increase by a f a c t o r  of 

2 i n  the  magnitude of t h e  e r r o r  i n  response t o  t he  same torque disturbance. 


The graph i n  f igu re  5 presents a comparison of the  large s igna l  e r r o r  
response f o r  the  system with the l i nea r  con t ro l l e r  with t h a t  f o r  t he  system 
with the  dual-mode con t ro l l e r .  The t r ans i en t  time f o r  t he  dual-mode case i s  
l e s s  throughout the  range of i n i t i a l  pos i t ion  e r r o r .  The system f o r  t h i s  case 
demonstrates d i s t i n c t l y  faster response f o r  t h e  l a rge r  i n i t i a l  e r r o r s .  A t  
these la rge  values, t he  performance i s  comparable with a minimum t i m e  switch 
curve system which i s  represented by the  dashed l i n e  i n  the  f igure .  This l i n e  
corresponds t o  the  values calculated f r o m  equation (53) .  The other dashed 
l i n e ,  designated " l inear  switch curve, ' I  was determined by the method presented 
i n  the  t e x t .  These values of t o t a l  response time r e s u l t  f rom the  summation of 
t he  time increments as determined f rom equations (33) ,  ( 3 8 ) ,  (40), and (44) 
with the  i n i t i a l  conditions of $eo = $c = Ww0 = 0 and $eo ranging f r o m  0 t o  
5 arc-min. Although the  response of the  system with the  dual-mode and l i n e a r  
cont ro l le rs  i s  qui te  d i f f e ren t  f o r  large e r ro r s ,  the  response times a re  near ly  
equal f o r  small e r r o r s  and a l m o s t  i d e n t i c a l  f o r  operat ion within the  propor­
t iona l  region. 

Turnaround Performance 

The r e s u l t s  of  t h e  computer study of t h e  various schemes f o r  generating 
the  command f o r  the vehicle turnaround are  presented i n  f igures  6(a)  through 
6 ( e ) .  The various schemes a re  demonstrated i n  conjunction with a scan system 
incorporating the  dual-mode con t ro l l e r  although the pa r t i cu la r  type of cont ro l ­
l e r  used w i l l  have no d i r e c t  e f f e c t  on the  performance during the turnaround. 
The f igu re  shows the  vehicle a t t i t u d e  and the  a t t i t u d e  e r ro r  s igna l  as  a func­
t i o n  of time. A s  a b a s i s  f o r  comparing performance among the various cases,  
the a t t i t u d e  e r r o r  i s  defined r e l a t i v e  t o  a simple sawtoothed command s igna l  
i n  a l l  cases r a the r  than the ac tua l  system command input .  I n  t h i s  way the  
a t t i t u d e  e r r o r  f o r  the various systems may be compared d i r ec t ly .  

Figure 6 (a )  shows the  response o f  t he  system t o  t he  simple sawtooth 
command. It i s  apparent t h a t  the  system w i l l  not f o l l o w  t h i s  s igna l  during 
the  turnaround. The r e s u l t  i s  a large overshoot f o r  each of  the th ree  runs 
which correspond t o  three  d i f f e ren t  i n i t i a l  wheel speeds a t  the  start  o f  t h e  
maneuver. Also, note t h a t  half  of the turnaround time avai lable  p r i o r  t o  the 
apex of the  sawtooth has not been used. 

The performance of a pos i t ion  l imi ted  command s igna l  scheme i s  presented 
i n  figure 6 (b ) .  Although the  approach makes use of  m o r e  of the  ava i lab le  t i m e ,  
there  are s t i l l  la rge  overshoots f o r  operat ion a t  pos i t i ve  wheel speeds where 
the  avai lable  cont ro l  torque i s  l e s s  than t h e  mean l e v e l  f o r  which t h e  system 
would be designed. Also present i n  t h i s  system i s  the c h a r a c t e r i s t i c  desig­
nated i n  the  ana lys i s  sec t ion  as "undesirable switching." This i s  apparent i n  
t h a t  a t t i t u d e  e r r o r  curve which corresponds t o  operat ion with an i n i t i a l  wheel 
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~I speed of -50 radians/sec.  Note t h a t  the  curve tends t o  f l a t t e n  out and become 
p a r a l l e l  with the  zero a t t i t u d e  e r r o r  axis about halfway through the  turnaround. 
This ind ica tes  t h a t  t h e  cont ro l  torque has switched s igns before the  t u r n  
maneuver i s  complete. When t h e  command s igna l  i s  again a ramp, the  system 
recovers and completes t h e  maneuver within the  allowable time. 

