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ABSTRACT 

The i n s t a b i l i t y  of c o n t r a s t r e a m i n g  plasmas i s  i n v e s t i g a t e d  

t a k i n g  i n t o  accoun t  t h e  Coulomb C o l l i s i o n s  v i a  t h e  Fokker-Planck 

c o - e f f i c i e n t s  i n  t h e  Boltzmann e q u a t i o n .  The d i s p e r s i o n  r e l a t i o n  

i s  o b t a i n e d  on t h e  assumption t h a t  t h e  Coulomb c o l l i s i o n s  are 

weak and s o l v e d  on t h e  a d d i t i o n a l  assumption t h a t  t h e  phase 

v e l o c i t y  of t h e  wave i s  much l a r g e r  t h a n  t h e  mean t h e r m a l  v e l o c i t y  

of t h e  p a r t i c l e s .  It  i s  found t h a t  wh i l e  t h e  t e m p e r a t u r e  h a s  t h e  

e f f e c t  of i n c r e a s i n g  t h e  maximum wavenumber Xc (which f o r  a c o l d  

~ / u  , w h e r e O  i s  t h e  e l e c t r o n  plasma i s  e q u a l  t o  (a) i n  u n i t s  of o 
plasma f r equency  and 2 i s  t h e  s t r e a m i n g  v e l o c i t y )  below which t h e  

plasma i s  u n s t a b l e ,  t h e  c o l l i s i o n s  have no  e f f e c t  on t h i s  wave- 

number. However, t h e  growth ra te  of  maximum i n s t a b i l i t y  d e c r e a s e s  

(compared t o  i t s  v a l u e  f o r  a c o l d  plasma) on t a k i n g  i n t o  a c c o u n t  

t h e  the rma l  mot ions  b u t  i n c r e a s e s  when t h e  c o l l i s i o n s  are t a k e n  

i n  t o  accoun t .  

P 
’/a 
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I. INTRODUCTION 

The i n s t a b i l i t y  of l o n g i t u d i n a l  e l e c t r o n  o s c i l l a t i o n s  

i n  a plasma where w e  have  two streams of  e l e c t r o n s  moving 

w i t h  e q u a l  and o p p o s i t e  v e l o c i t i e s  h a s  been d i s c u s s e d  e x t e n -  

s i v e l y  by s e v e r a l  a u t h o r s  (1,2) when t h e  thermal  sp read  of t h e  

e l e c t r o n s  as w e l l  as t h e  c o l l i s i o n s  between t h e  p a r t i c l e s  are 

ignored .  It i s  w e l l  known t h a t  such  a system i s  u n s t a b l e  f o r  

a l l  wavenumbers x(= hv/w 
p e r t u r b a t i o n , - e f  t h e  speed of  t h e  stream and d t h e  e l e c t r o n  

plasma f r equency)  which are l e s s  t han  a c e r t a i n  c r i t i c a l  v a l u e  

X, = ca)‘’& . F u r t h e r  the wavenumber f o r  which t h e  i n s t a -  

where a i s  t h e  wavenumber of t h e  P 9  
P 

b i l i t y  i s  maximum i s  known t o  be X =(3i’ya . Jackson  (3)  h a s  

c o n s i d e r e d  t h e  problem of  two stream i n s t a b i l i t y  when t h e  

v e l o c i t i e s  of t h e  two streams are smeared o u t  by an e q u a l  amount 

and f i n d s  t h a t  X i n c r e a s e s  on t a k i n g  i n t o  account  t h e  s p r e a d  

of t h e  d i s t r i b u t i o n  f u n c t i o n  of t h e  e l e c t r o n  streams. 

* 

C 

Tidman and Weiss ( 4 )  c a l c u l a t e d  t h e  e f f e c t  of c o l l i g i o n s  on 

t h e  two stream i n s t a b i l i t y  assuming z e r o  the rma l  sp read  of t h e  

e l e c t r o n s  and t h e  i o n s .  The c o l l i s i o n s  were t aken  i n t o  accoun t  

by a s imple  r e l a x a t i o n  model i n  which t h e  e l e c t r o n s  are t a k e n  t o  

be s c a t t e r e d  i n t o  a l o c a l  Maxwellian d i s t r i b u t i o n  i n  a t i m e r .  

They found t h a t  c o l l i s i o n s  i n c r e a s e d  t h i s  i n s t a b i l i t y .  T h i s  

r e s u l t  l e d  them t o  s u s p e c t  t h a t  t h e  d i f f u s i o n  n a t u r e  of t h e  

Coulomb t h e r m a l i z a t i o n  of the  e l e c t r o n  streams i s  a n  e s s e n t i a l  

f e a t u r e  of t h e  problem and hence t h e  more e x a c t  Fokker-Planck  

e q u a t i o n  f o r  Coulomb s c a t t e r i n g  shou ld  be used .  I t  was l a t e r  



. 

poi.ntccI o u t  1.y P : c ~  (5) t1i:l.t T.i:.ii!iai: m ; 1  3,.llr.iss i i i ( :  n o t  c a r r y  o u t  t h e  

ca 1 c 11 1 a t i on ii c on s i s t c  n t 1 y ;I s t lic y neg 1 e c‘ t e  d t h e  e qu i 1 i br i u m  

c u r r e n t  d e n s i t y  and t h e  a s s o c i a t e d  magne t i c  f i e l d  which r e s u l t s  

due  t o  t h e  mass motion of  t h e  e l e c t r o n s .  May c o n s i d e r e d  two 

i n t e r p e n e t r a t i n g  streams so t h a t  t h e r e  i s  no  c u r r e n t  i n  e q u i l i b r i u m .  

