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INTRODUCTION 

Short ly  a f t e r  publication of the a r t i c l e  r e f e r r e d  to,  wz had s o m e  
doubts about  the val idi ty  of the energy method used  to  d e t e r m i n e  the 
rate of damping in space  f r o m  the ra t e  of t ime  damping. 

A m o r e  complete.  ana lys i s  of the p rob lem s e e m e d  to  show, i n  fac t ,  
that  only f i r s t  o r d e r  t e r m s  ( in  ~ ' 1 2 )  were  appropr i a t e ly  ca lcu la ted ,  
w h e r e a s  t e r m s  of second o r d e r  ( i n  v )  contained possible  e r r o r s .  

T o  finally se t t l e  this  ques t ion  and, a t  the s a m e  t ime ,  give the exac t  
expres s ion  fo r  the spac ia l  damping coefficient,  i t  was  n e c e s s a r y  to 
r e p e a t  en t i r e ly  the calculat ion made  f o r  spac ia l  damping.  This  qui te  
long and de l ica te  calculat ion,  c a r r i e d  out by C a r r y ,  shows def ini te ly  
that  the second o r d e r  t e r m s  given by the  energy  method w e r e  i n c o r r e c t .  
Neve r the l e s s ,  the e r r o r  introduced in this  way was negligible f o r  a l m o s t  
all p rac t i ca l  c a s e s .  F o r  this  r e a s o n  La Houille Blanche, busy with o ther  
things,  asked  us  t o  suspend a publication which is nonessent ia l  and 
r e p e a t s  a previous one. However ,  the impor tance  of the quest ion was  
renewed with the publication by Miche of a work on the " P r o p e r t i e s  of 
Ocean and Labora to ry  Wave Tra ins"  which, f u r t h e r m o r e ,  was  r ecen t ly  
ana lyzed  by L a  Houille Blanche.  
c l a i m s  without f o r m a l  proof 
is i n  v and not i n  v1/2, and sugges t s  that  the f ac t  of having obtained a 
t e r m  i n  v1/2 r e s u l t s  f r o m  the u s e  of the ene rgy  balance method.  

In a note in his work  (page 9 3 ) ,  Miche 
that  the pr inciple  t e r m  i n  spac ia l  damping 

The  calculat ions of C a r r y  w h i c h a r e  independent of the ene rgy  
ba lance  method show that  that  is no t the  c a s e  and that  ou r  conclusions 
with r e s p e c t  to the ex is tence  and impor tance  of the t e r m  in  v'/2 r e m a i n  
unchanged;  when the speed of the wave on the bot tom becomes  appre -  
c iab le ,  this  t e r m  predominates .  The t e r m  becomes  negligible only 
when the depth is  g r e a t e r  than one-half the wave length and when, as a 
r e s u l t ,  the speed  on the bot tom is  l e s s  than a few pe rcen t  of the speed  
on the s u r f a c e .  

W e  bel ieve that  Miche ' s  e r r o r  r e s u l t s  f r o m  his omit t ing to  wr i t e  
that  t he  speeds  go to  z e r o  on the bottom. 
c o r r e s p o n d s  to  the usua l  hypotheses  of t heo r i e s  of viscous fluid flow. 

This  condition, as is known, 
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While Biese l  h a s  calculated the t i m e  damping of a wave,  i t  is  s o m e -  
t i m e s  useful to have the e x p r e s s i o n  f o r  s p a c i a l  damping;  the calculat ional  
s c h e m e  is the s a m e ,  but w e  shall r e p e a t  it f o r  the sake of c l a r i t y .  

We know that  t h e r e  e x i s t s  a c u r r e n t  function of the f o r m  $ = $1 t $2 ,  

w h e r e  $1 and + 2  sa t i s fy ,  respec t ive ly ,  

and 

The  e x c e s s  of p r e s s u r e  over  the hydros ta t ic  p r e s s u r e  is given by 
the total  different ia l ,  

d z -  - V l  d x ]  
6 2  

o r  with CDl being the conjugate function of $1, 

p = - p -  6 @ 1  + C '  . 
L bt 

F o r  the c a s e  of waves propagat ing in  a finite depth H,  $ c a n  be 
wr i t ten  in the f o r m ,  

$ = ( A  c o s h  az t B s inh  az t C c o s h  (3z 

w h e r e  the x axis coincides  with the f r e e  s u r f a c e ,  and the z a x i s  is  
perpendicular  to i t . ,  (3 is d e t e r m i n e d  f r o m  the r e l a t i o n ,  

i b  p 2 = a  + -  . 
V 

T h e  aim of our  study i s  t b  find the complex  n u m b e r s  a and 13, thus 
defining the function +. 