The performance cha rac t e r i s t i c s  of a scheme which eliminates the over­
shoots from the  f i r s t  t w o  cases are presented i n  f i g u r e  6 ( c ) .  This system i s  
the  compensated posi t ion-l imited command. The ex ten t  of the f l a t t e n i n g  f o r  
the command s igna l  i s  var iab le  and a funct ion of t he  wheel speed. The tu rn ­
around maneuver i s  i n i t i a t e d  a t  d i f f e ren t  times so as t o  achieve a smooth t r a n ­
s i t i o n  in to  the  scan phase at  the end of the  turnaround. The smoothness of 
t h i s  system operation i s  apparent i n  f igu re  6 ( c ) .  The system has an undesir­
able switching tendency, as  may be seen i n  the  a t t i t u d e  e r r o r  t r ace  f o r  
wwo = 0. 

The t w o  other  schemes s tudied a re  open-loop command systems. The systems 
operations a re  shown i n  f igu res  6(d)  and 6 ( e ) .  I n  both schemes the  loop i s  
opened at a spec i f ied  pos i t ion  outside the  u s e f u l  scan region. For the  opera­
t i o n  shown i n  the  f i g u r e s , ' t h i s  pos i t ion  i s  approximately 25 arc-min. An 
externa l  s igna l  energizes the  torque motor, producing the  maximum avai lable  
cont ro l  torque throughout the  open-loop port ion.  The loop i s  closed i n  the  
f i r s t  case ( f i g  6 ( d ) )  a t  a preselected vehicle a t t i t u d e  pos i t ion .  The pos i ­
t i o n  should be within t h e  range from the apex of t he  sawtoothed command s igna l  
t o  t he  a t t i t u d e  a t  which the  loop w a s  open (25 a rc  min). The performance of 
t he  system i s  not s ens i t i ve  t o  the  exact value.  

For f igu re  6(e) t h e  loop w a s  closed when the  vehicle  a t t i t u d e  r a t e  was  
equal t o  the  command rate. Thus the time of loop closing i s  var iable  as ind i ­
cated i n  the  f igu re .  

It i s  apparent t h a t  ne i the r  of the  open-loop approaches produces the  type 
of  performance t h a t  i s  desired.  From a comparison of the  performance of each 
of the  f i v e  schemes it may be s t a t e d  t h a t  the  "compensating posi t ion-l imited" 
command input shown i n  f i g u r e  6 (c )  comes c loses t  t o  achieving the  desired 
smoothness during the  turnaround maneuver of the  spacecraf t .  

Complete System 

A s  t he  f i n a l  phase of t he  analog computer study, a complete r a s t e r  scan­
ning maneuver was  s tudied.  The t w o  phases of the  maneuver which have been 
examined separately up t o  t h i s  point  i n  the report  a r e  combined in to  the  com­
p l e t e  system. The r e s u l t s  of t h i s  study showing t h e  dynamics of f i v e  d i f f e ren t  
complete l ine- scanning systems (d i f f e ren t  con t ro l l e r s  only) with the  same tu rn ­
around system are  presented i n  f igu res  7(a) through 7 ( i ) .  The turnaround sys­
tem i n  each case will be the  compensated pos i t ion- l imi ted  command scheme. 

