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Abstract

The equal time anticommutator of the baryon current h(x) which is
the source term of the Dirac equation (id - m) ¢ = igyh(x)is studied for
the case of a neutral pseudoscalar meson interaction. A method of calcu-
lating the equal time anticommutator is given which incorporates the
basic structure arising out of the Wilson hypothesis used to define the
current. It is found that derivatives of &3 ()_(—f) do not appear in the anti-
commutator. The absence of such Schwinger terms permits a theorem
to be stated regarding the high energy behavior of the spectral functions

P, (M2) and Py ( M?) which characterize the baryon propagator S;. (»).



I. Introduction

Presently much interest in the equal time current algebra proposed by Gell-
Mann has motivated serious investigation of the properties of equal time com-
mutation relations involving various field theoretic models of current operators.
This interest in equal time commutation relations has led us to study the struc-
ture of the anticommutator {h(x), H(X')}l of the baryon current in a neutral

pseudoscalar meson theory.

We make use of the hypothesis of K. Wilson? to define the appropriate cur-

rent operator h(x) that should appear in the renormalized field equation
(id = m) Y(x) = igysh(x) .

Wethen usethis operator to compute the equal time anticommutator by a power-
ful method which has recently been applied to calculate commutators of the
electromagnetic current in quantum electrodynamics.3 We find that the anti-
commutator { h(x), h(x")} contains no derivatives of 33(§—§'). By trying to
understand the absence of such terms we investigate the most general proper-
ties of the vacuum expectation value <0/{h(x), h(x)} | 0>. This analysis leads
us to the conclusion that the nonappearance of derivatives, in the equal time
anticommutator implies the existence of a theorem which states that the spec-
tral functions p, (M?) and Pa (M?) which describe the propagator S§ (p) must

approach zero in the high energy limit.



In Sec. II we define the method for calculating our equal time anticommutator.
In Sec. ITI we outline the calculation and discuss the structure of the anticommu-
tator. In Sec. IV we make a géneral analysis of the vacuum expectation value of
the equal time anticommuéator in tefms of its épeétr:il properties and in Sec. V

we derive the theorem involving the high energy behavior of o, and o, .



II. Definition of the Equal Time Anticommutator of the

Wilson Current h(x)

According to the hypothesis of K. Wilson? the product ¥ (x) ¢(x-£) of a baryon
and neutral pseudoscalar meson field in which £ is a space-time variable near

the point x, is given by the expression
U(x)(x = £) T B(E) Y(x) + B,, (£)M(x) + Ex(£) :¥(x)(x) = (2.1)

as £ — 0. E; (£), By (%), By, (¢) are matrix functions in the spinor space of the
baryon field and have singularities at the point £ = 0. : Y¢:denotes the general-
ized wick product and is defined solely by Eq. (2.1). If we denote h(x;$) by

E,; 1) [y &) (x-€) - B (€W (®) - By, (£)3*)(x)] then the baryon current ap-

pearing in the field equation*
(1d = m) Y(x) = igy h(x) (2.2)
is given by the relation
h(x) =1lim h(x; & . 2.3
(x) =0 (2.3)

Brandt has proved that Eq. (2.2) with the source current h(x) given by Eq. (2.3)
is valid to all orders in the sense that the renormalized integral equations which

it implies are derivable from and equivalent to renormalized perturbation 1:heory.5

In addition to Eq. (2.3) we also have the relation

hf(x') = Lim hf (x" ; &) . (2.4)
£'=0



We now compute the equal time anticommutator {h(X), h' (x')} according to the
prescription

{h(x), hf(x")} = éirg {h(x ; &, W (x"; &)} (2.5)
£'-0 é:O = §(') =0

where we evaluate the right hand side by using the following known equal time
commutation relations for the renormalized fields ¥ and ¢

(e O, 9 (O =20 8,5 5%x = 5V,
2

(W (x O, b5 (x 0 = {7 (x 0, Yhx" O} =0,

(2.6)
[p(x t), ¥ (' )] = [d(x t), Y(x' )] =0,

[&(x, t), &(x', )] =0 .