T h e  conditions which m u s t  be s a t i s f i e d  on the bot tom a r e  
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. 
and 

6+ -=  0 
b X  

fo r  

z = - H .  

I f ,  f o r  s implif icat ion,  we l e t  

L = cosh  aH,  

P = cosh  PH, and Q =  sinh PH, 

M = s inh  aH,  

these  conditions c a n  be wr i t ten  as 

(a)  AL - B M t  C P  - DQ = 0 

(b )  (AM- B L ) a  t ( C Q  - D P )  p = 0. 

If q (x )  des igna tes  the ord ina te  of the f r e e  s u r f a c e ,  one a l s o  h a s  

iax t ib t  
= - ia ( A t  C)  e 

6t z = o  

f r o m  which one finds 

a iax t ibt  
q t b ( A t C ) e  = o .  

F u r t h e r m o r e ,  the expres s ion  fo r  the p r e s s u r e  is 

iax t ibt p = - pgz - pb ( A s inh  a z  t B cosh a z )  e 

At the f r e e  s u r f a c e  ( z  = q), the no rma l  p r e s s u r e  should be z e r o  s o  
that  

- 0  6 2+ p t 2 p v  - - 6 X 6 Z  
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or 

The condition of z e r o  tangent ia l  f o r c e  is wr i t ten  as 

o r ,  using Equation ( 2 ) ,  

( d )  2Aa2v t ( Z a 2 v t  ib) C = 0. 

El iminat ing A, B, C ,  and D f r o m  the preceding equations gives  

2 a 2 v  L Ma 

0 - M  -\La 2 a 2 v  + i b  

ga 
i b  
- 2 a 2 v +  ib P Q P  

0 - Q  - P P  2 a p v  

= o .  

Solving this d e t e r m i n a n t ,  one ge ts  

-4a3v2P2QM t P [PMga + P L  ( 2 a 2 v  t ib) '  + 4 a ' v ' P L  

-4a 'v  ( Z a ' v t  ib)] -ga' QL - QMa ( 2 a 2 v +  ib)' = 0. 

Dividing by PL and rep lac ing  L,  M,  P, and Q by t h e i r  v a l u e s ,  one finds 
tha t  

- 4a 3v2  p' tanh a H  tanh PH + p llga tanh aH + ( 2a'v + ib)2i  

t 4 a 4 v 2  - ( 2 a ' v  t ib)] -gaZ tanh PH 
c o s h  a H  c o s h w  

- a tanh PH tanh a H  ( 2 a ' v  + ib)' = 0 .  

4a2 v 
( 3 )  
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. 

Equat ions (2)  and ( 3 )  c a n  be used t o  find a and p; p2, on the o r d e r  
of l / v ,  will  be v e r y  l a r g e  s o  that w e  c a n  set  tanh PH = 1 and c o s h  
PH =m. Thus Equat ion ( 3 )  becomes  

3 2 2  - 4 a  v p tanh a H  t P ( g a  tanh a H  - b2 t 4ib a 2 v  

4 2  t 8 a  v ) - ga2 - a tanh a H  ( 2 a 2 v t  ib)‘ = 0. 

Solving Equation (2)  f o r  p by a s e r i e s  expansion, we have 

Replacing p i n  Equation (4)  by this express ion ,  we get  

- 4a5v2 tanh  a H  - i  4a3v b t a n h a H  - g a 2  - a tanh a H  (2a2v t ib)2 

4 2  t 8a v ) = 0. 

Neglecting t e r m s  of o r d e r  g r e a t e r  than v1/2 , this  b e c o m e s  
( 6 )  

( tanh  a H  ga - b2) - ga2 t a tanh a H  b2 t i) 
v1/2 Jz- 

4 c  
t ( tanh a H  ga -b2)  

( 1  t i) 
fl 

A solut ion for  a is looked f o r  of the f o r m  

a = c1 t c 2 v 1 / 2  t ~ 3 v  t . . . 