H e  c a l c u l a t e d  the cfFc>et of c o l l i  s i n n s  usi-ng t h e  r e l a x a t i o n  model 

of  Gross  and K ; . ~ ) o l i  ( i , )  &;lit! C o 7 . 1 n ~ ’  that  the tinst.at1.e mode ceases t o  

grow a f t e r  a time (.)E the  order o E  one c o l l j  s i o n  t i m e .  However, h e  

had  t a k e n  i n t o  accoun t  o n l y  the  e l e c t r o n - e l e c t r o n  c o l l i s i o n s  

c l a i m i n g  t h a t  t h e  e l e c t r o n - i o n  c o l l i s i o n s  are n e g l i g i b l e  due t o  

t h e  l a r g e  i o n - e l e c t r o n  mass r a t i o .  We w i l l  show h e r e  t h a t  t h e  

e l e c t r o n - i o n  c o l l i s i o n s  are a c t u a l l y  comparable  w i t h  t h e  e l e c t r o n -  

e l e c t r o n  c o l l i s i o n s  f o r  t h e  problem at  hand.  

Tidman (7)  c o n s i d e r e d  t h e  e f f e c t  o f  c o l l i s i o n s  on t h e  i n s t a b i l i t y  

of  a stream of  p a r t i c l e s  moving w i t h  a v e l o c i t y  

s p r e a d )  th rough  c o l d  i o n s  a t  res t .  

of  Coulomb c o l l i s i o n s  u s i n g  the  Fokker-Planck  e q u a t i o n  and found 

t h a t  as t h e  o r d e r e d  s t r eaming  ene rgy  o f  t h e  e l e c t r o n s  i s  t h e r m a l i z e d  

d u e  t o  d i f E u s i o n  i n  v e l o c i t y  s p a c e ,  t h e r e  r e s u l t s  an enchanced  

Landau damping which competes  w i t h  t h e  g rowth  of i n s t a b i l i t y .  H e  

d i d  n o t  t a k e  i n t o  accoun t  t h e  e q u i l i b r i u m  c u r r e n t  d e n s i t y  which 

r e s u l t s  i n  h i s  model. It w i l l  be shown from o u r  more r i g o r o u s  

c a l c u l a t i o n s  t h a t  weak c o l l i s i o n s  canno t  even  c a n c e l  t h e  e f f e c t  of 

t he rma l  mot ions  much less quenching t h e  i n s t a b i l i t y .  

( w i t h  n o  the rma l  

H e  t o o k  i n t o  a c c o u n t  t h e  e f f e c t  

Comisar (8) and  B u t i  and J a i n  (9)  have s t u d i e d  t h e  e f f e c t  of weak 

Coulomb c o l l i s i o n s  on t h e  damping o f  l o n g i t u d i n a l  and t r a n s v e r s e  
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plasma o s c i l l a t i o n s  r e s p e c t i v e l y  u s i n g  t h e  Fokker-Planck  e q u a t i o n  

i n  t h e  form g i v e n  by Rosenbluth e t  a1 ( l o ) .  They f i n d  t h a t  t b  t h e  

f i r s t  o r d e r  i n  t h e  c o l l i s i o n  f r equency  2) , t h e  e l e c t r o n - i o n  

c o l l i s i o n s  dominate  t h e  e l e c t r o n  -elec t r o n  c o l l i s i o n s  i n  damping 

t h e  plasma o s c i l l a t i o n s .  

C 

Fol lowing  Comisar and B u t i  and J & w e  c o n s i d e r  t h e  e f f e c t  o f  

Coulomb c o l l i s i o n s  on t h e  s t a b i l i t y  of  c o n t r a s t r e a m i n g  h o t  p lasmas  

i n  a s y s t e m a t i c  manner. We assume t h a t  t h e  c o l l i s i o n s  are n o t  t o o  

f r e q u e n t  SO t h a t  w e  can make an expans ion  i n  powers o f  ('l$/O ) and 

w e  c a l c u l a t e  t h e  c o l l i s i o n a l  e f f e c t s  t o  t h e  f i r s t  o r d e r  i n  t h e  

c o l l i s i o n  f r e q u e n c y .  I n  t h e  absence  of c o l l i s i o n s ,  t h e  d i s p e r s i o n  

r e l a t i o n ,  i n c l u d i n g  t h e  thermal  e f f e c t s ,  i s  e x a c t l y  s o l v e d  n u m e r i c a l l y  

to d e t e r m i n e  t h e  r e g i o n  of i n s t a b i l i t y  and  t h e  g rowth  ra te  of  maximum 

i n s t a b i l i t y .  When c o l l i s i o n s  are t a k e n  i n t o  accoun t  a l o n g  w i t h  t h e  

the rma l  e f f e c t s ,  t h e n  w e  u s e  an i t e r a t i v e  procedure  t o  s o l v e  t h e  

d i s p e r s i o n  r e l a t i o n  and t o  s tudy t h e  e f f e c t  of c o l l i s i o n s  on t h e  

c r i t i c a l  wavenumber and on the  g rowth  rate of maximum i n s t a b i l i t y .  

