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ABSTRACT

No theoretical technique exists yet that enables the engineer to
completely determine the stability of practical complex spacecraft at-
titude control systems. In this dissertation, a stability approach is
developed that utilizes a computer simulation in conjunction with theo-
retical techniques to locate the potentially troublesome regions of state
space and explore their acceptability. It is shown in Part I that for
general physical systems,x = T(x) , all limit cycles are associated
with equilibrium points that lie *inside’" the limit cycles. Thus, if no
equilibrium point exists in a region, then no limit cycle is contained in
that region. Special properties of limit cycles and equilibrium points
are discussed and illustrated. In PartII, equilibrium points are found
analytically for spacecraft attitude control systems. A method is devised
to determine stability near these equilibrium points. Then, instead of
utilizing a uniform or random n-dimensional grid of computer initial
conditions, a grid is concentrated around a few calculated points. Sev-
eral practical examples of actual systems are presented. When control
systems are viewed in this light, a high degree of confidence is gained
from far fewer computer runs than previously needed.
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EQUILIBRIUM ANALYSIS AND ITS APPLICATION
TO ATTITUDE CONTROL SYSTEMS*

by
William N. Redisch
Goddard Space Flight Center

1. INTRODUCTION

No theoretical technique exists yet which enables the engineer to determine the stability of
practical complex spacecraft attitude control systems. Linearized models and much simplified
nonlinear approximations of a system are studied on paper, but the resulting analyses are
nearly always unsatisfactory for describing the stability of the actual system. Hence, the anal-
ysis of the complete system relies on the use of detailed computer simulations.

This approach, necessary as it is, leaves much to be desired. Firstly, haw accurate is the
simulation? There are oddities in physical hardware which are not known, understood, or
sufficiently determinable to generate a mathematical model that can be simulated. Other meas-
urable non-primary characteristics are labeled **higher-order effects" and, to keep the com-
plexity of the simulation reasonable, are not simulated. (For example, secondary emission of
x-rays in a radiation belt which causes spurious noise effects on field-effect transistors.) How-
ever, the limitations of a computer analysis are acceptable if the engineer takes enough pains
to ensure that the differences between real and simulated performances are well below the
error tolerances specified for the actual system.

A more important shortcoming of computer analysis for complex high dimensional attitude
control systems is that an infinite number of stability runs from an infinite number of
initial conditions obviously cannot be made. Hence, it is possible for a limit cycle, which is
considered unstable behavior (for the purposes of this dissertation), to exist in state space and
never be discovered until after the launching of the spacecraft. That is, the limit cycle-exists
in a region never entered by the simulated state vector, because every initial state produced a
state-space trajectory that did not pass through the troublesome region. There are many ex-
amples of this occurrence, one of which is discussed in Chapter 9.

In this dissertation, a method is developed that employs a complete computer simulation
in conjunction with theoretical techniques so as to yield a very high degree of confidence in a
stability analysis. That is, after a finite number of runs, the simulated state vector will, with

*Taken from a dissertation submitted to the Faculty of the Polytechnic Institute of Brooklyn in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy (Electrical Engineering) 1967.



high probability, pass through all troublesome regions in the overall state space of interest.
Now, if a system is truly globally unstable or stable, then the response either diverges from or
converges to the designed final state (call it the origin) from anywhere in state space, This
type of behavior is easily observed on a computer. It is the more nebulous limit cycle or mean-
dering patterns that are difficult even to define from a stability point of view, but are unwanted
from an attitude control designer's point of view, that elude the computer analysis. Thus, a
theory is needed to indicate the locations of all the potentially troublesome regions. The com-
puter is then used to explore these regions and find out whether they are acceptable. Also,
once a method of finding trouble spots is developed, insight into a system is gained, and it is
sometimes feasible to design the system so as to eliminate these troubles. Such an approach

is illustrated in Chapter 9.

These ideas are not limited to attitude control systems, but apply to systems in general.
Hence, this dissertation is divided into two major parts. In Part I, the ideas are put on a math-
ematical footing applicable to all systems via the linking of system trouble areas to mathemat-
ically defined limit cycles. It is shown through general functional relationships that the trouble-
some regions are always associated with equilibrium points. For second-order systems, it is
well known that singular points play an important role in determining the behavior of solutions.
Here, it is shown that for general nt" -order systems, all limit cycles are associated with equi-
librium points which lie "inside" the limit cycles. Thus, if no equilibrium point exists in a
region, then no limit cycle is contained in that region and, engineering-wise, the complete phys-
ical system does not meander about in this region. The equilibrium points, are found analytically
and are usually finite in number. Now, instead of a uniform or random n-dimensional grid of
computer initial conditions, a grid concentrated around the calculated points is used.

Part Ilpresents an engineering application of the equilibrium analysis technique for at-
titude control systems. Necessary equations are developed, and methods for finding, investi-
gating, and interpreting equilibrium states are discussed with ample illustrations from actual
systems. When systems are viewed in this light, a high degree of confidence is gained from
several hundred computer runs, where previously the same level of confidence could be ob-
tained only after several hundred thousand runs.



Part |

MATHEMATICAL DEVELOPMENT FOR GENERAL SYSTEMS

2. GROUND RULES AND DEFINITIONS

As a first step, some ground rules and definitions are established. Only systems adequately
represented by deterministicmodels inaphysical sense are considered. That is, the system equa-
tions have bounded solutionsthat are unique withrespect to any initial conditions. The parameters
withinthe systemaretime-invariant. Theentire system isdescribable by means of a finite number of
finite-order, autonomous, ordinary differential equations, generally non-linear in nature.

A useful theoretical tool often used in the development is the formulation of the mathemat-
ical model that represents the system in state-variable form. Thus, if x, (t) is a state
variable i = 1, 2, - - - , n) for an n-dimensional system, and t represents continuous, non-
negative, real time, then the system is described by the following n equations:

clx1 ()

dt = i (xl (), x5 (t), =7 ’Xn(t))
dx2 (t)

& = E(x () x, (1), %, (1) (2.1)
dx_(t)

gt 7 Ea (x (0, %, (0, L x (D))

where n is a finite positive integer. A shorthand derivative notation used is x = dx/dt,
x = d? x/dt? ,etc., or x() = dix/dt! where i =0, 1,2 - -+, andwhen i = Othen x( = x .
Thus, Equations (2.1) are equivalent to

(0 = F (xg (6), %, (0), %, (1) i= 1,2 --,n. (2.2)

It is also convenient to introduce a vector formalism by defining

R @3



and

£,
N B P €
fGy = ) * (2.9)
f, ()
such that Equation (2.1) can be rewritten as
dx .
2 = Tww) (2.5)

Equation (2.5) satisfies the imposed uniqueness constraint, that is, it has a unique con-
tinuous solution x(t) for every initial condition %0) = k, ,if

[|%-%,]| < min (a, bM) lt] £b; (2.6)

HEGEOI < M ; (2.7)

and f(x)satisfies a Lipschitz condition in the domain|x-%,||<a (Reference 1, Chapter 6,
and Reference 2, Chapter 3) M, a and b are the constants which define the uniqueness
domain. The function f(x) satisfies the Lipschitz condition, provided that a constantK is
found such that

(=) -1(x,) || < K% - %] (2.8)

where || || represents the norm of a vector.

Another form in which a system is sometimes represented is

x™(£) = F(xOTD (£), x@D (t), o0, Z(E), x(1)) - (2.9)

Neither Equations (2.1 nor (2.9) contain time explicitly in accordance with the previous ground
rules. Equation (2.1 is the general state variable form, but form (2.9) often has the advantage
of facilitating mental visualization of time-trajectories, and can always be changed to form .1
by letting x, = x¢"b, where i = 1,2, -.+5,n. However, in general, it is not possible to com-
bine n first-order differential equations to one nth-order differential equation (Reference 1,
Section 2.3 and Reference 2, Section 6.4). Hence, the state-variable formulation (2.1 is more
general and encompasses form @9).



For an n-dimensional system, n > 2, described in the state-variable form, a limit cycle is
a closed, bounded trajectory repeatedly traversed with time in a positive time period = in
n-dimensional state space. Several authors (References 3 and 4) distinguish periodic solutions
from limit cycles, calling limit cycles the periodic motion that neighboring solutions tend to as
t -o, Here, the two are considered as the same. For the proofs in Chapter 3, if a limiting
type of limit cycle is the only periodic solution that exists, initial conditions are chosen to lie
on the limit cycle such that the solutions are exactly periodic from time equals zero. Thus,
each state variable

x, (t) = x,(t+7) i = 1,2, ,n .10

is a periodic function of time with a common period ~. Each has an average value over the
period defined by

t+r
Xjavg = TJ' x. (A) & = 1,2, (2-]_1.)

In n-dimensional state space, the n average values of the n state variables define a point which
shall be called the centroid of the limit cycle. For example, in the second-order system

X; T %,
212
"‘2 = - w? x, +K,
whose solution is the limit cycle
x; (t) = [x2 (O)/a)] sinwt + [Xl (0) —K/wz] coswt + K/w?
2.13
x, (t) = %, (0) coswt - w{xl 0 —K/a)2] sinwt ,
the centroid is at =2 t
id
X1 avg = K/wz XZavg =0 (2'14) centre!

. ;X
in x,, x, State space, and 7 = 2n/w, This K/,2 !
limit cycle and its centroid are shown in
Figure 21

=27
Obviously the centroid of a limit cycle w
lies within the limit cycle where *"within® is Figure 2.1 —Limit-Cycle Centroid.



defined as follows: If there is a closed bounded curve in n-dimensional state space, then its

projection on any of the state variable axes is a finite line segment. A point such as the centroid
being within the n-dimensional limit cycle means that

X < Xiavg S Ky s i = 1,2, .,n, (2.15)

where %, and x, are algebraic quantities representing the end points of the finite line seg-
ment projection on the it axis.

This definition of ""within** does not lend itself to the normal conceptual visualization of
"inside'" a non-simple flat closed curve. For example, suppose that the plane projection of an
nth -order limit cycle is a figure-8-type curve as depicted in Figure 22 The projection of the
centroid on this plane lies anywhere in the
shaded region.

An equilibrium point in n-dimensional
// phase space is defined as a point at which
the solution to the systems' equations is con-
stant with respect to time. That is, if a set

of compatible initial conditions exist such
// that the left-hand sides of Equations (2.1)
A remain zero for all time 0 <t <=, then these
sets of initial state variable values, obtained
Figure 2.2—Area Within a Limit Cycle. from the solutions to
f; (xl, Kys *00 xn) = 0
£ Ky, Koy "0, XY = 0
2( 10 %2 (2.16)
fo(®%0 %0 .o %) = 0

are equilibrium points. Hence, equilibrium points are trajectories which are the points them-
selves remaining stationary in state space for all positive time. The points may be stable or
unstable equilibriums in the sense that another set of initial conditions, arbitrarily close to an

equilibrium point, yields a trajectory that tends toward or away from the equilibrium point with
increasing time.

In the next chapter it is shown that all solutions to Equations (2.16) are indeed equilibrium
points, and that when limit cycles exist for an nt? -order system (2.1), then there is one or more
of these equilibrium points within each limit cycle. Hence, a computer simulation of system
(2.1) can be used much more effectively by investigating the system around these calculated
equilibrium points. It is noted that the solution of Equations (2.16) is a straight-forward alge-
braic problem that does not involve the dependent variable time. In fact, this straightforward



but tedious task is often automatically performed by the computer simulation itself, whether
analog, digital, or hybrid.

Again it is emphasized that this type of procedure, though not 100-percent encompassing,
is a powerful one for systems in general. The approach is not tied down to specific (attitude
control) systems until Chapter 6. In Chapter 8 it becomes clear that attitude control system
equilibrium points do not readily reveal themselves; methodical procedures must be employed
to find the more elusive ones.



3. THEOREMS AND PROOFS

In this chapter, preliminary theorems are developed following the ground rules and defini-
tions of Chapter 2 The theorems are then used to prove that at least one equilibrium point lies
within a limit cycle when the limit cycle exists in an nt"-order system.

Firstly, if x, (t) and all its derivatives exist for all t, and

x; (t) = x; (t+7) i = 1,2, -.-.,n0, (3.1)

then it immediately follows that

xi(k) () = Xi(k)(t+'r) k = 0,1,2, - (3'2)

for all t including t = 0. Thus, the relationship in Equation (3.1)adequately defines a limit-
cycle behavior for the system (2.2)without the necessity of stating that the derivatives are also
periodic.

Since

X6 () = -(% x () (t) (€XS))

fork =0, 1,2 --+,andi =1, 2 -+ ,n, then

ttr
x,® (t+7)y - x W (1) = f xED Oy dh (3.4)
t

assuming x®*b has no singularities as dictated by the ground rules. Equation (3.2) implies the
vanishing of the left-hand side of 34); thus,

tt+r
I x DOy = x KD = 0 . (€29))
t

Since r > O,

x. &t = 0 for k = 0,1,2, =+ . (3.6)

iavg



In other words,

t+T
1 1
am - 2 e s e s o 5.1
t

that is, the derivatives of a periodic function have zero averages.

It is also clear that

0 (1) = x(t+r) = x® ((t+7)*+T)
| (3.8)
= Xg(k) (((t+7‘) +T) +7-) =
or
xi(k) (t) = 2K (£ +3§7) . . (3.9)

for periodic x, (t),where i = 1,2, - ..,n;j =0, 1,2,. . .;andk =0,1,2,. ..,

Another useful fact is that no derivative of a non-constant periodic function is identically
equal to zero. This is shown by expanding in a Fourier series,

0

x(t) = x(ttT)y T x,. 0+ ? (ancoswnt +b_ sinwnt) ,

n=1

(3.10)
w = g 75 0
Hence,
x® (t)y = x®(rt7) = Z(An cos ant + B sinwnt) , (3.11)
n=1
where
(~1)0D72 (o Y b K = 1,3,5,---
An =
~1)%/2 (an)k a_ k = 2,4, 686,
(3.12)
(-1)(k+1)/2(a,n_)k a, k = 1,3,5, .-
B, -
_l)k/2 (m)k bnf k = 2,46, -



Now,

>
n

.
2
2 K
n TJ. x(K) (1) cos ent dt
0

(3.13)

(=]
1

-
2 . .
- J; x(%) (1) sinwnt dt

n

Thus, if x% = 0, then A, = B_ = 0 for all n; hence, a, = b, = 0 for all n, implying that x(t)
= x = constant, which is a contradiction.

avg

In Chapter 2, equilibrium points of a system are defined as the points in state space cor-
responding to constant solutions of the system. Hence, when a system yields a unique solution
for any initial conditions, then, if an equilibrium point does exist, choosing it as the initial state
of the system ensures that all the derivatives of the system are zero and stay zero. That s,
for the n-dimensional system,

dFERO = FEL) (3.14)
if
Hr) = o (3.15)
then the initial condition
X(0) = x, » (3.16)
implies that
Oty = 0 k = 1,2, - (3.17)

for all t > O, since x(t) = x_ IS a unique solution for the system (3.14).

However, there is not necessarily a real x_ that satisfies Equation (3.15). For example,
consider the simple unique system

d [%x: () X, (t)
a?(xz(t)) - ( N ) (3.18)



which yields the solution

2

%, (1) x,(0) tx, (0) ¢t +1:_2_
= (3.19)
x, (t) X, (0)+t

as depicted in the state space shown in Fig-

x2 - x2 (0
x, X, :22—2()+x] (0)
ure 3.1
This system has no equilibrium points,
since
L Xy
t
NN (7)o em

1

Figure 3.1—Parabolic Trajectories. has no solution, that is

X, = 1 7 0. (3.21)
But, Equation(3.21) also implies that no limit cycle exists, since by Equation (3.6), %,,,, iS zero
€orlimit-cycle behavior, thus requiring %, (t) to be zero at some times ¢, , t,, « - - ,which
Equation (3.21) does not allow. Thus, the same condition that prevents the existence of an
equilibrium point also prevents the existence of a limit cycle.

The previous example is a very special one where f, (x,, x,) 1S actually independent of
the state variable x. In the next chapter, examples are presented that illustrate systems
that have limit cycles and yet have no equilibrium points. With each example is an ex-
planation of those ground rules in Chapter 2 that are being violated. For the systems described
in Chapter 2 that have one or more limit cycles as solutions, at least one equilibrium point
exists. This is implied by the proofs that follow shortly, which show that at least one equilib-
rium point lies within a limit cycle whenever the limit cycle exists as a solution to the system
equations.

One additional area of interest is noted here. Instead of working in Euclidean state space,
it is sometimes more convenient to investigate the topological behavior of solution trajectories
in different spaces. For example, if one or more coordinates are cyclic (such as an angle
determined by only modulo 27), then a cylindrical or toroidal rather than a planar representa-
tion may be more suitable. Chapter 8 of Reference 5 is devoted to this subject. The main point
to note here is that an open curve in a plane can close on itself around the surface of a cylinder,
thereby acting as a closed limit cycle in cylindrical space, and yet not encircle any equilibrium
or singular points. Hence, it is re-emphasized that this dissertation deals with Euclidean state
space only.
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By definition, an equilibrium point never lies on the trajectory of a non-trivial limit cycle;
if it did, it would mean that the state of the system changes with time (acontradiction). Now, it
is demonstrated how at least one equilibrium point lies within a limit cycle. Instead of dealing
directly with the general nt*-order nonlinear system, the following class of systems is con-
sidered in sequence:

A) Linear systems
B) Second-order systems, x = f(x, x)
C) nth-order systems, x(m = f(x®™D  x®=2) . .

D) General systems, x = ().

A) Linear Systems.

For linear systems, not only does an equilibrium point lie within a limit cycle, but, also,
the centroid of the system is an equilibrium point (which obviously lies within a limit cycle).
The centroid of a system is defined in Chapter 2 as the point x,

iavg”®

Consider first the linear system

n

=M (t) = Zan_j x(D (t) + ¢, (G.%)

j=1

where the a's and c are arbitrary constants, and

x(t) = x(t+7) T>0 320
is a solution. Now,
1 pttT
% 77 x™) (A) dh
Jt
T

Q|-

n
[Z a,; XD (N) +c} dA
vt j=1
n -
tir t+r
1 =iy 1
= a, x" (A dh + o cdA
t t
i=1

n

GB-2)

= a_.x @™ + ¢ |
n~j Tavg

"

j=1



But, from Equation (3.6),
x (&) =

avg

Hence,
+c .

) Xavg

But, from Equation (3.26), the equilibrium value of x is

Thus, x_,. is an equilibrium point.

(3.29)

(3.30)

(3.31)

For the general state variable formulation of the linear system,

n

%, (t) =

where the a_;

1 t+Tr
Xigg = T J X, (M) da

But also, by definition,

i =
2 a;; % tag,,
=

;; are arbitrary constants, let x(t) = %(t +7) be a solution.

(3.32)

Then,

(3.33)

(3.34)

13
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and therefore the x,___ are the x,_, i.e., the system’s centroid which lies within the limit cycle

iavg

solution is an equilibrium point.

It is noted that the above proofs hold for any system

X, () T (xg (1), %, (£), 0 L%, (1)) i = 1,2 " ,n (3.35)
for which
fi (Xlavg’ x28vg’ T xnavg)
" (3.36)
1
- ?J £y (3 0 % 0, 2o %, (V) b

B) Second-Order Systems.

Consider next the second-order system of the form

X(t) = f(k(t), x(v)) . (3.37)
The Van der Pol plus many other well-studied equations are of this class. Assume that for

some initial conditions Equation (3.37) has a solution x(t) = x(t +7) which corresponds to a
closed trajectory in the x, x phase plane. The equation of this curve is

g(x, x,K) = 0 . (3.38)

Here, as depicted in Figure 3.2, the constant K is determined by the initial conditions that give
rise to the limit cycle. That is,

g(x(0), x(0),K) = 0 . (3.39)

The slope of the trajectory is expressed as

= = .x. = -
d x X (3.40)
An equilibrium point = = 0, x = x_ is given by
0 = f(O, Xe) (341)

and corresponds to a singular point of indeterminate slope. (Inengineering parlance, a singular
point is a point such that if the system starts there initially, it may mathematically leave that



L X point at various angles. But since the solution
trajectory is unique, the system remains sta-
tionary, in equilibrium, at the singular point.)

The bounded periodic x(t) has minimum
»x and maximum values x_ and x,, respectively.

m X - -
M When x(t) IS at one of its extremums, x(t)= 0.
That is,
(0, x,, K) = o
A2
Figure 3.2— Limit-Cycle Trajectory. g(O’ Xy, K) - o G4

Since %,,, = O lies between the algebraic extremes of x(t) it is only necessary to show that

x, <x, < xy GB)

in order to demonstrate that an equilibrium point lies within the limit cycle. Obviously x_ # x_
and x_ 7 x, since an equilibrium point is not on the limit cycle except for the trivial case when
the limit cycle is a constant solution. Thus, it lies inside or outside the closed trajectory.
Along the curve

X(x,x) = f(x,x) = 0 G4

in the phase plane, the slope of a solution trajectory is zero, (thatis, the solution trajectory
has a horizontal tangent), as evidenced by Equation (3.40), except (possibly) when x = 0. (The
locus of zero slopes ¥ = 0 is used in the Lienard construction method, for example, in Ref-
erences 5 and 6). The points where the curve ¥ = 0 crosses the x-axis, (i.e. 3= 0), are equi-
librium points, since at these points Equations (3.41)and (3.44)become identical. Now, in the
upper half of the phase plane where x> 0, x(t) increases with increasing time; hence the solu-
tion trajectories go horizontally from left to
right across the zero-slope curve. The op-
posite is true in the lower half plane, where
x <0. See Figure 33. Since a limit-cycle
solution trajectory is a bounded, closed, con-
tinuous curve, it has ahorizontal tangent (at
Its crossings of the zero-slope curve) at
least twice, that is once for x > 0 and once for
x < 0. The limit cycle therefore encircles at
least one of the x_ points (where the zero-
slope curve intersects the x = 0 axis). That
is, at least one equilibrium point lies inside
Figure 3.3— Zero-Slope Curve. the limit cycle.

f(x, x) = 0 (i.e., X = 0)

(zero-slope curve)

limit cycle

15
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The above conclusion (that any general second-order system limit cycle encircles a singu-
lar point) is well known. It can be simply developed via Poincaré's theory by showing that at
least one singularity lies within a simple closed curve since the total Poincark index is +1 (Ref-
erences 3, 4, and 7). However, the above development lends itself to extension to higher-order
systems via the following observations. x(t) reaches a maximum value x, at instants of time
when x = 0 and ¥ <0, and a minimum value x_, when x = 0 and ¥ >0. The curve ¥ = 0 divides
the x, x phase plane into two regions, one where x IS positive, and the other where % IS negative.
(One of these regions may be nonexistent when a limit cycle does not exist, such as the example
of Equation (3.18), ¥ = il. However, when a limit cycle solution does exist, then %, = 0 as
previously proved. Hence, % is positive and negative at different times, implying the existence
of phase-plane regions where % IS positive and negative.) Furthermore, the x-axis is divided
into positive and negative ¥ segments, with the boundary points being equilibrium points. Hence,
at least one of these boundary equilibrium points lies between x_ and x, on the x-axis. Thatis

X <x, <xy . (3_45)

C) ntt -Order Systems.