Noting that  

and equat ing the d i f f e r e n t  powers  of v i n  Equation ( 6 ) ,  we have the t h r e e  
equa t i  on s : 

5 



gC1 tanh C1 -b2  = 0, 

and 

cosh2 C1H 
( i  - 1) - 2  gClC2 t b2. C2 tanh CIH t 

4 b3h C; 
T 

(C3H - CfH2 tanh  C1H) C tH 
cash' C1H cosh2.ClH gc1  

t gC3 tanh ClH = 0. 

As i s  known, the wave number  a = 2 r / L  of waves  of angu la r  f r e -  
By analogy we 

1 
quency b in  a pe r fec t  fluid is given by g a  tanh ah = b2. 
sha l l  u s e  h e r e  the notation C1 = a ,  but i t  m u s t  be emphas ized  that  a 
does  not r e p r e s e n t  the s a m e  concept  f o r  waves  in v iscous  f lu ids .  

Thus, we have 

$2- (1  - i) a' 
I c( s inh  2aH t 2aH) 

c -  - 

and 

1 s inh  2aH t 
s inh  2aH t 2aH 

4ia3 
c3 = - 

b (2aH t 2 s inh  2aH) 

1 2 s inh  aH cosh3 aH 
( s inh  2aH t 2aH)2 

f r o m  which 

2 ( 1  - i )  a v  a = a[1 A t / !  s inh  2aH t 2aH - i4 b (2aH t 2 s inh  2aH) 

( 7 )  
1 2 s inh  a H  cosh3  a H  

( s i n h  2aH t 2aH)2 
t s inh  2aH t 2aH 

and 
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F r o m  Equat ion ( 7 ) ,  the f o r m u l a  giving the damping law as a function 
of d i s tance  t rave led  c a n  be wr i t ten  a s  

2h = 2h0 exp s inh  2aH - 2  t 2aH [,$st (9) ( s i n h 2 a H  

1 2 s inh aH cosh3 aH 
sinh 2aH t 2aH ' ( s inh  2aH + 2aH)2 

Before compar ing  this  fo rmula  to that  obtained by B iese l  using the 
ene rgy  method,  a p r e l i m i n a r y  r e m a r k  m u s t  be m a d e  on the definit ion 
of a and b. 

In the c a s e  of damping i n  t ime  and not in  space ,  t r ea t ed  "in extenso ' '  
by B iese l ,  the wave length,  L, was  defined unambiguously,  allowing 
the de t e rmina t ion  of a f r o m  the formula ,  

b was  then  defined f r o m  a :  

b = J a g  tanh a H -  . 

F o r  the c a s e  of spac ia l  damping,  the concept of wave length is 
no  longer  obvious s ince  the prof i le  of the wave a t  a given t ime  is no 
longer  per iodic  in  s p a c e ,  the  ampli tude dec reas ing  f r o m  one c r e s t  to  
ano the r .  
t o  p roceed  m o r e  rat ional ly  s t a r t i ng  f r o m  the per iodici ty  i n  time. 
l a t t e r  is f r e e  f r o m  ambiguity.  Thus ,  we have taken 

a could be defined a s  the r e a l  p a r t  of a,  but we have p r e f e r r e d  
The  

and have  defined a as the  solution of 

b = J a g  tanh aH . 

In this  way,  we avoid talking of a wave length that  does  not co r re spond  
t o  a n  obvious physical  r ea l i t y ,  as  Biese l  avoided speaking of a per iod 
in  his a r t i c l e ,  

T h u s ,  the definit ions of a and b cannot automatical ly  be t r ansposed  
f r o m  the t ime  damping c a s e  to  the spac ia l  damping c a s e ;  s t r i c t ly ,B iese l  
would have  had to  have given the definit ions of these  quant i t ies  a t  the  

7 



s a m e  t ime as the l a s t  f o r m u l a  of h i s  a r t i c l e .  
the var ious  definit ions that can  be logically cons idered  differ  by 
quant i t ies  of the o r d e r  of v1/2. 

t ion used,  only t e r m s  i n  v in the damping f o r m u l a  should be affected 
by the choice of definit ions of a and b. 