P 

I t  i s ,  p e r h a p s ,  i n  o r d e r  t o  remark h e r e  t h a t  t h e  Fokker-Planck  

e q u a t i o n  i s  n o t  s t r i c t l y  v a l i d  f o r  an  u n s t a b l e  p l a sma ,  p a r t i c u l a r l y  

n e a r  t h e  e l e c t r o n  plasma f requency  (11,12). Howcver, t h e  m o t i v a t i o n  

f o r  t h e  p r e s e n t  u n d e r t a k i n g  i s  t o  c l n r i f y  t h e  c o n t r i b u t i o n s  of t h e  

f r i c t i o n a l  and t h e  d i f f u s i o n  terms 1:i the e l e c t r o n - e l e c t r o n  and 

e l e c t r o n - i o n  c o l l i s i o n s .  We f i n d  t h a t  t h e  c o n t r i b u t i o n  of  t h e  

f r i c t i o n a l  term i s  dominant  compared t o  t h a t  of t h e  d i f f u s i o n  t e r m  

i n  e l e c t r o n - i o n  c u l l  j . c : i . o - . : ;  r , + + , c : r e ; ~ ; ;  i.n ! ~ ~ ~ ! ~ t . ~ ~ ! , ~ - ~ ~ l ~ ? ~ ~ ~  ~ ~ 1 1  c o l l i s i o n s  

t h e  two are of  t he  ::an<: ( J rder .  I?ur:thcr, tliC-! c o n t r i b u t i o n  of t h e  



A 

. 

1 

e l e c t r o n - i o n  c o l l i s i o n s  i s  much l a r g e r  t h a n  t h a t  of t h e  e l e c t r o n -  

e l e c t r o n  c o l l i s i o n s .  I t  may be r e a s o n a b l e  t o  e x p e c t  t h a t  t h e  

q u a l i t a t i v e  n a t u r e  of t h e s e  r e s u l t s  w i l l  n o t  be a l t e r e d  by u s i n g  

a more e x a c t  k i n e t i c  e q u a t i o n  € o r  an u n s t a b l e  plasma.  

11. GENERAL THEORY 

L e t  u s  c o n s i d e r  two s t r eams  of h o t  unbounded p lasmas  i n  which 

t h e  i o n s  form o n l y  t h e  n e u t r a l i z i n g  background b u t  t h e  e l e c t r o n s  

have non -re 1 a t  i v i  s t i c s t r eaming  ve  1 oc  i t i e  s . 
t r i b u t i o n  f u n c t i o n s ,  normal ized  t o  u n i t y ,  f o r  t h e  e l e c t r o n s  and t h e  

The e q u i  1 i b r i u m  d i  s - 

i o n s  are assumed t o  have  the form: 

an d 

5 2 
where Va = ea/&,.and V'- =@-/M ; 
( i n  ene rgy  u n i t s )  of t h e  e l e c t r o n s  and t h e  i o n s  r e s p e c t i v e l y .  The 

s u b s c r i p t  a on t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  r e f e r s  t o  e i t h e r  

o f  t h e  streams. The d e n s i t y  of e l e c t r o n s  on i o n s  i n  e a c h  stream 

and@= d e n o t e  t h e  t e m p e r a t u r e s  

i s  t aken  t o  be  N .  The d i s t r i b u t i o n  f u n c t i o n s  g i v e n  by &. (1) and 

( 2 )  d o  n o t  s a t i s f y  t h e  Fokker-Planck e q u a t i o n :  

where 9 i s  t h e  f o r c e  p e r  u n i t  n:ass and 

- 6 -  
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w h e r e 2  i s  t h e  Debye l e n g t h .  I n  f a c t  we  f i n d  t h a t  
D 

and t h e  e f f e c t i v e  c o l l i s i o n  f r equency  i s  d e f i n e d  t o  be 

I n  w r i t i n g  Eq .  (7 )  w e  have  taken t h e  e l e c t r o n  t e m p e r a t u r e s  of e a c h  

3 2  
stream t o  be  t h e  same and put = L/o . 

A s  w e  s h a l l  see la te r  the  e f f e c t  o f  t he rma l  m o t i o n s  e n t e r s  t h e  

2 0% 5 2  
d i s p e r s i o n  r e l a t i o n  th rough  t h e  pa rame te r  (k2D) = Ax w i t h A = l / U  

x = kU/ap- p o w  f o r  a l l  s i t u a t i o n s  of  p h y s i c a l  i n t e r e s t  ( k 4 )  must be much 

l e s s  t h a n  u n i t y .  F u r t h e r  we know t h a t  two-stream i n s t a b i l i t y  ar ises  

f o r  v s l u e s  of X o f  o r d e r  u n i t y .  Thus t h e  c o n d i t i o n  k & ( c / i m p l i e s  



t h a t A  be  less  than  u n i t y  f o r  t h e  u n s t a b l e  s i t u a t i o n s  we are 

c o n s i d e r i n g  h e r e .  S i n c e  

we can  wr i te  

o r  i n  o r d e r  o f  magni tude  

The q u a n t i t y  ('@.I)) i s  a lways  much less  t h a n  u n i t y  f o r  

p h y s i c a l  s i t u a t i o n s  of i n t e r e s t  and we have  seen  t h a t  (&/I)!) i s  

a l s o  less t h a n  u n i t y  for t h e  uns tab le  a l t i ~ a t i ~ n s  unde r  c o n s i d e r a t i o n  

h e r e .  