For the class of nt" -order systems which yield periodic solutions,

XM (1) = £(xD (1), x7D (1), -, x() 3.4

where n > 2, similiar reasoning as for the second-order case applies. Firstly, since for
k=1,2,¢--:%

x (O < x 0 = 0 = x 0 <x® (3.47)
it is only necessary to establish that

xm < xe < Xy (3-48)

in order to state that an equilibrium point lies within a limit cycle. To establish (3.48)
for an nt"-order system as in (3.46), it is again observed that, even if n is greater than 2, sim-
ultaneously x = x,, when S <0, and at some other time, x = x_, when ¥ >0. Now, ¥ = 0isan

(n = 1)-dimensional hypersurface which partitions x, x, x, x(¥, - « « _x™ p-dimensional space
into two regions; in one, x IS positive; in the other, ¥ is negative. Again, both regions exist if
a limit cycle exists. The equilibrium points of the system are where the x-axis intersects the
¥ = 0 hypersurface. Thus, the x-axis IS segmented by the ¥ = 0 hypersurface such that equi-
librium points separate the positive and negative x regions. An example is illustrated in Fig-
ure 34. The projection of a limit cycle on to the x-axis has its extremums separated by at
least one ¥ = 0 boundary, and thus at least one equilibrium point. That is, the relationship in
Equation (3.48) is established.



equilibrium points D) General Systems.

The remainder of this chapter is devoted

X X
m M
| to general systems of the form
x-axis
L—pm]ected limit cycle %X = ¥(§) ) (3_49)
Shaded line segment: X >0 i
Unshaded line segment: ¥ <0 The approach to the problem of showing that
at least one equilibrium point lies within a
Figure 3.4—Positive and Negative ;-Segments. limit cycle solution is via level curves and

surface gradients, similiar to a geometric
interpretation of Liapunov functions (for example, in Reference 8, Section 13. For the general
state variable representation of an n®-order system as in Equation (3.49), the state variables
x, are not necessarily time derivatives of each other. Hence, in general,

xi avg }_Z xie (3-&)

for any of the i's, i =1, 2, - ++ ,n. Thus, it is imperative here to prove that

Xim S Xy, < Xy (3-51)

im le

foralli,i =1, 2, ... ;n,rather than the previously simpler task where only one variable, x,
had to be considered. Here again, expression (3.5D) has no equality signs, thus indicating that
the trivial static case of x, = x,_ = x,, IS being ignored.

First, a general second-order case is discussed since its easy visualization tends to make
a geometric interpretation significantly clearer. Assume the unique system

X, (1) = £, (%, (), %, (D))

B3
%, (t) = f,(x () %, (t))
that yields a finite limit cycle solution
X, (1) = x, (t+7)
(€238
X, (t) = X, (t+7)

for certain initial conditions x, (0), x, (0). If time is eliminated in Equations (3.52), then the
equivalent system

NETE) G
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yields an integral solution which is a bounded closed trajectory in the x,, x, plane. This limit

cycle is expressed in parametric form with t as the parameter as in (3.53), or more directly
by the expression

g(x; (1), x, (t)) = K. . (3.55)

K, c. is determined by any point (x;, x,)} on the limit cycle, including the initial condi-
tions (x, (0), x, (0)). Since the state of the system is confined to the curve (3.55) for all t,

g(x; (1), %, (8)) = 0O (3.56)

for the initial conditions x, (0) ,x, (0). This can be envisioned from a Liapunov point of view
by taking as a Liapunov function

Vix,, %) = g(Xpr x2) o @.5)

such that for the limit cycle case V=g

1“’("1"‘2\) = glx %) = 0. @B 9 7 = X2

That is, the system trajectory never leaves )+:< limit cycle in state plane
LC

the Igvel curve X, . of the surface v = g. // ! K ¢ level curve

See Figure 35 A S

Two vectors are now introduced: a field surface V=g (x1, x,)
vector and a gradient vector. The field

vector Is represented by Figure 3.5—Surface Function g(x], xz).

5 - ( > G
X3

X, %y @.0)

or, for geometric purposes,

where the %, and %, are unit vectors along the positive x, and x, axes respectively. Hence, for
the system (3.52), the field vector

S =7f, (X1 () %, (t)) Xt £, (xl (1) %, (t)) %, (3.61)



is geometrically tangent to the solution trajectories including the limit cycle in the x, , x, state
plane, and points in the direction of increasing time.

The gradient vector of g(x,, x,) is represented by

dg
— 9%y
Vi =
& i (3.62)
Ix,
or
== . 98 . g .
Vg = —8;.1 %, +5X—2 X, . (363)
Hence, the time derivative of g is simply the inner or dot product of Vg and S. That is,
¢ = [ ®) = %5
(3.64)
- 9z . dg . |

Vg
4 olxy x5) to outwards) as the limit-cycle trajectory is
traversed. Only unique single-valued func-

tions g(x,, x,) need be considered. That is,

g = KL. CZ——___..
X‘m/
XM

*3

S
timit
cycle \ 9

) (x,, x5) = (
trajectory ax., 1+ "2

19



one peak (actually an odd number of extre-
mums)where Vg =0 that lies within the limit
cycle. This is shown a bit more rigorously
by examining g(x,, x,) versus x,; for various
values of x,, that is, scanning across a con-
stant x, = K. By Rolle's theorem (Refer-
ence 10), ag/axl'x2=x = 0 occurs at avalue
, such that x, < a<=x; <b<x,, ,wWhere
g(a, K) = g(b, K) = K . . SeeFigure3.8. By
allowing K to vary from x,_ to x,, itis seen
that a portion of the curve 9g/9x, (xl, x,) =0
lies within the limit cycle. Since at the point
on the limit cycle where x, = x,  Or x,,,
x, =0, then o0 =g =(9e/9x,)%x, from Equa-
tion (3.64). But, except for the trivial case
of the limit cycle being an equilibrium point,
x, # 0 at the x, extremum points. Hence, at
these points,

X

= X

1
o

Jx _ -
1 X, =Xy OT Xg 0

g=Kp ¢,

A similiar symmetric argument is pre-
sented for g-versus-x, curves for constant
" %, values, to show that a portion of the dg/ox,

g
ax

Xom

——_— oy g

A x dg §
2 &“1 (X],XZ)T—O\,_'
/
/
/
/7
/
/
/
l\ /
S —
| g (xpux)) =Ky ¢,
|
> X3
49 b2
Jg
BT] =0
x2 :K
a<x,<b
g {x,, x)
A N
Xim @ b xiu >

Figure 3.8— Section Views of Surface g{xy, x5).

= 0 curve lies within the limit cycle, and that

2 X Fxg OF x40

A S



Now, Vg = 0 occurs at the points of intersection of the two continuous curves dg/ax, = 0 and
dg/ox, = 0; at least one such point occurs within the closed limit-cycle trajectory.

Now the question is to determine if this point where Vg = 0, that lies within the limit cycle,
is indeed an equilibrium point. To do this, a new system is defined as

. ~ 8g(x1, xz)
X3 77 9%,
(3.65)
. dg(x,: x,)
Xy 7 9x,

where the function g(x,, x,) is the same solution function to the original system as that given
by Equation (3.55). Eliminating time from Equation (3.65) yields the equivalent system

dx, dg/9x,

dx, T 9g/ox, (3.66)
for which the integral solutions are

g(xy, x,) = K. (3.67)

That is, from the definition of the new system (3.65), all the solutions are closed curves in the
x,, x, plane, as for example those shown in Figure 3.9.

Along the limit cycle of the original system and at its equilibrium points, ¢ = 0. Thus,
from (3.64),

Jg dg

g = ax, 1t ox, f2 5 O (3.68)
or
T g (x, ) = Ky
g {xq.x)) = Ky ¢, f, 6g/6x1
g (x;,x;) = Ky E - - ag/ox, * (3.69)
() = K, Hence, when K = K, ., and at all the equi-
\ a=K, librium points, the two systems (3.52) and
———— —> x, (3.65) are equivalent, that is, they yield the
Ko > Ky > Ky > Ky e, > K3 same unique solutions for the same initial
Figure 3.9—Closed-Curve Solutions, g(x ;, x,) = K conditions. The equilibrium points of the

21



new system (3.65), by the very definition of that system, are at

Jg  _
ax, 0
(EN)
Jg  _
g;q = 0,
or in other words,
Vg = 0. G.7D)

But at least one point for which Vg =0 lies within the limit cycle g = K, . (for example, the
point g = K_ in Figure 3.9), as previously shown. Since the two systems are equivalent at the
equilibrium points and on the K, . limit cycle, it is true that for the original system (3.52), at
least one equilibrium point lies within the X; . limit-cycle trajectory just as it does for the new
system (3.8). Thus, the proof that at least one equilibrium point lies within a limit cycle is
established for second-order systems by this gradient technique.

These arguments are now extended to higher-order systems. A third-order system is con-
sidered before finally treating an nt" -order system.

Consider the unique system

X, (1) = £, (% (), %, (1), x5 (1))
X, (8) 7 £, (xq (£)) %, (£), %5 (1)) @R.72)
Xy (1) = Fy (%, (1), %, (1), x5 (1))

which yields a finite limit cycle

x, (t) x, (t+7) i = 1,2,3 G3.73)

for certain initial conditions x, (0). Inthree-dimensional state space, the bounded closed tra-
jectory is described functionally by the intersection of the two surfaces

!
lal

8 (xl’ Ko Xs) iL.C.

3.74)

g, (Xl’ Xy xa) = K

22



‘This closed curve has projections in the x, x,, x; x, , andx, x, planes that are described
functionally by

hy (x;,%,) 7 ¢
h, (Xs’ xl) = ¢, (3_75)
h; (xz’ x3) =G

respectively. The c's and Ks are constants. It is also true, for the limit-cycle initial conditions,
that

g = éz = 1:11 = }.12 = l:13 = 0. (3.76)

Introducing the field vector

& G.77)

and the gradient vectors

9%,
oh
i axz (3-78)

dh
ax

then

h, = [(®,.5)] = o, (1)

where [( )] represents the inner product, and i = 1,2, 3. It is noted that

ax, (x5 %) = 0, (3.90)
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where the i, j, k are cyclic indices 1, 2, 3. The slope of the projected limit cycle in the x; x,

plane is
f‘fﬁ ahi/axj
dx; T oh,/ox, (3.81)
This IS seen from the fact that
oh; i oh;
h, T oo, X Tax X T ax, X (3.82)

in conjunction with Equation (3.80). Equation (3.81) corresponds to (3.66), and the second-order
case reasoning is applicable. Of course it is true that in this two dimensional projection, the
limit-cycle trajectory may cross itself (even though the limit-cycle trajectory in three-
dimensional space does not) at points that are not system equilibrium points. That is, ahi/axj

= dh, /ox, = 0 implies an indeterminate planar slope at the point, but the system slope in three
dimensions is parallel to the x; axis. The essential idea is that the gradient vector in the x; x,
plane is perpendicular to the projected trajectory, which in turn indicates the necessity for at

least one peaking of the surface h, within the
projected limit cycle. See, for example, Fig-
ure 3.10. This ¥h, =0 peak corresponds to an
h, =0 equilibrium point as previously shown
for the second-order case. Hence, at least
one equilibrium point lies within the general
limit cycle.

Finally, the transition to the general
nth -order system is made, where n>2. The
general form of the equation is

X; - fi(xl,xz,"',xn)
i = 1,2, ,n . (3.83)

Assume some initial conditions x, (0) yield
the limit cycle x, (t) = x; (t +7) that is a
closed bounded curve in n-dimensional state
space. The projection of the trajectory in
the X % plane is represented by

R X. X.
1112 ‘n—z( i1’ ‘n)

projection of limit cycle
- inx, X plane
4‘ arrows are Vh.I vectors - hI (xJ,xk) =C,

X

Figure 3.10—h;(x; , x,) = ¢; Curves.



where the i's are n cyclic variables 1, 2, - - - ,n, and the c's are constant. There are n(n-1)/2
such expressions as in (3.84). Defining the field and gradient vectors as

(3.85)

and

igigenrip g

ax

14127 o9

o2 : (3.86)

igigeeed

igigretin g

Ix

then

hiliz"'l-“'"z = [ﬁiliz“‘i“'z’g)} =0 (3.87)

along the projected limit cycles. All of the previous arguments hold true such that at least one
Vh = 0 point lies within all of the projected limit cycles. These points are equilibrium points
the same as previously shown, since

. . h. . . .
dxl f‘ 9 1112"'1‘-.—2/6){%—1 .

&, - T, B Oy i yeeiy, /7%, | (3.88)

Equation (3.88) is derived from (3.83) and the following two equations:

ah i, i ahl inteei ahl i eeei
- ~ 13t ta-2 1t2 n~-2 . oeee 4 12 -2 = 0
hilizﬂ'in_z - 9%, X, F ox,, %, Ix, X, 7 (3.89)
1 n
and
ahiliz"'in—z < _
T ax, e X)) 70 (3.90)
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forj =i,,i,,---,i,_,. Hence, the previous arguments from the second- and third-order
cases still apply to the general nt"-order case.

It is therefore concluded that, for a general n*"-order system that follows the ground rules

of Chapter 2, if a limit cycle exists, then there is at least one equilibrium point that lies within
the limit cycle. That is,

x. <x < x

im i equib

iM i = 1,2,+-+n . (3.91)



4. EXAMPLES

In this chapter, several examples are presented that illustrate the ideas of the previous
chapters. Included also are "counter-examples' that apparently violate some of the theorems
of Chapter 3. With each counter-example is an explanation of those ground rules in Chapter 2

that are broken.

Example 1. First, a linear system is considered. The fourth-order differential equation

is

.;(.t) = -5«2%(t) - 4wd (x(t)—xa) .

where « and x, are arbitrary real constants. Assume that initial conditions

x(0) = x, + K¥4
x(0) = 0

x(0) = 0

'x(0) = 0,

where K is an arbitrary real constant. The solution is

- K? K?
x(t) - x, * 3 coswt - 77 cos 2ut ,

a

which is a limit cycle with period = = 27/w. The periodic derivative functions are

. Kiw K2w |

x(t) = 3 sinwt + g sin 2wt
- _K2&)2 K2&J2

x(t) = ) coswt + —3— cos 2wt
ot . K? od

x(t) = 37 sinwt - —3 sin 2wt

2 4 2 4
X(t) = K—Ciw—coswt —4£3a'—c052wt .

4.1)

(4.2)

(4.3)

(4.4)
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Taking the averages of all these functions yields

t+27/w
o33
Xog = 2—77." x(M)dh = x,
£
(4.5)
. t+27/w
g %J xO My = o0,
t
where i = 1, 2, 3, 4. From Equation (4.1), the equilibrium point is at
Xe = xa
(4.6)
x = x - X T 'x = 0

That is, the centroid or average point (which lies within the limit cycle) is the equilibrium point
as.proved in Chapter 3. Note that the projection of the limit cycle on the x-axis, shown in Fig-
ure 4.1, illustrates how the equilibrium point separates the positive and negative % regions of the
x -axis.

. oy o
>0 > x<0 Example 2. The second example illus-
S K2 lK2 H H

12 4 trates how one may easily be misled when

>
>

N
/
N
)

— SO|\-/II’19 for eq_U|I|br|um points. Consider the
X axis periodic function

inx, x,’X,/ %" space
(eX =X =% =0)

x(t) = sint . 4.7)

limit cycle projection

This is the solution to the differential equation
Figure 4.1 —Linear-System Centroid.
x2(t) +x2(t) = 1, (4.8)

ith the initial condition x(0) = 0. Now, x,, = 0, but it appears from Equation (4.8) that
X.qup - 1, Dy setting x(t) = 0. I this is so, then these two equilibrium points lie on the limit
cycle. See Figure 4.2. This contradicts the definition of an equilibrium point. Furthermore,

x (t) is also the solution to the linear second-order differential equation

X(t) = —x(t) , (4.9)

and it is shown in Chapter 2 that, for linear systems, x,,, = x.,, (aswell as the fact that only
one equilibrium point exists for a linear system). This is not the case when the equilibriums
are calculated from Equation (4.8) which is the integral of the linear Equation (4.9). (Of course,
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all is proper when Equation (4.9) is used to
calculate the equilibrium points.) A ground
rule of Chapter 2 is violated by Equation
(4.8). Equilibrium points are defined as

t =32+ 2K
0 =f(0,0,---,x,.) forthe system AN
x' = e
x(m = f(x(n—l), x(=2) ... 3 x) , (4.10) ¢
where n is a positive integer. But Equation t

(4.8) cannot be put into this form, such that
every initial x yields a unique x. Either time
is involved explicitly, or the system con- Figure 4.2—Limit-Cycle Circle.
tains memory such that

+i1_x2 for 0§t<_g’ (%)_7751:<£%2__kw
x = . (4.11)
ST gy a2l o < Brd0m
where k = 0, 1, 2, - - -. Misuse of relationships such as Equation (4.8) must be avoided.

Example 3. The well-studied nonlinear Van der Pol equation,

X = e(l—xz)fc—x , €>0 (4.12)

has as a solution a limit cycle that encircles the origin in the x -x phase plane (Reference 11).
See Figure 4.3(a). Substituting y = -x+ e (x-x%/3) in (4.12) yields the equivalent system

A x Ay
o3
y = s(’ *%>~y, (4.13)

where x = y. Equation (4.13) likewise has a
limit-cycle solution encircling the origin
(see Figure 4.3b). In both cases the origin
is an equilibrium point of the system. In the
next chapter some further properties of
Equations (4.12) and (4.13) are investigated.

Example 4. This example illustrates
two things: (1) equilibrium points may be
difficult to find, and (2) an average point (a) (b)
(centroid) is not necessarily an equilibrium Figure 4.3—Van der Pol Equation Limit Cycle.
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point for nonlinear systems. Consider the system

-~
-w? (x+B)

X = JG(KZ x)l/a

-? (x-B)

<

x| <

“4.1%

where « and K are arbitrary positive real constants, and B = 20k/«?® >X> 0, Assume the initial

conditions

x(0) = B+ Aw

x(0)

(4.15)

where A = 12y2K/»% This yields a limit cycle of period = = (37 + 8)/w, of which one cycle from

0<t <7 is described by

A T
x(t) = —B—ZCOSw( —5)
3_,7. 3
K(t -4
A
B+ cosa(t-T7)
-Asinwt
T 2
—3K(t -4
x(t) = Asinw(t -_;‘\)

37\?
3K (t - T)

-Asina(t - 7)

ol 3

ol 3

Nl

o)

A

IA

| A

In

o2

PN

1A

A

T

2ta 4.19
T - A

-

A

T

2 + A (4.17)
7T = A



[ ~Aw cos wt

-
—GK(t —z)
x(t) = {chosw(t —%
6K( —%)

~Awcos e(t -7)
~

[ ]

VB

<t <A

<t<g-A

A<t <544 (4.18)
+A< t <7 -A

where x(2) = X, and & = 37/4w. These functions are plotted in Figure 4.4 Note that x(t), and
its first two derivatives are continuous for all t. This is forced to be true by constraining x,

B +A, 37
@ -
% 6.16 3B x .3535 = 707
. -0 Io(37 = 37 2 02
A ]2B 20 4 (4 +2)ﬁ A-T K—T m—-z—
B,2¢ | -
X
AlZ] -
. "\\
X.€ x N\
, r—f \
£l - - -I \'\/
6.16 8% -/ / 1565
2 .133 \.1/4 T/2 - A ./ 12.32 \ T2+ \\\
WA .
-6 '\‘ /" //
-X,~8 | N /
A Y /,
-A,-12 Ny
-B,-20
-8-2 37
433

Figure 4.4 — Example4 Functions Versus Time.
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x,and % at t = 0, A, 7/2-4,7/2+A, 7- A, and 7 by the equations

A B 3
B+;;cosax£\ = —K( —‘z>
\2
AsinwA = 3K (A—z) .19
T
Ax cos A = 6K(A—7f>’

respectively. To simplify the algebra, «4 is arbitrarily chosen as «A = 37/4, and A B, and T are
solved as functions of « and K.

Equation (4.14)apparently has three equilibrium points:
equib = 0, B . (4_20)

Also, from Equation (4.16), one calculates the average of x(t) and finds

avg %J X(t)dt = 0. (4-21)

(Itis also true that x, = ¥, = x, =~ X, = 0, as expected.) Thus itappears that the origin is the
centroid of the system, and is an equilibrium point. But this point lies on the limit cycle. The
phase-plane trajectory is plotted in Figure 4.5. Its equations are,

(x+B)2w? t x2 = A? for x < -X
3 = 27Kx? for x>0
for [x| <X 4.2
3 = -27Kx? for x<0
(x-B)2a? t x2 = A% for x2>X.

A defect in this example is that Equation (4.14)fails the uniqueness test of Chapter 2. That
is, Equation (2.6)and (2.7) are satisfied, but the Lipschitz condition of Equation (2.8) is violated
at the origin, since a Lipschitz constant must be greater than (x) ** . In fact, ¥ = 6(k*x)"?
has three possible solutions from initial conditions at the origin. They are

X = 0, #Kt3 |, 4.23)



of which only the first is an equilibrium solution. The last two are part of the limit cycle of
Equation (4.16).

The system is made unique if initial conditions that lie on the limit cycle shown in Figure
4.5 (which includes the origin) are not considered. By varying A in the initial conditions of
Equation (4.15), a family of limit cycles is obtained (see Figure 4.6). The heavy figure-8 curve
is the forbidden limit cycle where A = 1292 ¥/«?. However, it is not a separatrix (Reference 6)
that separates regions and passes through equilibrium points so that it takes an infinite time to
traverse. (A separatrix exists in the nonlinear pendulum example 8, and also example 11, both
of which are discussed later in this chapter.)