The a t t i t u d e  e r r o r  i s  again determined r e l a t i v e  t o  the bas ic  sawtoothed 
s igna l .  Runs are presented f o r  operation around ze ro  wheel speed and a l s o  f o r  
an i n i t i a l  wheel speed of 50 radians/sec. 
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It seems unnecessary t o  discuss each of f i gu res  7(a) through 7 ( i )  i n  
d e t a i l .  Instead,  a summary of a l l  nine f igu res  will be presented. 

I n i t i a l l y ,  it may be s t a t e d  t h a t  each of t he  systems discussed i s  a 
p r a c t i c a l  raster scan system. It i s  a l so  apparent t h a t  t h e  assumption made 
i n i t i a l l y ,  t h a t  t he  maneuver may be divided in to  two phases, each examined 
separately and then l a t e r  combined, i s  v e r i f i e d  by t h e  result present here .  
Each of the  systems t r a c k  the  scan command with a mean e r r o r  within the  speci­
f i e d  5 a rc  sec.  This value cannot be v e r i f i e d  on these f igu res  bu t  only 
because of the  sca le  f o r  which the t r a c e s  w e r e  recorded. Each of t he  turn­
around maneuvers i s  completed within the  allowable time of 3.89 sec.  The same 
problem encountered before  i s  apparent f o r  the system with each of the  non­
l i n e a r  cont ro l le rs .  I n  each case the  rate error ( j i t t e r  rate) i s  i n  excess of 
the  allowable value, making the  system unacceptable. The general  character  of 
t he  operation of t h e  l i n e a r  and the  dual-mode cases i s  qui te  s i m i l a r  as seen 
i n  f igu res  7(a) ,  7 (b ) ,  7 ( h ) ,  and 7(i). The system, with e i t h e r  of these con­
t ro l l e r s ,  would be acceptable under t h e  c r i t e r i a  as presented f o r  t he  advanced 
OS0 spacecraf t .  

Tables I and I1 present summaries of t he  performance of the  various 
syhtems. Table I summarizes the  scan performance o f  each case analyzed f o r  
the  design c r i t e r i a  ou t l ined  e a r l i e r .  This summary shows t h a t  t he  f i v e  var ia ­
t i ons  of t he  scan system have comparable and acceptable performance f o r  a l l  
s t a t e d  c r i t e r i a  except one. The j i t t e r  r a t e  f o r  each of the  nonlinear cases,  
as s t a t e d  previously,  i s  far i n  excess of the  allowable (*1/2 arc-sec /sec) .  
These three  cases would not be acceptable f o r  t he  high reso lu t ion  scan desired.  

From the  turnaround performance ( t ab le  II), it i s  apparent t h a t  t he  
compensated pos i t ion- l imi ted  system outperforms the four  other  approaches. 
Over the  range of wheel speed used, t h i s  w a s  the  only system which could per ­
form the  turnaround cons is ten t ly  within the  a l l o t t e d  time (3.89 sec)  . If re f  ­
erence i s  made t o  f i gu res  5(a) through 5 ( e ) ,  it a l s o  appears t h a t  t h i s  i s  the  
only approach examined which gives a smooth, e f f i c i e n t ,  and repeatable  tu rn ­
around. 

SUMMARY OF FCESULTS 

The performance of severa l  va r i an t s  of a s a t e l l i t e  cont ro l  system f o r  
scanning a s m a l l  c e l e s t i a l  a rea  has been invest igated.  

supplied by an i n e r t i a  wheel i n  combination with a torque motor .  


The con t ro l  torque w a s  
The scan 

system w a s  analyzed on the  b a s i s  of t racking accuracy, recovery from la rge  d i s ­
turbances, and e f f e c t s  of i n e r t i a  wheel momentum build-up. The turnaround 
phase was  s tud ied  with the  object ive of obtaining a smooth and e f f i c i e n t  rever ­
sal  of t he  vehicle  scan ve loc i ty .  