t h a n  a plasma p e r i o d .  On the  o t h e r  hand we know t h a t  i n  t h e  absence  

o f  c o l l i s i o n s  t h e  two stream i n s t a b i l i t y  h a s  e - f o l d i n g  t i m e  of t h e  

o r d e r  o f  a plasma p e r i o d .  Thus f o r  t h e  problem a t  hand ,  t h e  d i s -  

t r i b u t i o n  f u n c t i o n  s a t i s f i e s  t h e  Fokker-Planck  e q u a t i o n  t o  a good 

approx ima t ion  and we may t a k e u  i n  Eq. (1) t o  be c o n s t a n t .  

t h e  n e g l e c t  of this t e r m  i s  j u s t i f i e d  on t h e  ground t h a t  t h i s  i s  

independen t  o f %  and t h u s  would a f f e c t  o n l y  t h e  k=o mode when w e  

t a k e  t h e  F o u r i e r  t r a n s f o r m  of t h e  l i n e a r i z e d  e q u a t i o n s  i n  E- s p a c e ;  

and w e  are n o t  p r i m a r i l y  concerned  w i t h  t h i s  mode h e r e .  

Hence u changes  i n  time on a scale which i s  v e r y  much l a r g e r  

Moreover ,  
h!! 

I n  a similar 
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manner ,  i t  can be shown t h a t  the  Fokker-Planck  e q u a t i o n  f o r  t h e  

i o n s  i s  a l s o  s a t i s f i e d  t o  an e q u a l l y  good approximat ion .  

F o r  l o n g i t u d i n a l  o s c i l l a t i o n s  t h e  l i n e a r i z e d  Fokker-Planck  

e q u a t i o n  f o r  t h e  motion of e l e c t r o n s  h a s  t h e  form: 

where t h e  r i g h t  hand s i d e  r e p r e s e n t s  t h e  e f f e c t  o f  c o l l i s i o n s .  

Again t h e  s u b s c r i p t  a i n  Eq. (13) i m p l i e s  t h a t  t h i s  e q u a t i o n  

r e f e r s  t o  e i t h e r  of t h e  plasma streams, &=l  o r  2. The change i n  

fa, due t o  c o l l i s i o n s  r e s u l t s  from c o l l i s i o n s  w i t h  t h e  i o n s  o r  

e l e c t r o n s  i n  e i t h e r  stream. Thus we can wr i te  

where a,&=1 o r  2. The c o l l i s i o n  terms are g iven  by 

an d 

where 

- 9 -  



e e The e x p r e s s i o n s  for(4)  and(44)  can be w r i t t e n  down from Eqs.  (19) 

and (20)  on r e p l a c i n g  fos b y f g  

i s  governed  by t h e  Po i s son  e q u a t i o n :  

e e 
. The e l e c t r i c  f i e l d  E i n  Eq. (13) - 

E q u a t i o n s  (13) and (21)  from t h e  c h a r a c t e r i s t i c  v a l u e  problem 

which w e  s h a l l  s o l v e  by the F o u r i e r  -Laplace  t r a n s f o r m  method. We 

t h u s  d e f i n e  

an d 

w i t h  &&)ofor t h e  i n t e g r a l s  t o  be c o n v e r g e n t .  The F o u r i e r - L a p l a c e  

t r a n s f o r m s  of Eqs.  (13) and (21)  are: 

- 10 - 



and 

a 
where %( 

f u n c t i o n  i . e . ,  

) i s  t h e  F o u r i e r  t r a n s f o r m  of  t h e  i n i t i a l  d i s t r i b u t i o n  

I n  o r d e r  t o  s o l v e  t h e  c h a r a c t e r i s t i c  v a l u e  problem posed by Eqs. ( 2 4 )  

and ( 2 5 ) ,  i t  i s  now conven ien t  t o  t a k e  t h e  F o u r i e r - t r a n s f o r m  i n  

v e l o c i t y  s p a c e ;  w e  t h u s  d e f i n e  

Equa t ion  ( 2 4 )  now t a k e s  t h e  form 

In  o r d e r  t o  s i m p l i f y  t h e  c o l l i s i o n  terms, we f i r s t  o b s e r v e  t h a t  

t h e  F o u r i e r - L a p l a c e  t r a n s f o r m  of Eq. (15) l e a d s  t o  



we f i n d  t h a t  

an d 

On u s i n g  t h e  f o r e g o i n g  r e s u l t s  i n  E q .  ( 2 9 )  w e  o b t a i n  

where 

k/? 