If the initial conditions of Equation (4.15)are

!
4
w
-+
2
IS

x(0)
@.24)

x(0)

1
o

_]2-
= —py2 - )
17 _ ¥ _3x = =w? (x ~ B) for x > x(
w~2,K—4£-, A-—%:— = 6(K2x)173 for x| < x(&)
7= @7 t8)y2, A =12, B=20 = —w2(x +B) for x < =x(A)

Figure 45—Phase-Plane Plot for Example 4.
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| A=0 | N
' ' 12Y2K
A = 122K A =
C()2 (.4)2

Figure 4.6 —Phase-Plane Portrait for Example 4.

such that A« <B -X, then linear harmonic motion exists such that x(t) = #B+ (A/w) cos «t. The
limit cycles encircle the B equilibrium points, which are also the centroids of the limit cycles.
However, for the same initial conditions of (4.24)but B -X <A/« <12¥2K/«? | the resulting limit
cycles are still contained within the forbidden figure-8 limit cycle and still encircle the B
equilibrium points; but these points are no longer their centroids. The centroids actually occur
on the x-axis, but closer to the origin than tB. For example, consider the » = 0 limiting limit
cycle in the right-half plane. (The A = 0 curve is chosen even though it is part of the forbidden
limit cycle, to avoid elliptic integrals.) x,,, is calculated as

A A 'r'/2 3
-
j (B + — cos cut) dt +2 J' —5) def (4.25)
0 A
where
A = 12K2ﬁ
w
B - 2o;<
w
(4.26)
.
A - 4@
, - 3m+8
T - 2w



such that ' is half of the original forbidden
limit cycle period 7. Performing the inte-
gration yields

wavg ~ B Ll - 5(#4@“ = 0.725B , (4.27)

which is not the equilibrium point, x, = B,
inside the limit cycle. (Whenx, and %_,,
are calculated, they of course are zero.)
This limiting limit cycle is shown in Figure
4.7.

t = 4 Ax=B+%cosw(t-’r')

2 : T -
P]N; A l x =YAZ - w?(x - B)2
1 o~
VAN
¥ o™
u R ! '
X e l . x_e.:B t =71
L 2 X
._.T/ X1 A
=T - B +2
2 / 'Xa .7258 w t:O
o 2
| ;A/ I
i
\;/32 ]f:A x = B+—g-coswf
[ap]
lll xl: ;<=—ﬂ2—w2(x-B)2
X e

Figure 4.7—Limiting Limit Cycle for Example 4.

Example 5. In Chapter 8, a mathematical on-off controller (of the sen(x) type) is modified
to match physical characteristics that have no jump discontinuities (see Figure 8.4). This ex-
ample illustrates how a non-physical system may raise difficulties. Consider the system de-

fined by
¥ = K for x>0,0<x<K
X = =K for x>0, K<x<0 (4.28)
X T -x elsewhere ,

where K is a positive real constant. No equilibrium point exists, since x and x are never both
zero simultaneously. However, many limit cycles exist, as shown in the phase-plane plot of

Figure 4.8. This contradicts the theorem in
Chapter 2, which states that if a limit cycle
exists then an equilibrium point exists. The
theorem is violated because the Lipschitz
condition in Equation (2.8) is violated by the
discontinuous jump of . One cycle of x ver-
sus time 1is plotted in Figure 4.9 for the
heavily drawn limit cycle going through the
origin in Figure 4.8. The jump discontinuity
is re'medied by allowing % to vary anywhere
between K (including zero) along the bound-
aries of Equation (4.28), that is,x = 0 and
x = 0. Thus, there are an infinite number
of equilibrium points for x = 0 when
Ix| <K. (The origin lies inside all the limit
cycles.)

0 outsid .
}/\ Ocla::éee}dark limit cycle A

7
circles: )
249
x2+ ;(2:{3'( N(}
}\2

o L 2K?
for I’GdIUS{SKz

Figure 4.8—Phase Portrait for Example 5.

35



origin
[]

1 >,

) f

7 = period

Figure 4.9—x(t) for Example 5.

Example 6. This interesting example yields finite closed solution curves in the phase plane,
but they are not limit cycles. The one point common to all the curves is the only equilibrium
point of the system. The defining equations are:

x = XZ - y2
(4.29)
y - 2xy .
The solution trajectories satisfy the relationship
x?2 + (y-¢)* = 2. (4.30)

Equation (4.30)represents a family of circles of radius ¢ and with center on the y axis aty = c.
From Equation (4.30)

_ x? ty?
c - 2y

Substituting this expression for c in the derivative of (4.30),

xx t 2(y-c)y = 0,
yields
y _ 2xy .
% x2 - y? ’ 4.3)



thus proving that Equation (4.30)represents
the integral solutions to (4.29). The phase-
plane curves of (4.30) are shown in Figure
4.10. From Equation (4.29), the origin is the
only equilibrium point. It takes an infinite
time to traverse any of the closed circles.
This example appears on page 10 of Refer-
ence 8, in Hahn's discussion of unstable
equilibrium points.

Example 7. Example 5 presents a sys-
tem with a limit cycle but no equilibrium
point. Example 6 presents a system with an
equilibrium point but no limit cycle. Exam-
ple 1presents a system with both an equi-
librium point and a limit cycle, and this ex-
ample presents a system with neither.
(Equation (3.18) in the previous chapter is
also such an example.) The system under
consideration is:

X = xx - 2. (4.32)
Obviously, no finite real x exists such that
% =4 =0 It is seen from Figure 4.11 that
any phase-plane trajectory crossesthex = 0
curve onlyonce, and the curve itself does not
ever cross the x-axis. Hence a limit cycle
does not exist.

Example 8. This example is the classic

system of the simple pendulum,

X = -AZsinx . “4.33)

The second-order nonlinear system (4.33)
yields an infinite number of isolated equi-
librium points alongthex axis,i.e.x_ = 4

wheren = 1, 2, - Equation (4. 33)can be
integrated once, since

¢ = tw

(x-axis)

¢ = 0 {origin}
X

Figure 4.10—Non-Periodic Closed Curves.

-A?sinx

X
%
>
X

)}'(‘(x, x) =0

Figure 4.11 —Zero-Slope Curve for Example 6.
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Thus,

)'(2

These solution trajectories are plotted in Figure 4.12.
-2»%are the equilibrium points, and K = 222 is the darkened separatrix

limit cycles exist.

2% cosx + K .

(4.35)

For initial conditions such that || <2x%

curve which is the boundary between periodic and non-periodic solution curves. The limit cycles
encircle a stable equilibrium point in between two unstable ones. Another interesting property

of this nonlinear system is that the period of a

limit cycle depends on the initial conditions (as

opposed to the constant period in the linear Example 1). That is,

K = -2)2 (equilibrium points)

x(to +7/4)
)
x(t0)

dx

—_— 4.36
Y202 cos x +K ( )

K =222 (separatrix)

2A

'\\

X

—47
-3

KW

/\/\
/\/\

i
\

477
37

Figure 4.12—Phase-Plane Portrait for Simple Pendulum.



Letting x(t,) = 0, x(t, +7/4) = a, x(t, +7/4) = 0 (-0 = 22 cosa+K), and sin (x/2)= sin (a/2) sin8,
yields

m/2
| d? ’ (4.37)

- . a .
0 1*51n2‘2‘51n29

which is a complete elliptic integral of the first kind, and is a function of a, which in turn is a
function of K or the initial conditions.

Example 9. Example 8 contains an infinite number of isolated equilibrium points and limit
cycles; Example 9 contains an infinite number of non-isolated equilibrium points, but no limit
cycle. Consider the system,

(x-y) (1-x%-y?)

W
1

(4.38)
vy o= (xty) (1-x%-y?)
Choosing a Liapunov function (Reference 8, p. 18),
V = r?2 = x? +y?, (4.39)
yields
v = 2(1-r2) 2 (4.40)

Therefore, if 0<r2<1, thenv > 0and r%~1, and if 1<r2, thenv < 0 and r2- 1as time increases.
That is, the origin is an unstable equilibrium point, and anywhere on the unit circle in the x, y
state plane are stable equilibrium points for the system (4.38). The solutions to (4.38)in polar

coordinates are
1/2
S S
1+K, e 2t

r(t) =
4.41
. @.41)
6(t) = In K, e V2
where
r = + x2+y2
(4.42)
g = tan-=
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and

“@.43)
. 1 g
K, = 1o

(=1

where r, and ¢, are the values of r and ¢ at t = 0. Note that from Equation (4.41),

lim r(t) = 1,
t—w TQ?O

and

lim 6(t) = 1InK,

t—w

There are no non-constant limit cycles in this system. Initial conditions on the unit circle give
rise to constant solutions. A few trajectories are plotted in Figure 4.13. (Note that this system
does not violate Chapter 2 ground rules, since every initial condition gives rise to a unique
solution.)

Example 10. When an n*"-order system is described by one n*"-order equation such as
Equation (2.9), then the equilibrium points are found by setting all the derivative terms equal
to zero. When describing the system in the more general state variable form of n first-order

equations such as Equation (2.1), the n first-
y derivative terms are set equal to zero in
order to find the equilibriums. Itis notin

)= (e t)ed ®

2
A %)

o
Y

- unit circle, 1= | general true that setting n arbitrary deriva-

o

0} stable equilibriums

tive terms to zero (including second and
higher derivatives of any one of the variables)
for the state variable formulation, yields
equilibriums. This example is an illustration

A=0.25
/—\\
/‘—,\/\S\
© % s ~ of this fact for a second-order system.
} €
A &X\‘// Consider the system described by

origin j)
r=0
unstable

equilibrium P X
@ qpfiiﬁ' . ) \ Xp = %, -l-jl (l—xlz-'xzz)
> &3 o
4.49
X3
Figure 4.1 3—State-Space Portrait for Example 9. X, = % Ty (1 -x 2 x7)



This system has a limit cycle which is a circle of unit radius centered at the origin in the x,,
x, state plane. That is, if

x2(0) + x,2(0) = 1, (4.45
then
x, (t) %, (0)sint + x, (0)cost
(4.46)
%, (t) = x%,(0)cost - x; (0)sint ,

which is the unity-circle limit cycle with period = = 2. From Equation (4.44), there is only
one equilibrium point, and it is at the origin (which of course, lies within the limit cycle). It
is found by setting %, = %, = 0, which yields only one solution, x, = x, = 0. In fact, for any
initial conditions other than at the origin, the system approaches the stable unity limit cycle
with increasing time. That is,

/2
1

1
1 + (rg (0) - 1> et (4-47)

H

r(t)

6ty = 6(0) -t ,

where r = [x?+x2]"* and 6 = tan™! (x,/x,), and

limr(t)

t—ow

-t (4.48)

r(0)#0

That the unity circle is a stable limit cycle is also shown by choosing a Liapunov function

v = r2 - X12 + X22
.. (4.49
Vo= r2(1-r¢2)
so that
V>0 for r?<1(r70), wr?-1as t-o
v<o for r2>1, ~1<r2 AaSt - (4'50)
v=20 for r?2=1 or o, ~r remains 1,0 forall t>o0.
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However, what happens if an “equilibrium” point is defined by x, = X, =0o0rx, = %, =0
for the second-order system (4.44)? That is, '

)'(1 = f1 (xl,x2)
(4.5)
5{2 = fz(xl,x,z) ,
and therefore,
N of af,
X, 7 fo +5¥2—f2 = gy (x5 %)
“.52)
. af, af,
X, T oox, f1tax, T2 T8y (x40 %))
Hence, for x;, = x, = 0,
f1(X1’X2) = 0
“.53)
- (xl,xz) = 0

is satisfied. Thus, from Equation (4.52), if f ,# 0 (sincethen f, = f ,= 0, which iIs the equi-
librium point already defined), then

£, (xl,xz) = 0
ot (4.5
5x—2 (xl,x2) =0
For the system (4.44), the above equations (4.54)are
X
0 = x,+3 (1-x2-x])
(4.55)
0 = 1-x,x,
Solving (4.55)yields
_ 1+75
X, = % 2
(4.36)
X, = l/xl



However, the points given by Equation (4.56)yield non-zero %, and x,, that is,

(4.57)

Hence, the points of (4.56)which satisfy x, = ¥, = 0, for the system (4.44)are not equilibrium
points. (A similar situation occurs when x, = x, = 0.) That is, setting x; = X, = 0 in a sys-
tem (4.51), does not necessarily yield an equilibrium point.

In Figure 4.14, several curves are plotted in the x,, x, phase plane. f, (x,.x,) = 0 and
f, (x4 ;) = 0 are the two S-shaped dashed curves. Note that they intersect only at the origin,
which is the only true equilibrium state of the system. The S-shaped solid curve isx, = g,(x,, x,)~0.
It intersects the f, (x,,x,) = 0 curve at two mirror-image points, x, = #1.27, x, = £0.786. TO
demonstrate that these two points are not
equilibrium points, a system trajectory of
(4.4%)is shown with initial conditions x, 1 \Q

4 —— \ £ =
V(x10%xp) 0
x, (0) = %—%@ = 1.27 \‘/

(4.58) T
x,(0) = 1/x%,(0) = 0.786

(1.27202,0.78615)
WS F)
" 11 495,

t =0

as the heavily drawn curve. The arrow-
heads are in the direction of increasingtime, ,/’©‘

——

and in several units of time the systemhas _~ f
settled into its limit-cycle behavior. t =0.554
| >
-2 -1 2 3 1
Example 11. This last example illus- ;/’
trates two things. One is the argument in <o — 7
Chapter 3 that the point where the gradient \ t=2.12
of the surface g(x) vanishesis anequilibrium \
point, and the other, like Example 4, is that LT
the centroid of a limit cycle is not neces- \
sarily an equilibrium point for general non- \ 3+
linear systems. +\-
In the xy plane, consider the locus of a \|—4——
point P(x, y) such that the product of the dis-
tances from P(x,y) to two points on the Figure 4.14—State-Space Curves for Example 10.
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x-axis at x = #a, is constant, say b2 In polar coordinates, the curve is expressed by (Refer-
ence 12, Section 7.3)

g(r,6) = a* -b* + r* _ 2a%r2cos2% = 0, (4.59)

or, inx, Y coordinates,

g(x,y) = a* - bt + (x' +y2)2 - 2a2(x2—y2) = 0. (4.60)

The graphs of the curves represented by Equations (4.59)and (4.60)for different values of the
ratio b/a are shown in Figure 4.15. The curves in both (a)and (b) are called lemniscates, and
the curve in (c) consists of two separate closed portions known as ""ovals of Cassini."" In Fig-
ure 4.16, (x. v) +b* is shown as a surface. The gradient vector as introduced in Chapter 3, is

_ ) 3
%y = ., 98

x XT3y Y

b1
o

= 4x(x2+y2—82) 53+4Y(X2+y2+32)§ . (4.61)

N|a

R/

x

(b) (C)
b — @ = infinitely large curve
(a) b =0 = x = %a,y =0 points

Figure 4.15— Lemniscates and Ovals of Cassini.

Thus the gradient vanishes at three points,

(“4.62



which correspondto the saddle point, and two
minimum points of the surface shown in Fig-

ure 4.16.

The differential equations that uniquely
gives rise to these curves are

X(t) 7 y(t) (x? (1) +y2 (t)+a?)

(4.63)

V(t) = -x(t) (x2(t)+y2(t)-a?),

since the solution curves are the limit-
cycle trajectories

Aglx,y) +b4

Figure 4.16—Surface of Example 11.

4.69)

A>0 leminiscate
limit cycles

A=0

Separatrix

-at ¢ A< 0

Ovals of cassini
limit cycles

= q4

A=

2 stable equilibrium points

v

Figure 4.17—State-Space Portrait for Example 11.



(The A = 0 curve is a separatrix for the different types of limit cycles; it is not in itself a limit
cycle since it passes through the equilibrium point at the origin.) The equilibrium points for
Equations (4.63)are the same three points as given in Equations (4.62), that is, where Vg = 0
there is an equilibrium point. The trajectories are plotted in Figure 4.17. Note that there is
always an odd number, one or three, equilibrium points (i.e. surface peaks) within each limit
cycle.

Equations (4.63)were programmed on a digital computer, with a = 1, for a family of initial
conditions. For each run,

1"
Xovg = -;J; x(t)dt (4.65)

and = was computed, where 7 is the limit-cycle period. These values are listed in the Table in
Figure 4.18. Note that both x,,, and = are different for each limit cycle, and that

X avg 7 X equib (4.66)

x(0) T Xavg x(0) T Xavg
0 ® 0 a=1 | £1.5 6.38 0
+0.1 6.72 k0.468 y(0) = 0 +1.6 458 0
£0.2 5.38 £0.584 Yavg = 0 K1.7 3.60 0
+0.3 4.66 £0.675 Yavg =0 +1.8 2.96 0
£0.4 4.17 k0.754 Vavg =0 £1.9 2.50 0
£0.5 3.82 +0.822 for all +2.0 2.16 0
k0.6 3.57 £0.880 - cases +2.1 1.89 0
+0.7 3.38 +0.929 +2.,2 1.67 0
+0.8 3.25 k0.966 £2.3 1.49 0
+0.9 317 £0.,991 +2.4 1.34 0
*1.0 m +1.000 £2.5 1.21 0
+1,1 3.18 +0.989 £2.6 1.10 0
k1.2 331 +0.948 k2.7 1.01 0
+1.3 3.67 +0.856 +2.8 0.92 0
k1.4 5.38 +0,582 £92.9 0.85 0
+ Y2 © - +3.0 0.79 0

Figure 4.18—Table of Computed Values for Example 11.



5. MISCELLANEOUS RELATED PROPERTIES

This chapter is devoted to some miscellaneous discussions and concepts of ordinary dif-
ferential equations and limit cycles that do not fit into the mainstream of the previous chapters.
These discussions are included for their interesting properties, as an aid toward a better un-
derstanding of the overall topic, and possibly, to generate future ideas in this area.

(1) For asecond-order system,
X(t)y = f(x(t), x(t)) , (5.1)

a solution trajectory in the x-versus-; phase plane that linearly (i.e., as a straight line) crosses
the x-axis (i.e., x = 0) at a non-infinite slope, signifies that the crossing point is an equilibrium
point. Such a crossing is illustrated in Figure 5.1.

.. A X a=x,
finite K, 6 =90° slope K is finite
M o=t -ty = r dx i
= e - o K( a)
) * = Nyy ) >
. 1 x=a )
= g In(x-a) = w. (5.2) L
“—‘x@to) x =K(x - a)
The straight-line constraint iS not neces-
& . s ’
slope K = H% = ‘z = XXX> (5.3)

then for K finite at x = 0, f(0, x) IS zero. Thus, this point is an equilibrium point.

(2) For systems (obeying the ground rules of Chapter 2) of the form
%™ = f(x(n‘l')’ x(n"'Z)’ i, x) , (5_4)
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only n 1.2 yields non-trivial limit cycles. That is when n =0, Equation (5.4) is the algebraic
equation x = f(x), which yields a constant solution with respect to time.

If n = 1, then

x = f(x) . (5.5)

Hence, when a solution x(t) is at a relative maximum or minimum value, x(t) is zero. But
Equation (5.5) yields only unique solutions for any initial condition. Thus, x,.. = x,. =x_is
an equilibrium point. That is, Equation (5.5) does not yield a time-varying solution with finite
extremum values; hence, no finite limit cycle exists.

(3) In general, it is very difficult to find limit-cycle solutions for nonlinear differential
equations. This is true for even a second-order system, although the well-known Bendixson
criterion (Reference 14) sometimes indicates where a limit cycle cannot exist. That is, if

af, af,
7%, (anxg) + 3 (x00x,) (5.6)

does not change its sign within a domain b of the x,, x, state plane, then no closed trajectories
exist in that domain. A proof by contradiction is simple, since if a closed curve I" exists in D,
then by Gauss's theorem, for D' the domain bounded by I,

of, 9f,
JL' ax, T o, dxadx, T §r(f1dx2—f2dxl) £ 0. (5.7)
But, along the path I,
)'(1 = £, (xl,xz)
(5.8)
x, = f, (xl,x2) .

Thus, f,dx,-f ,«dx; = 0, which contradicts (5.7).
For higher-order systems, Hahn refers to "*rotating Liapunov functions (Reference 8) of
the form
uxy = f(xXVex) . (5.9)

u(x) is interpreted as an angle-coordinate in a suitably chosen cylindrical coordinate
system under certain assumptions about the pencil of surfaces determined by f(x) -ce(x) = 0,



i.e., by u = c = constant. As an example, for a third-order system, u = x,/x, yields a pencil

of surfaces which are planes in three-dimensional state space. If u>0, the corresponding mo-
tion rotates about the axis of the pencil of surfaces always in the same rotational sense. Mo-
tions always remaining within a torus-like domain infer the existence of almost periodic motion.
The precise analytical formulation of rotating Liapunov functions is given in Reference 13. This
concept is not necessary for two-dimensional phase-plane considerations, since the existence

of periodic solutions is guaranteed ifthe phase trajectories remain in an annular domain. For
second-order systems, the concept of ""contact curves," as introduced by Poincaré, is appealing.

For the system (5.8), an arc A (open or closed at one or the other end) is said to be "with-
out contact' wherever A contains no equilibrium points and the (unique) solution trajectory path
through any point of A is never tangent to A at that point (Reference 1). Assuming these prop-
erties hold for every point of a simple closed curve L, then L is called a *"cycle without contact."
This implies that once a solution trajectory enters (leaves)the region bounded by L, it cannot
leave (enter)it. Furthermore, a structurally stable system has only a finite number of limit
cycles in the region bounded by L (Reference 15).