III Structure of the Equal Time Anticommutator
If we denote the matrices E;'(£) B, (¢) and E;' (£) B,, (£) by C (£) and

C,,€) = (Cy, C)) respectively then {h(x), h' (x')} may be written as the limit

Lim {h(x ; &), hf(x' ; &)} (3.1)
£+0 by = £5=0
£-0

_ . 1 ] " " st n 1 3 ot

“Lig 7 (@ e e enrs @ £ e e 8t )

£

§”_~O

&0

P(GG & & EMTS(E & & g V8 (x - X
+ Sl (é»_—, é_—:’ §n’ glll) vxz 83 (§ - §l):l

taken in a rotationally invariant manner. Q, Q are q number matrix functions

and S, S, S' are ¢ number functions given by the expressions

®& &, & &™) = E;‘(;)Eﬁ‘(g'w(x - Hp(x' = £ 6.2 a)
- B (&) AE") DIE) Codlx' = &) p(x = &)
-G,y (€) H(E") B(E™) BSL(E) d(x = £") d(x' = £")
b Cyo(€) HT1(E") BE™) AE") DTH(E") Clo(€") p(x = £") $(x" = &)
SE(E) C(E) B(x — £) +ESHE) BE") DTIE") Chol€)) p(x — €)

S CHOBHED B =€) 1T () AE ITHE") CholE) p(x’ = 1)



- CLo HTUE FEMESNE ¢’ = &)
+Cop OHTHEMEE™C E Y (x = &™)
+C L @R HEEE")B(E)D™HEN)C, € )P =€)

+C o OHTIEFEAE )DTIE )Cho € )P &' = £")

S €&, E = CUHCY(E) + CUE BEN DTHE Cyp(EN) (3.2 b)

+C g @HTHEFECT(E" )+ CpgOHTHEMF(EMBE")DTHE")C 0 ")

Q& &, & EM =L (O A& DTHE) Cpg (6 B(x = ©) @.2¢)
- B3O G () ¢ (x = £) = Cuo(H) HHEMKEMES () px’ = £7)
OB B(x' — &) + C HHUEIRECHE NS (x = €)
= GO AE) D (EN (€N p(x’ = €9
- €, (O HHEMEEM TN DTHE Co (£ $(x = £7)

+ Cyo( ) HHEMG(EMA(E") DTH(EN) Cyp(€N) b(x" = &)

S(& &, & &)= -C (OUENDHE") Cy(€Y) 3.2 d)
+ €] (O G(E) * Cp( O HTHEMGEM C (N
- C(&) CY (&) + Cpo HHEMF(EG(EN)

- C,(&)B(£") D&M é;(o(f') = Cyo(&) HTH(EMREMC(E) DTHEM Co(EN)

b C(HUEMGEMB(E) DTHE Coo(EN)



S'(E £ € EM = 2 O CEN + OO HTHENGE) Ce) B2 @)
+C(§) CEM DTHEN G (€N
- C(© HHEMG(E™) () DTHE) Co(€")]
and A, B, C, D, E, F, G, H are the following functions of E;l , C{ and CZ#
A= gE5 %%,
B=i [my, +igC) v5,)
C= [y, + 8C) 75%) (3.3)
D= [1+¢gC},7)
E=A,F=8,G=C,H=D".

The reason for this rather complicated structure is due to the presence of the
time derivative ¢ which appears in the expression for h(x) and n (x'). We have

computed all commutators involving Y by making use of the field equation (2.2)

and its adjoint.

In order to simplify Eq. (3.1) we shall relate the subtraction coefficients
E; !, C; at £ = 0 to the renormalization parameters Z,, Z,, Z and $ m=m -m,

by the following method. We consider the unrenormalized field equation

(id ~my) Yy = igg¥sp P (3.4)

-~



and rewrite it as usual in terms of the renormalized fields ¥ and ¢, the physical
mass m and the renormalized coupling constant g = le Z, zY 2go. We find Eq.

(3.4) to assume the form
Z,
(id -m) ¢ = iZ— gYspd — Smy . (3.5)
2

On comparing Eq. (3.5) with Eq. (2.2) we deduce the relations

E;! (0) --Z—l 1
3 22'

(3.62)
dm

C'(0)y=-i2y
(0=t
Owing to the existence of the derivative term C, #B“LZ/ appearing in h we must

further introduce a new subtraction constant C, defined by the condition

Czp 0) = (Cz')’s'}’(y - Cz'ysZ) (3.6b)

where C, is in general a complex number. We also note that Eq. (3.6b) ex-
presses the only form C,, (0) may assume consistent with the requirement of
rotational invariance. Using Eq. (3.6) to evaluate Eq. (3.3), the matrices A, B,

C, D, E, F, G, H are found to have the form

Z, Z
A:gE 7570’E:_g—'

VsYo o
2 Z2
B:imo“/o,F:-imoyo,
(3.7)
_c_:(1+gc’;)yy0., G=(1+¢gC)) yy, .