S i m i l a r  

- 1 2  - 



We s h a l l  now t a k e  t o  be a l o n g  t h e  1 - a x i s  and a l s o  assume 

4 t h a t  $= q g . ,  and f u r t h e r  w e  s e t  N r : V 6 / L ,  where L r e p r e s e n t s  t h e  

mean f r e e  p a t h  of t h e  p a r t i c l e s  between c o l l i s i o n s .  

r e d u c e s  t o  

Eq. (28) now 

We s h a l l  now assume t h a t  t h e  c o l l i s i o n s  are weak so t h a t  

.kL>>A. Under t h i s  a s sumpt ion ,  t o  t h e  lowes t  o r d e r ,  Eq. (37) 

g i v e s  

- 13 - 



We now s u b s t i t u t e  t h e  ze ro -o rde r  s o l u t i o n  g iven  by E q ,  (38) i n t o  

471-ie r, F, (b, A) . E,c.o)= (-42) 
a 

On s u b s t i t u t i n g  for & i n  accordance w i t h  E q .  (41) i n t o  E q .  ( 4 2 ) ,  

w e  r e a d i l y  o b t a i n  

- 14- 



We may n o t e  h e r e  t h a t  p ( k , s )  depends  on ly  on t h e  i n i t i a l  

p e r t u r b a t i o n .  I f  w e  c o n s i d e r  o n l y  t h o s e  p e r t u r b a t i o n s  f o r  which 

$ ( k , s )  i s  a n a l y t i c  i n  t h e  complex s - p l a n e ,  t hen  f o r  t h e  Lap lace  

i n v e r s i o n  of Eq. ( 4 3 ) ,  we have t o  c o n s i d e r  o n l y  t h e  z e r o s  of g k , ~ )  

which are g iven  by 

T h i s  g i v e s  u s  t h e  d e s i r e d  d i s p e r s i o n  r e l a t i o n .  I t  i s  now conven ien t  

t o  d e f i n e  t h e  e f f e c t i v e  c o l l i s i o n  f r equencey  as $= V,/L. 
d i s p e r s i o n  r e l a t i o n  then  r e a d s  

The 

III. EVALUATION OF THE INTEGRALS 

We f i r s t  need  t o  e v a l u a t e  

00 - 15 - 



where 

The i n t e g r a l  which o c c u r s  i n  E q .  (49) can be e x p r e s s e d  i n  terms 

of t h e  e r r o r  f u n c t i o n  and w e  f i n d  t h a t  
a 

which f o r  l a r g e  v a l u e s  of  t h e  argument h a s  t h e  a sympto t i c  expans ion  

On making t h e  l e g i t i m a t e  assumpt ion  t h a t  t h e  phase v e l o c i t y  of 

t h e  wave i s  much l a r g e r  t han  t h e  mean the rma l  speed i . e .  A/kb>>d, 
w e  o b t a i n :  

where w e  have p u t  A=-iOfor t h e  sake  of conven ience ,  

We n e x t  wish t o  e v a l u a t e  

- 16 - 



e 
We may n o t e  t h a t  /(, i s  independent  of u and as such of 8- . 
We c a n ,  t h e r e f o r e ,  w r i t e  1, = I2 = , &= 1, 2. I n  o r d e r  

d e &  
t o  compare t h e  r e l a t i v e  o r d e r s  of t h e  d i f f u s i o n  t e r m  and t h e  f r i c t i o n a l  

term, w e  s p l i t  up E q .  (55) as f o l l o w s :  

L+. a+ 
where and Idk r e p r e s e n t  t h e  c o n t r i b u t i o n  of t h e  

f r i c t i o n a l  and t h e  d i f f u s i o n  terms r e s p e c t i v e l y  t o  t h e  e l e c t r o n - i o n  
“4 

c o l  1 i s i o n  s . F u r t h e r  

and 

On s u b s t i t u t i n g  f o r  i n  acco rdance  wi th  

I t  i s  now c o n v e n i e n t  t o  i n t r o d u c e  t h e  v a r i a b l e f  = c&-$ . 
UI 

-0- 
The i n t e g r a l  f l f  can t h e n  be w r i t t e n  as:  

- 17- 



Again i f  w e  assume t h a t  f+ >>i 1,  we can u s e  t h e  a s y m p t o t i c  

expans ion  of  e r r o r  f u n c t i o n  and a f t e r  some r e d u c t i o n s  w e  f i n d  

- 18 - 



We now obse rve  t h a t  p i s  u s u a l l y  much 

t h e  o r d e r  of t h e  phase  v e l o c i t y  t o  t h e  

l a r g e r  t han  q ,  be ing  of  

mean the rma l  v e l o c i t y .  

We c a n ,  t h e r e f o r e ,  c a r r y  o u t  t h e  e x p a n s i o n s  of t h e  q u a n t i t i e s  

a p p e a r i n g  i n  t h e  denominators  i n  . The r e s u l t i n g  i n t e g r a t i o n s  
J 

are then  e l emen ta ry .  We o b t a i n  a f t e r  some s t r a i g h t f o r w a r d  ca l -  

c u l a t i o n s :  

- 6  
where w e  have r e t a i n e d  terms up t o  o n l y ,  and 

On s u b s t i t u t i n g  t h e  fo rego ing  r e s u l t s  i n  e q u a t i o n  (65) and a f t e r  

where 

- 19 - 



The v a r i o u s  i n t e g r a l s  occur ing  i n  Eq. (71) can be e v a l u a t e d  i n  
c 

terms of t h e  e r r o r  f u n c t i o n  9 (&) 9 where y*=A,/@A$and 

t h e  e x p o n e n t i a l  i n t e g r a l  E.;<-* . A s  C& i s  a q u a n t i t y  much 

l a r g e r  t han  u n i t y ,  b e i n g  of  o r d e r  one can  u s e  t h e  a s y m p t o t i c  
4% % 

k 
e x p a n s i o n s  of t h e s e  f u n c t i o n s .  The c a l c u l a t i o n s  are l e n g t h y  

b u t  s t r a i g h t f o r w a r d .  The v a l u e s  of t h e  v a r i o u s  i n t e g r a l s  are 

g iven  i n  Appendix A .  The r e s u l t  i s  ( r e t a i n i n g  terms up t o  o r d e r  A - 6 ) :  
/ 

We now obse rve  t h a t  can be w r i t t e n  as A, 

where ja = \/o ub/a (‘and 

a g a i n  c a r r y  o u t  t h e  expans ions  of  A 
R e t a i n i n g  terms up  t o  t h e  f i f t h  power i n  w e  o b t a i n :  

/.) Ld 1 1. We c a n ,  t h e r e f o r e ,  
a 

-7% 
1 

i n  powers of Pa/$. 