If a cycle (or arc) without contact is expressed by

L(x,, x,) = constant , (5.10)
then the tangent to L at any point is
aL/9
- 5179—:‘; i (5.11)

For L to be without contact, the field vector
S = f £, +f,%, (5.12)

(see Chapter 3) is not tangent to L (and S is not equal to zero onL). However, contact curves
c!x,, x,)that are tangent to s are found by equating the slope of Equation (5.12) with that of
C(x,, x,)given by (5.11) with L = c. That is,

aC aC
£y (%10 %,) %, (xq x,) + f, (x4 X,) 3%, (x4, x,) = 0 . (6.13)

To illustrate this method of contact curves, a family of concentric circles centered at an
equilibrium point, assumed to be at the origin, is considered. Thus,

C =.xp+x}, (G.1%H
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and Equation (5.13) yields the locus of points, i.e., the contact curve, where the circles are
tangent to the integral curves of (.8). If alimit cycle exists atall, it liesin a ring domain,
with center at the equilibrium point, whose boundaries are the innermost and outermost circles
of radii r_;, and ryax respectively, which touch the contact curve. (See Reference 6, Figure

2.2 for a numerical example.) Note that the equilibrium point, f, = f, = 0, is a solution to
(.13). Thus, if it is considered part of the contact curve, r_,, = 0, and the limit cycle en-
circles the equilibrium point as previously proved. The r,,x-radius contact circle curve is a
measure of how large a region confinesthe limit cycle. If this contact-surface concept is ex-
tended to higher than second-order systems, then limit cycles are contained in the hypervolumes
within the largest norm hypercontact-surface. That is, this dissertation proves that limit cy-
cles encircle equilibrium points so that only regions with equilibrium points need be considered.
For practical systems, one expects the regions to be small. Contact surfaces mathematically
define the boundaries of these regions.

Instead of the above topological approach, another viewpoint of circular contact curves is
obtained dynamically by defining

R(t) = Px2(t) + x2(t) (5.15)

Then R = 0when R(t) equals R,;, and Rysx (the minimum and maximum radii of the contact
curve, respectively) and R, <R<Ry,x- (A question that arises is: "*Can any information about
an 'average limit cycle', r,,, ,be obtained without knowing x, (t)or x, (t)?") This approach
sometimes aids in plotting limit cycles.

For example, consider a second-order system of the form
X = f(x, %) , (5-16)
where R = ¥x? +x2. Then R = x(x+%)/R = 0 when
x = 0 or x+X = 0. (G.17)

For the Van der Pol equation in the previous chapter (Equations (4.12)and (4.13)with
y = X), x = 0yields R = a That is, the x-axis crossings of the limit cycle are inflection points
of R(t). For Equation (4.12), with e = 1, ¥ = {1 -x*}k-x, and

R|

I
(=]

x=%1

(5.18)

R| x=+1 = f R



give the four alternating extremums of R(t)
as shown in Figure 5.2(a). For Equation
(4.13), withy = x, e = 1, % = x-%%/3 -x, and

Rl;{:iﬁ = 0

. 2¢13
Rl’;(si.ﬁ £ €R = (5.19)

give the four alternating extremums of R(t)
as shown in Figure 5.2(b). Also plotted in
Figure 5.2 are the circles of radius R,,,.

(@ A great deal is known about the be-
havior of phase portraits around singular
points for second-order systems. (See Ref-
erence 16, for example.) For higher-order
systems very little is known. Among others,
Poincaré (Reference 17) studied third-order
singularities, Mendelson (Reference 18) in-
vestigated special higher-order systems, and
Haas (Reference 19) discusses complex sin-
gular points. However, for most practical,
complicated, high-order systems a computer
is needed; also, engineering ingenuity plays
an important role. (For example, time is run
backwards and forwards todetermine stabil-
ity of equilibrium points, limit cycles, and
alternating stable—unstable limit cycles.)

This dissertation is intended to bridge part ®)
of the gap that exists between mathematical
theory and engineering applications. Much Figure 5.2— Properties of Van der Pdl Limit Cycle.

more knowledge is needed. For example,

what are the necessary conditions for equilibrium points and limit cycles to exist? (Chapter 3
showed that the system equations must allow x; to take on values of both polarities, since ’.‘iavg =0
for periodic x.) Another interesting question is: When is a centroid an equilibrium point?

(That is, when does f(x,,) = 0, as proven for linear systems?) What about non-autonomous
systems, and systems with time-varying parameters? How can equilibrium points be moved
around in state space, that is, what are the sensitivity functions axiequm/a (parameter)? These,

and many more questions remain to be answered.
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Part II

APPLICATION TO ATTITUDE CONTROL SYSTEMS

6. INTRODUCTION TO ATTITUDE CONTROL SYSTEMS

Attention is now focused on spacecraft attitude control systems. Of special interest are
three-axis stabilized, either vertically earth-oriented or inertially oriented, earth-orbiting
satellites. Normally, six positional degrees of freedom are associated with rigid-body motion;
three translational and three rotational. The guidance and control requirements for navigating
the center of gravity of a spacecraft with respect to a desired trajectory or orbit (or midcourse
maneuvering or orbital station keeping) is not discussed here, although the techniques of this
dissertation are definitely applicable. Instead, attention is restricted to the control of the ro-
tational motion of a rigid body, or system of coupled rigid bodies, by means of devices that
store or change the momentum of the bodies. Only the three rotational-position degrees of
freedom per rigid body need then be considered, and since the rigid bodies may have sources
of torque acting upon them, there are three rotational-rate degrees of freedom yielding a six-
dimensional system per rigid body, with constraints relating the bodies. (If a torque applied to
a single rigid body is not a pure couple, then the trajectory of the center of mass changes and,
in general, one must consider a 12-dimensional system. However, the torques and forces as-
sociated with attitude control are usually extremely small compared to any that significantly
change the trajectory of a spacecraft. As a matter of fact, one is often forced to cope with the
small components of huge orbit stationkeeping thrust vectors (such as to keep a synchronous
24-hour orbital period earth satellite in a proper orbit) which do not pass through the space-
craft center of gravity, as attitude disturbance torques).

It is emphasized at this point that the intention IS to present not an all-encompassing de-
velopment of attitude control and related background areas, but rather a broad framework that
leads to system equations to which the equilibrium technique is applicable. The development is
kept fairly general and practical, in order to understand the equations in a physical sense. A
complete general attitude control system is shown in Figure 6.1. The system is divided into a
designable spacecraft and its governing laws of motion. The first step taken by the attitude
control engineer is to develop the system equations in a mathematically convenient form. This
first step is discussed in the next chapter. In this chapter, the philosophy of a design-analysis-
redesign-reanalysis-etc. approach is presented, for the sake of a physical understanding of the
equations. Ideally, a paper design is desired that results in an optimum or near-optimum con-
trol system that satisfies all the various spacecraft requirements. Once the paper design is
completed, a synthesis-type problem would exist. Unfortunately however, owing to practical
limitations and the lack of analytical tools for highly nonlinear systems, practical designs are
based on engineering intuition and experience. The effectiveness of these designs demands the
solution of an analysis-type problem for which a computer serves as the main nonlinear tool.
This important role of the computer is pursued further after a brief discussion of the nonlinear
dynamics and kinematics of the system shown in Figure 6.1.
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Figure 6.1 — Attitude Control System

The dynamic behavior of a system is determined by the equations which relate the external
torques and the angular momentum of the system. The momentum consists of two components:
the momentum of the rigid body due to its angular rate w with respect to inertial space, and the
stored momentum from internal rotating members. The dynamic behavior of attitude-controlled
systems is determined by three scalar nonlinear, first-order, time-invariant, ordinary differ-
ential equations. These equations are derived in Chapter 7, and their scalar form, Equation (7.45)
is

Ilwl - (12"13) W Wy tN, - “‘1 thyWy - hy W,

I, ¥, (Ly= L) WeW, + N, - by + hoWy - by W, (6.1)

— )
LWy = (T- Ty WWy +N; - hy + W, - hyW,,

where the symbols and assumptions are given in Chapter 7. These equations are sometimes re-
ferred to as the Euler equations of motion and are heavily crosscoupled with nonlinear terms.

As opposed to the well-defined dynamics equations, the formulation of the kinematics of a
system is more arbitrary in that there are many sets of position variables to choose from in
order to describe the attitude of a rigid body. The kinematics are relationships between the
rates and one of these sets. In translational motion, the kinematics are simply

MR i = 1,23,

where the set is a 3-parameter rectilinear coordinate system, For rotational motion, the Kin-
ematics become much more complex nonlinear coupled relationships, but still, only three in-

dependent coordinates are necessary to specify the attitude. The three most commonly used
sets of coordinates are now discussed.
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The first set iIs the three Euler angles taken in any advantageous (but independent) sequence,
such as azimuth, elevation, and *"spin** of a gun mount. See Reference 20 for example. The main
advantage of this set is that there are only three first-order differential equations relating the
angles and the angular rates. They are very easy to visualize for reasonably limited angular
motion (such as the roll, pitch, and yaw of a ship), and for sufficiently small angles become
linearly decoupled, thus facilitating small-angle fine-pointing control analysis. The main dis-
advantages are the non-uniqueness of the formulation, and the existence of singular points for
large angles (90 degrees). Since computers cannot maintain accuracy for infinite quantities,
Euler angles are not in general suitable for all-attitude simulations. As an example, taking a
yaw, roll, pitch, (i.e., ¥, 4, 8) sequence yields:

¥ = (W, cos 6 -\, sin@)/cos ¢
o = W, + W, tan¢sin@ - W, tand cosf (6.2)

¢ = Wycosd +\l, sine

The second set of coordinates is the nine direction cosines, a;; (i,§ =1, 2,3d. The formu-
lation contains nine defining first order differential equations which relate the positional direc-
tion cosines to angular rates, plus six algebraic equations of constraint, thus yielding the three
necessary independent position variables. Hence, there, are many equations and many variables,
but they are all well-defined and well-behaved for all attitudes. It is easy to mentally visualize
the physical meaning of the direction cosine which enhances intuitive-type manipulation of the
equations, and lends itself to the functional developments used later in this dissertation. See for
example Reference 21. However, the direction cosine formulation requires unnecessary com-
puter equipment for direct simulation. The nine differential equations take the matrix form,

a4 a5, ;3 0 LA W,

d I _

ac (Al 7 gt |y 8y, @y T |7W; 0 W, | (Al (6.3)
434 32 33 W, W, 0

where the a,. are the nine coordinates. The 6 constraint equations are

ii

1 0 0
(Al (AT = jo 1 ol ,

where (A]T is the transpose of (A] .

The third set of coordinates is the four Euler symmetric parameters (Reference 22) whose
formulation is a good compromise between the efficient but ill-behaved Euler angles, and the
non-efficient but easy to use direction cosines. With only four defining first-order differential
equations and one algebraic equation of constraint, the four variables and their derivatives are



conveniently bounded and uniquely defined for all attitudes. They also lend themselves to a
simple physical interpretation. This formulation is usually the most efficientto use in all at-
titude analog simulations and then, if desired, the direction cosines are formed algebraically
from the four symmetric parameters (Reference'23). This is usually done to facilitate the
sensors' simulation since the mathematical models of attitude sensors are most simply de-
scribed via direction cosines. The four differential equations take the form

_}\' aney
>\1 2 -}\3 —)\4
A w,
d Ay 1 ! A, Ag
= W 6.5
@@ |, A I (6.5)
- w
Ay _"}‘3 Ny A :

where the equation of constraint is

fo =1, (6.6)

and A, A, A4, A, ,are the four position coordinates. (See Reference 23 for relationships be-
tween all three sets of position coordinates.)

There are additional sets of position coordinates which are used less frequently for de-
scribing the kinematics, such as the Gibbs vector, Quarternions, and the Caley-Klein param-
eters (Reference 20). They are sometimes used to advantage in specialized formulation of the
control laws for paper-and-pencil analysis techniques.

Thus the dynamics and kinematics are determined by well-defined mathematical relation-
ships which close the loop around any rigid body as shown in Figure 6.1. It is the spacecraft
hardware which is designed by the attitude control engineer to make the overall system work
properly. The sensors (such as gyros, star trackers, sun sensors, earth horizon scanners,
etc.) and the muscles (such as torque-generating pneumatic subsystems, momentum-storing
flywheels, etc.) are usually selected very early in the design since they are the long-lead
items. In fact, it is usually not until after the sensing and torquing components are being de-
veloped that the overall simulation becomes more realistic, since then the hardware charac-
teristics are measured. Hence, upon analyzing the system, the only functional design change
which is comparatively easy and not too time-consuming Is in the control laws. Modification
of the sensors and muscles is possible to an extent, but the really flexible part of the system
is the control logic. Therefore, after a system goes through its basic design, its performance
is analyzed and redesign initiated in the event that specifications are not met. This cycle is
continued until a satisfactory design is achieved. The computer simulation is essential to this
type of design-analysis cycle, since, once the dynamics, kinematics, and sensors are simulated

55



56

(themostdifficult and component-consumingaspects of the simulation), it is not difficult to
change the simulation of the control laws. It is demonstrated in this dissertation how the com-
puter can be intelligently and fruitfully used to find the potential trouble areas via system-
equilibrium points, and further indicate how they can be remedied.



7. DEVELOPMENT OF ATTITUDE CONTROL EQUATIONS

In this chapter, the necessary dynamic and kinematic equations are developed using the
direction cosines which relate a body-fixed spacecraft reference coordinate system to an
inertially-fixed reference coordinate system. The more general case of an ""in-between'* non-
inertial orbital reference frame (for example an earth-oriented orbital frame which rotates
one revolution per orbit in inertial space) is considered first. That is, for perfect attitude,
the control system aligns the spacecraft reference frame to the orbital reference frame. The
assumption is made that the plane of the satellite's orbit is inertially fixed. This is usually a
good approximation since, during the time interval in which an attitude control system responds,
the orbit precesses a negligible amount. Also, the 0.04 degree/hr earth rate around the sun
and similar motions are ignored. If it is necessary to take long-term disturbance effects into
account, a fourth reference frame is fixed (for example to the sun) and considered to move in
inertial space (for instance with respect to a star).

Since this dissertation Is not intended as an all-encompassing text on attitude control and
related areas, several additional assumptions are made, any of which can be readily removed
by generalizing-type modifications to the equations. Orbits are taken as circular about per-
fectly homogeneous spherical earths. No translational, but only rotational, motions are con-
sidered with all reference-frame origins continuously coincident. The spacecraft is a single
rigid body, and all inertial momentum storage devices have negligible inertias. Cross product
of inertia terms, and sensor-actuator misalignment terms are omitted.

For present purposes, the following three orthogonal right-hand Euclidean reference
frames are defined. (See Figure 7.1). As previously stated, the only interest is rotational be-
havior; thus all frames are assumed to have origins at the spacecraft's center of mass. The
symbol ~ represents a spacial unit vector.

The first reference frame is the inertial frame, 2, 2,, £,, such that the 2,, Z, plane de-
fines the spacecraft orbital plane which was assumed inertially fixed. At some point in the
orbit the positive z, axis points in the same direction as the velocity vector of the spacecraft's
center of gravity, and the positive Z, axis points to the center of the earth (local vertical). A
quarter of an orbital period later, £, points away from the center of the earth and %, is along
the spacecraft velocity vector since the inertial frame does not rotate as the spacecraft goes
around the earth. The Z, axis is always perpendicular to the orbital plane throughout the
orbital period and is to the right as one looks down the positive £, axis, i.e., £, = 2;x £;.
Hence the momentum of the spacecraft due to its center of mass being in orbit around the

~

earth is along the negative z, axis.

The second reference frame is the orbital reference frame, ¢,, §,, 9,, suchthat: the
positive ¥, axis always points along the spacecraft velocity vector in the direction of forward
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motion; the positive §, axis points along the local vertical towards the center of the earth; and

-the §, axis is coincident with the inertial Z, axiS. Thus, if act) = 0, t, where &, is the constant
orbital rate in rad/sec, then a is the orbital angle defining the position of the spacecraft in its
orbit. When the orbital reference and inertial frames are coincident, « = 0. The inertial and
orbital reference frames rotate with respect to each other about the colinear §, and Z, axes at
arate 0,. They are related by the matrix equation

¥ cos o 0 sin a Z,
§,1 = 0 1 0 Z, (7.1)
Vs -sina 0 cos a Z,
or, in shorthand notation,
@ = @) . (7.2)

The third reference frame is the spacecraft frame £,, %,, %,. Itis coincident with the
principal axes of the spacecraft. When the spacecraft is perfectly controlled, the principal axes
are aligned with the orbital reference frame. £,, %,, £, are the roll, pitch, and yaw axes, re-
spectively. Because they are along the principal axes of the spacecraft (which is considered a
rigid body), the cross product of inertia terms vanish. Therefore, the inertial matrix associated
with the inertia tensor (Reference 21) becomes diagonalized with only three non-vanishing terms:
I, 1,, I;. These are the roll, pitch, and yaw principal moments of inertia and are positive
guantities. At any time, each of the body-fixed unit vectors may be resolved into components
along the orbital reference directions. This fundamental concept allows one to express mathe-
matically each of the spacecraft fixed unit vectors as a linear combination of the orbitally fixed
unit vectors as

ﬁi = a,. }? y ;] = s
Z ] J 1 1, 2, 3 (7-3)

where the coefficients a,, are time-varying if the spacecraft rotates with respect to the orbital
frame. In matrix notation

Ry an a1z 213 ¥,
%, = |2 Py 853 ¥, ’
. i . (7.4)
%3 a3y 239 433 Y3
or, in shorthand notation,
& = [A® . (1.5)
Since the x, v, and z coordinate systems are orthogonal,
b O >’<‘.1 = 6,
§. 09, = 8y i,j - 1,2, 3, (7.6)
2. -8 = 8.,



where the Kronecker delta is defined as
{1 for i = j
b T 0 for i # j (7.7)
Hence, multiplying both sides of Equation 7.3 by ¥, , yields

3
R, % © Z:ais (9,9 = Zaij Siw T By - (7.8)

Since the geometric definition of the inner product of two vectors is

e k - -
2, "9, = l’?tl ) |yk‘cos<}i = cos,; (7.9)
. k.
where | | represents the magnitude of the vector, and where ¥; is the plane angle between the
two vectors, then
a,, = eos %t (i, k=1,2,3) . (7-10)

The a,, are the so-called direction cosines. This geometric interpretation is shown graphically
in Figure 7.1 fork = 3.

The transformation matrix {Al has many interesting properties from the point of view of man-
ipulation and computation. Forming the inner product (£; - %,) from Equation (7.3), one obtains

3 3

~ . " e ”~N ~

X % a5 Vi Bem Ym
i=1 m=1

3 3

j=1 m=1

i
o2

aij Aem jm

B Z 855 Bk ' .10

But from Equation (7.6), %, - #,_ = 8,,. Hence,

i

Zaij a; = 8, (7.12
where i, k = 1, 2, 3.

Equation (7.12) represents six properties of [Al which will later be referred to as six
equations o constant. Equation (7.12) establishes that the sum of the squares of the elements
of each row of [A) is unity, and the sum of products of the respective elements of each pair of



rows of {Al vanishes identically. When the six equations, (7.12), are written out, they are

2 2 2

afy ta, tay 71
2 + + 2 = 1
8,3 T ay) T ay (7.13a)
as% + a;; + a;i =1
a,; taj,8,, ta,;8,;
ay; 85, t a8, T a38;3, (7.13b)
a,y a3y T 25,85, t 2,383,
The transpose of the matrix [A]l is
a3 454 a3,
[A]T = a, a,, a5,
53 A,3 233 (7.14)
Clearly, the element inthe ith row and jt* column of the product matrix [Al [AIT is
3
2 a5 8,; T Oy
i=1
Therefore,
agy a3, a3l |21 51 834
(Al [A}T = [a,, a22 833 212 22 832
831 832 233] | 213 893 433
1 0
= 0 ]
0 0
= [ul , (7.15)

where [u] is the three-by-three identity matrix. Thus, [A] is aunitary or orthogonal matrix. That
is, o
[AI7Y = [NT (7.16)

where [Al~! is the inverse matrix of [Al. Also,
Det[A]l = |A] = +1 (7.17)

since all reference frames are right-handed sets.
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Another useful property of [Al is that

a; © oof(ay) | (.19

where cof(a;;) denotes the cofactor of element a,; and is defined as the product of (-1)**i and
the determinant of the square array formed by removing the row and column in which a,; ap-
pears from (Al . This is readily shown from

[a]-1 = Adi [A]
Det [A] ' (.19

where Adj[A] is the adjoint matrix of [Al formed by replacing each element a,; of [Al by its
cofactor and transposing. Substituting Equations (7.16)and (7.17) n Equation (7.19)yields

[A]T = Adj[A]l (7.20)

which is the same as Equation (7.18). Writing out these nine relationships leads to

231 T @jg833 T 83383,
a3, T @,3a3; " Ay;a5,
13 T Aypa3, T 83,83,
2,1 T Ay3agy T 8y5833
8y, T @3p833 " 83383, 7.20)
853 T 83583y T 8;,85,
831 ~ 815833 ~ 83389,
839 T By385; T 8jp8,
833 T @538,y T 81585,

The last useful property noted is another form of the six constraint Equations, (7.13). These
follow directly from equating the elements of

T = W, 7-2)

which yields

Z;ai'j a;, - 3jk (7.23)



or,

afy +a1 tay T 1
3122 + 3222 + a322 =1 (7.243,)
ajy taj taf = 1
ay18;, * 218y, t 85185, = 0
ajja; ta, 8,5 taga;; -0 ('7.24Db)
ay1,815 T 85,853 4 832833 = 0.

Many more interesting relationships can be derived (Reference 24), but for present purposes,
the above suffices.

It is often useful to have available differential equations, rather than algebraic equations

of constraint, for manipulative purposes. From Equations (7.12) and (7.15), the following are
obtained:

(355 2 oy &) T 0
= 7-21)
i,k = 1,2,3
or its equivalent
d gt d T - 7.15
(Al 37 (AT + g (A) - [AIT = 0. (7.15"
;’ From Equation (7.17), |Al is constant. Therefore
d
T Al =0 (7.17)
and [A] is singular, possessing no inverse.* From Equation (7.18),
_d
a, - d [eof ay] . ij = 1,2,3 . (7.18)

*In general, Det d/de [A] # d/de Det[A), but for [A] orthogonal, [a] [A1T = [u], [l [A]T + [a] AT =0, = [A] =~ @L [a]T [Al.
Thus, ‘Al = (-1 IA] lATl |Al == jd/dt A |, since the determinant of the product of two square matrices is the broduct of the de-
terminants (Reference 25), n = 3, and |A[ = l.. But, the determinant of a matrix is equal to the determinant of its transpose, hence
|&| = |AT | = |a/de AT |= ~ |A. Therefore, |4l = 0.
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Finally, from Equation (7.23),

Z (8,8 ta;;8;,) = 0 k,j = 1,2,3, (7.23)

which, when written out, yields

q1 @11 T ajpa, toa 0
12 812 Y Ag385, t 25503 0 (7.25a)
813813 ¥ o303t oi33ag 0

a8y, Y 2558y, ¥ 33 B3y YAy T8y tag;ag, Y
ajpa53 tay,8,; *agrazg taja;taay; tagag, 0 (7.25b)
o 13 T @y58,5 F gy 833 T A5503 T 855003 T a5, 0~

The main point is, as ..uted in Chapter 6, that there are only three independent generalized
coordinates required for relating the rotation of one reference frame to another. By using
direction cosines, there are nine elements introduced. Hence, out of all the foregoing relation-
ships from Equation (7.12) on, there are only 6 independent constraining scalar relationships,
but any of the algebraic or differential ones may be used for conveniently simplifying expressions.