—

D=(1+gC}) ,H=(1+gC,).



By employing Eq. (3.7) we are formally able to evaluate the terms Q, S, Q, S, S’

—

which appear on the right hand side of Eq. (3.1) in the limit ; 0 - We find

§Il_. 0

5/11_’0
that the functions Q, S and S' vanish, which means that the equal time anticom-
mutator {h(x), h' (x")} contains no derivatives of & (x -x"), or so called Schwinger
terms. This situation is to be contrasted with the result established for equal

time commutators of the electromagnetic current in electrodynamics in which

the existence of Schwinger terms has been demonstrated explici’cly.3

We shall now investigate the most general conditions relating to the proper-

ties of {h(x), h' (x")} that can lead to our result.



1V, The Spectral Representation of the Vacuum Expectation
value <0/ {h(x), hx")} 10>
We have shown that the equal time anticommutator is given by the expres-

sion

{(h(x), B(x")} = z—l [Ml B3(x - x') : ) :
2

(4.1)
£ M, 83(x = ') ¢0x) + My 8%x - x°)]

where M;, M,, M; are the matrices

Vi 2
1 \:(i-)/(lJrgC,_,)(lﬁLgC’;)]yo , (4.2)

o Zy [2mg [C,[2 +my(CE +C,) + 8m(C, - C¥)]
2
Z, (1+gC,) (1+¢gC})

sml? | s Z,\*
M3:[[_‘.“:j F=m (C, +CEy +m? [, (2 + 7 ) JO .0
g g 2 (1+gCy) (1+gCh)

and J(0) is related to the meson spectral function o(n?) by the equation

=
"

=
("
=

* 7/5 ’yo ’

J(ﬁ):ijd/ﬂ p(u?) B (€5 #2) - (4.3)

¢

Now let us take Eq. (4.1) between the vacuum state. By the properties of the
Wick product :¢2(x): and because ¢(x) is a pseudoscalar we find the vacuum

expectation value to be of the form

0] {n(x), h(x")} f0>:ZL M, 8%(x -~ x") (4.4)
2

10



Consider the vacuum expectation value in general, that is, before any equal time
limit is taken. If we use Eq. (2.2) and its adjoint the general expression for the
vacuum expectation value may be written as

ol {h(x), Agx")} 0>

(4.5)

1 —_— - ————
== %5 (10, = m) Ol (g0, YT 10D (id, +m) %
g

where <0l {y(x) , $(x")} | 0D is just the vacuum expectation value of the anti-

commutator of the underlying baryon field and satisfies the well known spectral

representation
i <o) {y(x), P(x")} 10) (4.6)
=S(x-x';m)- 21— J dM (ipy (M) 4, + o, (M) A(x = x" 1 M)
2

m12

in which A (x-x'; M) is the function
d’k

Alx - x' ;M):‘ij ‘ (eik xmxgik (x7xh)
(21320,

with k, related to «,_ by kg = o = Yk*+ M? o, and o, are scalar functions

which have the well established properties 6

©1 (M?) and p2(M2) are real , (i)
py(M?) 20, (if)
Mp, (M?) = o, (M?) 20 (iii)

11



and the spectral integral which appears in Eq. (4.6) begins at m; , the threshold
of the continuum spectrum. On calculating the right hand side of Eq. (4.5) we

find that 0l {h(x), h(0)} | 0) becomes

<01 {h(x), h(0)} | 0>

? d3k -~ ik.xy aikex
:.Z_l..l_J da[pl(a)j__T_[(a‘FC)%[e k.xy gikex]
2 g2 (277) 2wk‘
21

- 2V/ac [eTik'x -e+ik"‘]] 4.7

- Py (a)j__fﬁ__ [2 1%& (e" ik x 4 eik-x) + (a + C) (e—ik-x_ eik.x)]:l
(277)32a)k

with the variable change M? = a, a = mf and ¢ = m®.
Now extreme caution must be exercised in computing the equal time limit!
We do this by regarding <01 {h(x), h(0)} { 0> as an improper function or dis-

tribution which we shall denote by F(x, t). We therefore introduce a sequence

of testing functions ¢ (x) fn (t) such that the limit
n —®
£, (t) =238 (t)
holds and define {F(x), #(x) f, (t)> by the relation
<F(X), P(x) fn(t),> = Jd4x F(x) #(x)f (1) . (4.8)
Then the equal time limit F(x, 0) will be given by the prescription