- 20 - 



d 
where 

I t  i s ,  p e r h a p s ,  wor thwhi le  t o  remark a g a i n  t h a t  t h e  o n l y  assumpt ion  

which h a s  been made t o  e v a l u a t e  t h e  i n t e g r a l  I i s  t h a t  t he  phase 

v e l o c i t y  of t h e  wave i s  much l a r g e r  t han  t h e  mean the rma l  v e l o c i t y ;  

(k 

!f 

and t h i s  i s  indeed  a legit imate one f o r  t h e  problem a t  hand. 

2 2 
We now assume tha t  h+f&l.&iand y. 44 V, which i s  q u i t e  v a l i d  

i n  a l l  cases of p h y s i c a l  i n t e r e s t ;  t h e  second r e q u i r e m e n t ,  as a 

matter of f a c t ,  i s  a consequence of t h e  f i r s t  one. Under t h e s e  

a s sumpt ions ,  w e  have 

an d 

The i n t e g r a l s  2 
of t h e  pa rame te r  A =: v,'/u$ 

have been e v a l u a t e d  n u m e r i c a l l y  f o r  s u i t a b l e  v a l u e s  
h 

. We t h u s  f i n a l l y  o b t a i n :  

- 21 - 



I t  i s  t o  be n o t e d  from E q s .  

c o l l i s i o n s  i t  i s  t h e  f r i c t i o n a l  t e r m  which i s  t h e  dominant one ;  

t h e  d i f f u s i o n  t e r m  t e n d s  t o  be s m a l l e r  by a f a c t o r  o r  o r d e r  1 

Combining E q s .  (79) and (80) we o b t a i n  f o r  t h e  c o n t r i b u t i o n  of t h e  

e l e c t r o n  - i o n  c o l l i s i o n s :  

(79) and (80) t h a t  i n  i o n - e l e c t r o n  

. / 

Next w e  wish t o  e v a l u a t e  

where 

and 

- 22 - 



& 

The e v a l u a t i o n  o f  p roceeds  on s imi la r  l i n e s  as 

and  we f i n d :  

where 

a n  d 

Combining E q s .  (85) and ( 8 6 ) ,  we o b t a i n  

I n  p a r t i c u l a r  w e  f i n d  t h a t  f o r  c o l l i s i o n s  between p a r t i c l e s  of 

t h e  same stream, t h i s  r e d u c e s  t o  

- 23 - 



F i n a l l y ,  w e  w i sh  t o  e v a l u a t e  

where 

and  

where now i t  i s  c o n v e n i e n t  t o  d e f i n e  

and 

We now f i r s t  c a r r y  out  t h e  6 - i n t e g r a t i o n .  The r e s u l t  i s  

where 

- 2L. - 



Again i n t r o d u c i n g  a system of c y l i n d e r i c a l  c o - o r d i n a t e s  i n  

s p a c e  and c a r r y i n g  o u t  t h e  a n g u l a r  i n t e g r a t i o n  w e  g e t  

A f t e r  some e l e m e n t a r y  r e d u c t i o n s ,  Eq .  (99) can be p u t  i n  t h e  Eorm 

f o r  s i n t o  E q .  (98) ,  we get  
4 s  

where d i s  d e f i n e d  i n  Eq.  (87) and 

I f  w e  c a r r y  o u t  the  asymptot ic  e x p a n s i o n s  o f  t h e  e r ror  f u n c t i o n s ,  

-5 
w e  o b t a i n  on r e t a i n i n g  terms u p t o  Gt : 



S i n c e  X / A  d< 

t h i s  e x p r e s s i o n  i n  powers o f  and o b t a i n :  

1 ,  w e  can  f u r t h e r  expand t h e  denomina to r s  i n  

(104)  

X L  

a 

We now s u b s t i t u t e  t h i s  e x p r e s s i o n  f o r  F(X) i n t o  1344 
g i v e n  by Eq .  (101). The r e s u l t i n g  i n t e g r a t i o n s  are t h e n  e l e m e n t a r y  

and w e  o b t a i n :  

A I n  a similar manner .  w e  o b t a i n :  

On combining t h e  f o r e g o i n g  e x p r e s s i o n s ,  w e  o b t a i n  : 



I n  p a r t i c u l a r  f o r  c o l l i s i o n s  i n  t h e  same stream, t h i s  r e d u c e s  t o  

I t  i s  i n t e r e s t i n g  t o  obse rve  t h a t  f o r  c o l l i s i o n s  i n  the same 

stream, t h e  t o t a l  c o n t r i b u t i o n  of t h e  e l e c t r o n - e l e c t r o n  c o l l i s i o n s  i s  

and compared w i t h  t h e  e l e c t r o n - i o n  c o l l i s i o n s ,  t h i s  i s  smaller by 
-2  

a f a c t o r  . It t u r n s  o u t  t h a t  t h e  i n t e g r a l  T d e f i n e d  by 