The dynamics and kinematics are now developed, and the general equations of motion derived.

To begin with,

- o) A A
W= Wy Xy + Wy X, + Wa X4 (7.26)

is defined as the vector representing the rate of rotation of the spacecraft about its principal
axes of inertia with respect to the orbital reference frame y. Since the orbital frame ¥ rotates
inertially about the ¢, axis at a rate -,

W=w-9f9, (7.27)

where W is the inertial rotation of the body frame. From Equation (7.5),

y = [Al"x . (7.28)
Thus,
Fo T ap R, ta,,®, tag,%x;



hence,

(wl—ﬂo alz) )'il + (w, —QO a22) >’;‘2 + (ws—Qo a32) )?3

w, 1, + W%, +W, R, . (7-9)

Of course, if the orbital reference frame to which the attitude control system aligns the space-
craft is inertial rather than earth-oriented, then 9, = 0and = =W. Or, for attitude motion

during a time interval that is small with respect to an orbital period 27/%,, so that |«;| >, ,
orbital rate is neglected and @ ~ W. (Remember, |a,;| <1, i, j = 1, 2,3.)

The total angular momentum, H, of the spacecraft consists of two parts. One is H,,, * that
is due to the rigid body rotating in inertial space, i.e.,

I,%,2] 0 0 W, R,
T - = w — A T A
H,, = ® W = 0 I,%,%, 0 W, %,
0 0 I, &% |W, %,

= I, WoR, HI,W,R, HI W, R, (7.30)

where @ is the previously mentioned inertia tensor in dyadic matrix form. The second is & due

to the momentum of internal rotating parts such as reaction flywheels, rotating solar array
paddles, tape recorders, etc. That is,

Xy - (7.3D)

Calling N the total external torque on the spacecraft, one can write

N = N, %, +N,&, +N;%; . 7.2

*s/c is an abbreviation for spacecraft.
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f and N can also be resolved into inertial coordinates via [Al and [al . Thatis, if H and N are
expressed as column matrices in the body frame,

Hl
m = |H,
HS
(7.333)
Nl
(N) = |N,
N3
and as column matrices in the inertial frame,
H!
m?! = HZI
Ht
(7.33b)
N/
ML= | N ,
N,
then they are related by
®@ = (A lad @ = [B (!
(7.34)
M = [A @ = [B @M@,
where [Bl = [A] [a]. The elements of [B], b,, ,all have the same properties as a;; ,since [Bl ,

like [Al, is an orthogonal unitary transformation matrix.

Just as Newton's inertial law equating force and time-rate change of translational momentum
is basic to linear motion, so is the fundamental equation of rigid-body motion. It is simply writ-
ten in matrix notation as

—Sl— Y = N)YI
a mt = @ (7.35)
and is basic to all rotational motion. Equation (7.35) is written with respect to body coordinates

(Reference 21) as

+WixH = N, (7.36)

&leo
= |



where

wl
w = [w,] - (7.37)
w3
Equation (7.36)is equivalentto
L@@ = @, (7.38)
where
0 -W, W,
[Pw] = W 0 LY (739
-W, W, 0
Note that |Pw| = 0. Hence, [Py]is asingular matrix and, as such, possesses no inverse.
Also note that
[P]™ = -[P] - (7.40)
Now from Equation (7.35)and (7.34),
L@ = @ - BUE
3 (H = (N = [B]I7*(N) . (7.4D)

Also

R (IR

4 e
- L my @ e @ (1.42)

Equating the right-hand sides of Equations (7.41)and (7.42), premultiplying both by [Bl, and
realizing [BI~! = [B]7, yields:

F @+ m g (EYT® = @ . 7.1
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Equations (7.36), (7.38)and (7.43)are all equivalent ways of stating the well-known three

scalar Euler equations where

Ilw1+h1
(H) = |I,W,+h,

I3w3 +h3

Written out, their familiar form is

N, = I, W + (I;-I,)W,W, +h, +h,W, - h,W,

N IpW, t (I-1) W, W, +h, +h W - h,W

N, = Isws * (IZ_II)WIWZ +‘.‘3 thyW - h W,
- .Y / V -
Rigid body Internal rotating parts

It is clear from Equations (7.38)and (7.43)that
(8] ﬁ (BIT = [Py]
Premultiplying both sides by (Bl ™! yields

(ﬁ- (BT = [BI™' [Py]

Taking the transpose of both sides and using the identities

|
=

jor]
[}
-]

B~

yields

d—dt (Bl = -[py] [B).*

1 2
*Thus |d/de [B]]= - |Pw| Isl=- ]PW}, and both [B] and [Py] are singular matrices, as previously stated.

-4

.4

(7-46)

(7.4



The equivalent vector form of (7.47) is
B, = b x W, i 51,23 (7.48)
where
b, = b, %, t b, &, + b, X, (7.49)

Equation (7.47) or (7.48) represents nine scalar first-order differential equations. These nine,
along with the three Euler equations, plus all necessary constraints, comprise the dynamics
and kinematics of the spacecraft. They must now be put in the form used in Chapter 8. Firstly,
it is assumed that for all practical purposes, any significant motion takes place in a sufficiently
short time with large &, so that [A] = [B) and Q, is ignored. Hence W = «. Also, it is assumed
that any external torque generator, such as a pneumatic or mass-explusion system, is much
larger in torque than the torques produced by the internal rotating elements. Hence, h = & = 0.
One must be careful with this assumption since even for small h, Wxh can be large if Wis large.
A detailed computer simulation is usually necessary to show that the h terms do indeed cause
only small perturbations to the system motion. This is most often the case for active systems,
but caution must be exercised for passive or semi-passive systems. An additional assumption
is to consider 2-axis positional control that aligns a principal axis to an orbital (inertial) axis,
and controls the spacecraft rate about this axis, but not the angle. Two-axis control of this
nature is all that is necessary for most spacecrafts during initial acquisition. The orbiting
vehicle leaves the last stage of the booster, and is left with some initial rates at an arbitrary
3-axis attitude. The satellite is then stabilized to the sun line, or the local vertical connecting
the spacecraft's center of gravity and the center of the earth. Only after the initial stabilization
mode is accomplished does a sensor take over and establish the third positional axis of control.
This dissertation is concerned with this first mode, i.e., initial acquisition, (or large angle
control, or restabilization mode); and for purposes of the next chapter the local vertical is as-
sumed as the reference axis. Thus, interest lies only in the three components of rate and in the
three direction cosines, a,;, a,; and a,,, that are formed by the Z, axis and the spacecraft's
principal axes. Hence, a five-dimensional problem exists (the three rates «,;, », and «,, and
any two of the three a,, ), with six state variables involved. The governing equations are

. I,-13 N,
“ = I, Wy Wy +—f; (“)1’ Wy Wy Bygy By3s 133)
I,-1, N,
@y T I, @3 @y +I_2 (“’1’ Wys gy Bygs Byg; ass) (7.50a)
N i P N,
@z T I, wy @yt I, (9“‘1’ @os Wg» By3» B3 333)
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ay3 T W3By3 T &ya5,

833 ~ @yA3 T @384

(7.50h)

33 Wy 813 T Wy A3
which come from Equations (7.45) and (7.47) with the above-stated assumptions. The constraint

equation used is from Equation (7.24a),
a2 + .21223 +agz - 1. (7.51)

Equations (7.50) are in the general form considered in Part | of this dissertation, and only the
control laws

N, = N,(a a,) i = 1,2,3 (7.52)

1

need be specified to describe the system completely.

One additional comment is in order here. Henceforth, cyclical indexed notation is used
extensively for the sake of brevity. That is, three equations

Xp T oy, Tz

X, T v3*tz

X3 T vy Tz,
are written as

Xi puad yl + Zk y

where the i, j, k take on the values of 1, 2,
3 in a cyclic fashion. ) san{x)

Also, the sign function is defined as

-1 <0
sgn(x) = <undefined > when x is <= 0.(7.53)
*1 >0 =1

A graph of the sgn function is shown in Fig-
ure 7.2 Figure 7.2—sgn{x) Function.



8. INVESTIGATION OF EQUILIBRIUM POINTS

In this chapter, some characteristic properties of attitude control systems are shown and
the equilibrium point stability question is investigated. The relationship between potential
troublesome dynamic behavior and equilibrium point stability is demonstrated.

One method commonly used for general nonlinear systems' stability investigations, is to
approximate the system near an equilibrium point linearly, and apply well-defined stability
criteria. However, for attitude control equations, the linear procedure is usually fruitfully
pursued for only small regions about the one desired equilibrium state (which of course is
forced by design to be stable), and at any other points one usually is forced to make invalid as-
sumptions (with respect to sensors and cross-coupling) in order to obtain practical answers.
That is, for anything but raw first cuts these methods are unyielding. Perturbation techniques
of the type

X = A t A(®) ,

where one tries to extend A = 0 results to the nonlinear case by stretching the parameter x,
have also not been successful for these highly nonlinear systems that the attitude control en-
gineer encounters in practice. New techniques are being developed, but at present none can be
practically utilized. To date, to meet with success one utilizes a computer simulation, and is
usually forced to make as many Monte Carlo runs as economically feasible. As already pointed
out, this process is more efficient when the system equilibrium points are all known.

The equilibrium points for satellite attitude control systems of interest are now determined.
First the Euler Equations, (7.50a),

N, = 1, &)1 - (12 _Is) W, wy
N, = Lo, - (I,-1,) 0, o (8.1)
N, = Loy - (11'12) @y Dy

as developed in the previous chapter, are examined. With R, = I, -1, Equation (8.1) yields

J

(8.2)

N. = I.a -Rirwiw
1 1 1

k7

where i, j,k =1, 2, 3incyclic order. For the system to be in equilibrium, the rates «, and
torques N, are time-invariant, thus the rate state variables at equilibrium points are the
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algebraic solutions to
N, + Rjk wrw, = 0 (8.3)

or

That is,

(8.4)

This relationship furnishes much information. For any given rigid body, the polarities of R,
R,,, and R,, are fixed. Hence, the sign combination of N, N,, and N, must yield a positive
quantity for «,2 . This polarity constraint given by Equation (8.4) immediately reduces the
number of possible combinations that yield real equilibrium points. (If the control torques de-
pended upon only the rates, e.g., all sensors are rate gyros, then the three Equations (8.3) or
(8.4), along with the three equations

N, = N; (col, Wy, a;3') s
completely define the locations of equilibrium states and simplify the problem, since the posi-
tions do not enter the picture.)

Further analysis of the », components of the equilibrium points is now made. The direction
cosine Equations (7.50b) which are defined with respect to the local vertical, that is, the a,'s,
are

13 = @383 @yag
8,3 @) 8y5 W, 8,4 (8.5)
w

a33 2 813 T #p 853

There are only two-independent a,, in (8.5) via the



constraint. That is, by multiplying a;; by »; and adding the three equations, one obtains

ajp @ T8 w, tag ey T 0.
In the cyclic i, j , k indexed notation, (8.5) is
a3 @y Bz T @5 Ay (8.6)
or
B a3 * @ 8,
o = St (®.7)
Substituting (8.7) in the Euler Equation (8.2),
N, = Lid, -R,w.oo , (8.2)
yields
ay; To; a5\ fa;; tw; ag,
N, = I,o, - R]k( a,, >( a, >
ay; tw; a;
a3 tw; ajy a3 k3
wx - Rjk ( ai3 )

2 =
a% 1,
i=1
reduces to

2 .

N, N Rjk Arz i3 2 R,k dt (ak3 a;s) w Rjk 23 253 . (8.8)
w = T . - 2 .

L I; 3123 ' 21, a’ I;a%

Equation (8.8) represents three general equations of motion where the position and velocity
variables, purposely intertwined, are changing with time. It is shown later that close to an
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equilibrium point a,, remains arbitrarily small. (Obviously a,, = 0 at the equilibrium point.)
Thus, if the a,,"s are approximately constant, the bracketed terms in (8.8) are small; hence

Ry aj3 8,3 )

Ii aiz3 @i (8-9)

N,
- ~, e
w, = Ii t

During the time interval for which (8.9) holds, the phase-space trajectories’ projection onto the
three now uncoupled phase planes &, vs. », are vertical parabolas. The parabolas are station-
ary with time if the N,'s are constant. Which way the parabolas open depends on the sign of

R, a,; a,; (sinceI,a? ispositive). The polarity of ©; where the parabolas cross the ordinate
is the polarity of N, .

Now several observations are made. The above three uncoupled phase-plane plots repre-
sent the system's motion if the N, and a,, are sufficiently constant for a long enough interval
of time. When these conditions are exactly met, i.e., a,, = N; = 0, then the «, -axis crossings
of the parabolas yield the values of «, that are the equilibrium points of the entire system (i.e.,
compatible solutions of Equations (7.50) with all derivative terms zero). Thus, for these condi-
tions it is evident that for positive N;, positive «, equilibrium points are stable, and negative w,
equilibrium points are unstable. These are shown in the first two diagrams of Figure 8.1. For
negative N, the opposite is true, as shown in the last diagram of the same figure. (Arrows
indicate direction with time, so that if &, >0, then», increases with time.) That is, if sgn(N; o, ..)
= -sgn (Ry, a,3 a5 9; ) - *1(-1), then the equilibrium point is stable (unstable). (Later on,
a torque bang-bang system is discussed in which two unstable equilibrium points trap a phase
trajectory between them, and around a third point, such that a limit cycle is generated.) Even
though each parabola may contain two equilibrium points, one of these points is usually elimin-
ated by the control laws. If a parabola opens up (down) and N, is positive (negative), then no
equilibrium points exist, and the algebraic system will yield only non-real solutions. This
occurs when sgn (R, a,; a, N;) = +1. Thus, sgn(R;, a;, a, N;) = -1 is anecessary condition
for »; ..ui» to exist. If N, is zero, then there exists only the one quasi-stable equilibrium point.

A 9, ha, b,
N N,
& ':
Unstable Stable Unstable Stable Stable Unstable
Ns
[ _
sgn R23"23"33) = -1 sgn (R31°33°13) =-1 sgn R12°13°23) = 41
sgn N]) = 41 sgn(Nz) = 41 sgn N3) -1

Figure 8.1 — Stability Parabolas.



(Note: Many more polarity constraints can be derived for a,;, «,, and N, to help locate equi-
librium points. These are treated later, and tabulated in Table 82)

The assumption that a,, remains sufficiently small around an equilibrium point is now in-
vestigated. The three equations
a. = W a

i3 7 95 83

(8.10)

™
(S,
=~

i

1, 2,3 cyclic indices

lead to a single uncoupled third-order equation for each a,,. As previously noted, the above
three equations are not independent; the algebraic relationship

Zafs =1 (8.11)

must be satisfied. After multiplying each a,, in Equations (8.10)by «; and adding, one obtains

aj3 @ t ay;@, t 8330, = 0 . B.12)

Taking the second derivative of Equations (8.10) with respect to time yields, after some algebraic
manipulation,

d ,. . d ,. .
toay, [E'E (“’k to; “’j) T "Jj] T 83 l:?l? (&) ~a, “’k) o wk] - (8.13)

Like Equation (8.8), the above equation represents purposely intertwined general equations of
motion in which the state variables are changing with time. However, the equations are un-

coupled when the «,'s are assumed constant (which they are at an equilibrium point); in this
case, the entire right-hand side of Equations (8.13) is zero. That is,

ay, tw?a, = 0, i = 1,2,3 (B.1%)

where

w = yo? + o} t+tel = constant GB.15)

is the magnitude of the system's angular velocity vector. The three simple third-order linear
Equations (8.14) are solved to yield the behavior of a;; when &, = &, = & = 0. Thatis,

a,; (t) = A, +B,sinwt +C, coswt . B.16)
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Here, the A, B, ,and C, are constants, but not arbitrary constants. They are determined by
the initial conditions and the constraint (8.11). The relationship of the nine constants is in-
vestigated in the Appendix. The important point here is that by letting all acceleration terms
vanish, the three a,,'s are decoupled and can now each be examined independently, using, as
an aid, phase plane plots. In each phase plane,

(a5 ~A;)2 + = constant = K? , @.19)

and the phase portrait consists of afamily of periodic trajectories that are concentric ellipses
centered at the equilibrium point, a,, = A,. Hence, itis clear from (8.17)and Figure 8.2, that
starting arbitrarily close to the centroid at
A,, the trajectory hovers around it, with the
maximum a,, = Ko occuringat a,, = A,.
Thus, for sufficiently small K, a,, stays ar-
bitrarily small.

! S

Ko t- - -- -

The above discussion is now summarized.
At an equilibrium point, all dynamic quanti-
3 ties remain constant with respect to time.
When it is assumed that near an equilibrium
point the a;, = 0 but not the &, ,then, de-
pending on certain polarity considerations,
Figure 8.2— Direction Cosine Phase Plane one concludes that the state of the system
Portrait for &; = 0. moves either toward or away from the equi-
librium state. When it is assumed that the
@, = 0but not the a,,, and when the system is started near an a,, = 0 system equilibrium
state, then the system state remains near the equilibrium state. Hence, if the system state is
very close to an equilibrium point at t = 0, then it is the &,-vs.-«, parabola polarity that de-
termines stability in some neighborhood of the equilibrium point. This conclusion is fortified
by the fact that usually most main torque generators used in attitude control systems are used
in an on-off fashion. Therefore, unless a torquer is duty-cycling (asdiscussed in the next
chapter), its bang-bang characteristic gives it a digitized constant level in a neighborhood of
of sensor signals such that N, is constant, thereby keeping the o, -vs.-«, parabolas almost
stationary with time. For example, an ideal
pneumatic loop, consisting of voltage from
T N - a rate gyroscope feeding into a double-ended
v T threshold detector that drives pneumatic
v “'T—o'r; thruster solenoids, is shown in block diagram
l—T form in Figure 8.3.

Ly

@ _ RATE v
> G6YrRO [

From Equation (8.4), it is seen that if
Figure 8.3—Ideal Pneumatic Loop. the N;'s take on only discrete levels, then



out"'the system so that it correlates with the 74 T+
mathematical system described in Part | of f' v
this dissertation, the bang-off-bang pneu- i — % 4

. - Vv v ] v v
matic controller is roundedout to that shown
in Figure8.4. This continuous characteristic ~ ' -T{- -

is:

Further strengthening of the conclusion that the values of », (and the control laws which
yield N;) at an equilibrium point completely determine the stability of the equilibrium point is
obtained by an approximate linear expansion of the equations of motion about that equilibrium
point. Defining the values of the state variables at the equilibrium point as v, , @,., @;., as.,
a,,.5 @330, the transformation,

W T ouy o,
@y T Uy ta,,
w4 = ug + Wa,
(38.18)
a;3 T oy, toag,
8,5 T Ug t Ay,
a3 = ug T 8,5,
converts Equations (8.1)and (8.5), for u, near equilibrium, into
N, & LG - (I - L) (0, w o, u; vy, @) (38.19)
for cyclic i, i, k =1, 2, 3, and
ap = (uy te) (uatage.) = (5 to5) (ua ¥ ags.)
~ W Uy tag u b oo, a13e ~ Fkze Ui T “e T T A B.20)

for cyclic £,m, n = 4, 5, 6, where all higher order nonlinear terms in u are neglected.
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Equations (8.19) and (8.20) are equivalent to the linear matrix equation

(-Nl ™
+
0.23 wZe w3e
. ) ™ o I 0 0 o1 (L N,
u. Ty o O, [0 P3) u
1 23%3e 23%%2¢- | 1 + 0y W Wy,
U, 031 @3¢ 0 O31%e | 0 Y 0 U,y N
3
Y + o, w, W
u Oy o O, [o P 0 0 0 0 u 12 “1e “2e
3 | |912%e 12%e 3
A N TR " B N ] S SOl AN R
Yy 0 T833¢ 3¢ : 0 P3e el | Y4 W3 8230~ Ye 330
Ys 4336 0 T3¢ | s 0 “e| [ Ys “1e 833¢ ~ “3e A13e
UGJ TAy3. 2 3¢ 0 I @e TS 0 Ug We B136 T Yy An3e:
L\ l = :
. ./

where o, = (I, —I,.)/Ik. When the matrices are partitioned as indicated in (8.21), the roles of
Equations (7.37)through (7.39), (7.44)and (7.47)are clear and (8.21)is derivable from these
equations with the proper assumptions. The linear Equation (8.21)has the form

d
& @ = D@+ @, 8.2

where (q) is the variable-column matrix, and [D] and (E) are constants. It is important to
note that

det (D] = || = 0. 8.2
From a stability viewpoint, if the eigenvalue problem is attacked by solving
|D) -A(ul| = o, ' (8.24)

where [U] is the six-by-six identity matrix, the following sixth-order polynomial in A is
obtained:

23 “3e 23 “2¢
- 2 4,2 2 2 - —
)‘(wle wye tawg, tA ) 31 P3¢ A T31 e =0 (8.25)
T12 “2e 12 @ie A
or
2 4 (02 052 4002 3. 2 4 2 2\ 2,2 ,2] =
)‘[}‘ (0 +al, W )| W2~ MO1a 75, 0f 401509308, 10,505, wk) 212923931 “le Yo Yse 0. (8.26)



Several observations are now made concerning the characteristic Equation (8.26). Firstly,
nowhere do the direction cosines a,,, appear. That is, all six eigenvalues (x»-roots) are inde-~
pendent of the spacecraft attitude near the equilibrium point. (A constant value of N; is of
course assumed. That is, N, is not a function of @ (or time) and hence does not enter into [D]
but only into (E) in Equation (8.22). Thus, by letting (¥) = (@) + [D]~! (E), Equation (8.22) be-
comes (+) = [DI(¥) and the eigenvalues are the same.) Another interesting observation is that
three of the characteristic roots of Equation (8.26) are

where

2
3e

w, = Yo tog v
is a real number (and the same frequency as in Equation (8.16) where »; = »,, was held con-
stant). These are the three eigenvalues obtained from , —A[U]’ = 0, where [Pwe] isasin
Equation (7.39). Thus, the linear analysis does not yield the complete stability picture and the
nonlinear terms must be accounted for. It is also interesting to note that the remaining three
roots, »,, Ag, and x, depend on the spacecraft moments of inertia as well as the «,,'s for their
realness as well as for their polarity.