F u r t h e r m o r e ,  note that  

As a r e s u l t ,  to the o r d e r  of approxima-  

Thus,  the d i f fe rences  that can be noted between the t e r m s  in  v in 
our  formula  and that of Biese l  can  be par t ia l ly  explained. 
t h e r e  ex is t s  another  possible  c a u s e  for  the d i f fe rence  in the es t imat ion  
of the r a t e  of energy  propagat ion;  the l a t t e r  m a y  be effected by the 
viscosi ty ,  t h e  m o s t  impor tan t  t e r m  in the e x p r e s s i o n  f o r  this effect  
being probably of the o r d e r  of v1/2. S t r ic t ly ,  it would be n e c e s s a r y  t o  
understand this  modification t o  per fec t  B i e s e l ' s  e n e r g y  method and to  
obtain c o r r e c t l y  the t e r m s  of the o r d e r  of v.  

However ,  

Ultimately,  i f  one wanted to  obtain the t e r m s  in  v 
method,  i t  would be n e c e s s a r y  to  compl ica te  the method and,  in  doing 
so,  take away the s impl ic i ty  that i s  i t s  p r i m a r y  advantage.  

using the e n e r g y  

The c o m p a r i s o n  between our  f o r m u l a  and that of B i e s e l  is c la r i f ied  
by the preceding r e m a r k s .  
v1/2 is c o r r e c t l y  given by the energy  method w h e r e a s  the t e r m  in  v 
i n  e r r o r .  

Such a c o m p a r i s o n  shows that  the t e r m  i n  
is 

The  p r a c t i c a l  i m p o r t a n c e  of the d i f fe rences  between the two f o r -  
m u l a s  i s ,  never the less ,  not g r e a t ,  s ince:  

1) 
2) 

F o r  l a r g e  r e l a t i v e  depths  the d i f fe rence  d i s a p p c a r s .  
F o r  m o d e r a t e  depths  ( l e s s  than a half wave length)  the differ-  
ence  in the t e r m  i n  v is  small and ,  f u r t h e r m o r e ,  the t e r m  v1/2 

p redominates .  
F o r  v e r y  small r e l a t i v e  depths  the t e r m  i n  v b e c o m e s  the m o s t  
impor tan t ,  and the asymptot ic  va lues  a r e  d i f fe ren t ,  the  damp-  
ing being 

3 )  

2h = 2h0 exp -($) a x ]  = 2h0 ex.[% 8bH2 a x ]  

instead of 

In any c a s e ,  it is i m p o r t a n t  to note that the method used  cannot 
give s u r e  r e s u l t s  for  these  o r d e r s  of magni tude ,  s i n c e  the a s s u m p t i o n s  



made dur ing  the calculat ion imply that v is v e r y  small and tha t  h is  
not too small (hypothesis  P /Q = 1).  
by B iese l  show that  that  d i f fe rence  is significant only fo r  l iquids  with 
v iscos i t ies  much  g r e a t e r  than that of water  o r  f o r  v e r y  small r e l a t ive  
depths  (on  the o r d e r  of 1 / 6 0  of a wave length).  

But the n u m e r i c a l  examples  given 

Thus ,  the gene ra l  conclusions of B i e s e l ' s  a r t i c l e  r e m a i n  tenable ,  
a t  l e a s t  qual i ta t ively.  
not too l a r g e ,  the damping is linked par t icu lar ly  to  the t e r m  in v1/2. 

This  is i n  contradict ion to the s t a t emen t  of Miche on page 93 of h i s  book, 
P r o p r i e t e s  d e s  T r a i n s  d 'Ondes Oceaniques e t  de Labora to i r e  ( P r o p e r t i e s  
of Ocean and Labora to ry  Wave Trai-ns),  edited by COEC. 

In p a r t i c u l a r ,  i t  is t r u e  that  in  depths  that  a r e  

T o  f in i sh  the calculat ion we sha l l  look f o r  the expres s ion  fo r  the 
c u r r e n t  function, +. Equation (d) gives  

A = - - ( l + - $ - )  C . 
2 

Equat ions  (a )  and (b )  give 

Aa t C [a  cosh  aH cosh  PH -P  s inh  PH s inh  a d  D =  
a cosh  a H  s inh  PH - P sinh PH s inh  aH 

and 

CP t a [P cosh  PH cosh  a H  - a sinh aH s inh  PH] B =  p cosh  PH sinh aH - a cosh a H  s inh  PH 

Inse r t ing  A, B, and D in  Equation ( l ) ,  we get  

9 
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