E q .  (88) i s  a b o u t  an o r d e r  of magni tude  smaller t h a t  t h e  i n t e g r a l  

m 

d e f i n e d  by E q .  ( 7 8 ) .  Hence t h e  c o n t r i b u t i o n  of  t h e  e l e c t r o n -  

e l e c t r o n  c o l l i s i o n s  between one stream and t h e  o t h e r  i s  an o r d e r  

m 

of  magni tude  smaller t h a n  t h e  e l e c t r o n - i o n  c o l l i s i o n s .  F u r t h e r ,  

i n  e l e c t r o n - e l e c t r o n  c o l l i s i o n s ,  t h e  d i f f u s i o n  terms t e n d  t o  be of 

t h e  same o r d e r  as t h e  f r i c t i o n a l  terms. _- 

I V  ANALYSIS OF THE DISPERSION RELATION 

On c a r r y i n g  o u t  t h e  summations i n d i c a t e d  i n  E q .  (47)  t h e  d i s -  

p e r s i o n  r e l a t i o n  can  be w r i t t e n  as: 

J 

- 27 - 



where w e  s h a l l  now t a k e  4 = -  ua. = u . We i n t r o d u c e  

t h e  f o l l o w i n g  d i m e n s i o n l e s s  v a r i a b l e s :  

on u s i n g  t h e  f o r e g o i n g  

be  w r i t t e n  as: 

w i t h  

r e l a t i o n s ,  t h e  d i s p e r s i o n  r e l a t i o n  can  

an d 

- 28 - 



where 

& = T - ' T  
5 A 7  

an d 
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L 2 
I t  i s  worth n o t i c i n g  h e r e  t h a t  Ax = (A&) 
i s  a lways  small compared wi th  u n i t y  f o r  a l l  c a s e s  of  p h y s i c a l  

, a q u a n t i t y  which 

i n t e r e s t .  We s h a l l  now d i s c u s s  some s p e c i a l  c a s e s  of t h e  d i s p e r s i o n  

r e l a t i o n  (112). 

a )  C, r o .  Cz =o, q p o  
# 

I n  t h i s  case we o b t a i n  the  w e l l  known c o l d  c a s e  of two-s t ream 

i n s t a b i l i t y  which h a s  been e x t e n s i v e l y  d i s c u s s e d .  The d i s p e r s i o n  

r e l a t i o n  l e a d s  t o  the r o o t s  

The r o o t s  f o r  are t h u s  e i t h e r  real  o r  p u r e l y  imag ina ry ;  t h e  

l a t t e r  one g i v e s  r ise t o  i n s t a b i l i t y  which o c c u r s  f o r  a l l  v a l u e s  of 

which are less  than  Xc=(2)? It c a n  be f u r t h e r  seen  t h a t  t h e  

growth  ra te  of i n s t a b i l i t y  i s  maximum f o r  x =  % =[3$'72. The 

co r re spond ing  growth  r a t e  of maximum i n s t a b i l i t y  i s  Izf 
S i n c e  t h e  i n s t a b i l i t y  o c c u r s  on ly  f o r  t h e ' r o o t  w i t h  t h e  n e g a t i v e  s i g n  

i n  E q .  ( 7 8 ) ,  we s h a l l  h e n c e f o r t h  c o n s i d e r  on ly  t h i s  r o o t  and d e n o t e  

i t  by t h e  s u b s c r i p t  '0'. i . e .  

2. / = 0,25 e * 

We now wish  t o  see how= and x* change whenAfOand B#O . c 

b )  c, =o. e,. = o  
/ I  

I n  t h i s  case t h e  d i s p e r s i o n  r e l a t i o n  r e d u c e s  t o  

- 30 - 



2 
T h i s  e q u a t i o n  h a s  been s o l v e d  n u m e r i c a l l y  f o r  f o r  g iven  

v a l u e s  o f z a n d  A . The r e s u l t s  are g iven  i n  Table  1 and are 

p l o t t e d  i n  F ig .  1 t o  i l l u s t r a t e  t h e  e f f e c t  of t he rma l  mot ions  on 

two stream i n s t a b i l i t y .  I t  i s  r a t h e r  i n t e r e s t i n g  t o  n o t e  t h a t  i n  

t h i s  case t h e  maximum wavenumber X( ' )up to  which t h e  i n s t a b i l i t y  

o c c u r s  i s  l a r g e r  t h a n X i . e .  

C 

c 

XC' ) ,  r: = 4.4142. c C 

It i s  t o  b e h r t h e r  n o t e d  t h a t  whi le  t h e  r e g i o n  of i n s t a b i l i t y  i s  

i n c r e a s e d ,  t h e  growth  ra te  of maximum i n s t a b i l i t y  i s  d e c r e a s e d ,  

' .  . .  

c )  The e f f e c t  of C o l l i s i o n s  

I n  o r d e r  t o  compute t h e  e f f e c t  of c o l l i s i o n s ,  w e  f i r s t  obse rve  

t h a t  t h e  terms c 
s o l v e  E q .  (112) by 

where f, i s  t h e  s o l u t i o n  of Eq. (127)  and y, i s  rea l  f o r  X $ 

Thus c a n d c  become real  i n  t h i s  r e g i o n .  

f o r  an u n s t a b l e  mode which w e  are c o n s i d e r i n g  k r e .  

are p r o p o r t i o n a l  t o  and - o a t  X =  X w e  immedia te ly  conc lude  t h a t  

t h e  c o l l i s i o n s  c a n n o t  c h a n g e x  and t h u s  t h e  r e g i o n  o f  i n s t a b i l i t y .  