1. A la rge  va r i a t ion  i n  system behavior i s  encountered f o r  bo th  the  scan 
and the  turnaround phases as a r e s u l t  of i n e r t i a  wheel momentum. For  adequate 
performance it i s  necessary t o  r e s t r i c t  t he  operat ional  range of  t h e  i n e r t i a  
wheel. 
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2. Adequate response t o  i n i t i a l  point ing e r r o r s  up t o  5 a rc  min and 
torque disturbance of B106 dyne-em could be obtained f r o m  the  scan system f o r  
each of f ive types of  con t ro l l e r s  invest igated.  Mean t racking errors were l e s s  
than 5 a rc  see i n  a l l  cases. 

3. The scan system incorporating e i t h e r  of the  three nonlinear control­
lers exhibi ted undesirable cha rac t e r i s t i c s  ( j i t t e r  or j i t t e r  and cha t t e r )  and 
a re  unacceptable because of t h i s  behavior. The l i n e a r  and t h e  dual-mode con­
t r o l l e r  incorporated a region of proport ional  cont ro l  i n  the  v i c i n i t y  of the  
or ig in  and switching l i n e .  This region eliminated t h e  tendency t o  j i t t e r  and 
cha t t e r .  Thus, the  system with e i t h e r  t he  l i n e a r  o r  dual-mode con t ro l l e r  i s  
acceptable f o r  the  high prec is ion  scanning t h a t  i s  required.  

4. The turnaround performance o f  the  system was  found t o  be acceptable 
only when the  mechanism f o r  generating the  turnaround command s igna l  w a s  modi­
f i e d  t o  adapt t o  changes i n  the  cont ro l  torque l e v e l  due t o  i n e r t i a  wheel 
momentum build-up. When t h i s  was done, a smooth and e f f i c i e n t  turnaround w a s  
obtained . 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett F ie ld ,  C a l i f . ,  May 25, 1966 
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APPENDIX A 

TORQUE MOTOR TRANSFER FUNCTION 

A combination ac servomotor and i n e r t i a  wheel i s  assumed t o  be the  cont ro l  
torque source i n  t h i s  study. The ac servomotor i s  a two-phase induction motor. 
To one of the  motor windings a constant amplitude voltage i s  applied. The 
voltage t o  the  other winding i s  var ied and t h e  torque and wheel speed i s  a func­
t i o n  of t h i s  voltage.  A set of torque speed curves f o r  various magnitudes of 
the  cont ro l  input voltage would appear as i n  sketch ( u ) .  Generally, the  torque 
speed curves a re  not s t r a i g h t  l i n e s  but  the  assumption of l i n e a r i t y  s impl i f ies  

the  t r ans fe r  f i nc t ion  considerably and i s  a 
good approximation f o r  the ac tua l  va r i a t ions .

Torque, T 	 If the  curves a re  assumed t o  be equally spaced 
s t r a i g h t  l i n e s  the  form of the  torque equations 
would be 

T = - a T  Vin f aww -
aT  

ww (Al) 
''in 

where the torque output,  T, i s  a funct ion of  
the  wheel speed Ww as well  as the input v o l t ­
age Vin. Under the  l i n e a r i t y  assumptions the  
p a r t i a l  der ivat ive coef f ic ien ts  w i l l  be con­

ww s t an t  and the  equation may be transformed 
d i r e c t l y  t o  the  S domain. I n  terms of t he  

Sketch (u )  parameters which w i l l  be used i n  t h i s  study, 
the equation ( A l )  becomes 

The negative s ign of t he  coe f f i c i en t  Kt/Km r e s u l t s  f rom the negative slope 
of t he  torque speed curves. From elementary mechanics, the  torque may a l s o  be 
defined as the  time r a t e  of change of angular momentum. I n  terms o f  the  t r a n s ­
f o r m  var iable  t h i s  expression would be 

T ( s )  = JmSWW(s) - JmWw(0) (A3 1 

where JmW (0)  i s  the  value of the  momentum at  time equal zero. For conve­
nience, WwTO) w i l l  be designated Wwo hereaf te r .  By combining equations (A2) 
and ( A 3 ) ,  el iminating W(s) and rearranging t e r m s ,  we obtain a usefu l  expres­
s ion  f o r  the  cont ro l  torque 
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I 

where 

Equation (Ab) i s  the  torque motor t r ans fe r  func t ion  presented as equation (1) 
i n  t h i s  repor t .  
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TABLE I.- SCAN PERFORMANCE 
.- - ~