Another aspect of the attitude control system's equilibrium points is that of polarity com-
binations mentioned earlier in this chapter. For the sake of definitiveness, it is assumed that
the spacecraft has the following inertia relationships:

I, >I,>1, >0. (8.27)

(Nolossin generality results fromthis assumption since similar results are obtained for any
inertia magnitude order.) Hence,

R12 >0
R,, > 0 (8.28)
R31 <0
and Equations (8.3) become
N, = - Kiwz2ws
N, = K00 (8.29)
Ny = - Ko
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where K, (i = 1, 2, 3) is positive. The above three equations, plus Equations (8.5)with no
derivative terms, i.e.,

W3 833 T “aa33
Wy 833 T @384 6.30)
@y 813 T Wyan

are satisfied at any equilibrium point. In addition,

a +tal tal = 1 8.3D)

must be true. There are eight possible polarity combinations for the three «,, and from Equa-
tions (8-29)each of these combinations yields a specific polarity for N,, They are shown in
Table 8.1

Table 81 From Equations (8.4),
Combination | w, | w, | @, N, N, N,
sgn (N; N,N,) = +1 6.3
1 + + + - + -
2 + + - + - - .
3 P + + + for »2 positive (and thus «, real). (Note
4 i IR I B B that
5 - + + - - +
6 - + - + + +
7 - - + + - - sgn (Nj Nk/Ni) = sgn (N1 N, N3) ,
8 - - - - + -
and
Table 82
Case wy |92 | @5 | 815 | 223 | B33 N; | N, | N, sgn (Rjk/Rij Rki) = -1
; ' N J_r} + |- |+ from Equation (8.28).) Equation (8.32)is, of
3 |+ |- +} } it course, true for all combinations in Table 8.1.
) -— 4 - . . -
4 |- 4+ |- In total, there are 64 polarity combinations
5 | + | + _} oy of all the variables, that is eight direction
3 s f } + ] - - cosin.e (a.13, 8,5, 333). combinations for every
P I +} i N combination of rates in Table 81. However,
o |+ |+ |+ Equations (8.30) reduce the number of cases
0|-1- _} tpr ot to 16 as given in Table 8.2.
11 [+ |+ |+ i B
(720 I I I R R Table 8.2 shows all possible combina-
13 |+ |- _} tions of parameters for arbitrary control
- + | - |- ) L .
14 + o+ } I laws (assu’ming a spacecraft with inertias as
ig M ; ;} -+ |+ in Equation (8.27)) for any real equilibrium
points. It is evident from the table that there




are only four permissible control torque po-
larity combinations. Each one exists in only
two octants that are mirror images* of each
other on the direction cosine unity sphere.
The unity sphere is a useful geometric de-
vice for displaying attitude, and is defined as
a spherein a,, a,,, a,; space of unit radius
and center at the origin. (See Figure 8.5).
Allattitudes of the spacecraft lie on the sur-
face of this sphere since

Each surface quadrant of the direction cosine
unity sphere allows equilibrium points to
exist only in two (mirror image) octants of Figure 8.5— Direction Cosine Unity Sphere.
three-dimensional » , w,, », rate space. The

two mirror image points fall out from the two roots of Equation (8.4). Table 8.2 and its inter-
pretation (which comes with practice) is an extremely useful analytical tool in locating equi-
librium points in a system.

The above results are independent of any specific attitude control system with explicit con-
trol laws. This chapter has been an attempt at understanding equilibrium points that exist in
an attitude control system. This analysis, coupled with the mathematical development of Part I
that puts equilibrium points inside limit cycles, establishes a basis for finding potentially
troublesome regions of the system. In the following chapter, examples of practical application
are given in the hope of demonstrating the power behind this type of an approach when utilized
with a computer simulation.

*Mirror image points in 3-dimensional space is where the polarity of each component of one point is the negative of its respective
component of the other point, i.e., the position vector to both points are equal and opposite.
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9. PRACTICAL APPLICATIONS

The equilibrium analysis technique de-
veloped in the previous chapters has been
successfully applied to actual complex atti-
tude control systems. The power of this ap-
proach is demonstrated by the resulting
usefulness from these practical applications.
Thus, in this chapter, the method is illus-
trated by considering the following systems:

1) The NASA* advanced meteorological
satellite, Nimbus I, (Figure 9.1), an earth-
oriented spacecraft. The analysis shows the
shortcomings of the attitude control system
for large perturbations (such as those which
wouldnecessitate reacquisition of the earth's
local vertical) or large initial conditions at
the time of separation from the launch ve-
hicle. Nimbus 1 was launched August 28, Figure 9.1 —Nimbus Spacecraft.

1964, and had a fairly successful active life

until September 23, 1964. Its solar array drive mechanism then locked up, preventing efficient
energy conversion from the sun. As a result, the spacecraft experienced intermittent power
outages. This, inturn, led to erroneous signals in the pneumatic torquing system. The er-
roneous error signals caused the vehicle to spin at such a high angular velocity that even if the
power situation had corrected itself, the spacecraft could not be restabilized (Reference ).

11) The follow-on Nimbus weather satellites II and 1 which have progressive modifica-
tions in the attitude control systems. Although improved, due to cost limitations involved in
change, they still have similar stability-in-the-large potential dangers. Nimbus 11was launched
May 15, 1966. The initial. conditions for earth acquisition were small and the spacecraft stabil-
ized successfully. The control system is still performing satisfactorily. Nimbus I1will be
launched in the late part of 1967. It is interesting to note that several easily implemented
schemes were proposed for remedying certain non-stable characteristics of the system and at
first, after several hundred thousand computer runs, these schemes appeared attractive. How-
ever, after a thorough equilibrium analysis (Reference 27), it was shown that in several cases
the original equilibrium points are moved to different locations in state space, bringing their
unstable behavior with them. Also, new equilibrium points are introduced. The large number

*National Aeronautics & Space Administration.



of computer runs never located these isolated trouble areas.

As an example, runs are made

where the initial attitude and the roll and pitch rates are held constant, while the yaw initial

rate is varied as a parameter for each simulated run.

Later, when equilibrium points are

calculated, one is found to lie in between two of these yaw-rate runs. When the computer is
initialized at the equilibrium point, the system is unstable; it *"meanders** so to speak (in al-
most periodic fashion), ejecting gas, and then finally takes off. Here is a "hole" in a region of
state space declared a stable region because of the results from a grid of computer runs in the

region.

This example illustrates that unless the initial condition grid is infinitesimally small

(whichtakes an infinitely large number of runs, especially for high-dimensional systems), a
brute-force coverage pattern or a Monte-Carlo random approach does not yield a high degree
of confidence that the computer will find all the '"holes' of a complex nonlinear system. The
equilibrium analysis is designed to substantially boost this confidence factor.

III) The advanced Nimbus satellite (Nimbus D) which has a completely new set of attitude
control laws and sensors. This vehicle is scheduled for launch in 1969. The equilibrium point
approach was used in the original design (which is now being completed) to eliminate all equi-

librium points in a reasonably bounded region of interest of state space.

described in more detail later in this chapter.

This application is

The equilibrium approach is to be attempted for other major scientific NASA spacecraft,
such as the Orbiting Astronomical Observatory (OAQO), which is an inertially-oriented satellite
to study the stars; the Orbiting Geophysical Observatory (OGO), which is earth-oriented and
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Figure 9.2—Nimbus I.

studies many physical phenomena in a region
of space around the earth; the Aerobee Sound-
ing Rocket 350, which is a short-lived eco-
nomical inertially-oriented spacecraft that is
flexible so as to study many items of inter-
est;the Applied Technology Satellite (ATS-F)
whose design has just commenced and will be
used to demonstrate space technologyin many
areas; and possibly many others (Orbiting
Solar Observatory, Deep Space and Galactic
Probes, Apollo Application Missions, etc.).

A brief background description of the
Nimbus weather satellite is now presented.
How the equilibrium approach is utilized,
and the results, are given. (For more de-
tailed description of Nimbus, see Reference
28, 2.) Nimbus | is shown in Figure 9.2.
The spacecraft stands 9-1/2 feet tall, weighs
850 pounds, and has moments of inertia

a3



a4

approximately equal to:

I, = 222slug-ft2*, I, = 1%slug-ft?, I, = 90slug-ft?, (9.1)

and peak-power capability of approximately 470 watts generated from a solar-cell array. (Itis
noted that many simplifying assumptions are made for the sake of brevity. However, the actual
detailed analysis includes the entire physical system as well as it can be determined; all as-
sumptions are looked at qualitatively if not quantitatively to see their effects on the final re-
sults. One such assumption, aside from taking the structure as a rigid body, is to ignore the
small time-varying property of the moments of inertia due to the large solar-array paddles ro-
tating to follow the sun.) The spacecraft is broken down into three major physical sections:

1) The sensoryring on the bottom which houses all the meteorological equipment that looks
down at the earth, (such as T.V. cameras, infrared energy sensors for obtaining three-
dimensional pictures of clouds, etc.), and the associated subsystems such as batteries and power
supply, communications and antennas, spacecraft clock, etc.

2) Two 3-1/4 x 8 feet solar array pad-

*dles that are driven via a closed control loop

to follow the sun for maximum energy input
(Figure 9.3). The orbit is a nominal 500-
nautical-mile-altitude, circular, *"high-noon,"

nearly polar orbit. That is, launch time is PADDLERAOTATION S‘oxP\"‘?‘PdS
. . R . . 0X2
local m_ldnlght, and the inclination angle of $/C ORBITAL PITCHING .
the orbit (~98.7 degrees to the equator) is -9, %,
such that the orbital plane precesses one
. P P VELOCITY _+ ROLL -
revolution per year, at the same rate as the “

earth moving around the sun'® (Figure 9.5).
Thus, the sun remains nominally in the or-
bital plane (i.e., the orbital plane is sun-
synchronous), and, if the attitude control sys-
tem aligns the vehicle in the orbital plane,
then the solar arraydrive needs onlyone de-
greeof freedom (about the orbital pitch axis).
The solar array drive control system is a
straightforward feedback loop and is func-
tionally designed and analyzed in a simple
classical manner, but the mechanical hard-
ware problems, as demonstrated by the first
Nimbus flight failure, are not so simple. Figure 9.3—Nimbus Spacecraft Body Axes.

*1 slug-fl:2 =1 fe-lb-sec?.
TThis orbit also affords the spacecraft cameras complete earth coverage twice a day, during local noon and midnight, as shown in
Figure 94.
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3) The attitude control system and all
its associated subsystemswhich, of course,
are the parts of the satellite of most con-
cern for this dissertation. After a Thor-
Agena combination boosts and injects Nim-
bus into orbit, the satellite separates from
the Agena at approximately a vertical po-
sition with angular rates (hopefully) less
than ldegree/sec in all three axes. The
solar paddles are unfolded, and the control
system is initiated. It brings the spacecraft
from its initial conditions to within a small
neighborhood of the desired equilibrium
point in a shorttime, and with a small per-
centage of available control gas. The de-
sired equilibrium point expressed in the
notation of Chapter 7 is:
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where (X) = [A) (¥) and (¥) = [a] (Z). If the acquisition and control response times are small
(on the order of seconds) compared to the orbital period (r = 27/9, for a 500 nautical mile al-
titude -103.5 minutes) as they are in this case, orbital rate may be neglected compared to at-
titude rates, so that

la} = Tfo] , (9.3)

and the system is as described in Chapter 8. Equation (9.2) then describes a satellite whose
vertical (yaw) axis is aligned to the earth's local vertical as the satellite orbits round the
earth, and whose body-roll and yaw axes lie in the orbital plane. That is, the satellite is in-
ertially rotating at one revolution per orbit about an axis normal to the orbital plane. The ac-
curacy and rate specifications for the control system are that the angular errors (in an Euler
small-angle sense) be less than one degree, and the angular error rates be less than 0.05 de-
grees per second with respect to the orbital reference axes.

To meet these requirements, Nimbus | has as control system sensors:

A) Two infrared horizon scanners which ideally provide sufficient information to determine
the location of the earth's local vertical.

B) A rate gyroscope used as a gyro-compass to furnish yaw control.

C) Sun sensors for backup yaw control to the sun line.
For control actuators (muscles), there are:

D) A pneumatic cold gas mass expulsion system capable of changing the system momentum.

E) Reaction flywheels, which are two-phase linearly wound inside-out motors (heavy pan-
cake rotor revolves around inside stator), capable of storing momentum.

Before the control laws that connect the sensors and muscles are defined, a brief descrip-
tion is stated for each. One must realize that volumes could be (and have been) written (e.g.
References 30, 31) on any one particular area of an attitude control system, such as a specific
scanner, but here the intent is to oversimplify for background familiarity. Firstthe sensors
are discussed.

Sensors:

A) Each horizon scanner has an optical prism that is motor-driven to sweep out a conical
field of view, with the cone axis along the body-roll axis (%,). There is one scanner fore and



FIELD OF VIEW
APPROX.
» 3° x10°

SCANNER ROTATION

SCANNER
i}OTATI ON

!
FRONT SCANNER
CONE OF VIEW 90°

SCANNER
ROTATION
1

1
REAR SCANNER
CONE OF VIEW 90°

REAR SCANNER VIEW

FRONT SCANNER VIEW

SPACECRAFT LOCAL VERTICAL

Figure 9.6a—Earth as Seen by Scanners in
Stabilized Nimbus.

FRONT SCANNER REAR SCANNER

GROUNDED GROUNDED

RECONSTRUCTED PULSE
A -
FRONT SCANNER ROLL ERROR = —=7—

| T !1
= e

360

REAR SCANNER  PITCH ERROR = -C-;—'?

JL |a ]

Figure 9.6b—Roll and Pitch Error Computation.

N O
500 MILE ~Op,
ORBIT y

another aft of the spacecraft (Figure 9.6a).
Incident infrared (IR) energy is detected by
an immersed thermistor bolometer, and a
voltage pulse is obtained as the scan path
moves through cold space to hot earth and
back to cold space again. If the spacecraft
has a roll error, then a vertical reference
pulse generated at the bottom of the scan
cone (fixed with respect to the spacecraft),
is displaced from the center of the earth IR
pulse, and this displacement is a measure of
the roll error. To obtain pitch information,
a scanner cannot be used along the pitch
axis, since the solar paddles block the field
of view; therefore, two roll scanners are
used back-to-back. A pitch error angle
means that one scanner apparently sees a
larger earth than the other. Hence, the dif-
ference in the two IR earth pulse widths is a
measure of the pitch error (Figure 9.6b).
The scanners are extremely nonlinear roll-
pitch cross-coupled error detectors for all
but very small angles. This is due to (1) the
geometry of the situation—for instance, if
the spacecraft pitches far enough one scan-
ner leaves the earth. Pitching still further
until the spacecraft is almost horizontal, the
other scanner cone sees only earth; (2) the
digital error processing must be severely
constrained— for example, not only are sun-
shades used, but the bolometer output signal
is electrically clamped to zero at the top of
the scan cone; this ensures that if the sun
comes into the field of view (the sun is a
very hot IR source) it is not processed as is
the earth (which is actually down below); (3)
the earth is not an ideal homogeneous spher-
ical IR source— for example, high cold clouds
next to a warm patch on earth may lead the
sensor to suppose that a cold-space/hot-earth
horizon is falsely within the earth disc, thus
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producing significant sensing errors; (4) the scanners and processors are non-ideal pieces of
hardware in many physical respects. Thus, it is a formidable task to mathematically repre-
sent realistic roll and pitch control errors as

<
{

1 Vl(als’ 53 a‘33)
(9.4)

v, © Vz(als’azs’aa:s) ’

and one is compelled to use a graphical representation (Reference 3, also page 9.11 and Fig-
ures 9.10through9.13 later in this chapter). The graphs consist of a family of parametric curves
onthe a,, (i = 1, 2, 3) direction-cosine unity sphere that are projected on the a,,, a,,plane
for positive and negative a,,. A highly complex hardware simulation that includes the actual
geometry can also be used statically to find the errors needed in the equilibrium point search.
Note that for an assumed spherical earth, v, and Vv, do not depend on yaw, and hence are only
functions of a,, (i = 1,2, 3.

B) To understand the gyro-compass error detector, assume that the spacecraft is per-
fectly aligned with the orbital reference axes with zero relative rate. Then, the only rate a
gyro measures is the inertial rate, perpendicular to the orbital plane, of the reference axes
going around the earth, i.e., -Q,§,. Hence, if the input axis of the gyro is along the body-roll
axis £,, any misalignment of %, out of the orbital plane causes the gyro to sense a component
of orbital rate proportional to the sine of the misalignment yaw angle. Thus, the gyro rate out-
put is a measure of the yaw error and is used as such. The input axis of the gyro is tilted up
toward the -%, axis by a small angle ¥ so that the gyro output voltage also contains a small
component of yaw error rate, «,, for damping of the yaw control loop. The yaw error voltage
is

V, = Wycosy - W, siny (9.5

in the notation of Chapter 7. i €, = 0 is assumed, then v, no longer contains yaw angle in-
formation, but only undesired roll rate and desired yaw rate. That is,

V, = w,cosy-w,siny , (9.6)

and the system exhibits no yaw positional control. The gyro-compass operation is illustrated
in Figure 9.7 for zero roll and pitch errors.

C) The sun sensor is used in a backup failure mode and is not considered in this chapter.
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X 1 ERROR RATES ) Muscles:

I ie., 9=0=0=0=0
i.e., P=0 =9P=40=
YAW ERROR¥ D) In Nimbus, bang-off-bang controllers
. AW ERRORRATEY  for the pneumatics are used. Current from
Wa=¥ R g

Vg= W, COSY -WysinY a power stage of a double-ended threshold de-
ORBITAL tector with hysteresis is fed to the proper
VELOCITY . .
VECTOR gas solenoid valve which, when open, pro-
s duces a thrust. This thrust is collinear with
the spacecraft center of mass; hence, an ex-
ternal torque is produced. A simplified sche-
matic representation is shown in Figure
% 9.8(a). In Figure 9.8(b), the system is further
AXIS simplified by ignoring hysteresis, valve trans-
port delays, pressure buildup lags, etc., and
combining everything in a smooth pseudo-

EARTH . o
Ps bang-off-bang curve with sufficiently sharp
LOC/BL VERTICAL slopes to be realistic enough for present pur-
Y (@also 1)

poses. One of these torque generators exists
for each of the three axes: roll, pitch, and
yaw.

Yo

W=o0,9, t¥f,= - Q, (sinyR, + cosyR,) + &,
W= -Qgsing , W, =-Qpcosyy, W3=4\/.;
E) Flywheels are used primarily for
fine pointing control for small and cyclic-
type disturbances. (For cumulative disturb-
Figure 9.7—Gyro-Compass Operation. ances, the flywheels saturate and become
ineffectual; thus, gas is fired to unload mo-
mentum when the wheels reach a certain speed). The wheel torque levels are much smaller than

the gas system; therefore the wheels are neglected for present purposes.

thus, V,= - (roos 'y)sinx/z - (sin y)l,b and, if

Q 0= 0 (i.e. % =), then V, contains no yaw position information

The system is connected together by electronic implementation of control laws, involving
loop compensation networks designed to give the loops proper response. When searching for
equilibrium points, one looks for time-invariant behavior; therefore noise filters, lead-lag
networks, etc., need not be considered dynamically. Only the DC steady-state gains are at
issue. Limiting, and physical saturation are also considered. The control laws of Nimbus I re-
duce to those statically shown in Figure 99. However, early in the design it was realized,
and vividly dramatized by computer runs, that the system does not work well for all reasonable
rates. The reason is the yaw loop responds to five times more roll rate than yaw rate, so that
the yaw gas produces still higher yaw rates. These rates couple back through the dynamics as
roll and pitch torques, as evidenced by Equation 8.1. The loop is designed for fine performance
as well as coarse; so the v, control law is needed to obtain yaw-angle information which is
only contained in the », term.) The yaw gas is throttled down by allowing it to pulse for
at most one half second out of every thirty seconds. Thus, N, (compared to N, and N,) is
small for the first few important seconds of action. Hence, for present purposes, N; = 0
IS assumed.
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The work is now made simple by the groundwork already laid by this and previous chapters.
All equilibrium points are solutions to the following set of relationships:

N, (Kl (Vl (313’ a,4 asa))) = -(12 -13) w, Wy (9.7a-1)
N, (K2 (V2 (@13 223> aas))) = —(I;-1,) w0, (9.7a-2)
N, = 0 = -(1, —1'2) W, @, (9.7a-3)
Wz 8,4 = @, a4, (97b-1)

Wyazy T Wzagg (9.70-2)

Wply3 T @pay, (9.7b-3)

a3 t a3 tagy = 1. (9.7¢)
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Figure 99—Simpl ified Static Control Laws.

V,(a,,, a,,,az;)andV, (a,, a,;, a;,)are given graphically in Figure 9.10 through 9.13.
(v1 @©,0,1)= v, (0,0, 1) = Oby design, to make the origin, «; = @, = w3 = a,, = a,, = 0,
<a,, = 1 an equilibrium point.) On these curves, v, =K, (V,)’ and v, = K (v,) (which include
all saturations) are indicated by crossed-hatched regions. Thus, N, and N, are defined. Since
a,, IS redundant via Equation (9.7¢c), the curves are presented as two projections within the
a,, -versus-a,,-plane unity circles, one for positive a;, and one for negative a,,. Therefore,
only four sets of curves in total are necessary. How they are generated (Reference 32)is in-
cidental to the discussion. The curves are used as follows: for any (a,,, a,, ) the family of
curves (interpolation is needed between curves) have numbers which are in units of degrees,
representing the signals fed to the gas bang-off-bang controllers, i.e., v, = K; (vi (@,,, ay3y
a, y)) With’the crossed-hatched regions representing saturated signals. There are shaded
clamped and indeterminant regions that, for example, represent a scan cone completely on the
earth so that the error signal depends on a random cold-cloud distribution over the earth at
that particular time. Hence, in these regions, the signals are anywhere from minus saturation
to plus saturation.
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Equations (9.7) are now solved. From (9.7a-3), either «, or », (or both) are zero. If w, = 0,
then N, = o (therefore |k, (V,)] <M2) from (9.7a-2). From Equations (9.7b) either w, = w, = 0
(therefore N, = 0),0r «, = a,; = 0 (thereforeN, = 0),0r w, = a,, = 0 (therefore N, = 0), or only
a,; 1S zero. The various cases are traced out in Figure 9.14. There are only six distinct
categories, as tabulated in Figure 9.15.