However t o  s tudy  t h e  i n f l u e n c e  o f  c o l l i s i o n s  on t h e  growth  ra te  o f  

and c z 1 2  
are much smaller than  u n i t y  so t h a t  we  can 

i t e r a t i o n .  Thus w e  can s u b s t i t u c e  J=i#, i n  c,.-(c/z 

Moreover 8, i s  p o s i t i v e  a IZ 

S i n c e  cz and cjz 

I 7- C 

c 

maximum i n s t a b i l i t y ,  w e  have so lved  Eq. (112)  f o r  v a r i o u s  v a l u e s  of 

A and B. The r e s u l t s  are i l l u s t r a t e d  i n  F i g u r e s  2 and 3. . 

It  i s  r a t h e r  i n t e r e s t i n g  t o  f i n d  t h a t  t h e  growth  ra te  of maximum 

i n s t a b i l i t y ,  which i s  reduced  by t h e  the rma l  mot ions  of t h e  p a r t i c l e s ,  

.. 31 . 



i s  enchanced by t h e  c o l l i s i o n s  b u t  t h e  e f f e c t  of t he rma l  mot ions  

c a n n o t  be quenched by t h e  Coulomb c o l l i s i o n s .  

V.  CONCLUSIONS 

I n  t h e  absence  of c o l l i s i o n s ,  t h e  r e g i o n  of i n s t a b i l i t y  of 

c o n t r a s t r e a m i n g  p lasmas  i s  i n c r e a s e d  by t h e  thermal  e f f e c t s  w h i l e  

t h e  growth ra te  of maximum i n s t a b i l i t y  i s  dec reased .  However, on t h e  

assumpt ion  t h a t  t h e  c o l l i s i o n s  are n o t  t o o  f r e q u e n t  (l/c/O d& 1) 

one f i n d s  t h a t  t hey  have only second o r d e r  e f f e c t s .  The r e g i o n  of  

i n s t a b i l i t y  i s  n o t  a f f e c t e d  by t h e  p re sence  of c o l l i s i o n s  wh i l e  t h e  

growth  ra te  of maximum i n s t a b i l i t y  i s  i n c r e a s e d .  The b i n a r y  c o l l i s i o n s  

t h a t  w e  have c o n s i d e r e d  h e r e  do  n o t  seem t o  quench t h e  e f f e c t s  of  t h e  

the rma l  mot ions  of  t h e  plasma s p e c i e s .  
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APPEND1 X 

We wish  t o  e v a l u a t e  i n t e g r a l s  of the  t y p e  

00 

These i n t e g r a l s  can be r e a d i l y  e v a l u a t e d  i n  terms of  t h e  E r r o r  and t h e  E x p o n e n t i a l  
i n t e g r a l s  d e f i n e d  by 

and 

( A - 3 )  

F o r  l a r g e  v a l u e s  of t h e  a rgumen t ,  t h e s e  f u n c t i o n s  have  t h e  a s y m p t o t i c  e x p a n s i o n s  ( 1  4 ,  
2 

(A-4)  

-X I 3 1.3-6 e 
-1 

and 

A f t e r  some e l e m e n t a r y  r e d u c t i o n s ,  w e  f i n d  
a 

3 

, ,3 

n 

( A - 5 )  

( A - 6 )  

( A - 7 )  
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where y:i=/!~/(2Aa)1(2 . These i n t e g r a l s  have t h e  a sympto t i c  v a l u e s :  

and 

( A - 1 0 )  

(A-11) 

( A - 1 2 )  

( A - 1 3 )  

( A - 1 4 )  

( A - 1 5 )  
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TABLE 1 

A €3 

0 .o 0.0 

0.001 0.000 
0.050 
0.075 
0.100 

0.01 0.000 
0.050 
0.075 
0.100 

0.05 0,000 
0.050 
0 -075 
0.100 

0.10 0.000 
0.050 
0.075 
0.100 

1.414 0.866 

1.416 0.867 
1.416 0.867 
1.416 0.867 
1.416 0.867 

1.435 0.874 
1.435 0.874 
1.435 0.874 
1.435 0.874 

1.516 0.915 

1 516 0.917 
1.516 0 318 

1.516 0.916 

1.612 0.976 
1.612 0.982 
1.612 0.985 
1.612 0.988 

2 
- Y  { t  

0.250 

0.249 
0.249 
0.249 
0.249 

0 245 
0.245 
0.245 
0.245 

0.227 
0.231 
0.232 
0.234 

0.214 
0.225 
0.230 
0.235 
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Figure Captions. 

Figure 1. Effect of thermal motions on xc,  x* and y 2  for 

A = 0.001, 0.01, 0.05 and 0.1. 

Variation of y2 with x for B = 0 and 0.1 is illustrated 

for A = 0.05. 

Variation of yz with x for B 

illustrated for A = 0.1. 

Figure 2. 

Figure 3. 0, 0.05 and 0.1 is 

Title for Table 1 

The values of xc, x* and y: for various values of 
2 

A = q / U 2 ,  and B E v,/cup. 
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