I I 

Linear Nonlinear Dual mode 

Design 
cr ite r  ion  

'Mean t racking  
e r ro r ,  a r c  see 
Jitter i n  

pos i t ion ,  a r c  see 
Jitter r a t e  
a r c  sec/sec 

Chatter 

'Set t ing 
time, sec  

($eo = 3 a r c  min) 
-

lTorque 
response, sec  

2Xelat i ve  system 
compl e x it y  

2.5 

0 


0 

no 

2.9 


1.7 


1 


l I 1 l o 2.5 


yes I no 	 no no 

1.4 1.74;;
1.1 2 .1  

1.1 

3 

Compensated 
Sawtooth Pos i t  i on  pos i t i on  p o s i t  ion  

TABLE I1- - TURNP;ROUND PERFORMANCE 

Open loop Open loop 

Design 
c r i t e r i o n  

-

Ava il a b 1e 
time unused, see 

'Turnaround 
t i m e ,  see  

lMax. terminal  
e r ro r ,  a r c  min 

Undesirabl e  

2Relative system 
complexity 

l imi t ed  l imi ted  sens i t i ve  sens i t i ve  
closing closing 

1.9 1.3  

l 3 

9-5 7.0 

8 3.5 0 4.8 

no Yes 
I 

1 2 3 4 1 
1wwo - 50 radians/sec 

2Higher numbers ind ica t e  more mechanization complexity 
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Figure 1.- A r t i s t ' s  conception of spacecraft  performing r a s t e r  scan operation. 
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Figure 2.- Schematic block diagram of raster scan control system. 
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(a) Linear c o n t r o l l e r .  (b )  Nonlinear cont ro l le r .  

Figure 3. - Response curves f o r  pos i t ion  s tep  input showing e f f e c t  of i n i t i a l  
wheel speed. 
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Continued. 
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(e)  Dual -mode  cont ro l le r .  

Figure 3 .  - Concluded. 
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( b )  Nonlinear c o n t r o l l e r .  

( c )  Nonlinear cont ro l le r  (var iab le  switch curve) .  
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(d)  Nonlinear cont ro l le r  (Tm = 00). 

(e) Dual-model c o n t r o l l e r .  
v 

Figure 4 . - Disturbance torque response showing ef fec t  of i n i t i a l  wheel speed. 
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Figure 5.- Comparison of system response t i m e s  for l i n e a r  and dual-mode 
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(a )  Sawtoothed command. 

Figure 6 . - Turnaround maneuver showing e f f e c t  of i n i t i a l  wheel speed (scan 
system with dual-mode con t ro l l e r )  . 
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( b )  Pos i t i on  l imi ted  command. ( d )  	Open-loop command (pos i t i on  
sens i t i ve  loop c los ing ) .  
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( c )  Compensating pos i t ion- l imi ted  command. ( e )  Open-loop command (rate  sens i t i ve  
loop c los ing) .  

Figure 6. - Concluded. 
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Figure 7 .  - Dynamics of complete system performing scan and turnaround' maneuver. 
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Figure 7 .  - Continued. 
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(d) Nonlinear con t ro l l e r  (Wwo = 50 rad/sec) . 
Figure 7 .  - Continued. 
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Figure 7 .  - Continued. 
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( f )  Nonlinear cont ro l le r ,  var iab le  switching curve (Wwo = 50 rad/sec) . 
Figure 7 .  - Continued. 
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(g)  Nonlinear con t ro l l e r  ( T ~a), Wwo = 0 rad/sec.  (Performance i s  iden t i ca l= 
at  Wwo = 50 rad/sec.)  

Figure 7. - Continued. 
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( h )  Dual-mode con t ro l l e r  (Wwo = 0)  . 
Figure 7 .  - Continued. 
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Figure 7 .  - Concluded. 
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