CFlx, 00, ¢(0)) = LimCFGO. ¢ £,(6) - (4.9)

12



To facilitate the calculation of F(x, 0) we introduce the Fourier transform
é ®) ?n (Po) of ¢ (x)f_(t) by the usual expression

1

H(x) £ (1) =
(2m*

Jcﬁ(g) I (py) eTirPxdip. (4.10)

<F(x), P )£ (t)> may then be written as

1
(2m*

j Gk) (- k) f_(-k,) d*k

where é(k) is the fourier transform of F(x). Further introducing the functions

mi(a) (1=1,1/2,0), 7 (@) (i=0,1) and £ (p,), £%p,) by the relations

= apy(a), T2 = Va py(a), 70 = py(a)
79 = py(a), 7i(a) = a pya) , (4.11a)

and

. £ (py) + £ (- py)
f:(po): d 2 2 ’

(4.11b)
fn (p()) - fn(_ po)

fo - ,
- (Py) 5

and employing Eq. (4.7) we have the useful result

{F(x), (%) ()

= El"'l' CDf 5 da<[w}(a) + en¥(a) - 2/€wg(a)}<%>r fe(al’?) v,

13



+ [2\/577{/2(a)+7rl2(a)+ C2Wg(a)](§a->r [ ?r? (al/Z)a—1/2]> .l_fd3k - k2)f<£(_ k)

@ny’

- jda<[7711(a) + cw(l)(a) -2/¢ W%(a)](%)r [?no(alm) a _1/2j) X

b |

1
(2m)°

S %~k k- y -k |. (4.12)
From Eq. (4.12) we secure the desired equal time expression for F(x, 0) namely,

F(x, 0) = 0] {h(x, 0), h(0)} [0

11 r
:72'; Z [(Ki1 + cK?, - 2/EK22) Yol V2) §3(x)

r=0

(4.13)
+i (K, + K - 2/TKS) (V) 7 V& (x)
+ (2/c K2 + KL, + cK?,) (v 53(5)]
where Ki, , K!. have the form
r) V4l
: . - 1)1‘ s 8 r ~ 1/2
Ki, = ,1113(1-! S da ﬂi(a)(-g;) (e (al/?)
a3
R (= 1)F ( i 9N (30 . 1/2y 4,-1/2
Ki = lim~—== dami(a)—) [f (al/2) a”1/2]
rl n—o r! da n
2y i=1,1/2,0

Ki,=1lim S-—-l)r j da Wé(a) (%)r (?: (81/2))

1

. 3YF 2 -
da 7721(3) (3;) [fn (al/Z) a~1/2]
i=0 1

akd
Il
[
b-e
3
~
!
—
ph e
ey 8

14



If we choose a sequence f (t) symmetric in t and if we demand that Eq. (4.13)

be consistent with Eq. (4.4) then the following condition
K +cK? - 2/cK? =0 (4.14)

must hold for all r > 0. Eq. (4.14) implies the very important result that the

integral
I-= j [(a + ) p(a) = 2/C py(a)] da
1

must be finite.

15



V. A High Energy Theorem

We now use the fact that I is finite to show that the spectral functions (a +c)e,
and 0, approach zeroas a= M? tends to infinity. The most general behavior of
p; and p, compatible with the results of the previous section is given by functions
of the form

(a+c)p = Na) + f(a)

(5.1)
2/ p = D(a) + g(a)

where D(a) approaches a non-zero constant or infinity and both f(a) and g(a)
tend to zero as a approaches infinity. The difference h(a) = f - g approaches
zero and is an integrable function giving the finite expression I. In this situation

we have the following result
2/(?,02—'(3+c)p1>0asa—'00.
If we recall that ¢ = m? < M? = a then the assumed behavior of o, and 0,
(Eq. (5.1)) implies the condition
M o (M?) = p,(M?) <O

which is a contradiction! This inconsistency arises from the fact that D(a) was
assumed to approach a non-zero constant or infinity. Therefore D(a) must be
zero and hence the functions (M* +m®) p; (M?) and p, (M?) approach zero as M?

tends to infinity.
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