Case I, which includes the origin, indicates that if all the rates are zero, any attitude for
which the scanners have near-zero output are equilibrium points. From the X, (v;) curves,
there are many regions where this is true. The only.way to eliminate these cases, is to change
the sensors and make the deadbands zero. Cases 11, 111 and IV allow «, to have any value when

N3=0

ﬁ)l:Nz:O M2=N1=0
wp=w3=0  w,=ay3=0 w3=a;3=0 a;3=0 ay3=0 w;=a,3=0 wg =a,,=0 wy =wy=0
N;=0 N;=0 N, =0 Np=0 N,=0 Kz (V2) =0
: :
wy=0 a,5=0 wp =0 a33=0 a;3=0 w3=0 ag=0 w;=0
E a3g=1 E] azs=1 ags=1 E] a3s=1 E
[ Lud [
Figure 9.14—Equilibrium Cases.
2 = 2 2 —
agy ~1-a,3~ay; N; =0 ;
Case | o w . lK1 (V1) | |K2 (Vz)‘ No. o.f equib.
1 2 5 P Attitudes
13 253 N, N,
| 0 0 ? ? <M, <M, 0 0 Many
i} 0 ? 0 0 <M, <M, 0 0 2
Im 0 ? 0 0 1 <M, <M, 0 0 1
v ? 0 0 1 0 <M, <M, 0 0 2
Y 0 ? ? 0 ? ? <M, ? 0 Many
Vi ? 0 ? ? 0 <M, ? 0 ? Many

Figure 9.15—Table of Equilibrium Cases.




a,, =1 (i = 1,2 3), as long as the sensors have near-zero outputs. Therefore, Case 1lad-
mits a right-side-up or upside-down spacecraft which is spinning about the yaw (%,) body axis.
Case Mlcannot exist at a,; = ti, Sincek, (v1 (O, +1, 0)) <-M,. However, owing to nonsymmet-
rical scanners, the a,, = -1 point can exist. In case IV, the vehicle is pitched 90 degrees and
rolling at an arbitrary rate about its plus or minus roll axis which is vertical.

Cases | through IV arise from false nulls of the sensors, that Is, near-zero outputs at at-
titudes other than the origin. This is a sensor problem that is not easy to eliminate. However,
in all four cases, no gas is used (i.e., N, = 0, i = 1,2, 3). Hence, there is the comforting
fact that the spacecraft is not lost (i.e., gas is not expended) while the long-term effects (gyro-
compass, flywheels and other small effects which have been neglected) pull the system away
from these points even if they turn out to be stable. These are easy points to put into the full-
blown computer simulation, and the behavior can be observed. In fact, these are the obvious
points associated with any physical system with non-ideal sensors, and the points are usually
easily found. If these points produce instabilities, then there exists the constraint of non-all~
attitude stabilization, even from zero rates. Suchturns out to be the case for Nimbus 1.

It is the more subtle and interesting cases V and VI that are easily overlooked. Here the
sensors do not have to have zero outputs; yet the vehicle is in equilibrium and using up gas.
These are the ""nasty"* points that cause trouble in a system design. For illustrative purposes,
only Case V is examined, since Case VI is analogous. First, K, (v,) curves are used, and only
the regions of a,,, a,; where the |K, (V,)| curves are <M, are considered. These regions are
the a,, axes and the three shaded areas shown in Figures 9.12 and 9.13. In these regions, if
», = 0, which it does as seen from Equation (8.4), then Equations (9.7a-2 and -3) are satisfied.
But for Case V, a,, = 0 is necessary to satisfy Equations (9.7b-2 and -3) as indicated in Fig-
ure 9.15. Thus in Figures 9.12 and 9.13 only the a,, axes need be considered, The remaining
relationships from Equations (9.7) are

a323 = 1- a223 (9.82)
*3833 = @ydy; (9.8b)

N, (Kl (Vl (0’ 223 i}/l__a_22;)>> = (I, T5) @y ey (9.8¢)

The control laws approximately yield

N, = O for |k, (v,)] <M,

N, = T, for K, (V,) > M,

N, = -1, for K, (v,) <-M, (9.9)
0<N, <T, for K (v,) = M,

-T, <N, <0 for K (v,) = -M, ,
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as shown in Figure 9.9. Now an entire set of equilibrium points is obtained. First, plotting
K, (v,) fromthe K, (v,) curves with a,; = 0, and then applying Equation (9.9), yields the
N, =N, (a23) shown in Figure 9.16. Clearly,

sgn(N1 a,,) = -1 (9.10)
for all but the indeterminant region. Combining Equations (9.8) yields

@f = N (ay;) ay/Rppay, (9.11)

where R,, = 1, -1I,> 0 for Nimbus. Therefore, aside from the indeterminant region, real values
of «,existwhen a;;> 0, that is, the vehicle is right-side-up. In the indeterminant region,
sgn(a23 a,,) = +1; hence, N, < 0for an equilibrium to exist. Therefore, a large set of equilib-
rium points are found in the deterministic right-side-up region. They are:

a;4 = 0
Ky (Vi(0, a,g, £V 1-0223))

A

= arbitrary

7/ Vim 33
- .2
/ My as3 = +yl-aj

|
|
I
|
|
|
|
]
4

o ] W Y A JHr w, = 0
— vy
/ w, = wy (ay,) (9.12)
fu “Vim A
f— a33< 0 a33>0 >+ a33<0 — “y T (333/323) @
AN @) =
k(013=0) N, N, (323)
% h N, = 0
» N, = O
-1 +1 Gy
. ‘Where N, (a,;) is given in Figure 9.16 and
-h
_ ~a,3 Ny (azs)
Figure 9.16—N, and K, versusa,,. ) (azs) -t , (9.13)

a2
1-ay3R,;

which is plotted in Figure 9.17 with Nimbus I numbers. Physically interpreting this equilibrium
point, one concludes for a,, = 0 that the body-roll axis &£, remains perpendicular to the local
vertical §,. Hence, as a,, varies while a,; = 0, the spacecraft is rolled about the body-roll
axis. In fact, for the yaw, roll, pitch Euler angle sequence such as described in Chapter 6, the
a,, direction cosine is expressed as

a.. = sing , (9.14)
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where ¢ is the roll angle. Thus, rolling the
spacecraft by an angle # generates a signal
to fire roll gas, and the roll torque is just
enough to counteract the pitch-yaw coupling
torque so that «, remains zero and all state
variables are constant.

The stability of this equilibrium point
(actually set of points in state space) de-
scribed by Equation (9.12)for the case of
a,, >0 and N, <0 is examined by the methods
developed in Chapter 8. In Figure 9.18,there
are plots of the three «,~vs-w; parabolas as
in Figure 8.1, but with the polarities and
numbers of the present equilibrium point.

The parabolas in Figure 9.18 are degen-
erate, as is alwaystrue whenever an a;; = 0
(i = 1, 2,3) at the equilibrium point. For
this vehicle, five cases fit this degenerate
category with only Case | an exception (as
seen from the table in Figure 9.15). No real
stability information is obtained from the
straight line parabolas other than that (as-
suming «, and «», are both positive) a nega-
tive perturbation of N, and N, drives the sys-
tem slowly away from equilibrium (asin the
first 2 parabolas of Figure 8.1), and a posi-
tive N, and N, perturbation drives the system

-0.105

Lo IN

I, =196.1 SLUG-FT2
I3 = 90.3 SLUG-FT2
R23= 105.8 SLUG-FT?
N, = 0.464 FT-LB

N
180 J 71 _3 794°
ok b /SEC

-10 -0.75 -0.5 -0.25
@ S

(-6 (67

0.5 05 075 1.0ay
(30°) 60°) Ging

Figure 9.17— |, lversus a,,.

back (as in the last parabola in Figure 8.1). The important point is that all possible locations
of equilibrium points have been determined and the computer is used efficiently. For Nimbus,
the computer responses, starting at many of the equilibrium points, meandered around in almost

A 31 'y

CLOSED PARABOLA

Wy

~-0.12°/52

Wpa>0

Figure 9.18—Degenerate Stability Parabolas.
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NZ
F)) bl
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closed limit cycles, and then converged or diverged. It is apparent that these are marginal
cases, and second-order effects such as the initial momentum stored in a flywheel (completely
neglected in this analysis) determine stability. It is emphasized that the only undesirable re-
sponses that occurred in the hundreds of thousands examined, were associated with equilibrium
points! This lends much engineering credence to the power and usefulness of a thorough equi-
librium approach.

It is mentioned in the beginning of this chapter how proposed new computer verified con-
trol laws for Nimbus I and III were discarded because of equilibrium points. One of these
schemes is essentially to raise the yaw torque level N, back up to the same level asN, and N.
Because of the problem mentioned on page 91 of yaw torque firing mainly due to roll rate, it
is attempted to cancel out the roll rate information from the gyro compass. This is accom-
plished by taking the roll horizon scanner signal ¢, putting it through a lead network to get ap-
proximately ¢ +X¢, subtracting the original roll signal ¢, and feeding the result (x - ¢) into the
yaw channel. That is working with small Euler angles,

w;, = és_ Qo"/" ) (9'15)

where the yaw error term ¢ is wanted and the roll-rate term ¢ is the unwanted coupling. There-
fore, & is generated so that it can be subtracted from Equation (9.15). At the same time, since
the gyro-compass signal couples the roll and yaw channels, and since this signal contains five
times more roll rate than yaw rate, why not feed its output signal into the roll loop? These new
control laws logically sound good, and they are very good for small angles. As it turned out,

the computer results via many runs also indicated that the system seemed good, or at least
better than the original system for large angles. However, the same initial conditions were
used to compare both systems. This new system is now viewed through an equilibrium approach.

The simplified control laws are given in Figure 9.19. The steady-state control-law equa-
tions are

- V,y -V

51 - 1 3

€ I Vv, (9.16)
€, = vy + V, y

where v,, v,’, and v, are statically shown in Figures 9.10 to 9.13. v, isthe same as v, except
that the saturation level is 30 degrees rather than 12 degrees,

(—gwl + 1.9, for |- 9w, + 1.9w,| <27.6 deg

Vs ™ B 6sgn(-9w, +1.90,) for |- %t 1.9w;| 227.6 deg , (9.17)

(all «'s are in degrees/sec), and the N;'s (i = 1,2, 3) are bang-off-bang functions of the e, as
shown in Figure 9.8b.
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Figure 9.1 9—Proposed Control Laws.

This system has 42 distinct cases which are equilibrium points (Reference 27). The cases
are established by taking all 27 combinations of the following torque laws:

N, = 0, |€;] <4 deg N, = 0, |€z| <6 deg N, = 0, | 5] <2 deg

N, = 0.35, ¢€;2>4 deg N, = 0.38, €,2>6 deg N, = 0.19, €;>2 deg

N, = -0.35, €; <-4 deg N, = -0.38, €,<-6 deg N, = -0.19, €,<-2 deg (9.18)
0<N,;<0.35, €; = 4 deg 0<N,<0.38, €, = 6 deg 0<N,;<0.19, €, = 2deg
-0.35<N, <0, €, = -4 deg -0.38<N, <0, ¢, = -6 deg -0.19<N, <0, €; = - 2 deg.

Sometimes graphical techniques are required to solve the algebraic system of relationships
unless a computer is used for the tedious task. Instead of all of the points, for illustrative
purposes only one point is investigated. This point is categorized under Case 1lin Reference
27, and is one of the ""holes' in a computer-derived *"stable region" mentioned in the beginning
of this chapter. It is a case for which

N, = 0.35 ft-1b €, > 4 deg (full on)
N, = 0.38 ft-lb €, > 6deg  (full on) (9.19)
0 < N; <0.19 ft-lb e = 2 deg (duty-Cycling) .
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Equations (9.7), (9.16), (9.17), and (9.19) are all simultaneously satisfied, and they reduce to:

w, wg = -10.9(deg/s)? (9.20a~1)
wyw, = +9.52(deg/s)? (9.20a-2)
wy @, = -130N; (deg/s)?, 0<N, £0.19 ft-lb (9.20a-3)
wyd,, = w,ag, (9.20b-1)

WyAzy T wya; g (9.20b-2)

Wy 3 T w8,y (9.20b-3)

a1*23 * al223 * a323 -1 (9.20¢)

€; T vy a1z ay3) ~ Vs (o, wg) > 4deg (9.20d-1)

€, 7 vy (a1 a,3) > 6deg (9.20d-2)

€, T vy (a,,,83) t Y, (@) @) = 2deg (9.20d-3)

where v, v, and v, are given graphically, and v, is given in Equation (9.17).
Equations (9.20a~-1, 2) combine with (9.20b-3) to yield
a w _
ar - g T 9 - 1145, (9.21)

which plots as a straight line in the a ;-a,, plane.

Equations (9.20a-2, 3) are combined with (9.20b-1) and (9.20c) to yield
<a3>2 (9'52 >2 <a33>2 1-af -ap
“ ~130N, 223 a223

0.00536 )
(“*“‘—Nz ) Dy, (9.22)
3

which is a family of ellipses (0 <N, < 0.19) in the a,;-a,, plane.

or

For the case where N, is full-on positive, negative, or completely off, Equation (9.22)
represents a single (possible degenerate) ellipse, and has in general eight common solutions
with Equation (9.21), four each for positive and negative a,,. Four of these cases are elimin-
ated by the polarity table, Table 8.2. For the remaining four, Equations (9.20a) are solved ex-
plicitly for the three «'s, v, is computed, and the control-law inequalities (9.20d) are checked.
This procedure yields all the equilibrium points. When none of the N's are duty-cycling, the
procedure is simple and straightforward, since the «'s can be determined. It is when one or



more of the N's have any value (within bounds) such as this illustrative case, that the pro-
cedure is more involved.

The constraint Equation (9.20d-2) permits one to plot the straight line of Equation (9.21)
on the graphs of Figures 9.12 and 9.13. The only valid regions are approximately

0.11 < a,,

1A

0.66, 433> 0
(9.23)
0.04 < a,, < 0.66, a;; <0,

such that e, is greater than 6 degrees. Using Equation (9.21) again as a straight line, but this
time plotted on Figures 9.10 and 9.11, one can graph v, and v," as a function of a,,. These are
shown in Figure 9.20, but only for a,, positive because of (9.23). The shaded regions are the
indeterminate regions. No value is defined for a,, > 0.66, in order not to violate Equation (9.21),
or (9.23).

Since the set of Equations (9.20a, b, c) has one more variable than independent relation-
ship, it is possible to express all the rates and direction cosines in terms of N3 . Manipulating
Equations (9.20a) yields

(9.52) (-130)

w = - . 3

_(-10.9)(-130)
w? = (9.52) N, (9.24)
L2 = (£10.9)(9.52)
3 (-130)N,
Using these relationships in conjunction with ~ 30°¢ v 7
Equations (9.20b, c) one obtains / Z //
20°} v é
(9.52)2 (-130)2 N2 0ok AR
afy ~ D(Ns) "17 Z
0° t t é t + ars
, _ (710.9)% (-130)*N2? 5 sYn 1 .75 ‘
ajy = D(N,) (9.258)
-10°- 7/
7
- (-10.9)' (9.52)' -20° Z
ajy = D(N,) ; (9-25a) 7
where -30°L / .
:‘ azz>0 ‘:¢ q33<0——_—.>l
DiN;) = (-10.9)2 (9.52)2
+ [(—10.9)2+(9.52)2] (-130)2N.2. (9.25b) Figure 9.20—v, ,v;’ versus a;s.
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Hence, once N, is known, the equilibrium point is defined. To obtain the values of N,, the
deadband Equation (9.20d-3) is used in a graphical solution. That is,

Vi (313* 43 (a13)> = 27 v ("1 (Ns (als))’ “3 (Ns (als))> : (9.26)

From Equations (9.20a-2) and (9.24),

<
I

3’ = -9, t 1.9, = w, [1.9].— —

(~10.9) (9.52) _(9) (-130)
pente] Y B |1 Q] - e

But, from Equation (9.25), realizingN, > 0, then

S A e 020

Hence, Equation (9.27) becomes

Vs T Y952 [1.9f(ay,) - 9/f (ay)] [sen(es)] (9.29a)
where

flay) = [1/::\123-1-(—10.9)2/(9.52)2]1/4 : (9.29b)
From Equation (9.17),

v, for |v| <276
s T {27.6 sen(vy) for |vi'| 2 27.6 , (9.30)

and (2 - v,) is plotted in Figure 9.21 for positive a,;;. Also, v, (a,;) from Figure 9.20 is
plotted in Figure 9.21, and Equation (9.26) indicates that the intersections of the two curves
are the desired equilibrium points. Thus, there are two determinate-region equilibrium points
for a;; > 0, and a range of indeterminate-region points for a,, <0. All these points satisfy
Equation (9.23), which ensure satisfaction of (9.20d-2). Equation (9.20d-1) is clearly satisfied
by v, being sufficiently large. Hence, all the equilibrium points corresponding to (9.19) are
determined. Summarizing the values for the two right-side-up (i.e., positive a,,) points,
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Equations (9.28), (9.24) and (9.25) yield, for %00
the first point, ‘ [ \ ,-
a;; = 0122 §
a,; = -0.139 (9.31a)
a;, = 0.983 (9.3la) /
@w; T -1.08 deg/sec 7
w, = 1.24 deg/sec (9.31b) Ve 5,434
wg = -8.79 deg/sec (9.31b) /
-10° é
N, = 0.35 ft-1b -15° /
w3<0
N, = 0.38 ft-Ib (9.31¢) e \
N, = 0.0103 ft-Ib (9.31¢) -»°
333>C ! 033<0 -
-30°

(i.e., N, has a 5.4 percent duty cycle)
Figure 9.21—v, and 2 - v; versus dys.

v, = 8.9 deg

v, = 8.9 deg
(9.31d)
v, = 7 deg
vy = -6.9 deg
€, ~ 15.8.deg > 4 deg
€, = 7 deg > 6 deg (9.31¢)
€, = 2deg,
and for the second point,
a,;, = 0.373
a,; = -0.428 (9.32a)
a,, = 0.823
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w, = 2.08 deg/sec
w, T -2.38 deg/sec (9.32b)

w, = 4.58 deg/sec

N, = 0.35 ft-lb

N, = 0.38 ft-lb (9.32¢)
N, = 0.0380 ft-1b
(i.e., N, has a 20 percent duty cycle)
vy = 12 deg
v,) = 27.5 deg
(9.32d)
v, = 12deg
vy = -10deg
€, = 37.5deg > 4 deg
€, = 12 deg > 6 deg (9.32¢)
€5 T 2deg .

The first equilibrium point, which is described by Equations (9.31), has a relatively high
yaw rate, », = -8.8 degrees/sec. The design goal was a three-dimensional rate envelope of
6 degrees/sec, within which all initial attitudes produced stable responses. Hence, this point
is not of much concern. However, the second point, which is described by Equation (9.32), is
definitely of much concern, since the three rates are in the region of interest. Also, the atti-
tude of the spacecraft is such that the yaw axis £, is only about 35 degrees from the local
vertical §,, that is, a,; = 0.823. Previous to the calculation of this point, the region in six-
dimensional state space around the point appeared to be a stable region as a result of many
computer runs. For instance, initial conditions of

@, T 2 deg/sec
w, = -2.5deg/sec (9.33)
w; = 4.5 deg/sec

were run for 22 strategically located positions on the direction-cosine unity sphere. All the
responses were well-behaved. The initial rates were varied in +0.25 degrees/sec step



increments such that almost all combinations within the 6 degrees/sec rate envelope were
tried, each with 22 starting positions, resulting in hundreds of thousands of computer runs.

M1 those near the rates of (9.33) were stable. However, when the initial conditions of (9.32a, b)
were used (after the equilibrium analysis was performed), the system meandered in an almost
periodic fashion. The numbers read from the computer were

a,; & 0.36% 0.07

a,; ¥ -0.41+ 0.03 (9.33a)

a,; & 0.84 t 0.02

e
2

1 1.95% 0.15 deg/sec

S
&2

s 2.4 £ 0.2 deg/sec (9.33b)

e
14

3 4.9 t 0.7 deg/sec

and

N, full-on positive
N, full-on positive

N, on positive with about 25-percent duty cycle. (9.33¢)

This continued for a long time, using up much precious gas; then finally diverged unstably when
the secondary effects (neglected in any paper analysis) grew sufficiently large. (A typical run
is Number 181in Reference 33.) Thus, here Is an unstable "hole' in a "stable region.” It
corresponds to an equilibrium point which is not at all obvious, since the sensors have non-
zero (in fact saturated) outputs, and the gas is firing. As evidenced in this chapter, it is not
easy to locate these types of points for a highly nonlinear system.

To conclude this chapter, an advanced Nimbus control system design (Nimbus D whose de-
sign is just being completed and implementation commenced) is briefly discussed. Emphasis
is on the equilibrium approach as a design tool. At the outset, the design goal was a system,
stable in the large, for rates up to 6 degrees/sec in all axes for any attitude. The system was
to be as simple (hardware-wise) as possible. The previous Nimbus systems all contain only
one rate gyroscope as a sensor. However, no control scheme could be devised (and some pro-
posed were quite ingenious) for which no equilibrium points exist in the state-space regions of
interest. On the other hand, it is very easy to design a system with three ideal rate gyros for
which complete rate stability can be mathematically demonstrated. For example, if one uses
variable linear thrusters, the well-known control laws are

N, = K, o i = 1,2,3, (9.34)
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where K; >0, and »; are the sensed rates. To prove stability, one of many possible suitable
Liapunov functions that is chosen is the rotational kinetic energy

1 )|
V = 51 o + 5 1, wf +§lI3 “5-2 . (9.35)

which, of course, is positive-definite in @;. The time-derivative is
V o= 1,0, + 16,0, + I,d,0, , (9.36)
which, when Equations (7.50a) and (9.34) are substituted in, is
V = Now N ow + N ow
K, 0 - K,0f - K0} . (9.37)

Equation (9.37) is obviously negative-definite. That is, the control laws of (9.34) insure that
rotational kinetic energy is always removed from the rigid body until it comes to rest; but it
comes to rest at any arbitrary attitude. If one defines ideal position sensors that measure a,
and a,,, then it is possible to evolve control laws which lend themselves to a mathematical
proof of assymptotic stability in the large, for both rates and positions, via Liapunov functions.
As an example, from Reference 24, Section 4.3, the following control laws are used:

N, = Ky -Cya,,
N, = “K,w, +Ciag, (9.38)
N, = -K;

A suitable Liapunov function is

. ,
V=3 [11 (w,% Ay ay3) L (“’2‘A2313)2+13“’32+B(1_333)2+ (B—IzAzz) 3123+(B'11A12)3223] J

(9.39)
where
B=AK, +¢C, = AK, +C,
K, >A L >0
K, >AI,>0
¢, >0 (9.40)
c,>0

[AI I, tA, (13'11)]2 [Az I, +A (13-;2)]2
K; 2 4(k,-A,1,)  F 4K, -A, 1,) '




since V is then positive-definite and V (proof in Reference 24, Section 4.33) iS negative-semi-
definite in @, w,, @, a,;,, a,;, and 1 - a,, Butas demonstrated earlier in this chapter, sen-
sors are far from ideal and do not yield such things as direction cosines. Also it is more ef-
ficient to build nonlinear controllers such as on-off thrusters. Hence, a Liapunov or similar
approach, even with the aid of large-capacity digital computers, has not been fruitful up to this
time.

For Nimbus D, itwas decided that the approach should be a design that eliminates all (but
the desired null) equilibrium points from the state-space region of interest using a minimum
number of reliable components. This was accomplished with a low-cost, non-inertial quality,
spring-restrained gyro (in addition to the high-accuracy gyro-compass used for yaw position
information in the fine-accuracy pointing mode). For damping, electronic lead networks are
employed. The thrusters are driven by pulse-frequency, pulse-width modulators as shown in
Figure 9.22. These are implemented by placing a passive lag network in a feedback path around
the usual threshold detector. For a DC input signal x, the output y settles down into a pulse
train with the width and frequency of the pulses functions of x. The steady-state duty cycle of
Y, defined as on-time divided by on-time plus off-time, is plotted in Figure 9.22 as a function
of x If y is thought of as the driving signal

to a solenoid for an idealizedpneumatic sys-
tem, then the graph in Figure 9.22 is one of ‘J:L—ﬂ-

normalized torque versus x. The advantages o off
of this control circuit are many. The dead- ; ™
band and full-on characteristics still exist * -X-axT 1 y

asin a pure bang-bang controller (i.e.,K = 0) - -—U-Y-I-
for small and large error signals. In addi-
tion, a linear range exists, since t,, *t, ¢
is small compared to the time constants of
the overall system loops. That is, the
steady-state duty cycle acts like a constant
torque. The loop provides damping,sincea
lag in the feedback path is in effect similar
to a lead in the feedforward path. (Another '(K\:"“X) X
point of view is that for large T the integral }
of torque, i.e., rate damping information, is :
fed back.) The circuit is analog, simple, re- }
liable, and low-power-consuming. (For a

flywheel controller, the pulse modulator al- . in (:_-a);-_%) - o x
lows the use of a very efficiently wound 7d<=ton+fofan x.x-KY)(x-oxﬂ R T TRy <!
2-phase servo motor, with an essentially flat xoaX YA XX

torque-speed curve. It is used in an on-off
fashion, so that the power efficiencyis signi-
ficantly increased and a linear drive ampli- Figure 9.22—Pulse-Frequency, Pulse-Width
fier is not needed. For analysis purposes, Modulation Control.

X KY +aX

-1

for X < x < KY+aX
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the system acts as if it is linear for fine control.) The dynamic operating range of the torquer
Is greatly increased. For initial stabilization a large torque is available for quick energy re-
moval, and yet, for fine unloading of the flywheels, extremely small torques are also available.
That is, the minimum on-time for a single pulse can be made arbitrarily small, down to the
limitations of the hardware,

minimum pulse width time = TlIn [(—1—‘—&)—}(- 1] 0.4
ROLL astace| [1+10.5 |, -a°-5°i‘ f}"'—b N, The small pulse time allows the system to
e [T Furer [T s 7 15J° & [ 1=z  obtain a final limit cycle that has extremely
1fi-1b JSLUG-FT?
1 fr-lb
PITCH o_ro N
4 STAGE 1+20s [€] -8°-5 2 ]
ATTITUDE 1) er P e = ]lsler Yy The control laws that are designed for
COMPUTER . = . . . c- .
if-Ib |slyc-,r2 Nimbus D are simplified to only essentials
- shown in Figure 9.23. The yaw torque is as
large as roll and pitch, but is controlled by
N, a rate gyro down to 0.1 degree/sec. (The
o d - -
GYRO 0.1%5 0.25%s 1. =145 gyro-compass still feeds the fine-loop fly-
3~ . -
1 ft-Ib SLUG-FT? wheel which is not shown.) The pulse mod-

PULSE MODULATOR

AW ulators are represented statically. The roll

and pitch information is displayed graphi-
Figure 9.23—Nimbus-D Control! Laws. tally. However, this time the horizon sen-
sors and attitude processing is such that no
electrical clamping is necessary, thus making the error information symmetrical and deter-
minate, yielding all attitude control. Saturation limits of all the electronics and processing are
above the full-on levels of the pulse modulators, and thus do not affect the analysis.

If the assumption is made that the deadband in the yaw loop of Figure 9.23 is zero rather
than 0.1 degree/sec, then the yaw torque drives «, to zero. This eliminates the cross-coupling
torque terms in the roll and pitch Euler dynamic Equations (7.50a). Hence, at all equilibrium
points, N, and N, are zero. Referring again to the control laws in Figure 9.23, ¢, and ¢, (and
thus the roll and pitch computed error signals) lie within the 5 degree deadbands. For the
Nimbus D scanners, this occurs only around the desired equilibrium point and at a,, ~ 1.
Hence, aside from the designed null point, the only equilibrium regions that exist are two mirror
images at approximately:

a;, = il w, - w N, = 0

3
@, = 0 N =0 (9_42)

83
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There are no others. These are trivial ones, in that they do not use any gas and the sensors
have near-zero outputs. They occur when the spacecraft is rotating with an arbitrary rate
about its roll axis, %, , which is aligned to within about 20 degrees of the local vertical, §,.
Thus one scanner views only the earth and no sky, and the other scanner views only the sky and
no earth. The earth horizons cannot be distinguished and zero errors are developed. (In this
attitude the yaw gyro-compass still measures the misalignment between the spacecraft and
orbit pitch axes. If there is any error, the yaw wheel speeds up and drives the roll spin axis
off the earth. Thus, (9.42) represents unstable equilibrium points and the system does not long
remain at the points.) In these attitudes, the solar paddles still fully track the sun, thus not
depriving the satellite of any power. If the system gets into these equilibrium conditions, they
are safe, short lived, and acceptable.

Much confidence was gained for the Nimbus D control system design by the elimination of
equilibrium points via driving «, to near zero. Many computer runs have been successfully
made which further solidify one's confidence. However, complete confidence is still out of
reach, and much work has yet to be done. At present, one must wait for a flight to point out
any remaining flaws in the attitude control system. Then, using actual telemetered performance
data, the engineer updates his computer model, and if necessary, betters the system design for
the next time (aswell as figuring out what, if anything, went wrong in orbit).
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10. SUMMARY AND CONCLUSIONS

It is shown in Part I, that if a finite bounded limit cycle exists for the general n*"-
dimensional system

x(t) = F(x©) , 0.1

then an equilibrium point lies inside the limit cycle. That is,

Xim < Xje < Xy 3 i = 1,2, ....n (10.2)

where %_ IS an equilibrium point satisfying the relationship,

0 = f(x) . 0.3

and 'x, , x,, are the minimum and maximum values of the %(t) = %(t ++) limit cycle solution.
If no equilibrium points exist, then no limit cycles exist. Equation (10.1)represents a physical
system such that there exists a unique continuous solution %(t) for every initial condition %(0).

Furthermore, if Equation (10.1)is linear and admits periodic solutions, then one and only
one equilibrium point exists, and it is at the centroid,

X, = X, . (@loxiy)

that is, for periodic solutions %(t) = a(t +7) ythe equilibrium value of each state variable x, is
the average of the periodic function x; (t);

t+r
X, - X, = J‘ x; (t)dt i = 1,2, ...»n (10.5)
t

In Part II, an equilibrium analysis technique is formulated and illustrated for complex at-
titude control systems encountered in practice. Since the stability of these systems cannot in
general be determined by means of atheoretical analysis, a detailed computer simulation is
employed. Various combinations of system parameters and initial conditions require a huge
number of computer runs to gain sufficient confidence in the stability df the system throughout
the state-space regions of interest. Using an equilibrium approach significantly raises the con-
fidence level and lowers the number of required runs. Troublesome behavior in the physical
system is linked to limit-cycle behavior in the mathematical formulation, which is shown to be |
associated with equilibrium points. Hence, instead of utilizing auniform or random n-dimensiona
grid of computer initial conditions, a grid s concentrated around a few calculated points.



As discussed in Part I, completely general systems can be handled, but for illustrative
detail, general two-axis stabilized attitude control systems are considered. They are designed
to align and hold a spacecraft principle axis to a fixed axis with zero rotational rate (but at an
arbitrary angle about the aas). The governing equations are

_ I, -1, N,
@y = I. w; oy +‘I_; (e;5 Wiy Wy, B33, Ajq, a.s) (10.8a)

1

w,

x 2

T w8 (10.6b)

i3

Zam% =1 (10.6¢)

where i, j, k are the cyclic indices 1,2, 3. The symbols are defined in Chapter 7; the N,
torque functions are defined by control laws for a particular attitude control system. Equi-
librium points are the algebraic solutions of Equations (10.6) (with all the derivative terms
zero) that simultaneously satisfy the control laws. The following Equations are derived from
10.6:

, N,N, R,
@’ = TN, R R (10.7)
or
Table 10.1 2 )
(1,>1,>1,>0) w? = - aj:I:ks sz_; (10.8)
Cosel@r | @2 |“s |®1s | %2 @33 | Ma | T | Ma | e R, =1I,-1,. If the moments of inertia
1]+ |- +} N B of arigid body are specified, polarity con-
g + ’_L ; | } + |+ |+ straints are imposed on the torques and
a4l -1+ _} -t = direction cosines, so that the right-hand sides
S P I of Equations (10.7) and (10.8) are positive.
6| -1|- +} A _} (These are illustrated by the last six columns
T * -} I 1T of Table 82 in Chapter 8, and repeated here
81 -1-1" as Table 10.1, where 1, >1,>1,> 0 iS as-
9|+ |+ +} + | o+ sumed for definiteness.) Equation (10.6b),
1(1) s 3 -+ |- with a,, = O, provides the polarity constraints
12| -| - _} -7 on the rates (with respect to the direction
13| +| - _} . _ cosines). Hence, all equilibrium points sat-
14 -+ |+ - } N isfy the polarity relationships given in Table
ig e ;} I R 10.1. The table is auseful tool to help
determine equilibrium points.
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From Equations (10.6), the following equations of motion are derived

e 2. 2
a;3 +(“’1 Ty oy

and

d

. _ 3
2) a3 ~ {_7313 dt

(o +e4?) +a

3 {'&% (“’k tay “)j‘) ta; &)j] "33 [

d

_ i Bk ¥53 ks Riw 23 23
W. = T 2 @y @; T 2
i I, a5 21, a I.aj

If the state of the system is sufficiently near an equilibrium point such that the angular rate is

(10.10)

slowly varying with time, then Equation (10.9) approximately reduces to the three uncoupled

equations,

where » Is the magnitude of the (assumed constant) angular rate vector.
Equation (10.11), it is clear that if a,; is initially near its equilibrium value, then it tends to

if the direction cosines are assumed constant near
an equilibrium point, but the »,'s are allowed to vary, then Equation (10.10) reduces to three

remain near that value. On the other hand,

uncoupled equations in «,,

i3

W, -

+ P = 0

(ai3 T a;3 equib)

z

RJ.k a3 83

I~ a?

i
I T w.2 .

3

(10.11)

(10.12)

dt (on -, @) o, “’k] (10.9)

From the solution to

Thus, if », isinitially near an equilibrium value, it moves further or closer depending on the

value of &,.

parabolas with the », axis (i.e., ®; = 0) are the equilibrium points of the system given by

A¢n
N'{
~

sle

!

Unstal Stable

sgn{R
sgn N]) =+1

239239 33) -

@

A&)2 A®s
N2
T,
Unstable Stable Stable Unstable

cu2 -
- N

sgn(R 31 33"13 = -1 =2 sgn R12°13°23)

sgn{N,) = +1 ty sgn NS) = -1

Figure 10.1 —Stability Parabolas.

Equation (10.12) is plotted in the 3 phase planes shown in Figure 10.1. The curves

are parabolas that are stationary with respect to time for constant N,. The intersections of the

w

3

= 41



Equation (10.8). The existence of these Points is determined by sen (N, R, a,; a,,) ,and the
stability by sgn (N; @; q.;0) = = S9N (Ry, ;5 843 @;.quis) @S IS indicated in Figure 10.1.

Once the equilibrium points for an attitude control system are computed, the polarities of
N, », non-rigorously determine the stability of the points. The stability parabolas shown in
Figure 10.1 also yield a relative "*feel' for the degree of stability or instability by the slopes
of the parabolas at the equilibrium points. Also, in Chapter 8, a linear analysis is performed
to show how stability does not directly depend on the equilibrium values & the direction cosines.

Much confidence is gained by a stability analysis of attitude control systems via this equi-
librium approach as illustrated by some practical applications in Chapter 9. The design of the
Nimbus D control system that eliminates equilibrium points by control laws which drive «, to
zero, is an example of how the technique is used as a design tool. However, many computer
runs are needed, and complete confidence is still beyond reach. Much work remains to be done
in this area. It is still the actual flight that is the best test for discovering any remaining flaws
in an attitude control system. Then, using actual telemetered performance data, the engineer
updates his computer model for the next flight system.

The attitude control system field is wide-open, interesting, and challenging. Each system
is unique unto itself, since no general, powerful, analytical technique exists. Future designs
may be based on nonlinear methods (such as a Liapunov approach as in Equation (9.39)), and
these methods may be utilized to build optimum, adaptive, or learning attitude control systems
via small airborne digital computers. That is, the engineer designs the desired system on paper
and then solves a synthesis problem, as opposed to the present method of solving an analysis
problem for a system designed mainly on the basis of engineering intuition and experience.
However, in this author's opinion, the synthesis approach is a long way off. The fruitful direc-
tion for the immediate future is combining semi-analytical tools with the power of a computer
simulation.

Goddard Space Flight Center
National Aeronautics and Space Administration

Greenbelt, Maryland, January 4, 1967
879-40-01-05-51
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Appendix A
Dynamic Direction Cosine Constraints

In Chapter 8, from Equations (8.10) and (8.11), that is,
a3 T @ a;; T @8, (A.1)

and

Zags = 1, (A.2)

the complex dynamic relationships of Equation (8.13) are derived. The i, j, k are the cyclic
indices 1, 2, 3. As in Chapter 7, the angular velocity vector is defined as

— ~ A ~
@ w1x1+w2x2+w3x3

(A.3)

= 2 2 2
w Vcol +co2 +w3 ,

where %£,, %, and %, are unit vectors along the body principle axes. §, is the unit vector along
the inertially fixed control reference axis such that,

a, = R, ¥, (A.4)

When 3 is a constant vector with respect to time (i.e., @ = 0), then Equation (8.13) reduces to
(8.14), that is,

5, tofa, = 0. (A.5)

The solutions to (A.5) are stated in Equation (8.16), that is,

a;; (t) = A, + B, sinwt + C, coswt . (A.6)

It is also stated in Chapter 8 that the A, B, and C; are constants, but not arbitrary constants.
That is, Equations (A.l) and (A.2) define only two first-order differential equations. In this
Appendix, the relationships between the A's, B's, and C's are explored.

Differentiating (A.6) yields

i = oB; coswt - «C, sinw, t . (A.7)
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Equating like terms of (A.7) and (A.1) yields

0 = W, AJ. - WJ.A,

@B, = @ C -G (A.8)
i j i

“C. = w B, - w,B,

i k7 J

F the A's, B's, and C's are considered as nine variables, (A.8) is written in matrix form as,

] I 1 - -
o ©3 e 0 0 o | o 0 0 A, 0
—a, 0 o, |0 0 0 ; 0 0 0 A, 0
w, - 0 : 0 0 o | o 0 0 A 0
—_— e — _I _______ __l. ________ - 4 —
0 0 o 0 0 : 0 —w,  w, | | B 0
0 0 o | o w 0 | e 0 ~w, | [B, | = | 0]- (A.9)
0 0 0 : 0 0 w | ~w, w, 0 B, 0
0 0 o | o ” - ” 0 o |c 0
3 2 l 1
0 0 0 | e 0 w, : 0 w 0 C, 0
| % -, o | o 0o wllg 0
| |

The coefficient matrix has a 9 x 9 determinant that is zero for any @, as expected. Defining
(P,] as in Chapter 7, Equation (7.39), Equation (A.9) is rewritten as

-[»,] o] ol | /(& (0
lo] w[U] Il ® | = o], (A.10)
fo] -[p,]  elul ©) 0)

where [U] is the 3 X 3 identity matrix, and (A), (B), (C) are column matrices whose elements
are A,, B, C,, respectively. Thus (A.8) IS expressed by,

[p,]a) = o
w(B) + [Pw] (© =0 (A.ll)
«Cy - [P,]B) = 0.



A good geometric picture is obtained by introducing the vector formalism,

A = A% +AR, +A X
B = B, %, +B,%, + Bjx; (A.12)
C = C & +C,%, +C %, ,

Ax&d = 0
Bxs = -C (A.13)
Ex(f)zﬁ,

where & is the unit vector @/, (w = 0 gives rise to trivial equilibrium solutions, and is not
considered here.) From (A13), the following relationships are easily derived:

Axd = 0
B-4& = 0
C-46 =0
A-B =0 (A-14)
B-C =0
C-A =0
B = C.

Therefore, A B, and €are orthogonal to each other with |B| = |C} ,and % is parallel tom. From
the constraint Equation (A-2)and the solution Equations (A.6),

A?2 + B2sin?wt + C?cos?at t 2(A - B) sinwt + 2(A-C)coswt + 2(B-C)sinwtcoswt = 1 . (A.15)

Therefore, invoking (A.14),

A? + B?sin?wt + C?cos?wt = 1. (A.16)
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Thus, the A, B, and € vectors are confined within a unity sphere. That is,

B2 = C2 = 1-A%2<1,
A2 <1 . (A.17)
Now,
A 1
89, =K 95 = K(Ayay; tA 8, tAjay)
= Kl(.l\l2 tA, B, sinwt tA, C, coswt +A2 +A B, sinwt +A,C, coswt +A2 +A, B, sinwt +A C, coswt)

(A2t (A- Bysinat +(A-0) cos wt )

LD

= A. (A.18)

That is, the angle between the A vector (or & vector) and the reference vector §, is cos™ A
The geometry is shown in Figure A.l. Since the @ was assumed constant, the body axes %,, £,,
%, are a set of orthogonal axes fixed with respect to @anywhere in the unity sphere. These
axes are rotating at an angular rate w about the &-axis with respect to §,. Thus, a clear geo-
metrical picture is obtained by keeping @, &, B, c,_S,, %,, %, stationary in the unity sphere, and
allowing the plane containing A and §, to rotate around A at a rate «.

To illustrate this dynamic geometry, assume @ = oX,, i.e., w, = w, = 0and », = w. Thus,

3
from Equations (A.8), A, = A =B, =C, = 0,andC, = -B andC, =B, . Thatis,

1

@ T R,
A = A %
(A.19)
B = B %, +B,%,
one octant of
the unity sphere
C = -8B %, +B %, ,
-1
cosT’ A where A2 +B2+B2 = 1. Therefore, from
(A.6),
= A’
a,; = B, sinwt - B,coswt (A.20)
Figure A.l —Unity-Sphere Geometry. a,, = B, sinwt + B coswt .
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Or, letting A =A, B=yB2+B2, and ¢, .
= 1/w tan"! (B,/B A.20) becomes @t =ty Xy, ¥g. Xy are
/w tan (3/ z)’( ) ) coplanar, a”?‘-'Aa
923
%33

fon

0
a;; = A B

w4

3 - B sinw(t - to) (A.21) , ‘ -8,
= - - kil
a,, Beosw(t -t,) , @r=tg+ 5, X1 ¥q
;2 are coplanar,

(]
|

where A% +B2 = 1. The geometry is shown °nfg
H H - - Qa =
inFigureA.2. Att = t,, %, lies in the plane 220

formed by ¢, and £,. This plane is rotating

about the % -axis suchthat, at t = ty +7/2w, Figure A.2—Dynamics of Unity Sphere.

%, lies in the plane. This example illustrates

the behavior of a non-accelerating spacecraft rotating about one of its principle axes (%) with
the fixed inertial reference vector at an arbitrary attitude, §,. The unity-sphere model is an
especially useful visual aid for picturing attitude motion when @ is at any arbitrary orientation
with respect to the £,, and the », are time-varying.

NASA-Langley, 1967 —— 31 123



B

e
e
=

i

=z

=

e

S
B

e
e
ey

(oL
=

e

7

o

b

.
e

-
=

=

=

=

.

Saa

s




	Abstract
	1 INTRODUCTION
	2 GROUND RULES AND DEFINITIONS
	3 'THEOREMS AND PROOFS
	4 EXAMPLES
	5 MISCELLANEOUS RELATED PROPERTIES
	6 INTRODUCTION TO ATTITUDE CONTROL SYSTEMS
	7 DEVELOPMENT OF ATTITUDE CONTROL EQUATIONS
	8 INVESTIGATION OF EQUILIBRIUM POINTS
	9 PRACTICAL APPLICATIONS
	10 SUMMARY AND CONCLUSIONS
	References
	Appendix A-Dynamic Direction Cosine Constraints
	Volume

